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Newton’s method for solving generalized equations: Kantorovich’s

and Smale’s approaches

Samir Adly **, Huynh Van Ngai ”, Van VuNguyen®
# Laboratoire Xlim, Université de Limoges, 123 Avenue Albert Thomas, 87060 Limoges, France
b Department of Mathematics, University of Quy Nhon, 170 An Duong Vuong, Quy Nhon, Viet Nam

In this paper, we study Newton-type methods for solving generalized equations
involving set-valued maps in Banach spaces. Kantorovich-type theorems (both local
and global versions) are proved as well as the quadratic convergence of the Newton
sequence. We also extend Smale’s classical (a,~)-theory to generalized equations.
These results are new and can be considered as an extension of many known ones
in the literature for classical nonlinear equations. Our approach is based on tools
from variational analysis. The metric regularity concept plays an important role in
our analysis.

1. Introduction

It is well-known in the literature of applied mathematics, engineering and sciences that the classical
Newton method and its generalizations are among the most famous and effective methods for numerically
solving the nonlinear equation f(z) = 0, for a given function f : R™ — R™. This success is due to its
quadratic rate of convergence under some suitable assumptions on the problem data and the choice of the
initial point. The classical convergence results state that Newton’s method is only locally convergent. More
precisely, if the function f is sufficiently smooth and its Jacobian V f(z*) is nonsingular at the solution z*,
then by choosing an initial point zy in a neighborhood of this solution z*, the convergence of the sequence
generated by Newton’s method is guaranteed and the rate of convergence is at least quadratic. Much more
has been written about Newton’s (or Simpson-Raphson-Newton’s) method and a classical reference is the
book by Ortega and Rheinboldt [15].

In 1948, L.V. Kantorovich published a famous paper (see [14,11]) about the extension of Newton’s
method to functional spaces. This result obtained by L.V. Kantorovich can be regarded both as an existence



result (of a zero of f) and a convergence result (of the associated iterative process). The assumptions used
essentially focus on the values of the function f and its first derivative f’ at the starting point zy as well
as the behavior of the derivative f’ in a neighborhood of zy. Kantorovich’s theorem requires the knowledge
of a local Lipschitz constant for the derivative. In the same spirit, another fundamental result on Newton’s
method is the well-known point estimation theory of Smale [19], based on the a-theory and ~-theory for
analytical functions. The a-theory uses information about all derivatives of the function f at the initial
point zq in order to give the size of the attraction’s basin around the zero of the function f.

In 1980, S.M. Robinson [17] studied generalized equations with parameters: namely parameterized varia-
tional inequalities. He proved an implicit function theorem that can be used to study the local convergence
of Newton’s method for generalized equations (or variational inclusions). In his Ph.D. thesis, Josephy [10]
used this theorem to investigate the local convergence of the Newton and quasi-Newton methods for the
variational inequality of the form f(z)+ N¢(z) 3 0, where C' is a closed convex subset of R™ and N¢ is the
forward-normal cone of C. He proved that if the solution z* is regular (in the sense of Robinson [17]) and if
xo is in a neighborhood of x*, then the Josephy—Newton method is well-defined and converges superlinearly
to x*. Further generalization of Newton’s method was considered by many authors. For example J.F. Bon-
nans [3] obtained a local convergence result of Newton’s method for variational inequalities under weaker
assumptions than the one’s required by Robinson’s theorem. More precisely, Bonnans proved that under
the condition of semi-stability and hemistability (these two conditions are satisfied if Robinson’s strong
regularity holds at the solution), superlinear convergence of Newton’s method (quadratic convergence if f
is C1'1) holds.

The Josephy—Newton method for set-valued inclusions of the form f(z)+F(x) 3 0, where f : R™ — R™
is a single-valued mapping of class C! and F : R™ = R™ is a set-valued map, was also considered by
A. Dontchev [5-7]. In this case, the algorithm starts from some point zy near a solution and generates a
sequence (x,,) defined by solving the following auxiliary problem

0€ flzn) + Df(xn)(@ni1 — xn) + Fany1). (1.1)

Here (and in what follows), Df indicates the first order derivative of f. In [6,7], Dontchev proved the local
Q-quadratic convergence of Josephy-Newton method under the assumptions that f is of class C' and F'
has closed graph with (f + F)~! being Aubin continuous at (z*,0) (see [8] for more details).

The present paper is concerned with Newton—Kantorovich and Newton—Smale approaches for generalized
equations of the form

0¢€ f(z)+ F(x), (1.2)

where f : X — Y is a single-valued mapping defined between the Banach spaces X and Y, supposed to
be of class C? on an open set U in X, and F : X =2 Y is a set-valued mapping with a closed graph.

The paper is organized as follows. In section 2, we recall some preliminary results and backgrounds that
will be used in the rest of the paper. Section 3 is devoted to the proof of a Kantorovich-type theorem for the
generalized equation (1.2). In section 4, we prove two theorems corresponding to Smale’s o and ~-theory
for problem (1.2) in the case where f is analytic.

2. Preliminaries

The capital letters X, Y, ... will denote Banach spaces. By X* we mean the dual space associated with X.
Throughout the paper, we will use the common notation ||| for the norm on some arbitrary Banach space
X and (-,-) for the canonical duality pairing on X* x X. We denote by Bx (z,r) (resp. Bx[z,r]) the open
(resp. closed) ball with center x € X and radius r > 0. The unit ball in X will be defined by Bx (or simply
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B when X is clear). If x € X and K C X, the notation d(z, K) stands for the distance function from x
to K, defined by

d(z,K) := Zlglf{ |z — =] -
For two subsets C, D of X, we define the excess of C beyond D by
e(C,D) :=inf{t >0:C C D+1tBx},
and the Hausdorff distance between them as
d?(C, D) := max {e(C,D),e(D,0)}.

A set-valued mapping (or multifunction) T : X = Y is a correspondence, assigning to each x € X a subset
T(z) C Y. The domain and graph of mapping T are defined respectively by dom(T) = {z € X : T(z) # 0}
and gph(T) = {(z,y) €EXxY:ye T(az)} For the given Banach spaces X, Y, Z and two mappings
T : X =Y, Ty : Y = Z the composition of Ty and Ts is a mapping T : X = Z defined by T(z) =
UyeTl(w) T»(y). Finally, the inverse of the mapping T is the set-valued mapping 7-! : ¥ = X such that
x € T~ Y(y) if and only if y € T(z).

