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quantile functions *
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Abstract

In this paper, we extend the generalized Yaari dual theory for multidimen-
sional distributions, in the vein of Galichon and Henry’s paper [6]. We show
how a class of generalized quantiles -which encompasses Galichon and Henry’s
one or multivariate quantile transform [7] [4] [9]- allows to derive a general rep-
resentation theorem. Moreover, we derive from this representation theorem a

formula which could be applicable to multidimensional measure of inequality.
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1 Introduction

In a recent paper, Galichon and Henry [6] generalize Yaari dual theory to multi-
dimensional distributions, using Optimal coupling theory. They prove that the pref-
erence relationship of a decision maker confronted to choices on multidimensional
prospects can be evaluated with a weighted sum of multidimensional quantiles, when
this preference relationship can be written as a mutidimensional index that preserves
some first order stochastic dominance and satisfies some comonotonic independence
property.

The work of Galichon et al. rests on the notion of multidimensional quantile they
introduce, pu—quantile. Yet, the choice of a particular multidimensional quantile is
not completely obvious or natural, and other multidimensional quantiles have been
proposed in the literature, for example multivariate quantile transform (see [7], [4], [9]
or [8] for a brief presentation of this notion)

In this paper, we propose an extension of the generalized Yaari dual theory for
multidimensional distributions, in the vein of Galichon and Henry’s paper. But the
class of quantiles we consider encompasses Galichon et al.’s y—quantile or multivariate
quantile transform. In particular, our class of quantiles is not built as the solution of
an optimal coupling problem, as in [6], but is required to satisfy natural and simple
properties. Also, we avoid to assume some Frechet derivability assumption on the
functional which represents the preference of the policymaker, but we try to propose
more standard and interpretable assumptions. Third, we try to get some explicit
formula of this inequality index, which could be implemented by a policymaker.

The paper is organized as follows. Section 2 recalls the Yaari dual theory of choice
for unidimensional distributions. Section 3 introduces our specific framework of mul-
tidimensional distributions, offers a general definition of quantiles and states a first
representation result. In Section 4 we compare more specifically our results with Gali-
chon et al. ones. In Section 5, it is shown how all the involved parameters can be
elicited by a policymaker. Finally, in Section 6, - discussion and concluding remarks-
some limitation of the proposed measure is raised, and one suggests a possible route

to explore in future work in order to amend it.



2 Yaari dual theory of choice for unidimensional
distributions

In this section, we consider (S, F, P) to be the probability space defined by S =
[0,1], P being the Lebesgue measure and F the o—algebra of borelian subsets of S.
Let V' be the set of random variables on (S, F, P) and V5 be the set of elements in
V with a finite second moment. Two elements (X,Y) € V' x V are said to be equal
in law (denoted X =, Y) if the probability law of X and Y coincide. For every
borelian subset E of S, I denotes the characteristic function of F, that is Ig(s) =1
if s € E'and Ig(s) = 0 otherwise. For every random variable X € V', we can define its
cumulative distribution function Fx(x) = P(X < z), and its unidimensional quantile
Fy', as follows:

Fil(p) =inf{z € R: P(X <x) > p}.

The quantile function can be seen also as an element of V (since Fy', is a measur-
able real function on S). Importantly, it is the solution of some optimization problem,
called optimal coupling problem, which we now recall.

For every U € Vj,, define the maximum correlation functional associated to U as

follows:

VX € Vo, py(X):=  sup U(p).X (p)dp
XeVe, X=4X J[0,1]

Choosing U(p) = p (which we now assume in this section), then Hardy-Littlewood
inequality guarantees that Fi;', is the unique (almost surely) solution X in V5 of the
above optimization problem. In particular, py(X) := E(Fy'(p).p), and it follows that

the quantile posses the following well known properties:

Proposition 2.1. (i) For every X,Y € Vy such that X =4 Y, Fy' = Fy'' almost
surely, and Fy' =4 X.

(ii) For every X,Y € Vo and X > 0, Fy' + Fy' and AFy' are themselves the
quantiles of ' + Fy'' and of Fyy.

(iii) For every X € R and X in Vs, the quantile of X + ) is Fx'' +\ (almost surely).
Proof. Property (i) is a consequence of the definition of the quantile @Qx in terms

of optimal coupling solution. For property (ii), recall that the solution F' )21 e Vs is
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characterized (1) Fy' is increasing (2) Fx' =4 X. Indeed, the first condition can be
written: G(t) = fg Fi' is continuous and convex, and condition (2) is VG =4 X.
Then, from optimal coupling solution, these two conditions characterized the (unique
almost surely) solution Fy' (see appendix 7.1.1). Now, let X’ = Fy' and Y/ = .
From above, the quantile of X'+ Y” is characterized by (1) Fi/ . is increasing (2)
Fxlyr =4 X'+Y'. Thus, 'y, = Fx' + Fy'', because it satisfies the two conditions
(1) and (2). This is similar for F| Fl);l = AFy'. The last property (iii) is a straighforward
consequence of the definition of quantile.

