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Abstract

We extend to multi-dimension the study of a pressureless model of
gas system with unilateral constraint. Several difficulties are added with
respect to the one-dimensional case. First, the geometry of the dynamics
of blocks cannot be conserved and to solve this problem, a splitting with
respect to the various directions is done. This leads to approximations
of solutions for special initial data. Besides, the stability of the solutions
is also quite different from the one-dimensional case. We finaly get the
existence and the stability of solutions.

Key-words: conservation laws with constraint — pressureless gas — sticky
blocks — splitting dynamics

Mathematics Subject Classification: 35187, 35165, 76N 10, 35A35, 35D30,
76'T10



Contents

1 Introduction 2
2 Discrete blocks dynamics 4
2 Definition of blocks . . . . . . . . ... ... oL 4
2 Continuous dynamics . . . . . . . . .. .. ... L. 5
2 Discrete approximations in the free dynamics case . . . . . . . . 8
2 Discrete approximations in the constraint case . . . . . . . . .. 12
2 Discrete block approximations and BV estimates . . . . . . . .. 13
3 Discretization and stability 16
3 Discretization with blocks . . . . . . .. ... .. ... .. ... 16
3 Stability Theorem . . . . . . . . ... ... 20
3 Limit of approximate solutions . . . . . . .. . ... ... .... 25
4 Existence result 27
4 Definition of pr for 7 in the class ML . . . . . . ... ... .. 27

4 The exclusion relation pm = 7 for solutions with 7 in the class
ML 28
4 Existence of solutions . . . . . . . ... ... L. 28

1 Introduction

Constraints models have been developed these last years in order to impose
some bounds in hyperbolic models. In [8], [2], the following one-dimensional

model was studied.
Op + 0:(pu) =0, (1.1)
Or(pu) + Op(pu* + ) = 0 '

with the constraints
0<p<1l, 7w>0, (1.2)

and the exclusion relation
pT = T. (1.3)

In [4], an approaching model but with other technical difficulties has been
studied. See also [3] for a numerical version of this kind of problems. There
are a lot of domains in which constraints models take place. For example, this
kind of models have allowed to get better models in trafic flows since the paper
[6]. After this paper, some improvements of the model have been done in [7]
and [5]. Other hyperbolic problems with constraints have been studied in [1],
[13], [15], [16]. Notice also that in [17], the same problem but with viscosity was
studied. And in that direction, the limit of barotropic compressible Navier-
Stokes to constraint Navier-Stokes was done in [11] for 1D case and in [18] for
the multi-D case. Existence and properties of the system of pressureless gas
have been studied in [14], [9], [12].

In this paper, we want to extend the existence and stability result of [2]
in multi-dimension. An important tool for this result is the sticky block dy-
namics. In dimension one, when two blocks collide, they form a new block
and the dynamics of blocks is easy. In multi-dimension, a geometric problem
appears since when two rectangular parallelepipeds collide, they do not form



a rectangular parallelepiped. An idea of this paper is to make, on same time
interval, a splitting with respect to the various directions of space. Thus on
each time interval, we do vary only one direction then, on the next interval,
another direction and so on to keep the geometry at each collision. Then by
letting the time step going to 0 and thereby forcing the splitting to be more
rapid, we hope to find the limit of the speed on any directions. The purpose
of this paper is to achieve this approach and prove that it works.

Furthermore, it will give only approximations of solutions instead of solu-
tions for block initial data. Then, the stability and existence of solutions will
require additionnal steps than in the one-D case to work.

In order to simplify the presentation, we will detail the 2D-case, but the
demarch and proof are the same in any dimension. We will consider the fol-
lowing model with constraint in two dimensions which is the natural extension
of (1.1)-(1.3):

Ohp + Oy (pu) + 0, (pv) =
Oi(pu) + Ou(pu® + 1) + 0 (puv) =0, (1.4)
A (pv) + 0, (puv) + 9, (pv® + m2) = 0

with the constraints
0<p<1l, m>0,m >0, (1.5)

and the exclusion relations
P = Ty, Py = T. (1.6)
We will also consider initial data
(0,2, ) (1, u(0,z,y),v(0, z,y)) = p°(z,y) (L, u’(z,y),"(z,y)).  (L.7)

Let us define precisely the weak solutions we shall consider. We look for
solutions satisfying

p € Li*(]0, 00f, L;(R*) N Ly, (R*)) N Cy([0, 0o, LT, (R?)), (1.8)
u,v € L7°(]0, 00|, LZZ(]RQ)), (1.9)
1, To € Moe([0, 0o[xR?). (1.10)

Hence, (1.4), (1.7) must be satisfied in the sense of distributions:
for all ¢ € C>([0, +o0[xR?),

/[o N [/ (pOrp + pudyp + pvoyp) dx dy dt
ool

+ //po(x,y)go((),x,y) drdy =0, (1.11)

/0 . //(puatgo + puPdp + puvdyp) dz dy dt

/[om[//a“” m +// ¢(0,z,y)drdy = 0, (1.12)



and

/[0 ool / (pvOup + puvdep + pvOyep) de dy dt

+/o+oo //ag”2 +// ¢(0,z,y)dzdy = 0. (1.13)

The constraint (1.6) has also to be understood in a weak sense in the case
where the product pm is not defined. We will have a discussion about this in
section 4 and we will define a subspace in which the product is well defined.
As we say previously, all the new arguments we introduce to solve the 2D-case
can be used the same way in multi-D case. Thus, for example, we can adapt
easily the study of this paper for example for the system in dimension three:

Owp + 0z (pu) + 0y (pv) + 0.(pw) = 0,
d(pu) + Oy (pu® + 1) + 0, (pwv) + 0. (puw) = 0,

0u(po) + 0, (puv) + 0, (p0® + m3) + 0. (pvw) = 0, (1.14)
0i(pw) + 0 (puw) + dy(prw) + 9. (pw* + 73) = 0
with the constraints
0<p<1l, m>0,m>0m3>0, (1.15)
and the exclusion relations
Py = Ty, pPTy = Ty, pPT3 = T3. (1.16)

The paper is organized as follows. In section 2, we will study particular so-
lutions and approximations of solutions in the class of blocks functions. In
section 3, we prove a result of discretization of general initial data by blocks
and stability results of solutions and approximate solutions. Finally, in section
4, we study a space in which the constraint can be taken in a classical sense
and conclude to the existence result.

2 Discrete blocks dynamics

2 Definition of blocks

We give here several definitions we are going to use in the following of the
paper.