The key concept in our analysis is the metric reqularity property [1,8,12,13,18]. Recall that a mapping
T:X =Y is metrically reqular at (Z,y) € gph(T) with a modulus £ > 0 if there are some neighborhoods
UofzinX and V of §y in Y so that

d(z,T"'(y)) < kd(y,T(z)), whenever (z,y)€ U x V.

The infimum of all such constants k is called the regularity modulus of T at T for y, usually denoted by
rea(T; (7,7)).

The metric regularity of a mapping 7" at some point (Z,y) in gph(7') is known to be equivalent to the
so-called Lipschitz-like property (or Aubin property) of the inverse 7! at (7,7) (see [8,12]). Recall that
a mapping S : Y = X is Lipschitz-like at (y,z) € gph(S) with constant x provided that there exists a
neighborhood V' x U of (y,z) in ¥ x X such that

e(Sy)NU,SW)) <kly—y|, foral y,y €V

In the sequel, we make use of the following theorem proved in [1], which gives a sufficient condition for the
stability of metric regularity property under a suitable perturbation. Recall that a mapping S: X =3 Y is
called Lipschitz continuous on a set D of X iff there exists a constant L > 0 (Lipschitz constant) such that

d"(S(z),S(2")) < L|lz—2'||, forall =2’ €D.

Theorem 2.1. Given Banach spaces X and Y, let @ : X =Y be a set-valued mapping with closed graph and
let (Z,y) € gph(P). Suppose that P is metrically reqular at (Z,y) with modulus k > 0 on a neighborhood
Bx(Z,a) x By (y,b) of (z,4) for some a > 0 and b > 0. Let § > 0, L € (0,x7'), and set T = /(1 — kL).
Let o, B be positive constants satisfying

200+ 1 < min{a,§/2},B(T + k) < §,2ca+ B(1 +cT) < b,

with ¢ = max {l,m_l}. If G: X — Y s Lipschitz continuous on Bx(Z,d) with the constant L, and the
sum @+ G has closed graph, then @+ G is metrically regular on Bx (Z, a) x By (y+ G (), ) with modulus 7.
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Remark 2.2. The proof of Theorem 2.1 is a direct consequence of Theorem 3.2 in [1].

Definition 2.3. Given a set-valued mapping ® : X = Y, a point o € X and some positive constants r > 0,
s > 0, we define

V(®,xg,7,5) = {(z,y) € X xY :x € Bx|xo,r],d(y, ®(z)) < s}. (2.1)
One says that the mapping ® is metrically regular on the set V(®, xg,r, s) with a modulus 7 > 0 if
d(z, @ '(y)) < 7d(y, ®(z)) forall (z,y) € V(®,z0,7,5). (2.2)

When the mapping ® satisfies Definition 2.3, we denote by reg(®, zg,r, s) the infimum of all 7 > 0 for
which (2.2) holds. Otherwise, we set reg(®, zg, 7, s) = 0.
A global version of Theorem 2.1 is stated in the following theorem.

Theorem 2.4. Let @ : X =2 Y be a set-valued mapping with closed graph, and let xo € X, r > 0, s > 0,
and k > 0 be such that ® is metrically reqular on V(®,x0,7,s) with modulus . For L € (0,k71) set
T=k/(1=kL). If G: X — Y 4s Lipschitz continuous on Bx[xo,r] with constant L, and &+ G has closed
graph, then the set-valued mapping ¢ + G is metrically regular on V(P + G, xo, 7, R) with the modulus T,
where R = min {5, %}

Remark 2.5. The proof of Theorem 2.4 is a direct consequence of Theorem 6.2 in [1].
3. Theorems of Kantorovich’s type

Let us first establish a local convergence theorem for Newton’s iteration (1.1).

Theorem 3.1. Let f : X — Y be a function of class C? on an open set U in X and let F: X =Y be a
set-valued mapping with closed graph. Let & € U be a solution of problem (1.2) andn = Df(&)(§)—f(&) € Y.

Suppose that the set-valued mapping ®(-) = Df(E)(:) + F(-) is metrically regular on neighborhood V =
Bx [, 7] X By [n, p] of (§,n) with modulus T such that Bx[¢,r] C U. Define

K(r,&,r):=7 sup HDQf(z)

lz—¢lI<r

| , and &= min {r, 0, Tp},

where D2 f stands for the second order derivative of f. If 2K (7,&,7)r < 1, then for all xo € Bx(£,¢), there
exists a Newton iterative sequence (xz,) generated by (1.1), converging quadratically to &:

1
leni =€l < ol —€1°, n=0,1,2,... (3.1)
In order to prove Theorem 3.1, the following lemma will be useful.
Lemma 3.2. With f, r, 7 and K(7,£,r) as in the theorem, for any x,x’ € Bx[¢,r], one has:

(i) IDf(x) = Df (") < K& g — o]
(i) [1f(@) — f(2) — Df(a)(a' — )] < KGED ot — g2,

Proof. The proof is evident from the mean value theorem and definition of K (7,&,7). O
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Proof of Theorem 3.1. Let L = M <50 L and set 7 = 11>V = 1=- Then,
T
T=v <2ur =< 2.
VT =vo——7 ST 2<r/
Moreover, since 7L < 5, one has
(7+7) 1) <3m=
v(tT+7)=vr <3tv=—<r
1—7L 4

Set ¢ = max {1 T 1} If 7 > 1, then ¢ = 1, and in this case, we have
v(l4+cT) <v(r+7) < 3mv < p.

Otherwise, 7 < 1, then ¢ = 7~ 1. In this case, it holds that

v(l+er)=v(l+771'7) =v (1 +
Let us take g > 0 such that
2p+vT <r/2,v(T+71)<r2cpu+v(l+cT) <p.

