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1 Introduction

In 1964, Stampacchia [32] extended the well known Lax-Milgram lemma (or varia-
tional equation) on coercive bilinear forms to convex and closed sets (representing in
general some constraints). This important result applied by Fichera [18] to the Sig-
norini problem on the elastic equilibrium of a body under unilateral constraints and by
Stampacchia to the definition of the capacitary potential associated to a non symmetric
bilinear form, is considered as the starting point of the theory of variational inequalities,
see e.g., the excellent survey by Mazzone and Lions [21,23]. This theory was consid-
erably extended with the work by Hartman and Stampacchia [19], in reflexive Banach
spaces, for nonlinear partial differential operators arising in elasticity. Then, Lions
and Stampacchia [22] extended Fichera’s analysis to abstract variational inequalities
associated to bilinear forms which are coercive or simply non negative in real Hilbert
spaces as a tool for the study of partial differential elliptic and parabolic equations (see,
also [17] and [16] for applications to the unilateral mechanics). In an abstract frame-
work, if K is a closed and convex subset of an ambient space X and f a given element
in the dual space, a variational inequality is the problem of finding u € K such that

(Au — f,v—u) >0 foreachv € K. (D

The evolution analogue of (1), i.e., the problem of finding a function t — u(t), where
t is the time, modelizes evolution problems such as parabolic or hyperbolic equations
(see [16]). In this context, evolution variational inequalities or more generally differen-
tial inclusions have been considered as a natural generalization of ordinary differential
equations (ODE’s) when dealing with unilateral constraints in mechanics, for example.

On the other hand, studies were conducted in parallel in linear and nonlinear com-
plementarity problems (a part of mathematical programming and optimization) in
finite dimensional spaces with a large number of applications in economics, finance,
transportation planning, Nash equilibrium and game theory. The two subjects of vari-
ational inequalities and complementarity are closely related.

In many applications, the models lead to an ordinary differential equation parame-
trized by a variational inequality or complementarity condition in the constraint. Such
a combination appears naturally for instance in optimal control theory where the state
x(t) and the control u(¢) are related by a constraint. For illustration purpose, let us
consider the following nonlinear input/output system

x(t) = f(t,x(®))+BTu(r), ae.tel0,T] )
y(t) = Bx(1), 3)
0<x() Ly =0. 4)

Here x(t) € R” is the state variable, u(t) € R is the input variable, y(r) € R™
is the output variable, B € R™*" is a given matrix and f:[0, T] x R" — R" is a



given vector field. This problem belongs to the class of piecewise smooth systems
which consist of an ODE parametrized by an algebraic variable y that is required to
satisfy a complementarity condition or more generally a variational inequality. This
can be extended to the more general abstract framework of Differential Variational
Inequalities (DVT’s) studied thoroughly by Pang and Stewart [25].

Problem (2)—(4) plays an important role in nonsmooth mechanics (multibody
dynamics with unilateral contact), in nonregular electrical circuits (switching systems,
relay, diodes and transistors) as well as in dynamic games. Using tools from convex
analysis, we show that problem (1) can be reduced to the study of a general differential
inclusion governed by a maximally monotone operator which is our object problem
to study in this paper. In fact, the complementarity condition (4) can be rewritten in
terms of the normal cone. More precisely,

0<y@) Lu@) =0+ y@) € =Ngn (u(r)),

where NR’i stands for the normal cone to the positive orthant R’, . Hence, relation (2)
is equivalent to

x(1) € f(t,x(1)) — B Ngr (Bx(1)).

Using the chain rule formula and using the indicator function (defined in Sect. 2) 1 R
we obtain

x(t) € f(t,x(1)) — 0p(x(1)), (&)

where ¢ (x) = (IR'i o B)(x), which is a convex, lower semicontinuous (Isc for short)
and proper function. Let us notice that problem (5) is of the form (6) since A = d¢ is
a maximally monotone operator.

Equally important is the study of the stability in the sense of Lyapunov of dynamical
systems due to its usefulness in system theory and engineering. This concept has been
studied extensively in the literature in the smooth case. In various applications modeled
by ordinary differential equations, one may be forced to work with systems that have
nondifferentiable solutions. For example, Lyapunov functions (positive-definite func-
tions, which are nonincreasing along the trajectories) used to establish a stability of a
given system may be nondifferentiable. The need to extend the classical differentiable
Lyapunov stability to the nonsmooth case is unavoidable when studying discontinu-
ous systems. In practice, many systems arising in physics, engineering, biology, etc,
exhibit generally nonsmooth energy functions, which are usually typical candidates
for Lyapunov functions. Thus, the use of elements of nonsmooth analysis is essential
[3,9,15,29].

Instead of considering inclusion (5), throughout this article we are interested in the
general framework of infinite-dimensional dynamical systems, that is, systems of the
form:

x(t; x0) € f(x(-; x0)) — Ax(+; x0), x9 € cl(Dom A)a.e.t > 0. (6)



In the sequel, cl(Dom A) is the closure of the domain of a maximally monotone
operator A : H =2 H defined on a real Hilbert space H, possibly nonlinear and
multivalued with domain Dom A, and f is a Lipschitz continuous mapping defined on
cl(Dom A). A pair of proper lower semicontinuous functions V, W : H — RU {400}
is said to form an a — Lyapunov pair for (6), with some a > 0, if forall xo € cl(Dom A)
the solution x (-; xo) of (6), in the sense that will be made precise in Sect. 3, satisfies

t
eV (x(t; x0)) +/ W(x(t; x0))dt < eV (x(s;x9)) forallt>s>0. (7)

Observe that when W = 0 and a = 0 one recovers the classical notion of Lyapunov
functions; see, e.g., [31]. The main motivation for this definition is that many stability
concepts for the equilibrium sets of (6) (namely stability, asymptotic or finite-time
stability, etc.) can be obtained just by choosing appropriate values for a and function
W in (7). The method of Lyapunov functions has a long history that has been described
in several places. We refer the reader to Clarke [13, 14] for an overview of the recent
developments of the theory, where he pointed out that for nonlinear systems, the
Lyapunov method turns out to be essential to consider nonsmooth Lyapunov functions,
even if the underlying control dynamics are themselves smooth.