]

In the next section, we shall define a generalized class of multidimensional quantiles
using the same requirements.
Now, to state Yaari dual choice theory main representation result, we need to recall

comonotonicity concept:

Definition 2.2. Two random variables X and 'Y in V are comonotonic if
(X(s) = X(1))(Y(s) =Y (t)) 20
almost surely in (s,t) € S X S.

Comonotonicity can be characterized using maximal correlation functional as fol-

lows [2]:
Proposition 2.3. Two random variables X and Y in Vy are comonotonic if and only
of

pur(X +Y) = pu(X) + pu(Y).

Then we can state:

Theorem 2.1. (Yaari main representation theorem)

Let I : Vo — R. The two assertions below are equivalent:

(1) The functional I satisfies:
1. (Normalization) I(1s) =1

2. (Anonymity) for every (X,Y) € Vo x Vo, X =Y = I[(X) =1(Y).
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3. (Inequality Aversion) for every (X,Y) € Vo x Vo, (X +Y) > I(X) + I(Y).

4. (Additive comonotonicity) for every (X,Y) € Vo x Vy comonotonic, (X +Y) =
I(X) + I(Y).

(2) There exists a unique conver and non-decreasing function f : [0,1] — [0,1],

f(0) =0, f(1) =1 such that:

1 1
100 = [ 0= Fxo)dp = [ B )00 - pidp= [ Xd(roP)
0 0 s
where fS Xd(f o P) is the Choquet integral of X with respect to capacity f o P.

In the theorem above, we recall that fo P is defined on the set of borelian subsets of
S as follows: for every borelian £ C S, po P(E) = f(P(F)). The function obtained is
no longer a probability (it is not additive in general), but it is a capacity, and Choquet
integral is a way to extend the standard expectation with respect to a probability to

the case where the probability is replaced by a capacity.

3 A first representation result in the multidimen-

sional case

3.1 Framework

In this section, we consider a more general framework than in the previous section.
Let (S, F, P) be a probability space. For every subset A of IR", denote B4 the Borelian
o-algebra on A. Let E(.) be the expectation operator with respect to the probability
P. Let V be the set of random n-dimensional vectors on (S, F, P) ,ie. V = {X :
(S, F,P) — (IR", Byrr) measurable}. For every X € V| we write X = (X3,..., X,,),
where for every s € S, we define X (s) = (Xi(s), ..., Xi(s), ..., Xn(s)). The probability
distribution of X on (IR", Byx) is denoted PX. We let V5 be the set of elements in V'
with finite second moments, i.e. Vo = {X € V : Vi € {1,2,...,n}, E(X?) < +oc}.
For every X and Y in V', we denote X =; Y if X and Y have the same distribution,
that is PX = PY. Recall the definition of the standard scalar product < .,> on
Va: for every X = (Xy,..,X,) and YV = (V},....Y,), < X|)Y >= >"" E(X)Y;) =
S [ Xi(s)Yi(s)dP(s). Hereafter, X.Y simply denotes Y. | X;.Y;.
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3.2 A new definition of quantiles

We now propose a new definition of multidimensional quantile through some natu-
ral properties that are satisfied in the unidimensional case. Importantly, we allow the
quantile operator to be defined on a strict subset VJ of the set of n-random variables
Vo (V3 will often be chosen equal to V3, but we will also sometimes consider Vj to
be, for example, the set of comonotonic or anti-comonotonic (when n = 2) random
vectors.) In the following, for every sets E and F', F(E, F') denote the set of functions
from E to F.

Definition 3.1. Consider a n-dimensional random variable U € Vy with values in
[0,1)™. Let V be a convex cone of Vo containing the constant random variables. An
operator Q : Vi — F([0,1]™,R™) is a U-quantile operator (or simply of quantile oper-
ator when U is implicit) if it satisfies the three following properties:?
1. (Law of quantiles) For every (X,Y) € Vi x Vi such that X =, Y, Qx = Qy
almost surely, and Qx(U) =4 X.

2. (Sum of quantiles) For every A > 0 and (X,Y) € Vi x V3, Qx + Qy and Q x
are the quantiles of some random variable in V.

3. For every A € R and X in V;, the quantile of X + XN(1s, ..., Is) is Qx + A.
Sometimes we will assume one of the three additional assumptions:

4. For every strictly positive reals Ay, ..., A\, the functionp € R"™ — (A1p1, ..., A\npn)
is the quantile of some random variable in V5.

5. (when n > 2) For every symmetric definite positive n-matriz A, the function

p — Ap is the quantile of some random variable in V.

6. If X = (X, ..., X,,) € V3, where the X;’s are mutually independent, then one has

Qx(p) = (Qx,(p1), - Qx, (i), s @x, (pn)) for every p = (p1,...,pis -, Pn) €

[0,1]", where each Qx, is the one-dimensional quantile of X;.