Applying Theorem 2.1 with a = r, b = p and § = r, for any linear and continuous map A : X — Y having
lA]| < L the sum ®4 = A + ® is metrically regular on Bx [, u] x By [n + A(£), v] with a modulus 7.
Let zg € Bx (&, ¢), then by Lemma 3.2, we get

IDf(z0) — DF(E)] < w

Hence, ®y = Df(zg) + F = [Df(xo) — Df(€)] + @ is metrically regular on the neighborhood Bx|[¢, u] X
By [yo, v] of (§,y0), with modulus 79 = ==, where yo = D f(z0)(§) — f(§). For zo = D f(x0)(x0) — f(20),

we have

120 = yoll = [|1Df (o) (o) = f(wo) — [Df(x0) () — f(E)]]

= 7€) ~ F(zo) ~ DF(ro)(€ - a0l < ETET) e - g
K(r,&r) £
STy ESEp T

which implies zg € By [yo, v]. Using the fact that ®¢ is metrically regular on Bx &, 1] x By [yo, V], we obtain

d(&, @5 (20)) < T0d(20, Po(§)) < T0d(20,90) < T0o—p— (T f’ ") 1€ — o|?
_ (T f, )

Since L < 5= and rK(,&,r) < 1/2, we deduce

1
A& 05" (0)) < 5 1€ = woll”-
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Thus, we can select 21 € ®;*(20) verifying

1
¢ = zll < o lle = 2ol
Observe that, as

D f(xo)(x0) — f(z0) = 20 € Po(x1) = D f(xo)(w1) + F(z1),

x1 is a Newton iteration generated by (1.1) with n = 0. On the other hand, the choice of zy implies

1 1
€ = 1l < 5 116 = woll* < 5116 = aoll < &

That is, z1 € Bx(&,¢). Consequently, instead of zp, now we can consider z; as a new starting point and
continue the process. Repeating this procedure, we obtain a sequence (z,) generated by (1.1) for which
relation (3.1) holds. By using repeatedly this inequality, we obtain

1 2" —1 1 2" —1
lon =6l < (oo =) loo—ell<(3)  loo-ell.

Combining the preceding estimation with (3.1), the quadratic convergence is shown. The proof of Theo-
rem 3.1 is thereby completed. O

Remark 3.3. A similar result to Theorem 3.1 was obtained by A. Dontchev in [6, Theorem 1]. Our assump-
tions are slightly different than the ones used in [6, Theorem 1] and the conclusion of Theorem 3.1 is more
precise in the sense that it gives an explicit region for starting points to ensure the convergence of the
algorithm.

The next theorem states a global result ensuring the existence of a solution as well as the rate of conver-
gence for the Newton iterative sequence. The assumptions used here are based on a classical Kantorovich
theorem presented in [4]. An optimal error bound estimate is obtained by using the technique in [9].

Theorem 3.4. Given two Banach spaces X and Y, let f : X — Y be a function of class C? on an open
set U C X and F : X =Y be a set-valued mapping with closed graph. For 7 > 0, ¢ > 0 and y € U with
Bly,e] C U we define

)

B(ry) =7d(0, f(y) + F(y)), K(ry.e)=7 sup |[D*f(z)

lz—yll<e

where D2 f stands for the second-order derivative of f. Let x € U, a € (0,1] and r > 0, s > 0 such that the
following conditions are satisfied.

1. ® = Df(x) + F is metrically reqgular on V =V (®, x, 4r, s) with a modulus T > reg(®, z,4r, s),
2. d(0,G(z)) < s, whereG:f—l-F,

3. 28(r,x)K (1, z,1) <

4. 2mB(r,x) <7, with n = 1=L1=2 = T 11704'

Then there exists a solution & € U of the generalized equation (1.2) such that

lz =&l < 2nB(r, x) <7 (3-2)
6



Moreover, there is a sequence (x,,) generated by the Newton method (1.1) which starts at x and converges
to £&. For this sequence, the following error bounds hold:

e ifa <1, then

Wi-a 6" LT
low — el < A= O 5 ), with 9= 2 YEZC
1+V1—-«o

@ 1-62"
e ifa=1, then

[ — €]l < 27" B(r, 2). (3.4)
Let us first note that if §(7, ) = 0, then the conclusion of Theorem 3.4 is trivially valid. Indeed, in that
case, d(0, f(z) + F(z)) = 77'B(r,z) = 0, and hence 0 € f(z) + F(z) since gph(F) is closed. This means
that = is a solution of problem (1.2), and we simply set x,, = = for all n. Assuming now S(r,z) > 0, set

B = B(r,z) >0, K = (28)"ta > 0. Consider the majorizing function given by
w(t) = Kt* — 2t + 2. (3.5)

The proof will be performed by induction, and it is based on the following lemma.

Lemma 3.5. Consider the Newton sequence (t,) associated with the scalar equation w(t) = 0:

{to =0, (3.6)

thrl - tn - w/(tn)_lw(tn),n = 07 1, .

Then this sequence is well-defined, strictly increasing and converges to the smallest root t* = L of w.
When a < 1 we have

t—t, < 4/I—a 6> (tl —to) _ 4/I—a §?

a 1-62" - a  1-02" 1

2(tnt+1—tn) < = t'n, < 92"_1(tn i tnfl). (37)
14/14462" (14627~
In the case a = 1, one has
t— tn < 2—n+1(t1 _ tO) — 2—n+1ﬂ’ (3 8)
2(V2—1) (tns1 — tn) St —ty <ty — byt '

Proof. Tt is sufficient to verify the monotonicity of the sequence defined in (3.6); the existence of (¢,) as
well as the error bounds in (3.7), (3.8) follow directly from [9]. The scalar function defined by ¢ : t €
(—00,t*) — t — w'(t)"Lw(t) satisfies

Let us observe that w is positive on I = (—o0,t*), so ¢’(t) > 0. This means that ¢ is strictly increasing.
Since t4+1 = p(tx), the proof is completed by induction on n. O
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Remark 3.6. It follows immediately from the proof of Lemma 3.5 that

1-yT—a 1-yI—a
ty <t = —2 e _ - Yo =2mB<r (3.9)

for all n.
Now, we return to the main proof of Theorem 3.4.

Proof of Theorem 3.4. We set G := f+F and rewrite the Newton’s iteration (1.1) in the following equivalent
form:

—f(zn) + Df(xn)xy € [Df(zn) + F|(2n41). (3.10)
We will construct by induction a sequence (x,) such that
[#n = @npall <tnsr—tn (3.11)
where (¢,,) defined in Lemma 3.5.

Let us put zg = 2, &9 = @, and 79 = 7. Since 79 > reg(Py, xo,4r, s), then ®q is metrically regular on
V(®g, xg, 4r, s) with some modulus Ty < 79. By setting yo = —f(x0) + D f(x0)(x0), we have

d(yo, ®o(x0)) = d( — f(xo) + D f(xo)(20), [Df (x0) + Fl(x0))
d(0,G(z0)) < s.

Hence (z9,y0) € V(®g,x0,4r,s). By using the metric regularity property of ®q, the following evaluation
holds

d(z0, 5" (y0)) < Tod(yo, Po(z0)) = Tod(0, G(w0)) < 70d(0, G(z0))
= (10, 0) = B.