Among the various contributions, Kocan and Soravia [20] characterized Lyapunov
pairs in terms of viscosity solutions to a related partial differential inequality. Another
well-established approach consists of characterizing Lyapunov pairs by means of the
contingent derivative of the maximally monotone operator A—see e.g. Carjd and
Motreanu [10] for the case of a linear maximally monotone operator and also when
A is a multivalued m-accretive operator on an arbitrary Banach space [11]. In these
approaches the authors used tangency and flow-invariance arguments combined with
a priori estimates and approximation. We also refer to the paper by Adly and Goeleven
[1] in which smooth Lyapunov functions were used in the framework of the second
order differential equations, that can be rewritten in the form of (6).

In [2], we followed a different approach that did not make use of viscosity solutions
or contingent derivatives associated to the operator A. We provided general criteria
for nonsmooth Lyapunov pairs associated to (6) in terms of proximal and horizon
subgradients of the involved function V. Such conditions were written by considering
limiting processes required by the fact that the initial condition in (6) was allowed to
be any point in the closure of the domain A.

Our objective in this work is to refine the approach of [2] to the setting where the
interior of the domain of the involved maximally monotone operator is nonempty. This
setting subsumes the finite-dimensional case where the relative interior of the convex
envelope of the domain of the operator is always nonempty. Moreover, as in [1] which
deals with the smooth case, the criteria for Lyapunov pairs are checked only in the
interior of the domain (or the relative interior) instead of the closure of the whole
domain. In contrast to [1], this setting also ensures obtaining global Lyapunov pairs
and allows us to control the whole trajectory of the solution to the given differential
inclusion. This additional interiority assumption provides more explicit criteria for
nonsmooth Lyapunov pairs than the ones given in [2]. Indeed, on the one hand, the
conditions we present here are given at the nominal point and do not involve limiting



processes. On the other hand, the current analysis is flexible regarding the choice of
the subdifferentials, which can be either the proximal, the Fréchet (regular), or the
limiting subdifferentials. Moreover, a notable difference with the previous results of
[2] is that it is not necessary to consider the horizon subgradient, a fact that leads us
to sharper conditions for Lyapunov pairs.

The structure of the paper is as follows. In Sect. 2 we introduce the main tools and
basic results used in the paper. In Sect. 3 we give new criteria for lower semicontinuous
Lyapunov pairs, achieved in Theorems 3.1, 3.2, and 3.3. Section 4 is devoted to the
finite-dimensional setting.

2 Notation and main tools

Throughout the paper, H is a (real) Hilbert space endowed with the inner product
(-, -) and the associated norm ||-||. Given a nonempty set S C H (or S C H x R),
by co §, cone §, and aff S, we denote the convex hull, the conic hull, and the affine
hull of the set S, respectively. Moreover, IntS is the interior of S, and clS and S are
indistinctly used for the closure of S (with respect to the norm topology on H).

We note ri S the (topological) relative interior of S, i.e., the interior of S in the
topology relative to cl(aff §). Forx € H (orx € H x R)and p > 0, B,(x) is
the open ball with center x and radius p, and Ep (x) is the closure of B, (x) (with
B := B1(0)).

Our notation is the standard one used in convex and variational analysis and in
monotone operator theory; see, e.g., [8,28]. The indicator function of S C H is the
function defined as

0 ifxeS
+00 otherwise.

Is(x) := [
The distance function to S is denoted by
d(x,§) :=mf{|x —y[l [ y € S},
and the orthogonal projection on S, 1, is defined as
ws(x) :={y e S|llx =yl =dx, 9}

Given a function ¢ : H — R, its (effective) domain and epigraph are defined by

Domg :={x € H | p(x) < 400},
epi ¢ :={(x,0) € HxR|pk) <al.

For A € R, the open upper level set of ¢ at X is

[p >A]l:={x € H|pkx)>Ar}



The sets [¢ < A] and [¢ < A] are defined similarly. We say that ¢ is proper if
Domg # ¢ and ¢(x) > —oo for all x € H. We say that ¢ is convex if epig
is convex, and (weakly) lower semicontinuous if epi ¢ is closed with respect to the
(weak topology) norm-topology on H. We denote

FH) ={p:H—>R|pis proper and Isc},
FuwH):={p:H—>TR|gis proper and weakly Isc};

Z(H;Ry) and %, (H; R) stand for the subsets of nonnegative functions of .% (H)
and .%,,(H), respectively.

As maximally monotone set-valued operators play an important role in this work,
it is useful to recall some of basic definitions and some of their properties. More
generally, they have frequently shown themselves to be a key class of objects in both
modern Optimization and Analysis; see, e.g., [4-6,8,28,30].

For an operator A : H == H, the domain and the graph of A are given respectively
by

DomA:={z€e H| Az #0} and gphA:={(x,y)e Hx H|ye Ax};

for notational simplicity we identify the operator A toits graph. The inverse operator
of A, denoted by A~!, is defined as

(y,x) e A7l = (x,y) € A.
We say that an operator A is monotone it

(y1 = ¥y2,x1 —x2) >0 forall (x1, y1), (x2,2) € A,

and maximally monotone if A is monotone and has no proper monotone extension
(in the sense of graph inclusion). If A is maximally monotone, it is well-known (e.g.,
[30]) that Dom A is convex, and Ax is convex and closed for every x € Dom A. Note
that the domain or the range of a maximally monotone operator may fail to be convex,
see, e.g., [28, page 555]. In particular, if A is the subdifferential d¢ of some lower
semicontinuous convex and proper function ¢ : H — R, then A is a classical example
of a maximally monotone operator, as is a linear operator with a positive symmetric
part. We know that

Dom A C Dom ¢ C Dom ¢ = Dom A.

For x € Dom A, we shall use the notation (Ax)° to denote the principal section of A,
i.e., the set of points of minimal norm in Ax. For A > 0, the resolvent and the Yoshida
approximation of A are given, respectively, by

1 —J,

Joo=U+2A)7Y A = -

9

where [ stands for the identity mapping on H.