Remark 3.1. For n = 1, the standard unidimensional quantile defines a quantile

operator by X € Vo — Qx = Fy' € F([0,1],R) (see Proposition 2.1). Conversely, if

1. Hereafter, Q(X) is also denoted @ x, and is called a quantile. Sometimes, to make more explicit

the parameter U, we will call Qx a U-quantile, and will denote it Q)U(.
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Property 6 is assumed to be true, then for n =1, any quantile operator coincides with

the standard unidimensional quantile.

In the three next subsections, we give particular examples of quantile operators

illustrating Definition 3.1.

3.3 Example 1: multidimensional quantile on the set of comono-

tonic vectors

Consider V; the class of comonotonic random vectors X = (Xi,..., X)) € V5, in
the sense that for every (i,j) € {1,...,n}?, (X;, X;) is comonotonic. Fix U a random
vector whose components are independent and uniformly distributed with values in

[0,1]. Then a quantile operator can be defined by

Importantly, this could not define a quantile operator on whole V5, because when
X is not comonotonic, the law of Qx(U) and the law of X could be different (in
particular it does not satisfy the first requirement of quantile operator).

We now check that this operator satisfies the requirements of Definition 3.1. Thus
Vy is a convex cone and contains the constant random vectors. Second, Point 1 in
Definition 3.1 is true, that is for every (X,Y) € Vj x V3 such that X =; Y, Qx = Qy
almost surely, and Qx (U) =4 X. The second equality is a consequence of comonotonic-
ity (see [3]: for comonotonic vectors, equality of two random vectors can be checked
component by component), and the first one is true because it’s true in the unidimen-
sional case. Third, Point 2 in Definition 3.1 is true, because for every A > 0 and X, Y
in V§, Qx + Qy = (Fx| + Iy, .., Fx' + Fy.') and Qax = (A\Fy/, ..., \Fy!) are the
quantile of (Fy'(U) + Fy,'(U), ..., Fx (U) + Fy, (U)) and of (AF(U), ..., \Fx (U))
(see Proposition 2.1).

Now, the last point is clear, since for every A € R and X in Vj, the quantile of

X+ Mg, ..., Ig) = (X1 4+ M, ..., X, + Mg) is (Fix gy Fxoaag) = Qx + A



3.4 Example 2: quantile on the set of anti-comonotonic 2-

random vectors

Recall that a 2-dimensional random vector (X1, X») is anti-comonotonic if (X7, —X>)
is comonotonic. Let Vi the class of anti-comonotonic random vectors X = (X;, X3) €

V5 (thus in this subsection, n = 2). A quantile operator can be defined by

VX € V3, Qx(pi,p2) = (Fx/ (1), Fx, (1 = p2)).

We let the reader check that it satisfies the requirements of Definition 3.1, which is

similar to the previous example.

3.5 Example 3: Galichon et al. y—quantile

Let U € V; whose probability law u has a finite second moment and is absolutely
continuous with respect to Lebesgue measure. Assume U takes its values in [0, 1]". In
this subsection, VJ = V5. Given X € V3, recall that the pair (X, U) € V5 x V4 is called

an optimal coupling if X is a solution of the following optimization problem:

sup E(X.U)

X=uX

From Optimal coupling theory (see Appendix 7.1.1):

Definition 3.2. (Galichon et al.) For every X € Vi, the unique (almost surely)
Vf:[0,1]" = R"™ such that (Vf(U),U) is an optimal coupling is called the p— quantile
of X. We shall denote it Q%. If ju is the probability of some U € Va, we shall say by
extension that Q' is the U-quantile of X.

In particular, the p—quantile Q% does not depend on U, but on the law of U.

Proposition 3.3. The p-quantile of Galichon et al. defines a U-quantile operator on
Va.

See the proof in Appendix 7.2.



3.6 A fourth example: multivariate quantile transform

The multivariate quantile transform was introduced by [7], [4] or [9]. See also [8] for
a brief presentation of this concept. We recall the definition of multivariate quantile
transform in the case n = 2, the general case being a straightforward generalization.

Let (S,F,P) be any probabilized space. Let U, Us be two independent and
identically U([0, 1])-distributed random variables on S, and U = (U, Us). Define

a U-quantile operator as follows: for every X = (Xj, X3), a random vector on S,

Qx = (Q%, Q%) is defined by

Qx (p1,p2) = Fx, (p1),

where F)}ll is the one-dimensional quantile of X, and by
Q% (p1.p2) = inf{z € R: P(Xy <z | Fy[(Uh) = Fy/(p1)) = pa}

i.e. Q%(p1,p2) is the one-dimensional conditionnal quantile of X, given the first com-

ponent QY.

Proposition 3.4. The multivariate quantile transform defines a U-quantile operator

on V.

See the proof in appendix 7.3.

Interestingly, the multivariate quantile transform is not a particular case of Gali-

chon et al.’s quantile:

Proposition 3.5. Denote by QQx the multivariate quantile of every X € V,. There
does not exists some measure p such that for every X € Va, Qx = Q%, where Q"

denotes Galichon et al.’s quantile operator.