Definition 2.1 We call block initial data a volume fraction p°(z,y) with a
momentum density p°(z,y)(u®(x,y),v°(z,y)) of the form

I/ /
Pz, y) (1, u’ (2, y), v = Z pij (1, tij, vij) Lz y)ep,, (2.17)
i=—1j=—J
where
]I( z,y)eP; — ][a”<z<b ][C”<y<dij7 (2 18)
with I,I',J,J" € N and, for —1 < i < I', —J < j < J, py € {0,1},

@i, bij, Cij, dij, Uiz, Vi € R such that b;; < aZHJ and d;; < Cijt1-



Definition 2.2 We call continuous block a volume fraction p(t,x,y) with a
momentum density p(t,z,y)(u(t,x,y),v(t,xz,y)) of the form

I J!
p(t,z,y)(Lult,z,y), vt z,y) = > D> pii(luig, i) Teyer,@,  (2.19)
i=—1 j=—1J
where
Lo yyer;(t) = Loy 0y <a<vi ) Loy () <y<di; () (2.20)

with I,1',J,J' € N and, for =1 <i <I', —J <j<J, p;; € {0,1}, w;j,v;; €ER
and 5, bija Cij, dij :R — R such that bij S Q41,5 and dij S Cij+1-

Definition 2.3 Let us given At, Az, Ay > 0. We call discrete block a volume
fraction p(t, z,y) with a momentum density p(t,z,y)(u(t, z,y),v(t, x,y)) of the
form

r J' +4oo
P(t7 x, y)<17 u<t7 X, y); U(t7 x, y)) = Z Z Z pUl(]‘7 Uijl, Uijl)][(tvmay)epijl(t)’
i=—1I j=—J I=0
(2.21)

where

T oyyery = Line<i<qrnacla, i vine<e<as it 1oz Lo+ jay<y<vii+G+1)Ays
(2.22)
with I,I', J,J" € N and, for =1 <i<I', =J <j<J,leN, pj € {0,1},
@iji, biji, Cijiy diji, Wiji, Vit € R such that agi+Ax < a5 and biji+Ay < b; 1.

Remark 2.1 To simplify the presentation, we can assume that [ = J = 0 which
is just a translation of indices and I' = J' by adding zero terms to have the
same number of terms. In the following, we may sometimes use this change of
notations by setting N —1=1'=J".

2 Continuous dynamics

We start first by studying the free dynamics, we mean when constraints doesn’t
act. It leads to the study of pressureless dynamics equations in dimension two,
which are given by

) =0, (2.23)

We prove now that continuous blocks with functions a(t), b(t) adapted with a
constant velocity (u,v) are solutions to the free dynamics.

Proposition 2.4 Let u,v,ag,by € R and c,d > 0. The functions
p(L, 0, 0)(t, 2, y) = (1, u,v)To<i Lay <a<a(t) +e Loy <y<oi)+ds (2.24)

where a(t) = ap + ut and b(t) = by + vt, are solution of (2.23) in the distribu-
tional sense with the initial data

(L, u, v) Lag<a<ao+eLbo <y<bo+d-



Proof. Let S : R*> — R be a continuous function. Let ¢ € C2°(]0, +oo[, R?),
we want to compute

+oo
/ /( /b( S(w,0)(Opp + udypp + v0yp)(t, x,y) dy dx dt.
a(t t

First
d a(t)+c  rb(t)+d
dt ta,y)dyd 2.25
dt (/a(t) /b(t) Pt 2, y) dy x) (2.25)
a(t)+c  pb(t)+d
-/ Duplt,z,y) dy da
a(t) b(t)
b(t)+d b(t)+d
+d'(t) (/ o(t,a(t) +c,y)dy — / o(t,a(t) + ¢, y) dy)
b(#) ()
a(t)+c at)4c
(1) (/() o(t,z, b(t )+d)dx—/() w(t,x,b(t)er)dx),
alt a(t
furthermore
+oo  pa(t)+c  pb(t)+d
/ / / Oy(t, v, y) dy dz dt
0 a(t) b(t)
400 rb(t)+
/0 /b ) te,y) =t alt) +c,y) dy dt
and

+oo  ra(t)+ b(t)+d
/ / / o(t, z,y) dy dx dt

/+Oo/a(t p(t, 2, b(t) +d) — o(t, x,b(t) + d) d dt.

Integrating with respect to ¢ the relation (2.25) and using that a/(t) = v and
b'(t) = v, we get that

+oo  ra(t)+c rb(t)+
/ / / 0)(Opp + u0yp + vy ) (t, x,y) dy dx dt

ao+c  rbo+d
/ / ©(0,z,y) dy dz.
bo

Applying this to S(u,v) =1, S(u,v) = v and S(u,v) = v, we get the result. O

The previous dynamics concerns the evolution of blocks as long as there is
no collision between them. Now we consider the case with a collision in the x
direction.



Proposition 2.5 Let t*, > 0, x*,uy,us, ¢, d,v € R. The functions

ﬁ(l,ﬁ,ﬁ)(t,x,y) = To<icyr ((17ul?’U)I[al(t)fchgal(t)]Ib(t)gygb(t)+,u
+(1, uz,v) ][a2(t)Swéaz(t)—i—d]Ib(t)SySb(t)+#)

(L wp, v) Tee<r Loy () —c<a<ap (t)+d Lo <y<bt)+
and the measures

St —t")w —up)(xr—(2—¢)) ifz—c<z<z,
mt,x,y) =3 6t —t)(uf —u)((z+d)—x) ifz<zx<z+d,  (2.26)
0 otherwise,

and my = 0, where ay(t) = " 4+u  (t—1*), as(t) = v*+uz(t—1t*) and as(t) =
us(t—1t*) (the point x* being the point of collision) with cuy +dus = (c+
are solution of (1.4), (1.5) and (1.6) in the distributional sense.

T+
d)uy

Proof. Let ¢ be a test function and S : R? — R be a continuous function. We
have

< ai(p (ﬁ@))
=~ L
-

+ 02 (pS(, 0)) 4 9, (pS(a, 0)0), ¢ >
_l’_
b(t)
a2 t)+
/ /b(t S(ug, v)(Opp + w20, + vy p) dy dx dt (2.28)

u
S(ur,v)(Opp + w10, + v0y,p) dy dx dt (2.27)

b(t)+
/ (- /b (® S, 0) (B + usDuip + v0,0) dy du . (2.29)
e

Notice that

d ar(t)  pb(t)+u . nd

pr / /@) o(t,z,y) dy dz
1(t) b(t

/ / " Ot y) dy da
b(t)—l—u

(et m(0),y) = el a(t) —cy)mdy
ai(t)

[ (ol b)) = p(t,,B(e)) o
a1 (t)—c

then we get

al(t)
/ / /() S(uy,v) Opp(t, x,y) dy dx dt
b(t

a1 ( b(t*)+p
/ . / S(uy,v) e(t*, z,y) dy dx
(t*)—c



_ /Ot /b S(ur, v)uy (@t ar(t),y) — p(t,ai(t) — c,y)) dy dt
_/ot /al(t S(ur, v)v (p(t, 2, b(t) + p) — @(t, 2, b(t))) dz dt
/aal(t / S(ur,v) o(t", z,y) dy dx

1t*) c

al(t
/ / /() ul? ul ax@(t x y) dy dx dt
a1 b(t
al(t
/ / /() ul’ Uaygp(t x y) dydxdt
b(t

We have similar equations for both terms (2.28) and (2.29) and we get
< 0.(pS(0,)) + 0.(pS (0, 0)8) + 8, (pS (8, 5)0), ¢ >
b(t* )+ z* .
= Lo (S0) = Sp)ele* o,y da

x*+d
+/x* (S(uz) = S(uyp))p(t*, z,y) d:):) dy.