Thus, we can select @1 in ®;'(yg) with |zg — z1]| < B. Due to Lemma 3.5, it is easy to deduce that
B = t1 — to. Therefore, (3.11) is satisfied for n = 0.
Suppose that for some n > 1 there exist x1,x2,..., T, such that

¢« Tpy1 € ®; ' (yx), where ®p(-) = Df(xzx)(-) + F(-) and yp = [—f + D f (i) (zx);
o |lzg — xpt1]| < tge1 —tp =0 forall k=0,1,...,n— 1.

If x,, is a solution of problem (1.2), then the proof is done. Otherwise, using (3.9) and the triangle inequality

we have
n—1 n—1
Hl‘o — 'T"H < Z Hx] — xj_HH < Z(tj_H — tj) =t, —to=1t, <.
j=0 7=0

Let Ko = K(79,20,7) < % = K; a similar argument as in Lemma 3.2 gives us

Ko 1
[Df(xn) — Df(zo)ll < —llwo — |l < —Ktn.
70 70
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We introduce the notation L,, := %Ktn. The fact that ¢, < t* = 1= Klfa in Remark 3.6 implies

LoTo < Lpyro=Ktp, < Kt"=1—+V1—-a< 1.

We define 7,, = 172—0%0, Th = PZ—OTO, rn, =1/4 and s, = min {s, B } Due to Theorem 2.4, the mapping

O,(-) = [Df(zn)—Df(x0)](-)+Po(-) is metrically regular on V;, = V(®,,, xg, 47y, sp) with modulus 7, < 7,.
Setting y, = [—f + Df(2,)|(zn), we get d(yn, ®n(2s)) = d(0,G(xy,)). The choice of z, gives us y,_ €
®,,_1(x,). Consequently,

Zn—1 = f(xn) - f(xnfl) - Df(xnfl)(mn - -Tnfl) S G(l’n),

and then, by using Taylor’s expansion, we obtain the estimate

d(0,G () < |lzn-1l

/DQf(xn,l +8(2n — Tp_1)) (T — Tn_1)*(1 — 5) ds
0

< [P @ns + s =z o = e (1= 5) s

K, 42 K &2
Ot R Gl U (3.12)

= T0 2 = T0 2
We are going to establish the following inequalities:
K 52
o=l s o n=1,2,... (3.13)
T0 2

Indeed, when n = 1 the left-hand side of (3.13) is equal to

K& _ KB _ KB md(0,Glxo)

1
— = - — d O,G X
02 12 7 2 1040, G0) <

»-lkl»—*

which affirms (3.13). Consider the situation for which n > 2. If & = 1, error bounds in (3.8) supply us with

1 1 V2 +1
b1 =ty —tp1 < —————(t" —th1) < ——=——2""PPB < 5.
When « < 1, paying attention to (3.7), we find
1 492" .
1 =th—tn 1 < g |1+ 1+ ——m | " —ti1)
2 (1+627")
1++2 1+v24yT—a 62"
SRR LT P L
2 2 e’ — 2
C14V24/T—a 67 ngﬁ a 5
2 a  1-62 2 (14 m)Q '
In summary, the inequality d,_1 < 1+2\/§ (1+\/— AT [ is true with n > 2. And this yields
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K&, 1K (1+V2\" , 14v2\"
B <y (F50) Mo 5 (57 o)
2
§(1+4\/§) ad(0,G(z0)) < s

Hence, (3.13) is proved.
Returning to the main proof, combining (3.12) and (3.13) one has

K oq,

On the other hand, thanks to Taylor’s expansion, we can write

62
W(tn) = w(tn-1) + W' (tn—1)0n-1 + " (tn_1) "2*1 = K&%_,.

As T = =1 = 1% and 298 = 2nB(7, ) < r, it follows from (3.12) that

52
d(0,G(zn)) < TEO n2_ = % (1 _1Kt ) w(tn) = %[—w’(tn)flw(tn)] = %671

B (8 (o) _ 4r5(+VI-a) (5,
‘E(E)\zm <E)‘E 8 (E)’

We knew 6,, < 1+2‘/§ 0T \/7 —= [ in the preceding part of this proof. Therefore,

r5(1+vI—a) /6,
4(0,G(en)) < %% <F>

<4_7~5(1+\/1—oz)1+\/§ o _ A
= 5Tn, 8 2 (1+m)2 5Tn

)

which tells us d(yn, @n(xn)) = d(O, G(J;n)) < 8n. Because of ||xg — x| < r = 4r,, the conclusion (x,, y,) €
V,, is clear. Thanks to the metric regularity property of ®,,, we obtain

A0, @, (yn)) < Fad(Yn, Pn(@n)) = 70d(0,G (1)) < T0d(0,G(24)) = By
Let us select z,,41 € @, (yp) such that ||z, — zp41| < Bn. Taking into account (3.12) one has

TO K(Snl
1—Kt T0 2

Bn = 1d(0,G(zy)) < = ' (tn) tw(tn) = tas1 — tn.

Consequently, we derive

Hxn - l‘»,H_]_H < tn+1 — tn

Hence, the construction of the sequence (z,) by induction is now completed.
Since (t,,) is convergent, it is easy to see that (z,) is a Cauchy sequence in the Banach space X. Therefore,

the sequence (z,,) is also convergent. Let £ = lim z,. We show that £ is a solution of problem (1.2). In
n—oo

fact, for each n there is some w,, € F(x,1) such that

f(xn) + Df(xn)('rn-‘rl - xn) + wy, = 0. (314)
10



Observing that f is of class C? and z,, — £, and passing to the limit in (3.13), we get

wp, = —f(xn) — Df(xn)(Xns1 — xn) = —f(§) as n — co.

Since gph(F') is closed and (2,41, wy) € gph(F), we have

lim (zn41,wn) = (§,—f()) € gph(F).

n—o0

Thus 0 € f(§) + F(£), which means that & solves (1.2).

As lim z, =&, we deduce
n—oo

o0

Z(‘rj - xj+1) =Tn — 67
j=n
for each n > 0. So,
[z — €Il < Z oy = wjeall <D (tirn —t5) = t* =ty (3.15)
j=n j=n

Note that t* = 2n8 and to = 0, by letting n = 0 in (3.15), we get (3.2). Finally, taking into account (3.7),
(3.8), and (3.15), we obtain (3.3) and (3.4). The proof is thereby completed. O

Remark 3.7. The assumptions and the conclusion of Theorem 3.4 are different from the ones obtained in
[6, Theorem 2]|. Our assumptions concern only the starting point, while the assumptions in [6, Theorem 2]
depend on the next iteration.