Proof. Consider the case n = 2. Let U;, Us; be two independent and identically
U (]0, 1])-distributed random variables on S. By contradiction, assume that there exists
some probability measure y such that Qx = Q' In particular, since Q1 _y1y(p1,p2) =
(p1, —p1), we should have Q’(U17_U1) = (p1, —p1). But by definition of Q’(‘U17_U1), there
is a convex function f : R?> — R such that Q?Ul,,m) = Vf. Thus, 5_51(?17?92) =pm
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and g—pj;(pl,pg) = —p1, which implies that the Hessian of f is equal to ( (1) i ) , a

contradiction with the convexity of f. ]

3.7 The main representation result

Fix U € V,, and consider () a U-quantile operator on V,, a convex cone of V;
containing the constant random variables. The preferences of the decision maker on

V5 are now assumed to be represented by a function 7 : Vo — R.

3.7.1 The main assumptions

Throughout this paper, we assume that the function I : V5 — R satisfies the
following assumptions:

Assumptions on [

1. Normalization: I1(1g,...,Ig) =1

2. Monotonicity: ¥(X,Y) € Vo x Vo, X > Y = [(X) > I(Y).

3. Inequality Aversion: for every (X,Y) € Vi x VJ such that I(X) = I(Y) and
every A € [0,1], we have I(AX + (1 = \)Y) > [(X).

4. Positive homogeneity: for every A > 0 and X € V;, we have I(AX) = A\ (X).

5. Additivity on Quantiles: for every (X,Y) € Vj x VJ, we have I(Qx(U) +
Qy(U)) =1(Qx(U)) + 1(Qy(U)).

6. Neutrality: 1(X) only depends of the law of X, that is for every (X,Y) € VoxV,
with the same law, I(X) = I(Y).

Remark 3.2. Inequality aversion is equivalent to concavity, i.e. to: for every (X,Y) €
Vix Vi and A € [0,1], IANX + (1 =N)Y) > M(X)+ (1 = NI(Y). Indeed, concavity
clearly implies inequality aversion. Conversely, if inequality aversion is true, consider
X =X-I1(X)(1g,....1s), Y =Y —-1(Y)(Ls, ..., Is). From neutrality and from point
3 in Definition 3.1, we get I(X') = [(Qx/(U)) = I(Qx(U) — I(X)) = I(Qx(U)) —
I(X) (from additivity on quantiles) which is finally 0, and similarly I(Y') = 0. Then
Inequality Aversion at X' and Y’ implies the above inequality. Indeed, first notice

that for every constant ¢ and X € Vi, I(X 4+ ¢) = I(Qx(U) + ¢) (since X + ¢ and
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Qx(U) + ¢ have the same law from point 3 in Definition 3.1) which is also equal to
I(Qx(U))4c = I(X)4+c from Additivity on Quantiles, thus finally I(X+c) = I(X)+c.
Now, from Inequality Aversion at X' and Y’ we get I(AX"+ (1 = A)Y') > 0 or also
IAX4+(1=NY —(N(X)(Ls, ..., Is) + (1 =N I(Y)(Ls, ..., Is)) > 0 and developping,
and from I(X + ¢) = [(X) + ¢, we finally get concavity.

3.7.2 The representation theorem
The proof of the following theorem can be found in Appendix 7.4.

Theorem 3.3. The mapping I : Vo — R satisfies Assumptions 1-6 above if and only
if there exists a function ¢ : [0,1]" — R™ whose components are non negative (almost
surely) and such that:

(i) E((Ls, ..., Is).6(U)) = 1.

(i) For every X € Vi, I(X) = [Qx(U).¢(U)dP = minX:deX.ng(U)dP, i.e.

I(.) is the min correlation risk measure with respect to ¢(U).

Corollary 3.4. Assume that that the support of PY is [0,1]".

— In the above theorem, ¢ = Vg(—id) for some convex function g.

— If we additionnaly assume that () satisfies point 4 in Definition 3.1, then ¢ is
separable, i.e. ¢(p1,...,pn) = (61(P1), -, Pu(Dn)), where each ¢; is a decreasing
non negative function.

— Last, when n > 2, if QQ also satisfies point 5 in Definition 5.1, then there exists
a€ Ry, b= (by,....,0,) € R", such that ¢(p1,...,0n) = (b1, ..., b)) —a.(p1, ..., Dn)-
In this case, Condition (iii) above is always satisfied, and can be removed in the

equivalence.

Remark 3.5. First, in the two main examples of quantile operators of this paper
(Galichon et al p—quantile and multivariate quantile operator), Vi is the total space
Va.