For S(u) = 1, it gives 0;p + 0,(pa) + 0,(pv) = 0, for S(u,v) = , it gives
Oy (p0) + 0, (ptd) + 9,(pv?) = 0 and for S( ) = u, we get dy(pu) + 0.(pu® +
m) + 0,(puv) = 0 where m; is defined by (2.26). Notice that m; > 0 and that
the constraints relations are satisfied. [

Remark 2.2 If we do the same with a shock in the y direction, it gives a term

7T27é0.

2 Discrete approximations in the free dynamics case

Let At, Az and Ay be non-negative reals. We prove here that we can approx-
imate the solution of Proposition 2.4 with discrete blocks.

Proposition 2.6 Let u,v,a9,by € R and c¢,d > 0. Then there exists dis-
crete blocks (pn, pnun, pnvn) with initial data Lag<z<agtelbo<y<bo+a(l, u,v)
such that

Oipn + Oz (pnun) + Oy (pyun) — 0,

O (pyun) + 0. (pyux) + 9,(pyunvy) — 0, (2.30)

Oi(pxvn) + Ou(pyunon) + 0y (pnvR) — 0,

in the distributional sense.

Definition 2.7 We first define the dynamics of blocks we are going to use in
this case. Let u,v,ag,by € R and c¢,d > 0. Let N € N*. We take Ax = ¢/N,
Ay = d/N and At = 1/N. The key idea is to perform a splitting in time.
During a time At, we make only act the x direction movement, then during
the following At time, we make only act the y direction movement and so on
with alternatively a movement on x direction and on y direction.



More precisely, starting from ag and by, we construct the sequences (ay), and

(bp)n as

2(k + DuAt
Aok+1 = Ao + [(Ax)] Az, bok+1 = b,
and
2(k + DvAt
bog12 = by + [( Ay) 1 Ay, A2k42 = A2k41-

At time t = (2k+1)At, we make a jump for the block in the x direction, and at
time t = (2k 4+ 2)At, we make a jump for the block in the y direction, staying
on the fized grid at level N and taking an approrimation of the movement.
Then we consider the approximation given by the following sum of blocks:

N—1 400

pn(Lun,on)(tx,y) = Y > (Lu,0)Lgayer,, (2.31)
4,j=0 1=0

where
Liayyer, = Liar<icarnaclovine<aca+ri)ae Lo tjny<y<v+Grnay.  (2.32)

We first start by proving the two following technical Lemmas.

Lemma 2.8 We use the discrete blocks constructed in Definition 2.7 and the
associated notations. We set

+oo

an(t) = alini<i<snac-
1=0

Then we have
la(t) — aa(t)] < |u|At + Az,

and

1b(t) — ba(t)] < |v|At + Ay. (2.33)

Proof. Using that 2(k + 1)uAt — Az < { (kJrAl:E“At} Az < 2(k + 1)uAt, for
€ [(2k + 1)At, (2k + 3)At], we have

2(k + 1)uAt
la(t) —aa(t)] = |agks1 —ao — ut| = ‘ [(A:c)] Ax — ut
< ull2(k + 1)At — t| + Ax
< Ju|At + Ax.

Then, for any ¢t > 0, we get
la(t) — aa(t)] < |u|At + Az.

Similarly, we have |b(t) — ba(t)| < |v|At + Ay. O



Lemma 2.9 We use the discrete blocks constructed and the associated nota-
tions of Definition 2.7 and Lemma 2.8. Setting, for any test function ¢ €

C>([0, +oo|, R?),
+<>° (H1D)At  pa(t)+e  pb(t)+
/ / / p(t,z,y) dy dzdt (2.34)
and
N—-1 40 (l-‘rl)At a,l+ l+1)Aaj bl+(]+1)Ay
- Z/ / / p(t, x,y)dydedt.  (2.35)
4,j=0 1=0 a;+iAx bi+jAy

Then we have An(p) — A(p) when N — 400.
Proof. Since ¢ = NAz and d = N Ay, notice that

N1+oo

(I+1)At t)+(i+1)A ®)+3G+1)Ay
A(p / / / o(t,x,y)dydxdt. (2.36)
1,j= 0 =0 t)+ilz b(t)+jAy

Let us denote by 7" a real such that the support in time of ¢ is in [0, 7]. Denote
by Ly an integer such that LyAt > T. We have

N1+oo

(I+1)A ai+(i+1) Az pb+(j+1)Ay
An(p) — Alp) = / /a /b o(t,z,y) dy dx

b= Ol 0 1+HiAx 1+jAy

a(t)+(+ DAz pb(t)+(+1) Ay
/ p(t,x,y)dydx | dt
b(t

a(t)+iAz
N 1 Ly

/z+1 )AL /al+(z+1 /bH—(j‘H)Ay
ij= Ol 0 a;+ilAx bi+jAy

(tp(t, z,y) — otz +a(t) — ar,y + b(t) — b,)) dy dz dt.

Let € > 0. Since ¢ is continuous and has a compact support, there exists n > 0
such that for any (¢,21,41) and (¢, z2,y2) in the support of ¢, if |21 — xs| <7
and |y; — y2| < m, then |p(t,x1,1y1) — @(t, 22,92)| < . Let Ny € N* be such
that Ny is greater than (Ju| + ¢)/n and (|v| +d)/n. Let N € N* be greater
than Ny. Now

(®)+idy

alt) = as ()] < JulAt + Az = ful+ + < <7

N N -
d |b(t) b(t)y<||1+d< theref
n - — + = retor
a A < v NTNS 1, therefore
N-LLN  c(+1)At pa+(i+1) Az pb+(j+1)Ay
An(e) = A@)] < [ [  eayduat
i,j=0 1=0 IAt a;+iAx bi+7Ay
N 1L (+
< / "ArAyedt
1,]= Ol 0
< NAzNAyLyAe
< cdTe. (2.37)

10



It gives that Ay(¢) — A(¢) when N — 4o00. [

We can now conclude to the proof of Proposition 2.6.

Proof of Proposition 2.6. Let ¢ € C°(]0, +oo[, R?). The solution (p, pi, pt)
satisfies

+o00
0 = / / (5O + piadep + pidyp) dydx dt

+00 (+1)At  pa(t)+Az  pb(t)+Ay
= / / /( | (Orp + w0y + 00y, p) dydx dt
b(t

= A(&m) + uA(9:p) + vA(Oyp).

We also have

+o00
/ / (PnOip + pNunOzp + pnunOyp) dy dx dt

N1+oo

(+1)At ra+(G+1)Az  pb+(G+1)Ay
= / / / (Orp + u0pp + v0yp) dy dx dt
i ,] 0 1=0 aH—zAw bl+]Ay

= An(0ip) + uAn(0z00) + vAN(Dyp).
Since A(Op) + uA(0,p) + vA(Oyp) = 0, then we get that

An(Owp) + uAN(0zp) + VAN(Oyp) — 0

N—+400

applying the Lemma 2.9 to ¢, 0, and J,¢. That is to say
+o0
/0 // (pNOrp + pNunOyp + pNUNOyp) dy dx dt —> o 0
R2

for any test function ¢.
Since the speeds u and v are constants, they can be put in factor on every
terms and then we get also that

N—+o00

+o00
/ / (pNuNﬁtw + pNuROup + pNvNuNaysO) dydxdt — 0
0 v,
and

—+00

+oo
/0 / (pNUNat(P + pNUNUNOp + pNv?vﬁ’ysO) dydvdt — 0
R2

for any test function ¢. [

11



2 Discrete approximations in the constraint case

We define now the dynamics to approximate the solution of Proposition 2.5
by discrete blocks.