Remark 3.8. Kantorovich-type results were also presented in [16, Theorem 3.2]. The difference between
Theorem 3.4 and [16, Theorem 3.2] lies essentially on the used assumptions. In fact, the involved parameters
are completely different as well as the region of the metric regularity. For Theorem 3.4, one needs the metric
regularity property of ® := Df(z) + F on the set V(®,z,r,s), where x is the starting point. On the
other hand, in [16, Theorem 3.2], the authors used the Lipschitz-like property assumption for le (which is
equivalent to the metric regularity of Qz around (Z,y) € gph(f+F)), where Qz(-) = f(Z)+Df(-—2)+F(-),
as well as the condition il_rg_g d(y, f(x) + F(z)) = 0 (a kind of lower semicontinuity of f + F, which is not

necessary in our analysis). The following example compares the applicability of the two results.

Example 3.9. Consider the mappings f(z) = 12® — 2+ 1 and F(z) = R4, = € R. By a direct computation,

one has

d(O,f(x) —|—F(m)) = max {O, %x?’ —x+ 1} ,B(1,2) = Tmax {O, %x‘n’ —x—l—l},

K(r,z,r)=7 sup [f"(u)] <2r(|z + 7).

lu—a|<r

By setting x = zg = —2, we get

d(0, f(xo) + F(z0)) = %,B(T,xo)z K (7, 30,7) < 27(2 4 7).

Wl‘i

Let @4, (u) := f'(zo)u+ F(u), u € R, and let r = 0.5, s = 1. For each (u,v) € V(®4,,xo,4r, s) one obtains
11



d(u, ®,}(v)) = max {07u - %} = max {o,u - %v}
— max {07 é(?)u _ v)} _ é max {0, f/ (o) — v} = %d(v, By ().

This relation shows that reg(@ro,xo,élr, s) = Let us choose 7 = 0.5 > 1, which yields B(r,z0) = %,

1
3" 37
K(r,20,7) < %. By taking a = 1% < 1, then 218 = %H\/lﬁ < % < r. Thus, all conditions of Theorem 3.4
are satisfied for starting point xg = —2.
Let us check if the assumptions of Theorem 3.2 in [16] hold for xyp = —2. One has Qg,(u) = f(zo) +
J'(zo)(u — x0) + R4. We use the same notation for the constants M, L, r4,, 7y, 7o, 0, n and yo € Qz, (o)

as in Theorem 3.2 of [16]. These constants must satisfy the following constraints

. 2 Tag(1—MLry,)
ro = min {ryo, —2Lry S o

zo? 4M

. T T
6 < min {52, 129,670, 1},

(3.16)
(M + 1)L(nd + 2ry,) < 2,
lwol < 25~
We note that yo € f(z0) + Ry = [5,+00), M > reg(Quay, (0, y0)) = 5 and
L= sup If (u)] = sup 12u| = 2 |zo| + 72y =4+ Ty -
|[u—z0| <120 /2 [u—zo|<r2q /2
From the second and the last inequalities in (3.16), one gets
1 L& L, 12 (44rs)
7 S — < o, = e 3.17
3 S ol < = < g 64 (3.17)
By using the third inequality of (3.16), we deduce
1 3
<4+7"w0)7";v0 = ero < M—H < Z (318)

Nevertheless, (3.17) and (3.18) are not simultaneously valid. Hence, the conditions of Theorem 3.2 in [16]
can not be satisfied for the starting point x¢g = —2.

4. Theorems of Smale’s type

In this section, we consider problem (1.2) by assuming that the function f is analytic in an open subset
U of the Banach space X.

Definition 4.1. A function f : X — Y is called analytic at a point 2 € X if all derivatives D f(x) exist,
and there is a neighborhood Bx (z,¢) of « such that

f) =3 2@ (4.1)

k!
k=0

for all y € Bx(x,¢), where %vk stands for the value of the k-multilinear operator % at the

k-multiple (v,...,v) in X*. We will say that f is analytic on an open set U C X if f is analytic at every
point in U.



For an analytic function f and for each a € U, the radius of convergence R(f,z) of the Taylor’s series in
(4.1) is defined by (cf. [4])

1
®
R(f,z)"" = limsup

k—o0

|2 02

Theorem 4.2. Let £ € U be a solution of problem (1.2) and n = Df(&)(§) — f(§). Suppose that the mapping
O(-) = DfF(E)(-) + F(-) is metrically regular on the neighborhood V. = Bx[¢,r] X By [n,r] of (§,n) with
modulus T > 0. Define

)

o2t —h(t) =0, (t) = 26> — 4t + 1,

D’“f(ﬁ)'
k!

v =7(7, f,§) = sup { [T

k>2

Let p = 3*2‘/? ~ 0.17712... be the smallest solution of the equation

and 6 = Qp‘(gf > 1. Pick

0<e<mi 1 1 , T,
e<min —r,——r, ——7r' 5,
20 "1+6 "1+46

such that Bx[¢,e] C U. Then for any xo € Bx[E, €] satisfying

lzo = &lly < p
there exists a Newton sequence generated by (1.1), which converges quadratically to &:

0

L &, n=12,.... (4.3)

|2n — &l <

The proof of Theorem 4.2 needs some auxiliary lemmas whose proofs are similar to the classical ones and
will be omitted in this paper (see e.g. [4] for more details).

Lemma 4.3. For any x € Bx[£, 7] NU with ry < 1, the following Taylor’s series is convergent to f(x):

i@ = fl@).

k=0

Lemma 4.4. Let x € U be such that s = v ||lx — &|| < 1. Then for all k > 1, one has

| D* f(x) = DF (9] < Kl 1yP [ﬁ - 1} : (4.4)

In particular,

ID5(@) = DA < 7y e =€l (15)
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Lemma 4.5. Let r be a positive real number such that yr < 1 and let x € Bx[£, 7] NU. One has

1 2
5 e =<€lI”

— f(z) = D) - < T
1£(&) = f(2) = Df(x)(€ — )| < =Tz —€D

Let us now prove Theorem 4.2.
Proof of Theorem 4.2. As in the previous section, we can rewrite Newton’s iteration in the following form

Tpy1 € B, (yn) with @, = Df(x,) +F and y, = [Df(z,) — fl(xn).