We introduce next some basic concepts of nonsmooth and variational analysis (more
details can be found for instance in [7,12,15,24,28]). We assume that ¢ € % (H),
and take x € Dom ¢. We say that a vector £ € H is a proximal subgradient of ¢ at
x, and we write £ € dpp(x), if there are p > 0 and o > 0 such that

() = @)+ (E,y—x) —olly —x|* forally € B,(x).

The set dp@(x) is convex, possibly empty and not necessarily closed. The set 9 (x)
of Fréchet (regular) subgradient of ¢ at x is defined as the set of those § € H satisfying

() = o)+ (&, y —x) +o(ly —x|D.

Associated to proximal and Fréchet subdifferentials, limiting objects have been intro-
duced:

— the limiting Mordukhovich subdifferential 9 ¢ (x) of ¢ at x, which is the set of those
& € H such that there exist sequences (xx)ren and (&)ren satisfying xx — x
@

(thatis, xy — x and p(xx) — @(x)), & € dpp(x) and & — &;

— the horizon (singular) subdifferential 0o (x) of ¢ at x, which is the set of those
& € H such that there exist sequences (ox)reny C Ry, (Xx)ken and (§x)ieN
satisfying oy — 0T, x; —¢> x, & € dpp(xy) and oy — £.

Note that the use of strong convergence in the definition of the limiting and horizontal
subdifferentials above is due to the current Hilbert setting (e.g. [24, Theorem 2.34]).
The Clarke subdifferential of ¢ at x denoted by d¢c¢(x) coincides with €6" {97 ¢ (x)

+ Jop(x)} (see, e.g., [24] and [28]), where the superscript w refers to the weak
topology in H. Then it follows from the definition that

dpp(x) C Ip@(x) C dLe(x) C dcp(x). ®)

In particular, if ¢ is convex, then

dpp(x) = dcp(x) = dp(x),
where d¢(x) is the usual subdifferential of convex analysis:

dp(x):=={§ € H|p(y) —px)=(§y—x) forally e H}.

If ¢ is Gateaux-differentiable at x € Dom ¢, then we have

Ipe(x) C {pg(x)} C dcp(x).
If ¢ is C!, then

Ipep(x) C {p'(0)} = dce(x) and doopp(x) = {6).



If ¢ is C?, then

Ipe(x) = dce(x) = {¢'(0)}.

From a geometrical point of view, if S C H is closed and x € S, the proximal normal
cone to S at x is

NP () := apls(x).
or, equivalently (e.g. [12]),

cone(ns_l(x) —X) ifns_l(x) # 0,

P _
Ns @) =115 if g () =,

wherengl(x) ={ye H\S |x € ns(y)}.Similarly,Ng(x) = 0 ls(x) (= 0sols (X))
is the limiting normal cone to S at x, and Ng (x) :=co” {N§ (x)} is the Clarke normal
cone to S at x. In that way, the above subdifferentials of ¢ € % (H) satisfy

dpo(x) = (6 € H | (5. ~1) e NE, (x. ().
doop(x) C (£ € H | (£,0) € NI, (x. 0(x))).

Conversely,if ¢ € H issuchthat (§,0) € Ng)i(p(x, ¢(x)),then (e.g. [24, Lemma 2.37])
there exist sequences (o )xeny C Ry, (xx)ken and (€)ien such that o — 0T, x; —

7
X, & € ardre(xg) and & — &. Note that when ¢ is a proper extended-real valued-
convex function, we have [28, Proposition 8.12]

0oo®(x) C NDom g (X). 9)

We use the notation Tg(x) to denote the contingent cone to S at x € S (also called
Bouligand tangent cone) defined by

Ts(x) :={& € H | x + 118, € S for some & — £ and 7 — 07}.

The Dini directional derivative of the function ¢ (¢ #(H)) at x € Dom ¢ in the
direction v € H is given by

¢'(x,v) = liminf plx +1w) — o)

t—0t, w—v t

The relation epi¢’(x, -) = Tepip(x, @(x)) is verified. When ¢ := d(-, §) is the
distance function to a closed subset S of H, then we have

dcp(x) =N§(x)N'B, forallx €S,



while for x ¢ S with dpp(x) # @, we have that wg(x) is a singleton and (see, e.g.,
[15])

_x —mg(x)
dpo(x) = dx.S)
Hence,
5 _[ X — s (xg) ]
Le(x) = jw-lim ———; x; —> x ¢,
k (x)

where w-lim stands for the weak limit. More generally, we have
NL(x) = Rydpds(x) and N§(x) = Rydcds(x)”
(with the convention that 0.4 = {6}).
Finally, we recall that ¢ € .# (R) is nonincreasing if and only if § < O for every

& € dpp(x) and x € R, (e.g., [15]). We shall use the following Lemma:

Lemma 2.1 Giventp > t; > 0,a # 0, and b > 0, we assume that an absolutely
continuous function ¥ : [t1, o] — Ry satisfies

Y () <ay(@)+b aetelt, ]

Then, for all t € [t1, t2],
v = (v + 2w 2
a a

Proof Just apply Gronwall’s Lemma to the function 6 :=  + g O

3 Characterization of Lyapunov pairs

In this section we provide the desired explicit criterion for lower semicontinuous
(weighted-) Lyapunov pairs associated to the differential inclusion (6):

X(t; x0) € f(x(-: x0)) — Ax(-; x0), xo € cl(Dom A),

where A : H = H is amaximally monotone operator and f : cl (Dom A) C H - H
is a Lipschitz continuous mapping. Recall that for a fixed real 7 > 0 and for a given
xo € cl (Dom A) , we call strong solution of (6), the unique absolute continuous func-
tion x(-; xo) : [0, T] — H, which satisfies x(0; xo) = x¢ together with (see, e.g., [8])

X(t; x0) € Lige((0, T1, H), (10)
x(t; x9) € Dom A, forallr > 0, (11



X(t; x0) € f(x(t; x0)) — Ax(t; x0), ae.t>0. (12)

Existence of strong solutions is known to occur if, for instance, x9 € Dom A, Int
(co(DomA)) # ¢, dimH < oo, orif A = d¢p where ¢ : H — RU {400} is
a Isc extended-real-valued convex proper function. Moreover, we have x(-; xg) €
L*°([0,T], H) if and only if x9 € Dom A. In this later case, x(-; xg) is right-
differentiable at each s € [0, T') and

drx(;
w(s) = f(x(s:X0)) = Tax(s;xo) (f (x(53 X0)))-

The strong solution also satisfies the so-called semi-group property,
x(s;x(t; x0)) = x(s +1; x9) foralls,r >0, (13)
together with the relationship

b (25 x0) = x (25 yo) Il < ™" flxo — yoll (14)
whenever¢ > 0and xo, yo € cl(Dom A); hereafter, L ; denotes the Lipschitz constant
of the mapping f on cl(Dom A).