Definition 2.10 First consider that the shock happens during the x direction
movement in the splitting.
We still take, for N € N*, Ax = ¢/N, Ay = d/N and At = 1/N. We start
att =0 from a situation where two distincts blocks, the first one with a length
¢ = PAx and a velocity u, located between ot — PAx and o' and the second
one with a length d = QAx and a velocity us located between o and o +QAx.
2 i 2 1
Sl < At, then a collision has to happen in time t* = S
Uy — U Uy — U2
order to have the conservation of the mass and a good approximation of the
conservation of the momentum, at time At, we replace this by the following

PU1+QUQ
P+Q

situation: a block with a length (P + Q)Az and a velocity uy =
located between of — PAx and of + QAx where

ut* + ot + up(At —t*)

AL Azx.

ol =

We have similar formulas for a shock in the y direction remplacing Ax by Ay
and u by v.

If the shock is not between 0 and At, but let say between LAt and (L + 1)At,
we just have to make a translation of these formulas.

We prove now to that the discrete blocks defined previously are approxi-
mations of the solution of Proposition 2.5.

Pr0p051t10n 2.11 We denote by (pn, pytUn, pnON) the discrete blocks con-
structed in Definition 2.10 (see formula (2.38) for the part of this function
which is located at the collision). Then the functions (PN, PNUN, PNON) have
the continuous block functions (p, pt, pv) for limit in the distributional sense
when N — +00.

Proof. We consider the case of a shock in the z direction with the previous
notations. Denote by L (which changes with At, that is to say with N) the
integer such that t* € [LAt, (L + 1)At[, and we notice that the part of the
functions located near the collision can be written as

pn (L an, 0n)(t, 2, y) = (1, up, 0)Tparcice L yep (2.38)

where
Tieoyer = Tor—pas<s<ar+Qae Lo <y<ti+p- (2.39)

Notice that before LAt and after (L + 1)At, the movement is free and we have

studied it already. Notice also that after the shock, the positions alf of the
blocks move as in the free case starting with the new defined positions.

12



We consider a test function ¢ € C2°([0, 400[,R?). We have

+o0o
/0 // (PO + pnindep + prondye) dy de dt
RQ

(L+1D)At  paf+QAx  pby+p
= / / / (Orp + u0pp + v0yyp) dy dx dt
LAt af—PAx Ji

+Rn(¢),

where Ry (¢) — 0 corresponding to the part of py which follows a free move-
ment and has yet been studied. We will consider the difference with the cor-
responding terms for (p, pu, 0). We have then to consider the difference

t* af bH—u
- / / T (et — el = of +an(t),p) dydadt
LAt b

Oéf-‘rd bl+/.L
/ / o(t,z,y) — p(t,x — af+a2(t),y)) dy dx dt
LAt b

(L+1)At/af +d

. /blblw (@(t’x’y) —p(t,r —aof +al(t), )) dy dx dt.

t* af—c

We have a;(t) = o + ui(t — LA), as(t) = a* + up(t — LAt) and * = ol +
uy (t* — LAt), then for t € [LAE, (L + 1)At],
laf —al (t)| < Jus(t — LAY)| + Az < |uf|At + Ax,

laf —ay ()| < [(uy—up)(t*—LAL) |+ up (At —t)|[+Ax < (Jug—ug|+|us|) At+Ax,

and
laf —aq(t)| < [(ug—us)(t*—LAL) |+ |up (At —t)|[+Ax < (Jug—uy|+|us]) At+Ax.

Then we do as in the free case (for the terms Anx(p)) to get that By(¢) — 0
when N — +o00. [

2 Discrete block approximations and BV estimates

Starting from an initial block data,

I/ /
po(aj’ y)(17 u (x y) Z Z 1 ul]’ ,Ul] a”<:(;<b ]ICZJSySdij (240)

i=—1 j=—J

which is a linear sum of terms as the ones considered in previous sections, we
obtain the following properties. As long as there is no collision, Proposition
2.6 gives an approximation of the solution by discrete blocks and when there
is a collision in direction x (it is similar in the y direction), Proposition 2.11
gives an approximation of the solution by discrete blocks. Finally, we get the
following merging result.

13



Proposition 2.12 For any initial data as (2.40), there exists (p;, pru, proy)
discrete blocks and (1)1, (m2)1 € Mioe([0, 00[xR?) such that

Ao + Ox(prwr) + 0y (prvr) = Ry —
A (prw) + 0 (pruif + (m1)) + O (/)zulvl) S1—0, (2.41)
O (prvn) + O (pruwy) + By (oo + (o)1) = T =0,

in the distribution sense.
Remark 2.3 If we take initial data such that
bi+1,j < Qjj and di,j+1 < Cij fOT any i,j, (242)

then collision doesn’t appear at time t = 0 and then we have m(0,x,y) = 0
and m5(0, x,y) = 0.

We turn now to the proof of L and BV estimates for these functions.

Remark 2.4 Notice that a function T(z) of the form given by Figure 1

A

U3

Ug

Uy

Figure 1.

has for derivate a measure in the distributional sense given by

Uz — U2

T'(z) = (uz —w1)d:, (2) +

][CC xT
P 5[(2)

and

/R|T/(Z)| = |uy — u1| + |uz — us|.

Proposition 2.13 For 0 < p® <1, u%v° € L*(R?*) N BV (R?), the blocks of
the previous proposition satisfy, for any t > 0,

0<pm<l, (2.43)

essinf u® < < esssup u®, essinf v° < v < esssup v°, (2.44)

//|8ultxy|</|0u x,y)] //|6ultxy|<//|8uxy (2.45)
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//|6vlt:vy|<//|8v x,y)| //|6vltxy|<//|8v z,y)|. (2.46)

Furthermore, the sequences of measures ((m1););>1 and ((7);)i>1 are bounded
in Mio([0, 0o[ X R?).

Proof. The L* bounds are obvious from construction. For an initial sticky
block, using Remark 2.4, we have a relation of the form

/]8u x,y) :Z]ug—u -
i=2

We handle the case of a collision in the z direction. Other cases are similar.
When a collision happens, for exemple at time t* between blocks k and k£ + 1
to sun}ojhfy the presentatlon we have after the collision a speed of the form
u* =upc/(c+d)+u),, d/(c+d) due to Proposition 2.5. Since

k—1 n0
J[10:ut 2,9 = 3l =l =yl =+ Yl =)
RQ ’L:2

1=k+3

and in order to obtain // |0, u(t”, z,y)| < / |0,u’(2,y)|, we have to prove
2 2
that
Ju —up |+ |u2+2 — | < fup — |+ |UZ+1 — up| + |U2+2 - U2+1|- (2.47)

First, we have

'l

IN

Uy — Upps| + Jup g — |

c+d 0 C 0 d
c+d _ukc+d _uk“c—i-d

|uk+1 U2|

|ty — u

< |U2+2 — U2+1| + U2+1

IN

0 0
U —u + —
| k+2 k+1| + d

Similarly, we get [u* —uf_,| < u —up_,|+ Z5[uf,, —up], and by adding these
two last inequalities, we get the desired inequality (2.47). Finally, collision after
collision, we get the nonincreasing of the quantities of (2.45)-(2.46).