Second, the interpretation of this representation theorem is similar to Yaari stan-
dard interpretation of dual choice theory: the formula I(X) = [ Qx(U).¢(U)dP could
be seen as a corrected mean of X, the correction being a way to compensate the inequal-

ity created by the distribution X. Indeed, the quantile Qx can be seen as an attempt to
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re-order the distribution X (indeed, forn = 1, the unidimensional quantile corresponds
to standard increasing re-ordering). Then, the weight ¢(U) compensates the effect due
to the ordering of Qx, which is a consequence of I(X) = ming_ v fX.qS(U)dP. In-
deed, this equality implies that —Qx(U) and ¢(U) are optimally coupled, which corre-
sponds to the intuition that ¢(U) and —Qx(U) are "ordered” in opposite directions.
In particular, in the unidimensional case, this implies that ¢ is a decreasing function,
thus high values of X receive low weights when evaluated by the decision maker.

Recall also that for everyY € Vo with non negative components, the max correlation
risk measure Wy is defined by Wy (X) = maxg_ [ X.YdP. This is a coherent (i.e.
monotone, positively homogeneous and subadditive) and law invariant risk measure
(see [8], p. 192). In particular it is convexr. Thus, in the above theorem, I(X) =
—Vyw)(—=X) is concave.

In the unidimensional case n = 1, we can choose the quantile operator to be equal

to the standard 1-dimensional quantile, i.e. Qx = F )}1. Then we get

Corollary 3.6. Forn = 1, S = [0,1], U(p) = p and P be the Lebesque measure,

Theorem 3.3 is equivalent to Yaart Theorem 2.1.

Proof. Indeed, from corollary above, ¢(x) = ¢'(—xz) for some concave function g de-
fined on [—1,0], which can be chosen such that g(—1) = 0. Since ¢ is non negative,
g is also non decreasing. Define f(x) = g(z — 1) on [0,1]. It is convex, non de-
creasing, f(0) = 0. Moreover, Theorem 3.3 delivers I(X) = [ Fy'(p).¢'(—p)dp =
[Fx'(p).f'(1 —p)dp = [ X(f o P), and finally f(1) =1 is a consequence of normal-
ization assumption (since I(1) = 1= [ Fy'(p).f'(1 —p)dp = f(1)).

4 The case of y-quantile: Galichon and Henry re-
visited

In this subsection, we compare Galichon et al. Representation Theorem 5 (see [6])

with Theorem 3.3. Let U € V5 whose probability law p is absolutely continuous with
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respect to Lebesgue measure. To make the comparison easier, we first recall Axioms
1’, 2" and 3’ used in Galichon et al. [6].
Remark that without any loss of generality, we can assume that [ satisfies the

normalization assumption in subsection 3.7.1.

Axiom 1’ The functional I is continuous on V2, and at least at one point its Frechet

derivative exists and is non-zero.

For every (X,Y) € Vi, we say that X p-first order stochastically dominates Y
(resp. X p-first order strictly stochastically dominates V) if Qx(U) > Qy(U) almost
surely (resp. @x(U) > Qy(U) almost surely).

Axiom 2’ The functional I preserves pu-first order stochastic dominance, in the sense
that if X p-first order stochastically dominates Y, then I(X) > I(Y), and if X p-first
order strictly stochastically dominates Y, then 1(X) > I(Y).

For the last axiom, recall the standard definition of the maximal correlation func-

tional: for every X € Vi, p,(X):= sup / X.UdP The following definition of
ﬁ€V2,U=dU
p-comonotonicity was introduced by Galichon et al.

Definition 4.1. We say X1, ..., X,, in Vs are p—comonotonic if
pu(D X)) = pu(Xs).
i=1 i=1
Axiom 3’ If X, Y and Z are yu—comonotonic in V3, then for every « € [0,1], I(X) >
I(Y) implies
I(aX+(1—a)Z) > I(aY + (1 —a)2).

Theorem 4.1. (Galichon-Henry [6]) The functional I satisfies Azioms 1°, 27, 8’
and Inequality aversion if and only there exists a functional I' : Vo — R representing
the same preference relation on Vy (in the sense I(X) < I(Y) if and only if I'(X) <
I'(Y')) which satisfies the 6 Assumptions in subsection 3.7.1. From Theorem 3.3, this
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is equivalent to the ezistence a € R, b = (by,...,b,) € R", such that ¢(p1,...,pn) =

(b1, ..., b)) — a.(p1, ..., Pn) has non negative components and
VX €V, I'(X) = E(Qx(U).0(U)).

Proof. When the quantile operator QU is the u-quantile of Galichon et al., we now
from [6] that Axioms 1’, 2" | 3" and Inequality aversion is equivalent with the existence
of a functional I’ : V5 — R representing the same preference relation on V5 as I,
the existence of a € R, b = (by,...,b,) € R", such that ¢(p1,...,pn) = (b1, ..., b,) —

a.(py, ..., pn) has non negative components and
VX € Vi, I(X) = E(@x(U).6(U).

which is equivalent to Theorem 3.3 (thus with the set of 6 assumptions on I’).