Set L =711 (1(2_;?2) <7t 7=

let us check first that

-7 ¢ = max {1, T’l} and pick v = 771 > 0. In order to use Theorem 2.1,

VT < ;1/(?—1—7) <rv(l+er)<r.

From the choice of v, we deduce

_[a=p2 ] r ,
+1>5{ 50 +1}5(9+1)<29(1+0)<.

On the other hand, if 7 < 1, then ¢ = 7~!. In this case, one obtains

u(1+c%):y<1+ >=l/(1—|—9):7'1€(1+9)

1— L~
-1 T

"1+6)=r".
1+6r(+) r

Otherwise, if 7 > 1, then ¢ = 1. Thus,
v(l+er)<v(r+7)=¢e(@+1) <.
Now, we take > 0 such that
24 v <r/2,v(T+7T) <r2cu+v(l+cT)<r.

Applying Theorem 2.1 with a = 7, § = r and b = 7/, for any linear and continuous map A : X — Y having
|A|| < L, the sum &4 = A+ ® is metrically regular on By [&, u] X By [n+ A(€), v] together with modulus 7.

Let g € Bx[¢, ] such that v|zo —&|| < p. If 2y = & then we set z, = zp and stop. Otherwise, put
20 = [Df(x0) = f1(&), yo = [Df(20) — fl(xo) and @o(-) = Df(x0)(-) + F(:). Denoting so = 7[lzo — &l < p
and applying Lemma 4.4, we have

IDf(@0) = DO < 7oy o = €l < 7" (1 lleo = €1) 7=
1pP2—p) _
aoe

14



Hence, ®g = [Df(x0) — Df(£)] + ® is metrically regular on Bx[{, u] X By [20,v] with modulus 7. Since
s0 = v||lzo — &|| < p, using Lemma 4.5, we get

o — zo0ll = [I/(€) — f(x0) — Df (o) (€ — z0)] < vﬁ lzo — €]

-1 5 lzo =&l <t le=w

P
<7 T/
(1-0p)

Thanks to the metric regularity property of ®y on Bx[€, u] X By [z0, V], we obtain

1
d(&, % (y0)) < 7d(yo, Po(€)) < Tllyo — 20l < %r‘lvm w0 — €17
__ T 1 a2 Y a2
1" 7(1 —50)2 lzo = €1I" = (1—7L)(1 — s0)? lzo ¢l
Sa- TL>7(1 —p)? lzo = €1 = rllzo —&IF

where o = m = ﬁ. Therefore, there exists a point, say 1, belonging to ®;*(yo) and satisfying
the following relation

2
1€ = @1 <o llao —£[7

Observe that

¥llzo — & p
ollzg — &l = <

. S "7 (46)

DN | =

which implies z; € Bx[¢, €] since ||z — &[] < e. In addition, the inclusion z; € ®;'(yo) shows that z;
satisfies Newton’s iteration (1.1).

Repeating the previous procedure, we can construct a sequence (x,,) satisfying (1.1) for which the estimate
in (4.3) is valid as well. Taking into account (4.3), we deduce

v 2" —1 1 2" —1
low =6l < (hslloo=ell)  loo-el<(5)  leo-sll

which yields z,, — & quadratically. This completes the proof of Theorem 4.2. O

Remark 4.6. For the nonlinear equation case f(z) =0, i.e. F' = 0, the metric regularity property of ®(:) =
Df(€)(-) + F(-) in Theorem 4.2 is equivalent to the surjectivity of D f(£). In such a situation, the property
of metric regularity holds on the whole space. Hence, the radius of the starting domain ¢ is simply chosen
such that ey < p and Bx[¢,¢] C U.

The following theorem is a result of a-theory type for the set-valued generalized equations of the
form (1.2).

Theorem 4.7. Consider problem (1.2) in the case where f is analytic on open subset U C X. For T > 0 and
z € U we define

B(r,z) = Td(O,f(z) + F(z)),

D*f(2) H } |

k>2 k!

1(r.f.2) = sup { -
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a(r, f,2) = B(r, 2)y(7, [, 2).
Let (t) = 2t* — 4t + 1 and o ~ 0.1307169.. .. be the smallest real root of the equation
2t = [Y(1)]* = 0.

Let x € U and r,s > 0 such that Bx[z,r] C U and assume the following conditions are fulfilled:

(1) ®(-) = Df(z)(-) + F(-) is metrically reqular on V =V (®,x, 4r, s) with a modulus T > reg(®P, z, 4r, s),
(2) d(0, f(z) + F(z)) <,

(3) nB(7,2) <r, where n = SH=VA=00HL,

(4) a(r, f,z) <o

Then, there exists a solution & of the generalized equation (1.2) such that
|z — &l <mB(r,z) <7 (4.7)

In addition, there is a sequence (x,) generated by Newton’s method which starts at x and satisfies the
estimate

e — €l < ki_oj (;) (e (%) B(r, ). (1.9

As similar as in Theorem 3.4, we have only to consider the case where 3(7,x) > 0. The proof will need
some complement statements.

Lemma 4.8. Suppose that f is analytic on U C X. With x, r, s, 7 and ¥(7, f,x) as in the previous theorem,
if ry(7, f,x) <1 and ||y — x| < r, the Taylor series

> 2y

k=0

s convergent.

Lemma 4.9. Suppose that f is analytic on an open U C X. Let & € U and r > 0 such that Bx[z,r] C U.
Then for x € Bx|[z,r] and 2’ € Bx|x, 0] NU with v(r, f,z)o < 1, one has

)k—l

(4.9)

H D*f(a')
k!