In the general case, it is well established that (6) admits a unique weak solution
x(+; x9) € C(0,T; H) which satisfies x(¢; xg) € cl(Dom A) for all + > 0. More
precisely, there exists a sequence (zx)key C Dom A converging to xo such that the
strong solution xi (-; zx) of the equation

Xe(ts zk) € fx(ts z1)) — Axe(t; z)s xk(0, zx) = 2, (15)

converges uniformly to x(-; xo) on [0, T']. Moreover, we know that (13) and (14) also
hold in this case on cl(Dom A) .

The following condition on the interior of the operator A will play a crucial role in
our analysis,

Int (co (Dom A)) # . (16)

Applying well known results from the theory of maximally monotone opera-
tors, the last assumption implies that Int (Dom A) is convex, Int(Dom A) =
Int (co (Dom A)) = Int(cl (Dom A)), and A is locally bounded on Int (Dom A).
Therefore, a (unique) strong solution of (6) always exists (see e.g. [8]).

The following technical lemma, adds more information on the qualitative behavior
of this solution.

Lemma 3.1 Let y € Dom A and p > 0 be such that B5(y) C Int (co (Dom A)).
Then, there exists p € (0, p) such that

M:== sup [(f(x)—A2)°| <00

Z€By(Y)

10



and, forall y € B,(y) andt > 0,

<eliiym.

dtx(sy)
’T(’)

Proof By virtue of the semi-group property (13), the following inequality holds for
all y e cl(Dom A) and 0 <t < s (e.g., [8, Lemma 1.1]):

lx(t + 53 ) = x(t; I = llx(t; x5 ) — x| < B lx(s; y) =yl (A7)

Hence, taking limits as s goes to 0,

dtx(:;y)

TR

=Tlims ™ x(t +559) —x(; )| < B lims ™! x(s; y) — v
540 50

dtx(;y)

——222(0)

dt ‘
=M () — Ap)°.

— eLf'

Finally, by the monotonicity of A and the Lipschitz continuity of f, we can choose
p € (0, p) such that

l(F ) —Ap°| =M

for some constant M > 0. This concludes the proof of the lemma. O

Definition 3.1 Given functions V € % (H), W € #(H;Ry), and a number a €
R4, we say that (V, W) forms an a-Lyapunov pair for (6) if for all y € cI(Dom A)
we have

t
eV (x(t; y)) +/ W(x(t;y)dr <V(y) forallt > 0. (18)
0

We note thatifa = 0and W = 0, then we recover the classical concept of Lyapunov
functions.

The lack of regularity properties of a-Lyapunov pairs (V, W) in Definition 3.1 is
mainly due to the non-smoothness of the function V. Let us remind that inequality (18)
also holds if instead of W one considers its Moreau- Yosida regularization, which is
Lipschitz continuous on every bounded subset of H. This follows from the following
lemma (e.g [2]).

Lemma 3.2 For every W € % (H;Ry), there exists a sequence of functions
Wiken C F(H,Ry) converging to W (for instance, Wy 1+ W) such that each
Wy is Lipschitz continuous on every bounded subset of H, and satisfies W(y) > 0 if
and only if Wi(y) > 0.

The following proposition shows that, generally, Lyapunov pairs have to be checked
only on the domain of the involved maximally monotone operator.

11



Proposition 3.1 Let V € F(H) and W € F(H; Ry) be given. Suppose that V
satisfies
liminf V(z) = V(y) forally € cl(Dom A) N Dom V. (19)
y

Dom Asz—
Then, given a € Ry, the following statements are equivalent:

(1) (V, W) forms an a-Lyapunov pair with respect to Dom A; that is, (7) holds on
Dom A;

@ii) (V, W) forms an a-Lyapunov pair with respect to cl(Dom A); that is, (7) holds
on cl(Dom A);

Property (19) has been already used in [20], and implicitly in [26,27], among other
works. It holds, if for instance, V (€ .% (H) ) is convex and its effective domain has a
nonempty interior such that Int(Dom V) C Dom A.

Our starting point is the next result which characterizes a- Lyapunov pairs locally
in Int(Dom A). This is a specification of the analysis of [2, Theorems 3.3 and 3.4] to
the current setting where Int (co(Dom A)) # (). Here we give complete and general
criteria by means of either the proximal, the Fréchet, or the limiting subdifferentials;
this last one coincides with the viscosity subdifferential (see Borwein [7]). Moreover,
there is no need for the horizontal subgradient.

Theorem 3.1 Assume that Int(co(Dom A)) # @. Let V. € Fy(H),W €
F(H;Ry), and a € Ry be given. Let y € H, A € [—00, V(¥)), and p € (0, +00]
be such that

Dom V N B5(3) N[V > A] C Int(Dom A).