5 Unicity and elicitation of the parameters

The following theorem shows that in our framework the parameters of the in-
equality mindedness evaluations are unique and depend on the policy maker eval-
uations of some specific distributions. In the following theorem, let S = [0, 1]",
U(p1y--sPn) = (P1,---,Pn), P be the Lebesgue measure on [0, 1]", Qx be the the asso-
ciated U-quantile operator when U(p) = p.

Theorem 5.1. Let I : Vo, — R. Assume I satisfies Normalization, Monotonicity,
Inequality aversion, Positive homogeneity and Additivity on Quantiles and constants.

Assume the quantile operator Q) satisfies point (1) to (6) in Definition 3.1. Then

VX eV?: I(X) = —a/QX(p).p dP—i—b/QX(p) dP,

where

and

Proof in Appendix 7.4
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6 Discussion and concluding remarks

As seen in corollay 3.6, choosing U(p) = p allows to recover Yaari’s theory for
n = 1. But the same choice U(p) = p for n > 1 may lead also to some controversial
result, as illustrated below. Hereafter, we concentrate on the py—quantile of Galichon

et al. The following result is proved in appendix 7.7.

Theorem 6.1. (most inegalitarian situation with fived marginals) Let U = (Uy, ..., U,,) €

Va whose probability law is absolutely continuous with respect to the Lebesque measure.

Under assumption of Theorem 4.1, for every X € Vs, N lr/nikn1 I(Y1,..,Y,) is
k=dXk,k=1,...,1n

reached at'Y = (Q%(Ul), ...,Q%’;(Un)) where Q%’Z denotes the Uy-quantile of Xy, for

every k=1,...,n.

Corollary 6.2. (most inegalitarian situation with fixzed marginals when U(p) = p) If
U(p) = p then for every Y in Theorem above, the components of Y = (Y1,...,Y,) are

pairwise independent.

Proof. Indeed, the theorem above gives Y = ( )U(11 (P1)s ey Q)U(’; (pn)) whose components

are clearly independent with respect to Lebesgue measure. O

Corollary 6.3. There does not exist U € Vo whose probability law is absolutely con-
tinuous with respect to the Lebesque measure such that for every X € Vs,

min I(Y1,..,Y,)
Xp=aYik=1,....n

18 reached at a comonotonic vector.

Proof. By contradiction: if such U exists, consider X = U. Since the Ug-quantile of
X, is identity, the above theorem gives that Xk:dgﬂl’ikn: 1,...,nI (Y7,...,Y,,) is reached at
Y = U. But if U is comonotonic, the support S of the probability measure p of U
cannot contain any subset of dimension larger than 1. But then the Lebesgue measure

of S should be 0, thus by absolute continuity, u(S) = 0, a contradiction. m

Intuitively the most inegalitarian situations should occur when the marginals are

comonotonic. The above results show that the previous framework does not allow it.
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Substituting S = [0,1] to S = [0, 1]™ and defining I(X) as in Theorem 5.1, where
P is now the Lebesgue measure on [0,1] and U(p) = (p,...,p), one can easily see
that with this formulation, the most inegalitarian situation occurs when the marginals
are comonotonic. Indeed, a similar argument to Theorem 6.1 gives that the most
inegalitarian situations is reached at Y = (F)Ell, s F)}i) which is clearly comonotonic.
It will be the purpose of a future research to axiomatize such formula, noticing that
in such a case technical difficulties arise, because the law of U is no longer absolutely

continuous with respect to the Lebesgue measure.

7 Appendix

7.1 Proof of Proposition 2.1

(i) For every X € V3, the random variables Qx and X have the same law (see [5],
Lemma A19 p.408 ),

(ii) For every X,Y € V5, Qx + Qy is itself the quantile of some random variable
in V2 (for example the quantile of QX + Qy)

(iii) For every A > 0 and X in V3, Q,x is itself the quantile of some random variable
in V2 (for example the quantile of \Qx).

(iv) The quantile of every constant random variable k on (.S, F, P) is equal to itself

(almost surely).

7.1.1 Reminders of optimal transportation and optimal coupling.

Consider hereafer a random vector U € V5. Sometimes, we shall assume that the
law of U is absolutely continuous with respect to Lebegue measure: this means that
for every borelian subset A C IR" of Lebesgue-measure 0, PY(A) = 0.

An important object hereafter is py, the maximal correlation functional with re-

spect to U: this is the real function defined on V5 by

(P) VX € Vo, pu(X) = sup E(X.U)

X=yX
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From Optimal coupling theory, given X € V5, we have the following proposition:

Proposition 7.1. Assume U is absolutely continuous with respect to Lebeque measure.

Then:

(i) Ezistence and uniqueness: there exists a solution X € Vy of (P), unique (almost

everywhere). The pair (f(, U) is called an optimal coupling.?

(ii) Form of the solution: a solution X € Vi can be written X = Vf(U) for f :
R"™ — R convexr and lower semicontinuous. Moreover, V f in the previous decompo-
sition is unique, which means that if Vf(U) = Vg(U) is a solution of (P), where
fig: R" = R are conver and l.s.c., then Vf = Vg.