‘ < 7_71 ’7(7—7 fvx
[1 - Q’Y(T7 f7 x)]k+1 '

The proofs of Lemmas 4.8 and 4.9 are analogous to the classical ones used by Smale [4,19], where the
k
is replaced by HDf(x)*l%!(m) .

k
quantity 7 H D /(=z) g!(z)

Lemma 4.10. Let x € U, r > 0, s > 0 and 7 > 0 be such that reg(®, z,r,s) < 7 with ®(-) = Df(z)(-) + F(-).
2

Let @’ be such that u = ||z’ — z||v(T, f,x) <1— % Define ®'(:) = Df(2")(-)+ F(:) and 7" = 7'(1;(5; , where

the function v is defined as in Theorem 4.7. If setting v’ = r/4 and s' = min {s, 25}, then for all p > 7/

the mapping ® is metrically reqular on V(@' x, 7', s") with modulus p.
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Proof. According to the assumptions of Lemma 4.10, the mapping ® is metrically regular on V =
V(®,z,r,s) with some modulus k£ < 7. Let us denote o = «(t, f,z), 8 = B(r,z) and v = (7, f, z).
Since |2’ — z||y(T, f,x) < 1, using Taylor’s expansion and Lemma 4.9 we have

ID1(!) = D@ =| [ Do+t~ )~ o) e

< / |D2#(@ + ta' — )| la* ] dt

1
T~ |lz" — || dt
<[

<o Y = e Y

Therefore, the linear perturbation g = Df(2’) — Df(z) is Lipschitz continuous on Bx[z,r] with constant
=71 [ﬁ . 1} satistying

1
L<TL=——-1<1.
kL <1 e
Set k' = L7, 7' = 75, " = § and s = min {s, = ,} Then & = g + ® is metrically regular on
V' = V(¥ ,z,7",s) with a modulus £’ < 7/ < p (see Theorem 2.4). A simple computation shows that
/ (17u)2

) This completes the proof of Lemma 4.10. 0O

Lemma 4.11. Let 8 = (r,2) > 0 and v = (7, f,x) > 0. Consider the majorizing function defined by

1
w(t) = g —2yt+a—1, for t<~y7l (4.10)

where « is given in the statement of Theorem 4.7. The Newton sequence obtained from the equation w(t) =0
has the following form

{to =0 (4.11)

tn+1 = tn - w/(tn)_1W(tn)7n = 07 1, .

Then, (t,) is well-defined, increasing and converges to the smallest zero t* of w. Moreover, one has

2" -1
= twa—ta 0@ (3) 8 (1.12)

Proof. Let ¢ be the function defined as in Theorem 4.7. We have

— P(yt
W) = e — 20 =~V
2
W(t) = Ty (4.13)
k
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Let

') tw T
6(w,t)={ ()" w(t), if W'(t) #0,

0, otherwise,

w/(t)fl%

SUpPy>o ( kl) , ifW'(t) #0,

00, otherwise,

a(w, 1) = B, D7(w,b).

’Y(Wat) =

It is easy to see that S(w,0) = 3, v(w,0) = v, and «(w,0) = a. By (4.11), it holds that
t1 =10+ B(W,to) = ,B(W,O) = [ > to.

A simple computation shows that

=

1-vaZ —6a+1 2
a+ a? — 6o+ - (1_£)7_1
4y 2

is the smallest solution of the equation w(t) = 0. From the choice of a, we have

at+l—-va2—6a+1
< 1 =ty,

which implies that ¢; = 8 = vy la < t*.
Suppose that for some n > 1 there exist t; < ... <, < t* satisfying t;11 = t; — w'(t;) " *w(¢;). By
definition of v, we have 0 < 9(yt) < 1 for any t with vt < 1 — % Since yt, < yt* <1 — %, it is obvious

that ¢ (+yt,) > 0. Hence, w'(t,) = —’y(f’fz?)z <0, and 50 t,41 = t, — w'(t,) " 'w(t,) makes sense. Because w
has no zero in the interval (—oo,t*), and w(0) = a > 0, we deduce that w(t) > 0 whenever ¢ < ¢*. Thus,

from t,, < t* we get

tnet = tn — ' (tn) " tw(ty) > t.

To show that ¢,,+1 < t*, we consider the following function

We have

i = YO"M) 201 —9t) b eac .
¢'(t) = WOE = WP (t) >0, f h <t

Therefore, the function ¢ is increasing on (—oo, t*]. So, the monotonicity of ¢ tells us

toi1 = Btn) < B(*) = t".

By induction, the sequence (t,) is well-defined, increasing and bounded from above by t*. Let t = lim t,;
n—oo

then t < t*. Passing to the limit as n — oo in (4.11) we find w(t) = 0, which implies ¢ = t*.
Now, for each n, we set v, = Y(w, ty), 6n = tpy1 — tn = B(w,t,) and «, = a(w,t,). Recall that oy =
a<l-— @ As a result of [4, Lemme 133], we obtain

18



1—a,

h Y(an)

O On, Qpa1 < min {ao, mai} (4.14)

via inductive arguments. The second inequality in (4.14) yields

1 1 » gn
o € e € e <€ [ag] Wleol?
)
~(3) W
Finally,
on < %anflén—l < Wan,15n71 <o <

<[ )] = [T (s (2 o)

which completes the proof of Lemma 4.11. O
We are now in a position to prove Theorem 4.7.
Proof of Theorem 4.7. We rewrite (1.1) in the following form
Tni1 € ot (Yn), @ = Df (wn) + Fyn = [~ f + Df(zn)](zn)- (4.15)

Let us begin with x satisfying the assumptions of Theorem 4.7 and 8 = (7, z) > 0. Set g = x, g = ® and
To = 7. Due to the fact that 79 > reg(®o, xo, 4r, s), we can pick kg < 79 for which ®q is metrically regular
on V(®g, xo, 4r, s) with modulus xg. By taking yo = [—f + D f(x0)](x0), we get

d(yo, ®o(z0)) = d(0, f(x0) + F(x0)) < s,
which means that (xg,y0) € V(®g, g, 4r, s). Therefore,
d(z0, ©5 " (v0)) < Kod(yo, Po(x0)) = Kod(0, f(z0) + F(z0))
< 10d(0, f(z0) + F(x0)) = B(10,20) = B

Choose 1 € ®5 ' (yo) such that |Jzg — z1| < 8. With the notation of Lemma 4.11 we have t; — ty = 3,
which yields

H.’EO — 1’1” <t — to.
Suppose that, for some n > 1, there are x1,...,z, having the following properties

o py1 € D (yr), for ©u() = Df(xr)(-) + F(), yr = [ f + Df (x))(r);
° ka - xk-ﬁ-l” < tg41 — ti = Og.
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The case 0 € f(x,) + F(z,) being trivial, we will focus on the remain one. By the triangle inequality, we

have
k—1 k—1
o = il = llwo — aull <Dy — 2l < D (e — 1) = ts < t* (4.16)
j=0 Jj=0

for all k < n. Let v = (70, f, ®0) = 7, and denote u, = ||xo — x| Y0. Inequality (4.16) tells us u, < t,y <

_ 2 _ 2 . r —un)?
try < 1— @ Set k,, = /-@0%, Ty = To%, rn =7r/4 and s, = mln{s, % , SO Kp > Ho(ib(un)) .
Hence, according to Lemma 4.10, the mapping ®,,(-) = Df(x,)(-) + F(-) is metrically regular on V,, =
V(®y, xo, 47y, $5) with modulus k,, < 7,. Pick y, = [—f + Df(zn)](xs), we will claim that (2,,y,) € V.