We turn now to the bounds of the measures. Since (p;);, (w;); and (v;); are L™
bounded and S;, 7, — 0, we get that ((m1);); and ((m2);); are bounded in the
distributional sense. Since they are nonnegative measures, we conclude. []

We have now to discretize initial data and to get a stability theorem in

order to get solution for the system with constraint for a large class of initial
data.
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3 Discretization and stability

3 Discretization with blocks

We will improve here a result of [2] and [7] in order to get the following approxi-
mation lemma of initial data. The difficulty is here to deal with multi-variables
functions instead of real-variable functions.

Remark 3.1 The velocities u and v are assumed to be extended linearly in the
vacuum (p = 0) between two successive blocks. Moreover we assume that u
and v are constant at £00.

Lemma 3.1 Let p° € L}(R?), u°,v° € L= (R*)N BV (R?) such that 0 < p° < 1.
Then, there exists a sequence of block initial data (p,ul, v))x>1 such that, for
any k € N*,

p) € LYR?), ud,v) € L™(R?) N BV (R?) (3.48)
with the bounds
0<pp <1, //pi(fc,y) dx dy < //po(:v,y) dx dy, (3.49)
R2 R2

essinf u® < ug < esssup u’, essinf v’ < "02 < esssup v°, (3.50)
/ Ll (z,y)| < / // 0,uf(x,y)| < / (3.51)

R2 R2 R?2 R2
(. y) // 9,00z, y)| < (3.52)

and for which the convergences p — p°, pu® — p°u® and pQuv? — p%° hold in
the distributional sense.

Proof. Let k € N* and set for any i, j € Z

il

mzykz — po(x7 y) dl’ dy

i+1 1 J+1
k

ES
w"“

If my;, # 0, we set

it1 j+1 it1 j+1

* ' u®(z,y) dz dy, U?jk = k2/

0 _ 12
uijk—k:

i

Eala

We finally set, for any (z,y) € R?

Z Ly (L Py (OF (3.53)
i,j=—k2

pk:(x y Uk X y Z Uzjk][ E E \/7[( )][]%7%4_ m”k[(y) (3.54)
i,j=—k?2
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k2
pr@ v, y) = 3 vl ()l
i j=—k?
1

1 1
Notice that /mr < — e < = We have (3.49), in particular since

i7j:_k2

k2 it+1 1 j+1
K

- 50T

i,j=—k?
< //p z,y) dz dy.

We extend the definition of u} and v in the vacuum as in Remark 3.1. We
have clearly (3.50). We are considering functions of the form like in Remark
2.4 and then we get that

k
/pg(a:,y)dxdy = Z Mijk
RQ

L
2

(. y) da dy

Ex S

]{32
0 _ 0 o
/Ra: azuk<xay)‘ = ijng ‘U@]k uifl,jk’][]%,%.k mijk[(y)
and
k2 1
// 9 uo Z |u2jk Uy 1]]6‘ v Mijk < Z |u1jk u'(i]fl,jk|%
R2 1,j=—k2 i,j=—k2
Now
]uwk u?—l,jk| = k2/ / :1: ,y) de dy — / / (r,y dwdy|
& k k
5 orhe 1
= k? / / u’(x,y) — u (x—,y)dxdy|
5 % k
S 1
< k2/ i uo(‘ray)_uo(w—?y)‘ dl’dy,
% % k
therefore

suf(e,y)| < z e /

— k2 k
R2

< ] o)
R2
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IN

Similarly, we get the other inequalities of (3.51)-(3.52)
Let ¢ € C°(R?) and let ky € N such that supp ¢ C
formula, there exists (z;k, Yijk)

/iwm/iwm
i J
: j

o(x,y) dedy
k

' 1 Yijk
- (k’ i) Mgk + 6/ 02 o(wijn, v) dv m>/?

1
ijk +§ax(10($ijkayijk) i
+5 aycp(‘rljk’yljk) zyk + 6/

[—Fo, ko]?. Using Taylor

EH,%—FW[XH,% m[such that

My

yygp(u y’L]k) du m?/Q
Now

ijk

+/Mijk
i,j=—Fk?

S p(x,y) dr dy,
and

o itl 1 G+l 1
1 m kK2 A 2
e (i) mon =,

2 0 i
P (x,y)e (k k) dz dy,

Jf st vreta ) ey~ J] @ y)eta.y) dwdy

.

/pkl‘y Jp(w,y) dv dy = Z /Wmi/

e

k
therefore, for k > kg, we have

E S

ez, y)] dedy

& o
L k /ﬂ 1 ‘po”m‘90<x7y)‘ dl‘dy)
% -
1 kko—1

J
2| i = 3) + 310
i,j=—kko
i 3/2
43110yl + 08,0 (@i — 1))
kko—1 1 T_i /1/
(192l (= - ) + ol (v—2)) dody
— k k
] (0]
k‘ko 1 J+1 k
+lel. ( /+1 A 5 )
i=—kko T k2
1 kko—1
+5~;kk (e
1,]= 0

| +H@ZysoHooxﬁmijk+3<||axso||oo+||aygo|| )
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o %f% i
X </ g _ g d:vdy)

E
kko 1 i_% Ji k% 1
< [T vy ol + 100 5
z]*—kk:o
klco 1
Hiele > (5+ )
i,j=—kko
1 kko—1 1\3/2
v (9] + [0, + 310l +31000) S ()
1,j=—kko
1 1
212 21.2
S‘%kwﬂw&M&+W@mkﬁk+HW\4kk(kg =)
1
v (2l + 320 + 300l + 10y00) 4528
1
S C@E

and then p? — p° holds in the distributional sense. We turn now to the con-
vergence of pul. For k > ko, we have

pkxy up(z, y)p(x,y) do dy — //p z, y)u(z, y)p(z,y) de dy

SZ//

1,)=—

) (/?12/

1

; 5
[ L WL et o)
Tk k2

Hu H o(z,y)| dx dy

.

\H

E
|

b

k

??‘

1 kko—1
0

i,j=—kko

J
o) i — o) 3100l

310, + [ e~ 1)) i

and the main difference with to regard to the first convergence is the first term
We write

kko—1

DA A
SR

’L]f

@ j

0 0 ]
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kko—1

A

j=—kko

zjk O(x7y)’ (k: ]{;) dl’dy

and the main new term is in fact the last one. We control it the following way:

kko—1

S TET

i,j=—kko
kko—1

P S

7.7_7

0

A y)| el dzdy,

where

i+l i+l
Aoy =k [ [T @@ 5) — o(e,y) dz dg.
k &k

Now u° € BV (R?), then u° is continuous and then uniformly continuous on
compacts. Let € > 0, there exists 7 > 0 such that for any (z,y),(Z,7) €

(=Ko, ko)?, if [z — &) < n, ly — 9| < n, then [u’(Z,7) — u’(z,y)] < e Now

i 1
for i,j € 7N [—kko, kko — 1] and 2,7 € [;,”];], v, € [2,‘72 ], then

1
(z,9), (Z,9) € [—ko, ko|>. Thus for o <1, we have

kko—1 a1 J+1 .
O
J_Z / / )| ¢ (k k) 4z dy
Mot & k2 [ kB T R2 % %
= Z / / "l ’“2/1- / €d5?dﬂ| lello ddy
=—kko % %
k‘k() 1 1 )
i,j=—kko

It gives the limit of the new term and we get that plu — p’u° holds in the
distributional sense. Similarly we obtain the convergence of pgvg. O

1 1 1
Remark 3.2 Notice that we have \/mj, < LT < z and then we are in the

situation of (2.42) in Remark 3.53 and thus this discretization by blocks will
lead to solutions with no initial measure.