(#ii) Characterization of the solution: if f : R" — R convex and l.s.c. function such

that Vf(U) =4 X then Vf(U) is a solution of (P).

(iv) Symmetry:
sup  E(X.U)= sup E(X.U)= sup E(X.U).
X:dX,UZdU XZdX 0=dU
Remark 7.1. In particular, when U is absolutely continuous with respect to Lebesgue
measure, this proves the existence of a convex and l.s.c. function f : R™ — R such

that V f exists almost surely, and V f(U) has the same law as X.

Now, the equality py(X) = supg_ ; F(X U ) proves that py depends only on the
law of U. Thus, one could define equivalently, for every probability measure p with a

finite second moment:

pu(X) = sup E(X.U)

X=yX

where U is any element in V5 whose law is u. With the previous notations, we could

note ppv = py.

2. Obviously, X depends on U, not only on the law of U.
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7.2 Proof that Galichon et al. pu-quantile defines a quantile

operator

We have to prove the 3 points of the definition of a quantile operator, but we will
prove as a matter of fact that the 3 additional properties are also true (the last one in
the particular case where S = [0,1]", U(p1, ..., pn) = (p1, ..., pn) and P is the Lebesgue
measure. )

Point i) is true by definition of p—quantile.

For Point iii), remark that from optimal coupling theory (see reminders above)

sup E(X.U) = sup E(U.X).
X=y4X U=4,U
In particular, the p—quantile of X + A(1g, ..., I5) satisfies
E(Qx (15,15 (U).U) = sup E(U.(X + M1, ..., Is)) = sup E(U.X)+ AE(U).
U=4U U=4U
which is also equal to
sup B(UX) +AE(U) = E(Qx(U).U) + AE(U) = E((Qx(U) + A(Ls, ..., Is)).U).
X=4X
and since the law of Qx(U) + A(1g, ..., Ig) is the law of X + A\(1g, ..., Igs), we get that
Qx4+ A(1g,..., 1) = @x + AL, ..., Ig).

Point iv) comes from the fact that f(p) — 2i= 5 i MPE g continuous and convex, thus

V) = (Mp1, ..., \upn) is the quantile function of f(U). For Point ii), we use the

following lemma:

Lemma 7.2. i) The u-quantile of Qx(U) + Qy(U) is Qx + Qy.
i1) For every A > 0, the p-quantile of AQx (U) is A.Qx.

Proof. 1) Use the characterization of p-Quantile: considering any U € V5 such that
PY = i, Qx = Vf and Qy = Vg for some convex and ls.c. functions f,g : R"* —
R, and (Vf(U),U) and (Vg(U),U) are optimal couplings (see Proposition 7.1, (ii)).
Thus, from Proposition 7.1, (iii), (Qx + Qy)(U) = V(f + g)(U) is a solution of

sup E(X.U)
X=4Qx (U)+Qy (U)

18



(because f + ¢ is convex and ls.c., and V(f + ¢)(U) = Qx(U) + Qy(U). Thus, by
definition, V(f + g) = Qx + Qy is the p-quantile of Qx(U) + Qy (U).

ii) Similar to i): let A > 0. Then QQx = Vf for some convex and ls.c. function
f:R" = R, and (Vf(U),U) is an optimal coupling. From Proposition 7.1, (iii), since
A.f convex and ls.c., \Qx(U) = V(Af)(U) is a solution of

sup  FE(X.U)
X=42Qx (V)

Thus, by definition, V(Af) = AQx is the p-quantile of AQx (U).

Last, we prove the last point when S = [0,1]", U(p1,...,pn) = (p1,-.-,Pn) and P
is the Lebesgue measure. Thus, we want to show that if X = (Xi,...,X,,) where
the X;’s are independent, then one has Qx(p) = (Qx,(p1), -, Qx,(Pi), .-, Ax, (Pn))
for every p = (p1,...,0i,-,pn) € [0,1]" . From Optimal Coupling Theory, it is
enough to prove that there exists f : p € [0,1]" — f(p) € R such that f is convex,
Vf=Qxand Qx =4 X. Take f(p1,....,pn) = D iy " Qx, (t)dt , then f is convex and
Vf = Qx. Let us check that Qx =4 X. P(Qx, < gcl,...?QXi <z, Qx, <) =
IT-, v(Qx,(p:) < x;) where v the Lebesgue measure on [0, 1]. Thus, P(...,Qx,(p;) <
z;,...) = [l Fx,(x;) , hence Qx =4 X. O