Indeed, including (4.16), we get

lzo — x| < tn, <t =08 < r=4dr,.

It is easy to check that d(yn,fbn(xn)) = d((),f(xn) + F(xn)) Furthermore, as a consequence of z, €
1 (yn_1), We can write

Zno1= f(xn) = [f(@n-1) + Df(xn-1)(n — xn_1)] € f(2n) + F(xy).

Hence, by using Taylor’s expansion and (4.9) in Lemma 4.9, we find

1
Jneall = || [ {0 = 9) [P (520 + (1 = )1} = 0-0)?] } ds

(1-y9) HDQf(sxn +(1- s)xn,l)H |, — xn,1||2 ds

_ 2’}/0 ||xn—1 71:71”2
< [(1- 1 d
e [ L0 sz + (1~ )zl |
<7t /1(1 s) 290 | #n—1 — xn||2 ds
X T -
/ (1 —0(s [|zn — zol| + (1 = 8) [[2—1 — z0]])]?
1
2762,
e n d
K /( ) L= (stn + (L—s)tu )P
0

=751yt /(1 —s) [w”(tn_l + sén_l)éifl] ds
0

=15 'y Hw(tn) — wtn—1) + W' (ta—1)0n-1] }

_ Talv_lw(tn) _ 7_(;1 ¢(7tn) [_ w’(tn)_lw(tn)]

(1 - 'Ytn)z
=71 M(;
0 (Lt
Therefore,
A, () = (0. ) + Flen) < el < 77 200, (@)
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Since ¥(yt) — (1 —vtn)? = (vtn)? — 2(7t,) < 0, the estimate in (4.17) shows that d(yn, ®n(2s)) < 75 '0p.
Thanks to Lemma 4.11 and recalling that g = (1, z) = B(70,x0), we obtain

1

2m 1
O < [Y(a)]” (5) dp < %50 = %ﬂ = %ng((),f(:ro) + F(z0)) < 7o,

which implies d(yn, @n(mn)) < 8. On the other hand, from the definitions of 7,, and «, combined with (4.17)
and B8 = nB(7,z) < r, we deduce

_ Z/J(th) 1 11 11
d ’ruq)n n)) < 17(5n——6n<—— < —=
(y (@ )) 7o (1 —~tn)? Tn Tn 26 Tn g T

1 4o
— r
2T a+1—+vVa?2 —6a+1

4r 5(a+1++Va?—6a+1) _ A
5T 16 5Tn

Thus, d(yn, Pn(zn)) < s, and then, (z,yn) € V;,. By virtue of the metric regularity property of ®,, the
following evaluation is valid

d(zy, <I>;1(yn)) < End(Yn, P (20)) = £nd(0,G(2)) < T0d(0,G(z1)),

in which G(z) := f(z)+ F(x). Hence, there exists z,4+1 € ®,*(y,) such that ||z, — zp41] < 7,,d(0,G(zy,)).
Taking into account (4.17), we get

(1- 'th)z
Y(vtn)

(L—vta)? 1 ¥(ytn)
Y(vtn) 0 (1 —9tn)?

||Z’n - anrl” < Tnd((), G(xn)) < TO

< 7o Op = 0p =1tnt1 — tn.

Therefore, Newton’s sequence (x,,) for solving (1.2) is completely determined and satisfies
|Xn — Tnt1l| < tny1 —tn, forall n=0,1,... (4.18)
The rest of proof is similar to the one in Theorem 3.4. Indeed, a same argument as in the proof of Theorem 3.4

affirms the convergence of the sequence (z,,). Let £ = lim ,,, for each n one has Y po  (z)—zk41) = zn—&.
n—oo

This permits for writing

oo oo (oo}
|zn — €] = Z(l‘k — Tpp1)|| < Z |z — 2 || < Z(tk-i-l —ti) =17 —tn.
k=n k=n k=n

Taking n = 0 in the preceding estimate, the following evaluation holds true

a+l—-va2—-6a+1
4 a

|z —¢|| <t* —to=1t* = nB =np(r,z) <r.

Finally,
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Jra =l < 3 otks ) = S < Y e (;)ﬁ
k=n k=n k=n
<wer () > (&) s

and the proof of Theorem 4.7 is thereby completed. O

Remark 4.12. It is theoretically possible to improve the value of constant « in the proof of Theorem 4.7.
Indeed, the best theoretical value might be given by

wmowfac (01-75): o g = o) <1f.

In [20], Wang Xinghua used the notion of Lipschitz condition with L-average to study the behavior of such
a method for nonlinear equation f(x) = 0. And he obtained a better constant o < 3 — 2v/2 = 0.1715729.. ..

by considering another majorizing function h(t) = 8 —t + 17%;

Remark 4.13. Theorem 3.1 involves informations of the second derivative D?f on a neighborhood of the
solution &, while Theorem 4.2 needs informations of high-order derivatives only at such a solution &. The
same comparison is valid for Theorems 3.4 and 4.7 by replacing the starting point zy with &.

Remark 4.14. Problem (1.2) subsumes as a particular case of the nonlinear equation f(x) = 0 by taking
F = 0. In this context, our results can be applied by requiring only the metric regularity of the function f.
While, in the classical ones, the invertibility of the first derivative of f at the reference point x is crucial
(cf. [2,4,19]). However, with the assumption of the invertibility for D f(z), it will be not possible to recover
respectively Kantorovich’s and Smale’s classical results by setting F' = 0. This is due to the fact that our
involved constants are larger than the classical ones.

5. Concluding remarks

In this paper, we investigated the Newton-type method for generalized equations in Banach spaces. We
extended both Kantorovich-type theorems and Smale’s classical («, v)-theory to this kind of problem and
showed the quadratic convergence of the Newton sequence under the metric regularity assumption. Many
issues remain to be investigated such as applying the algorithm studied in this paper to concrete examples.
There are many problems in nonlinear programming, complementarity systems and differential variational
inequalities that can be formulated as a generalized equation. It will be interesting to test these algorithms
numerically and to compare them with others in the literature. This will be the subject of future works.
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