3 Stability Theorem

The results we prove in this section have two specific purposes. First, we prove
stability of solutions. Secondly, we prove the existence of more solutions than
those obtained in previous sections by passing to the limit in some particular
solutions.

But let’s start with a few technical results. The first one is to help us
passing to the limit in the products. It is an extension in dimension two of a
similar Lemma in dimension one proved in [2].
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Lemma 3.2 Consider for any k € N, some functions v, € L>(]0, T[xR?),
wy € L=(]0,T[, BV(R?)) and v € L>(]0, T[xR?), w € L>=(]0,T[, BV (R?)) .
Let us assume that (Y )ren i a bounded sequence in L>(]0, T[xR?) that tends
to v in L2,(]0, T[xR?), and satisfies, for any T € C>(R?),

JJ =tz )P y) dedy, o, (3.56)

a bounded sequence in L>(]0, T[xR?) that tends to w in L2(]0, T[xR?), and
such that, for any t € [0, T

[tz izc, [zl <c (3:57)

RQ

either i) a.e. t €)0,T[ orii) in L;(]0,T[). Let us also assume that (wg)gen 1S
]

// Ou(t, 2, y)| < C, // 10,w(t, 2, y)| < C, (3.58)

R2
with C' being a constant. Then ypwp — yw in L2.(]0, T[xR?), as k — +o0.

Proof. We detail case i), the proof being very similar for case ii). Let (. be
a sequence of mollifiers in R2. We shall use the notation 2° = z * (.. Let us
Ty

write the decomposition
Yewr — YW = Ye(wr — wi) + (e — 7)wi + 7(wp — w°) + y(w® —w).  (3.59)

We are first going to control the first and fourth terms of this decomposition
for € small enough and uniformly in k. Then, fixing €, we shall pass to the
limit, when k tends towards infinity, in the second and third terms. Let ¢ €

C>(]0, T[xR?).
T
— Let n > 0. The term / // ¥(w® —w)p dz dydt is controlled in the following
0
R2
way. Since w € L>(]0, T[, BV (R?)), we have
[t =5 y=5)—wtt 2.yl dedy <13l [[ 10000, ) +131 [[ 1908,
R2 R2 R2
hence for ¢ < 1,

HCUE(t, . ) — W(t, . ')||L1(R2)

B ////(“(t’x_j>y_37>—W(ta%y))Ca(y)dirdﬂ

R2 | R2

< [ (3l +13)¢(§) didy < C,
B(0,e)

dx dy

where C' is a constant independent of ¢ and ¢. Thus we get

T ~
[ [ —wedrdyar) < Clipllyile
R2
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This is less than 7 if ¢ is small enough. We have the same bound uniformly in
k for (vi)k>0 and (wg)k>0, thus for such ¢,

T T
I/ //v(wa—wsodxdydtl <7 and I/ //%(w,i—wk)sod:vdydt\ <n, Vk €N.
0 0
R2 R2

— Let now ¢ be fixed as above. For the third term of the decomposition (3.59),
obviously w§ — w® —0 in L2, (]0, T[xR?), thus y(w§ — w®) — 0.

It remains to establish the convergence (v, — vy)wi —0 in L, (]0, T[xR?). In
order to do this, we only need to consider a test function ¢ € C°(]0, T[xR?),
goh(t,x,y) = o1(t)pa(x,y), o1 € C=(]0,T]), g2 € C=(R?). In order to prove
that

T
| [ =tz itz p)ott o, y) dedydt = 0, k= o0,
0
R2

T
we write this integral as / / Ii(t,%,7) dT dy dt where
0
R2

]Ic(t?jvg) - wk(taf7g) (//(Vk - 7)(t7x7y)C6(x - jay - g)@(t’xay) dl’dy) :

We are going to prove the convergence of this integral using Lebesgue’s theo-
rem. Since, at (7,9) being fixed, (z,y) — ((r — T,y — §)pa(x,y) € CF(R?)
and together with the fact that (wg)r>o is bounded in L*(]0, T[xR?), we de-
duce from the property of v, that for a.e. t, z,y, I;(t,x,y) — 0 as k — oo. We
also have the following estimate,

(L, 2, 7)] < sup HwkHLw(Sgp Vel + IVllzee) I (t, 2, 9),

where J : (t,7,5) //(E(x—i,y—g)\go(t,x,y)] dr dy € L'(]0, T[xR?). There-
RZ

fore, by dominated convergence, we have that I,(t,z,y) — 0 in L*(]0, T[xR?),
which gives the desired convergence.
— Finally, we can conclude that v,w, —yw—0 in L, (]0, T[xR). O

Remark 3.3 This is a result of compensated compactness, which uses the com-
pactness in (x,y) for (wg)g given by (3.57) and the weak compactness in t for
(Vk)k given by (3.56) to pass to the weak limit in the product ~yywy.

The second result gives some continuity in time. The proof is an easy
adaptation in dimension two of Lemma 4.4 of [5]. The main idea is to use a

countable dense set in C%°(R?) for the L'-norm and Ascoli’s Theorem. Since
there is no new difficulty, we skip the proof.
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Lemma 3.3 Let (ng)gen+ be a bounded sequence in L>=(]0, T[xR?) which sat-
isfies:

for all p € C(R?), the sequence (g ni(t, z,y)p(x,y) dz dy),, is uniformly Lip-
schitz continuous on [0,T], v.e. 3C, > 0, Vk € N*, Vs, t € [0,T],

(nk(taxay) - nk(S,x,y))gD(x,y) dl’dy < CSD‘t - S|‘

Then, up to a subsequence, it exists n € L°°(]0, T[xR?) such that n, — n in
C([0,T7, L. (R?)), i.e.

— 0.
—>OO

vl € LY(R?), sup

te[0,T]

// ni(t, z,y) — n(t,z,y))l(x,y) dedy

We prove now the stability result.