Then, the following statements are equivalent provided that 9 is either the proximal,
the Fréchet, or the limiting subdifferentials:

(i) Vy e DomV N B;(3) N[V > A]

sup min (&, f(y) —v) +aV(y)+ W() <0
£€dV(y) VEAY

(i) Yy € DomV N B;(3) N[V > A]

sup (&, f(3) = way (f () +aV(y) + W(y) <0
£€OV ()

(iii) Vy € B5(3) N[V > A] we have

t
SV (x(t5 y)) + /O W(x(r: y)de < V() Vi € [0, ()]

12



where

dp>0s.1. B,(y) CBs;(y)N[V > A1, and for all t €[0, v]
p(y);:sup v>0 2 ”x(t; Y) - y” < % and
[ = V) = fy Wz y)de| < §
(20)
Remark 3.1 The constant p(y) defined in (20) is positive whenever y € cl(Dom A) N
B;(y») N[V > Al

Proof of Theorem 3.1 For simplicity, we suppose that W = 0 and a = 0 (the general
case follows similarly by noting that the function W may be taken Lipschitz on bounded
sets, according to Lemma 3.2).

(iii) = (ii). According to the sequence of inclusions (8), it is enough to give the
proof for the limiting subdifferential. We will proceed into two steps.

First step Let us give the proof for the Fréchet subdifferential. Letus fix y € B;(y)N
[V > Al and, first, take £ in 9V (y) sothaty € B5(y) N[V > A]JNDom V C Dom A
and there exists T € (0, p(y)) such that

(E, x(t;y) —y) < V(6 y) — V) Falxy) — vyl
<o(lx(;y) —yl) forallt €[0,T),

where o(.) is a function satisfying o(s) — 0 as s — 0. But y € Dom A and so there
exists a constant / > 0 such that (taking a smaller T if necessary)

€. 7 (@t y) =) <1l y) =yl forallt € [0, T);
hence, taking the limit as r — 01 we obtain that

(&, () —may(f () = 0;

that is, (ii) follows in the case when & € 0V (y).

Second step Let us give the proof for the limiting subdifferential. Now, we suppose
thaté € dp V(y) andletthe sequences (v )ren and (&x)ren be such that yg 7 v, & €

oV (yr) and & — &. Then, from the paragraph above, for each k we find vy € Ayy
such that

& f k) — ) < 0.

But since y € Int (Dom A) and y; — y, the maximal monotonicity of A allows us to
suppose without loss of generality that the sequence (vy) is bounded and, so, weakly
convergent, up to a subsequence denoted in the same way, to some v € Ay. Thus,
because & strongly converges to &, by taking the limits as n goes to oo in the last
inequality above we obtain that

(E, fO) —v) <0< (&, f(y)—v) <0.

inf
veAy

13



i) = (@ii).
Again by virtue of (8), itis sufficient to give the proof for the Fréchet subdifferential.
We fix y e DomV N B;(y) N[V > A]and let p > 0 and v > 0 be such that

B,(y) C B;(5) N[V > A] 2D
and
sup 2 |lx(t; y) — yll < p; (22)
tel0,v]

the existence of such scalars p and v is a consequence of the lower semicontinuity of V
and the Lipschitz continuity of x(-; -) (see Lemma 3.1). Moreover, due to the maximal
monotonicity of A, we may assume that A is bounded on B, (y). Let T < v be fixed
and define the functions z(+) : [0, T]C Ry — H xRand7n(-) : [0, T] C Ry — R4
as

1
() == (x(t; y), V(¥), n(t) := Edz(Z(t), epiV); (23)

observe that z(-) and n(-) are Lipschitz continuous on [0, 7). Now, using a standard
chain rule (e.g. [12]), for a fixed ¢ € (0, T) it holds that

dcn(t) = d(z(1), epi V)dcd(z(-), epi V)(1).

Hence, whenever z(¢) € epi V we get dcn(t) = {6}. Otherwise, if z(¢) ¢ epi V, then

(x(t; y) —u, —Ax(t; y))
d(z(t),epiV)

dcd(z(-), epi V)(1) C <O U
(u, ) €llepiv (2(1)), u€By (y)

and, consequently,
dcn () C T U (Xt y) —u, —Ax@y) | 24
(u, ) €llepi v (2(1)), u€B, (y)

Note that the condition u € B,(y) for (u, u) € Iepi v (z(7)) in this last formula is a
consequence of the following inequalities:

lu =yl < llx@ y) —ull + lx(# y) — vl
<@ y), V) — @, wll + llx (@ y) — vl
<&@y, V) — s VO + llx (@5 y) —
<2x@ty)—yl<p

(recall (22)). Takenow & € Ax(¢; y) and (u, 1) € Ilepi v (2(2)) withu € B, (y). Thus,

(13 9) =, V(y) = 1) € Ny, o),
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and therefore V(y) —pu < 0and V(u) — < 0.Hence,u € Dom VNB;(y)N[V > A
(recall (21)).

IfV(y) — u <0, we write (u — V(y))_l (x(t;y) —u) € dVp(u) and so, by the
current assumption (i), we select v € Au such that

(e = VoD @ ) 0, —v) <o,
Therefore, invoking the monotonicty of A we get
(x(@t; y)—u,—E)=(xt; y)—u, —v)+{x(t; y)—u, v— &) <(x(t; y) — u, —v) <0.

Consequently, since & € Ax(¢; y) is arbitrary, (24) leads us to dcn(r) C R_.
It remains to investigate the other case corresponding to V(y) — u = 0; that

is, (x(t;y) —u,0) € Neﬁ;iv(”’ V(u)). Let us first observe that x(¢; y) — u # 6.
Next, we choose an ¢ > 0 such that Be(u) C By(y) N Int(Dom A) (recall that

u € By(y) NDomV N B;(y) N[V > A] C Int(Dom A)) and, according to
[24, Lemma 2.37 and formulas in Page 240], take u, € Bc(x) N DomV with
V) — V(ug)| <e, @ €(0,e)and &, € B (x(t; y)—u) suchthatoz_lé‘9 € dVp(ug).
Therefore, using the current assumption, select v € Au, such that (§,, —v,) < 0.
Hence,

(x(r; y) —u, —ve) < e llvell + (&, —ve) =< € [le|
and, consequently by the monotonicity of A,

(x(t;y) —u, =€) < (x(t;y) —ue, —&) +e &
< {x(t;y) —ue, —ve) + e IE]l
< {x(t;y) —u, —ve) + lue — ull lvell + € 1€l
<

(x
2e flvell +e &1l

Moreover, as (vg¢)e<1 C B, (y) and A is bounded on B, (y), by passing to the limit as
e goes to 0 we get

(x(t;y) —u,—§) 0.
This gives the desired inclusion dcn(t) C R_ (recall (24)) and so establishes the proof
of (iii). O
The next theorem adds more information on the uniform-like behavior of Lyapunov
pairs for (6).