Theorem 3.4 (Stability of solutions) Let us consider a sequence of solu-
tions (Pr, Uk, Vi, (T1)k, (T2)k)k>1, with reqularities (1.8)-(1.10), satisfying (1.4)
with the constraints (1.5)-(1.6) and initial data (p%,u,v?). We assume the
following bounds for initial data:

(P)) k=1 is bounded in L™(R?) and in L'(R?), (3.60)
(u)k>1, (V))r>1 are bounded in L™°(R*) and in BV (R?). (3.61)
The solutions are supposed to satisfy
0<p <1, //pk(t,x,y) dx dy < //pi(m,y) da dy, (3.62)
R2 R2
essinf ug < uy, < esssup ug, essinf v < v, < esssup vy, (3.63)

//|8uktxy|<//‘3ukxy

(3 64)
/ //|8vktxy|<//‘8vk
(3.65)
and finally we assume that
((m)r)e>1 and ((72)k)r>1 are bounded in M, ([0, 0o[xR?). (3.66)

Then, extracting a subsequence if necessary, as k — oo, we have in the distri-
butional sense (py, ug, Vg, (71)k, (2)k) —(p, w, v, 71, m), where (p,u,v, T, m3),
with regularities (1.8)-(1.10), are solution of (1.4) with the constraints (1.5)
and satisfy the bounds

0<p<l, //p(t,w,y) drdy < //po(xay) dz dy, (3.67)
R2 R2
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essinf u’ < u < esssup u’, essinf v° < v < esssup v°, (3.68)

//|8utxy //|5ut:1:y|<
(3.69)
/|3vtxy|</ //|avt:vy|<//‘8v :L’y . (3.70)

Furthermore we get the existence of measures T and s € Miy([0, 00o[XR?)
such that

7T1:7~T1, 7T2:7?2, (371)

which is a weak formulation for (1.6).

Proof. Since (pg, ug, vg)x>1 are bounded in L>(]0, +o00[xR?), then there exists
a subsequence such that

Pk — p, g —u, v — v in L2 (]0, +0o[xR?). (3.72)
From (3.66), there exists a subsequence such that

(m1)k = 1, (M) = T2 0 Moe([0, 00[ XR?). (3.73)
From the first equation of (1.4), the sequence (pi)r>1 satifies the estimate:

VT > 0, Vo € C°(R?), Vt, s € [0,T], Vk € N*,

(pr(t,z,y) — pr(s, z,y))e(z,y) doe dy| < Cylt — s, (3.74)

with

Cyp = sup [|up]| o (// |8xsoldl’dy) + sup [|vg| e (// Iaysoldwdy) :
k>1 Y k>1 v,

Then, applying Lemma 3.3, pr — p in C([0,T], L, (R?)). Furthermore (u)g>1
is bounded in BV (R?) uniformly in time thanks to (3.61) and (3.64). We can
then apply Lemma 3.2 and we get that pyuy — pu in LS2,(]0, T[xR?). Similarly,
we have prvp — pv in L22,(]0, T[xR?).

Now the second equation of (1.4) gives that

i//(ﬂkuk)(t,x,y)go(x,y) dx dy
- / (prui) (t, 2z, y)Opp(x,y) dx dy+//(PkUkvk)(t,x,y)ay¢(x,y) dx dy

+//3x90(fﬂ>y)(ﬁ)k(t’x7y)’
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thus the sequence //(pkuk)(t, x,y)p(x,y) dr dy is bounded in BV,. Therefore,
2

in the same spirit than the proof of Lemma 3.3 (see also [5]), we can extract a
subsequence such that

[ et )o@, y) dedy — [[ (o)t 2, 9) (e, y) dedy in L0, TD,

for all p € C>°(R?). We can then apply Lemma 3.2 with v, = pguy this time
and wy, = u (and also with vg) and we get that pku% — pu? and ppuLvE — puv
in £2°,(]0, T[xR?). Similarly, we also have ppvi — pv? in L2 (]0, T[xR?). We
can now pass to the limit in the weak formulation to get (1.11)-(1.13) with the
initial data (p°, u°,v%). Finally, since (p(m1))r and (pr(m2)x)x are bounded
in the measure, up to a subsequence, we have the existence of 7, T €
Mioe([0, 0o[xR?) such that

pk(ﬂ'l)k 47}1, ,Ok(ﬂ'g)k — 79 in ./\/lloc([O, OO[X]RZ). (375)

Since pg(m)r = (m1)x and pg(m2)r = (m2)k, at the limit, we get (3.71). O

Remark 3.4 The relation (3.71) is a weak formulation of (1.6). We will come
back in the last section to more relations between both formulations.

Remark 3.5 We have the same stability result assuming (3.71) instead of (1.6)
in the assumptions of the theorem.

3 Limit of approximate solutions

In dimension one, we directly obtained explicite solutions for any block initial
data. In the present dimension-two case, at this step, we only have approxima-
tion of solution for general block initial data. We need to improve the previous
stability result in the case where we only have

Orp1 + Ox(prwr) + Oy (prvr) = Ry —
A (prw) + e (pruif + (m1)) + O (qulvl) S1—0, (3.76)
A (prvr) + Oz (prugvr) + Oy (pv} + (m2)) = T, —0

instead of having R; = S; = T; = 0. We prove now that in this situation, we
can extract a subsequence whose limit is a solution.

Theorem 3.5 (Limit of approximations) Let us consider a sequence (py, uy,
vy, (1)1, (m2)1)1>1, with regularities (1.8)-(1.10), satisfying (3.76) with the con-
straints (1.5)-(1.6) and initial data (p?,ud,v?). We assume the following
bounds for initial data:

(p))i>1 is bounded in L°(R?) and in L'(R?), (3.77)

u)i>1, (V));>1 are bounded in L™ R?) and in BV (R?). 3.78
1)1> 1)i>
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The functions are supposed to satisfy the bounds

0<p<1, //pz(t,x,y) dr dy < //pzo(x,y) dz dy, (3.79)
R2 R2
essin f u? < u; < esssup u?, essinf vy < v < esssup vy, (3 80)

1o
//|3vltxy|<//

and finally we assume that
(m)1)i>1 and ((m2)))i>1 are bounded in My ([0, 00[xR?). (3.83)

Then, extracting a subsequence if necessary, asl — 0o, we have in the distribu-
tional sense (py, uy, vy, (7)1, (72);) —(p, w, v, 71, o), where (p,u,v, 7, m) have
regularities (1.8)-(1.10), are solution of (1.4) with the constraints (1.5) and
satisfy the bounds

//|6ultxy|<//]aul
//|8vltxy|<//]avl

(3 81)

(3.82)

0<p<l, / p(t,z,y)drdy < / p°(z,y) da dy, (3.84)
R2 R2
essinf u’ < u < esssup u°, essinf v’ <wv < esssup 1", (3 85)

// //|8ut:cy|<//
/|avt:cy|</ //|avt:vy|<//‘8v z,y)| g.:(;;

Furthermore we get the existence of measures 711 and Tz € Mioe(]0, 00[xR?)
such that

T :77'1, Wgzﬁg, (388)
which is a weak formulation for (1.6).

Proof. The proof is very similar to the one of Thereom 3.4 except an im-
portant difference, which is the relation (3.74). Here we get a relation of the

[ f] - ¢

Adapting the proof of (2.37) but on a time space of length |t — s| instead of T,
we similarly get a bound of the form |t — s|eC instead of TeC. Then we get
again a majoration of the form

(3.89)

//pkmy — pr(s,2,9)) o, y) da dy| < Cult — s| +

< Clt — s, (3.90)

//(pk(t7x7y) - pk(s,x,y))cp(:v,y) dl’dy
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and we have again p; — p in C([0,T], L2, (R?)) and the rest of the proof is
quite similar. [J

The first consequence of this result is that we will obtain solutions for
any block initial data (not explicite in every cases here contrary to the one-
dimensional case). Then by approximation of any initial data by initial blocks
and the stability result, we will get existence of solutions for any initial data.