Theorem 3.2 Under the condition Int (co{Dom A}) # @, let us consider functions
Ve Z,(H)and W € F(H;Ry), and a nonnegative number a. Fix y € Dom V,
A € (—o00, V(y)) and let p > 0 be such that

Dom V N[V > A1 N Bs(3) C Int(Dom A).
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Assume that for all y € DomV N B;(y) N[V > 1] we have

sup  min (&, f(y) —v) +aV(y)+ W(y) 0. (25)
gedpV (y) VEAY

Then, for every y € DomV N B;(y) N[V > 1] there exist p > 0 and T > 0 such
that

t
eV (x(t; 2) +/ W(x(r;2)dt < V(z), forallze By(y)andt <T.
0

Consequently, under condition (19), the pair (V, W) is an a-Lyapunov pair for (6)
provided that Dom A is open and (25) holds on Dom A.

Proof We shall suppose that W = 0 and a = 0 (the general case is similar). For this
aim we pick y in Dom V N B;(y) N[V > 1] (C Int(Dom A)) and we choose p>0
such that A is bounded on By, (3). Taking into account the lower semicontinuity of
V, we have

By,(3)CB;(3) N[V=>ilNIntDom A), V(z) > V(§)—1Vz € Bay(§); (26)

moreover, by virtue of Lemma 3.1, we may assume that there exists a positive constant
M satisfying, for all r > 0 and all z € B, ().

<eli'm. (27)

d*x(2)
| =

Hence, ||x(7; z) — z|| < Mte®s" and therefore by (26),
V@) =VE) —1=1—1 (28)

for all z € By(9) andallz > 0 such that telst < %. Now writing, for all z €
Byp(3)) NDomV and 0 <t <1,

2|x(t;2) — 2|l <2Melre,

there exists 7 > 0 such that for all z € B>, () we have

sup 2 |lx(t;2) —z|| < B

1€[0.7] 2
Thus, since for any given z € B,,(§) we have B,(2) C B2, (5) N[V > 1] C B;(5) N
[V > A] the main conclusion of the theorem follows from Theorem 3.1.

Finally, we assume that Dom A is open and (25) holds on Dom A. For fixed y €
Int Dom A we introduce the nonempty set £ C R, given as

E={)eRs| V(@ y) <V(y) V<)
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Then, from the first part of the proof, by taking into account the continuity of x(-; y)
and the openness of Dom A it follows that E is open and closed so that E = R_.. Then,
the fact that the pair (V, W) is an a-Lyapunov pair for (6) follows from Proposition
3.1. O

Corollary 3.1 Under the assumption of Theorem 3.2 we also suppose that Dom V N
B;(y) N[V > Al is compact. Then, there exists T > 0 such that

t
eV (x(t; y))+/0 Wx(z: y)dr = V(y),

foreveryy e DomV N Bs(y) N[V > Mandt €[0,T].

Proof According to Theorem 3.2, for every y € DomV N B;(y) N[V > A] there
exist T, > 0 and py > 0 such that

t
eV (x(t; 2)) +/ W(x(z;z))dt <V(z), forallze By (y)andr <Ty.
0

Then, since Dom VN B;(y) N[V > A]is compact, we can find y1, ..., yx € Dom VN
B;(y)N[V > Al T,..., Ty > 0and py, ..., pr > 0such that

DomV N BNV >Ac | By
i=l1,..., k

and, foreachi =1, ..., k,
t
eV (x(t: 2)) +/ W(x(t;z))dt < V(z), forallz € B, (y;)andt < Ty,.
0

Consequently, the conclusion follows by taking 7 = min;—

In the following theorem we do not assume that Int (co{Dom A}) # .

Theorem 3.3 We consider functions V € %, (H) and W € % (H; R.), and a non-
negative number a. Assume the existence of .o > 0 such that for all y € Dom V it
holds

sup (&, f(y) —Awy) +aV(y)+ W) <0 forallx < ).
EcopV(y)

Then, for every z € cl(Dom A) we have that
t
e“’V(x(r;z))+/ W(x(t;2)dt < V(z), forallt>0;
0

that is, (V, W) is an a-Lyapunov pair for (6).

17



Proof Since Dom A; = H, by Theorem 3.2 for every A < A9 we have that
t
eV (x,.(t; 2)) +/ W(x)(t;z))dt < V(z), foralltr>0andallz € H,
0

where x; (.; z) is the (strong) solution of the differential equation
0t 2) = A (t:2) + f(t:2); x(0;2) =z

Hence, by taking the limits as A goes to 0 in the last inequality above, the conclusion
follows due to the uniform convergence of x, (.; z) to x(.; 2). O

4 Characterizations of finite-dimensional nonsmooth Lyapunov pairs

This section is devoted to the finite-dimensional setting. Assuming that dim H < oo,
we give multiple primal and dual characterizations for nonsmooth a-Lyapunov pairs
for the differential inclusion (6).

Theorem 4.1 Assume that dimH < oo. Let V € F(H),W € Z(H;Ry),
and a € Ry be given, and let 0 be either the proximal, the Fréchet, or the
limiting subdifferentials. Fix y € rint(cl(Dom A)) and let p > 0 be such that
By, (y) Naff(cl(Dom A)) C Dom A. Then, the following assertions (1)—(v) are equiv-
alent:

(i) there exists T > 0 such that for every y € Dom A N Dom V N B, (y)

t
SV (x(t: y) +/ Wr(e: y)dr < V() forallt < T
0
(i) for every y € Dom ANDomV N B, (y)

sup (&, f(3) — Ay (f ) +aV(y) +W(y) <0;
EcopV(y)

(iii) for every y € Dom A NDom V N B,(y)

sup inf (&, f(y) =y} +aV(y) + W) < 0;
£€dV (y) VEAY

(iv) for every y € Dom A NDom V N B,(y)

Vi(y; FO) = may(fF () +aV(y) + W(y) < 0;

(v) foreveryy € Dom ANDomV N B,(y)

uigy V' f() —v)+aV(y)+W(y) <0.

If V is nonnegative, each one of the statements above is equivalent to
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(vi) for everyy € Dom A NDomV N B,(y)

t

t
Vx(t;y)) +a/ V(x(z; y))drt +/ W(x(t; y)dt <V(y) forallt > 0.
0 0

Proof (iii withd = dp) = (i): We may assume that 0 € Dom A and denote Hy :=
lin(cl(Dom A)). Let Ag : Hy = Hj be the operator given by

Aoy = Ay N Hy, (29)
and define the Lipschitz continuous mapping fo : Hy — Hp as

Jo(y) = mr, (f (¥), (30)

where g, denotes the orthogonal projection onto Hy. According to the Minty The-
orem, it follows that Ag is also a maximally monotone operator. Further, for every
y € Dom A we have Ay + Ncipom 4)(y) = Ay, and therefore Ay + HOL = Ay.
Hence,

Ay = (Ay N Ho) + Hy = Aoy + Hy'. (31)

From this inequality we deduce that Dom Ap = Dom A and, so,
rint(cl(Dom A)) = Int(cl(Dom Ag)) = Int(Dom Ap);

(for the last equality see, e.g., [8, Remark 2.1- Page 33]). Further, since for y €
cl(Dom A) we have

foy) = Aoy C f() = Aoy + Hy" = f(y) — Ay,
it follows that x(-; y) is the unique solution of the differential inclusion
X(t;y) € folx(t; ) — Aox(t: y), x(0,y) = y.
Next, we are going to show that condition (i) of Theorem 3.2 holds for the pair (Ao, fo).

Fix y € Dom A NDomV N B,(y) and & € 0V (y) (if any). For a fixed ¢ > 0, by
assumption take v € Ay in such a way that

E fO)=vy+aV(y) + W) <e.

Since f(y) € fo(y) + HOJ- and v + Hd‘ € Ay + Hi" = Agy, we have

inf (&, fo(y) —v) = inf (§, f(y) —v)=e—aV(y)-W(), G2
VEAQY vEAy

and condition (i) of Theorem 3.2 follows as ¢ — 0. Consequently, by this Theorem
3.2, for every y € Dom A N Dom V N B,(¥), there exist 4 > 0, small enough, and
T (y) > 0 such that
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t
eV (x(t; 2)) +/ W(x(t;z))dt < V(z) forallt < T(y)andz € By(y).
0

Thus, as Dom A N Dom V N B,(y) is a precompact set, and cl(Dom A N Dom V N
B,(¥)) C Byp(y) N aff(cl(Dom A)) C rint(cl(Dom A)), instead of 7'(y) we can
choose a uniform 7" which gives us statement (i).

(i) = (iv): Fixy € Dom ANDom V N B,(y). Then, as shown in the paragraph
above, the solution x (¢; y) of (6) is also the unique strong solution of the equation

x(t;y) € folx(t;y)) — Aox(t; y), x(0;y) =y € cl(Dom A),

where Ag and fj are defined in (29) and (30), respectively. Let (#,),eny C (0, T) be a
sequence such that t, — 0T and set

_x(yy) =y

n -
tl‘l

Because x(; y) is derivable from the right at O (recall that y € Dom A) and

dtx(:;y)

7 O=0U0- AY)® = f(y) = may(f (),

we get
wp = f(y) = Ay (f ().

Therefore, using the current assumption (i),

V(y+tawn) = V() V() —V(Q)

n In
e_‘””(l _ eatn) e~ aIn In
<=y - / W(x(s: y))ds,
n In 0
and taking limits yields
e_atn (1 _ ealn) e_atn In
V'(y; fF()—may(f () < lirnninf Z—V(y) - /0 W(x(s; y))ds
n n
=—aV(y)— W)

this proves (iv).

(iv) = (v) is trivial.

(v) = [(iii) with 0 = 9 ]. Take y € Dom ANDom V N B,(y). For fixed ¢ > 0,
by (v) we let v € Ay be such that

Viy; f() —v) <e—aV(y) — W(Q);
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that is,

(fO) —v.e—aV(y) = W(y) €epi V'(y. )
= Tepv (v, VD) € NG 0, Vo |

If& € 9pV(y), since (§, —1) € pri v (¥, V(¥)), the above inequality leads to

E, f)—v)<(E =D, (f()—v,e—=aV(y)—=WQO))+e—aV(y) — W)
<e—aV(y) = W(),

so that (ii) follows when ¢ — 0.

If &€ € 9. V(y), then there are sequences (y,) and (§,) such that y, — y,&, —
&, V(&) — V(&) and &, € V(y,) (for n sufficiently large). As just shown above,
given ¢ > 0, for each n there exists y,; € Ay, such that

(’gn’ S ) — y;) <e—aV(yn) — W(yn).

Since (y,), converges to y, then we may suppose that y — v € Ay. Thus, passing
to the limit in the above inequality, and taking into account the lower semicontinuity
of V and the continuity of W, we obtain

&, f(y)—v)<e—aV(y)— W(©).

This shows that (iii) holds with 0 = dr..

At this point we have proved that (i) <= (iii with d = 91 ) <= (iv) <= (v). To see
that (ii) is also equivalent to the other statements we observe that (ii) = (iii) holds
obviously. On the other hand, the implication (iv) = (ii) follows in a similar way as in
the proof of the statement (v) = (iii). This proves the equivalences of (i) through (v).

Finally, if V is nonnegative, (vi) is nothing else but (i) with a and W replaced by 6
and aV + W, respectively. Thus, (vi) is equivalent to (iii). O

The following result is an immediate consequence of the previous theorem and Propo-
sition 3.1.