4 Existence result

Prior to get the existence result, let’s start by discussing the constraint relation
(1.6) which leads to the difficulty of defining the product pm with m a measure
and p not necessarily continuous. Indeed in the stability result, we just have a
weak formulation (3.71). We expose how it is possible to define this term in a
special class of solutions. To do this, we adapt the analysis done in [2]. Then,
we will prove the existence result for any initial data in a weak sense and then
for functions with enough regularity, we prove that we get the product pm =7
in a more classical sense.

4 Definition of p7 for 7 in the class ML

We say that 7 is in ML if 7 lies in M. ([0, 0o[xR?) and if there exists C' such
that

/[ooo / / ot 2, y)m(t, 2, y)| < Clloll oo, @), ¥ € Ce([0,00[xR2).
4.

91)
If 7 is in ML, then thanks to the density of C..([0, co[xR?) in C.([0, co[, L' (R?))
for ||.]|Lee 10,00r.22, (®2)), We can define < 7,6 > for ¢ € C([0,00[, L'(R?)) by

classical arguments. We obtain besides that

| <m,¢> | < Cllollieqoeerrr, @), ¢ € Ce([0, 00, L' (R?)).
Definition 4.1 Let p € Cy([0, 00, L} .(R?)) and 7 € ML. Then the product
pr is defined as a measure by < pm,¢ >=<m, pp > for ¢ € C,([0,c0[xR?).
We notice that if m € Mu.([0, 0o[xXR?) satisfies

S o 10002020 < Ol gooctin oy W6 € 0,001, L1 (82)),

(4.92)
then m € ML and

< TP >= /[O’OO[/R/Rqﬁ(t,x,y)w(t,x,y), Vo € C.([0, 00[, L*(R?)).

As in [2], we have easily the following proposition which proves that the blocks
of Section 2 have this regularity and then satisfy the constraint in a classical
sense.

Proposition 4.2 For the sticky blocks of Section 2, the pressures m; and s
satisfy (4.92). For these blocks, we also have p € C’([O oo, L'(R?)) and then

pr =1 in Moe([0, 0o[XR?).
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4 The exclusion relation pm = 7 for solutions with 7 in
the class ML

Proposition 4.3 If we assume that the limit (p,u,v, 7, 7)) of Theorem 3.4
satisfies furthermore that py — p € Cy([0,00[, L, (R?)) and if we assume that

T, Ty € ML, then the exclusion relations pmy = m and pmy = 7o hold in the
sense of Definition 4.1.

Proof. We prove it for 71, the proof being similar for m,. We consider a se-
quence (pg, Uk, Vg, (71)k, (m2)k)k>1 of blocks which approximate (p, u, v, 7, m2)
in weak sense as in (3.72)-(3.73). Let ¢ € C°(]0, +00[xR?). We can write,
since m; € ML and p € C([0, 00, L,.(R?)),

< (M)ks prp > = < T, pp >=< (M) (o = P)p > + < (Mi)p — 7, pp >
On one hand, pp € C.([0, 00, L'(R?)) hence < (m)x — 7, pp > — 0. On

k—+o00
the other hand, since (m ), € ML,
< (o= p)e > | < Cusuwp [ (o= p)plde

< CkHSO||L°° 1ok = pllLeo(ra

t,x,y

A

loc,x y)

We can take for the constant C} the smallest one, that is to say

T
N o G
PELF(Lyy),p#0 HSOHL?"(L%y)

We consider the linear continuous applications fj defined, for any ¢ € LOO(L1 )

by fir(e / / @(m1)g. For any ¢ € L°(L} ), we have fr(¢) — / //WT

and then (fr(p ))k is bounded. We apply the Banach-Steinhaus Theorem to
this family of applications and get that sup C} < +oc.
k

Therefore we get khIJP < (m)g, prp >=< p,mp >=< pmr, e > . Now
— 00

(1) = pr(m)r — 7 and then 7; = pm and the constraint 7; = m be-
comes pmy, = m1. [

4 Existence of solutions
We are now able to prove the following existence theorem.

Theorem 4.4 (Existence of solutions) Let us consider initial data (p°, u°,v)
with reqularities p° € L=(R?*) N LY(R?), u®,v° € L>(R*) N BV (R?). Then there
exists (p,w, v, m,m2), with reqularities (1.8)-(1.10), which are solution of (1.4)
with the constraints (1.5) and satisfy the bounds

0<p<l, / p(t,z,y)drdy < / p°(z,y) dz dy, (4.93)
R2 R2
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essinf W <u< esssup uo, essinf W< < esssup UO, (4.94)

//|8ut:vy|<//
(4.95)
//|avt$y|<//‘3v xy (4.96)

Furthermore, there exists 71, o € Mioe([0,00[xR?) such that the constraint
(1.6) is satisfied in the weak sense (3.71).

1o

Proof. Let p, ul, v (k € N*) be the block initial data associated respectively

to p°, u°, v° provided by Lemma 3.1. Proposition 2.12 gives (pr1, urr, Vi, (71)x15 (72) k1)
such that

Orprr + O (pratirr) + Oy (praver) = Rklz j 0,

O (priur) + Ou(pudy + (1) k) + Oy (Pritrivn) = Skl =0

O (privit) + Ou(prrivi) + Oy (praviy + (m2)it) = T l_:oo 0

in the distributional sense. At k fixed, these functions satisfy the bounds
of Theorem 3.5 and we can apply it to get that, up to subsequence, and
making a diagonal Cantor process, the convergence in the distributional sense
(Prts Wit Vet (1) ks (T2) k1) H:\Oo(pk,, Uk, Vg, (1), (2) ), where the obtained limit

(Pk, Uy Uiy (1)K, (T2) ), With regularities (1.8)-(1.10), is solution of (1.4) with
the constraints (1.5), (3.71), with (71)k, (T2)x € Miee([0, 00[xR?), and satisfies
the bounds (3.67)-(3.70). Furthermore 0 < (7)) < (m1)r and 0 < () <
(72)r and these measures are bounded in M;,.(]0, OO[XR2). We can now ap-
ply the Theorem 3.4 to these sequences, and get, up to a subsequence when
k — 0, (pkn Uk, Uk, (ﬂ—l)ka <7T2)k> 4(p7 U, U, 71, 7T2)7 where (pa U, v, T, 7T2>7 with
regularities (1.8)-(1.10), are solution of (1.4) with the constraints (1.5) and
satisfy the bounds (4.93)-(4.96). Up to a subsequence, we extract (7)y — 71
and (72)g — 7. Since (1) = (1), we get T = m. We operate similarly for
7o and get (3.71). O

By Proposition 4.3, we finally have the additionnal property.

Remark 4.1 Furthermore, if pr — p € Cy([0,00[, L}, (R?)) and 71,7 € ML,
then the exclusion relations pmy = m and pmy = Ty hold in the sense of Def-
wition 4.1. Then, we get the strong constraint in the case of blocks and for
the limit of this approxzmatwn when the limit is in Cy([0, 0o, L}, (R*)). In the

most general case, we only have a convergence in Cy([0, cof, LSS (RQ))
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