Corollary 4.1 Assume that dim H < oco. Let V € Z(H),W € %(H;R,), and
a € Ry be given, and let 0 be either the proximal, the Fréchet, or the limiting sub-
differentials. Assume that rint(cl(Dom A)) = Dom A. Then, under condition (19),
(V, W) forms an a-Lyapunov pair for (6) provided that one of the following asser-
tions holds:

(i) forall y € Dom A N Dom V

sup (&, f(y) = may (f (M) +aV(y) + W(y) <0;
g€opV(y)
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(i) forall y € Dom A N Dom V

sup inf (&, f(y) =y} +aV(y) + W) <0;
£€aV (y) VEAY

(iii) for all y € Dom A N Dom V
V(3 f(3) = may(F () +aV(y) + W(y) <0
(iv) forall y € Dom A N Dom V

Uigy V'(y; f(y) —v)+aV(y)+ W(y) <0.

In contrast to the (analytic) Definition 3.1, Lyapunov stability can also be approached
from a geometrical point of view using the concept of invariance:

Definition 4.1 A non-empty closed set S C H is said to be invariant for (6) if for all
y € S Ncl(Dom A) one has that

x(t;y) e S forallr > 0.
Corollary 4.2 Assume that dim H < oo and rint(cl(Dom A)) = Dom A. Then, a

nonempty closed set S C H is invariant for (6) if and only if one of the following
assertions is satisfied:

(1) forally e DomANS

sup (&, fO) —may(f(¥)) < 0;

§ ENgﬂcl(Dom 4
(ii) forally e DomANS

sup inf (&, f(y) —v) <0;

EN om0 VY
(iii) forally e DomANS
F) —may(f(¥) € Tsnclom A) ();
(iv) forally e Dom AN S
Lf () — Ayl N Tsncipom 4y (¥) # &5
(v) forally e DomANS

[f(y) — AyI NTO [ Tsneimom 4) (V)] # 2.
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Proof Itis animmediate fact that § is invariant if and only if Isnci(Dom 4) is @ Lyapunov
function. Then, the current assertions (i) and (ii) come from statements (i) and (ii) of
Theorem 4.1, respectively. Similarly, S is invariant if and only d(-, S Ncl(Dom A)) is
a Lyapunov function. Thus, by virtue of the relationship

Tsneiom 4) () = {w € H | d'(-, S N cl(Dom A)(w) = 0},

the current assertions (iii) and (iv) follow from statements (iii) and (iv) of Theorem
4.1, respectively. This shows that (i) <= (ii) <= (iii) <= (iv).

It remains to show that (v) is equivalent to the other statements. We obviously have
that (iv) = (v) and so (i) = (v). To prove the reverse implication it suffices to
show that (v) = (ii). Indeed, fix y € SN Dom A and & € Ngmcl(Dom A) Then, by
(v) there exists v € Ay such that

fy)—ve @[Tsmcl(DomA)(y)] C [Ngmcla)om A)] :

Therefore, (£, f(y) — v) < 0; that is (ii) follows. O

The characterization of Géteaux differentiable Lyapunov functions is given in the
following corollary.

Corollary 4.3 Assume that dim H < oo and rint(cl(Dom A)) = Dom A. Let V €
F(H),W € F(H,Ry), and a € Ry be given. If V is Gdteaux differentiable, then
the following statements are equivalent:

(1) (V, W) is an a-Lyapunov pair for (6);
(iii) for every y € Dom A N Dom V

Ve (f () = way(f)) +aV () + W(y) <0;

(iv) forall y € Dom A N Dom V

viél}\:y Ve () —v) +aV(y) +W(y) <0.

Finally, we treat the simple case when A = 0 so that our inclusion (6) becomes an
ordinary differential equation which reads: for every y € H there exists a unique
trajectory x(-; y) € C1(0, 0o; H) such that x (0, y) = yand

x(t;y) = f(x(¢;y)) forallt > 0. (33)

In this case, Theorem 3.1 gives in a simplified form the characterization of the asso-
ciated a-Lyapunov pairs.

Corollary 4.4 Assume thatdim H < oo. Let be givenV € #(H), W € % (H; Ry),
and a € R. The following statements are equivalent:

(1) (V, W) is an a-Lyapunov pair for (33);
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(i1) for every y € DomV

V'(y; () +aV(y)+ W(y) <0;
(iii) for all y € Dom V

sup (&, fO))+aV(y)+W(y) <0,
£€IV(Y)

where 0V stands for either the proximal, the Fréchet, the limiting, or the Clarke
subdifferentials.

Proof According to Theorem 4.1 we only need to show that (iii) is also a characteri-
zation when 0 = d¢. For this aim, in view of the relationship d; C dc, it suffices to
show that [(iii) with d = 9, ] implies [(iii) with d = d¢]. Indeed, fix y € Dom V so
that

sup (&, f(y)) <0.
E€dooV ()

So, according to [28], (iii with 0 = d¢) follows since that

sup (&, f() +aV(y)+ W(y)
E€icV(y)

= sup (&, f() +aV(y)+W(y) <0.
E€TO{0L V (1) +d00V (1)}

5 Concluding remarks

The main goal of this paper was to explore the existence of local nonsmooth Lyapunov
pairs for a first-order evolution differential inclusion governed by a maximal monotone
operator. From the mathematical point of view, our major contribution is establishing
the fact that the variational criteria for the existence of Lyapunov pairs need to be
verified on the interior of the domain of the operator A, while Lyapunov pairs are
defined on the whole c¢/(Dom A). The first version of these ideas appeared in [2]. The
flow-invariance of a closed set has been also investigated as a particular case of the
theory of Lyapunov functions. The characterization of invariance involves a “proximal
aiming” condition, as well as the convex hull of the contingent cone. An important
issue, left for the future work, is to go beyond maximally monotone operators, since
in some applications the monotonicity assumption is not satisfied. This is the case
e.g. when A coincides with the normal cone operator of a prox-regular set. It would
be interesting to perform a stability analysis of differential variational inequalities
involving locally-prox-regular sets. This is beyond the scope of this paper and will
be a subject of a forthcoming research project. For its huge potential of applications,
Lyapunov stability is used by other communities, particularly in nonlinear systems
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and control. As noticed by one of the referees, it should be interesting to find practical
applications of the theory developed in this paper. Bridging the communities of applied
mathematicians, controllers and engineers, is one of our future objectives.
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