7.3 Proof of Proposition 3.4

Proof. First, from its definition, () x only depends on the distribution of X. Moreover,
the proof of Qx(U) =4 X can be found in [8], page 14. Thus Point 1 in Definition 3.1
is satisfied. Second, we will prove that the U-quantile of Qx(U) + Qy(U) is Qx + Qy
(where X = (X7, X5) and Y = (Y7, 95) are both 2-random variables), which will prove
Point 2 in Definition 3.1 . First, by definition of U-quantile, the first component
of the U-quantile of Qx(U) + Qy(U) is the standard one-dimensional quantile of
FHUy) + FyY(Uy), which is Fii' + Fy' (see Proposition 2.1). Now, we check the
same result for the second component. This is essentially the same proof as for the
first component, but with a conditionnal argument. Let Z = Qx(U) + Qy(U). By

definition,
QY(p1,pa) = infle € R PQY(U) + @ (0) S 2 | Fpl o0 (U7) = o, o0 (1)) 2 12},
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But as explained before, the one-dimensional quantile of Q% + Qi = F )}E(Ul) +
FyH(Uy) is Fy! + Fy.', thus we get

Q% (p1.p2) = inf{z e R: P(Q%(U) + Q3 (U) <z | E) > po},

where £ = {s € S: Fgll(Ul(s)) + F;ll(Ul(S)) = F)}ll(]h) + F;ll(pl)}-

This can be written

Q%(p1,p2) = inf{z € R: Pp(Q%(U) + Q3 (U)) < z) > po},

where Pg denotes P conditionnally to the event E.
Thus p; being fixed, Q%(p1,.) is the one-dimensional quantile of Z = Q3% (U) +
Q3% (U) in the new probability space (S, F, Pg). We shall use the following lemma to

re-inforce this statement:

Lemma 7.3.

Q% (p1,p2) = inf{z € R: Pe(Q% (p1,U?) + Q3 (p1, U?)) < z) > po}.

We have to prove that the conditionnal probability allows to replace U'(.) in the
probability above by p;. First, remark that £ = E1 N Ey where B} = {s € S :
Fil(Ui(s)) = Fx!(p1))} and By = {s € S : F."(Ui(s)) = Fy.'(p1))}, which is a
consequence of the comonotonicity of Fiy!(Uy) and Fy.' (Uy). Indeed, clearly, EyNE; C
E. To prove the other inclusion, let s € S such that p; = U;(5) (in particular 5 € E),
and take s’ ¢ E1 N E,. In a first case (the other cases being treated similarly), we have
F [ (U1)(s") > Fx!(Uy(5)). Then by comonotonicity, £y, (Uy)(s") > Fy.' (U1(5)), thus,
by summing these inequalities, we get s’ ¢ E; the other cases are similar.

Thus, Pg(Q% (U, U?) + Q% (U, U?) < z) is equal to the probability of

{s € S:inf{r' e R: P(s' € S: X*(s') <a') > U?(s) | Fx (Ui(5) = Fx(U'(s)))}

+inf{z’ eR: P(s' € S:Y?(s) <a') > U*(s) | Iy, (Uh () = Fy,' (U'(s)) } < .CE}
conditionnaly to

E=FEUFEy,={se€S: F)}E(Ul(s)) = F)}E(Zh) and Fﬁl(Ul(S)) = Fﬁl(pl)},
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which is thus the probability of
{s € S:inf{z’ e R: P(s' € §: X*(s') <a') > U?(s) | Fy (Ui(s)) = Fx,(p1))}
+inf{z’ e R: P(s' € S: Y*(s') < ') > U?(s) | Fy, (Ur(8)) = Fy.'(p1)) } < :L‘}

conditionnaly to E, which is exactly the conclusion of the lemma.

]

The previous lemma proves that p; being fixed, Q%(py,.) is the one-dimensional
quantile of Z = Q% (p1, U%)+ Q% (p2, U?) in the new probability space (S, F, Pg). Note
that the law of U? with respect to the probability Pg is absolutely continuous with
respect to the Lebesgue measure on R, simply because U? is independent from FE.
Thus, we know that Q%(pi,.) is characterized by Q%(pi,.) = Vg with Vg(U) =4 Z,
where ¢ : [0,1] — R is a convex function. But if we take g(t) = fOt(Qﬁ((pl,u) -
Q% (p1,u)du), it satisfies Vg(U) =4 Z, thus we only have to prove that Vg is increasing
(thus g convex).

But exactly as Lemma 7.3 above, we get that Q% (pi,.) (resp. Q% (pi,.)) is the
one-dimensional quantile of X (resp. of Y) in (S, F, Pg,) (resp. in (S, F, Pg,)). In
particular, Q% (p1,.) and Q% are increasing, thus Vg = Q% (p1,.) + Q% (p1, .) is increas-

ing. Finally, Q% (p1, p2) = Q% (1, p2) + Q3 (p1, p2).-
We prove similarly that the U-quantile of AQx(U) is AQ x, which ends the proof.

7.4 Proof of Theorem 3.3

Step one: first prove that if the quantile operator Q) satisfies the basic assumptions (1),
(2) and (3), and if I satisfies Assumptions (1)-(6), then there exists ¢ : [0,1]" — R",
with non negative components, such that (i) E((Ls, ..., Is).¢(U)) =1, (ii) for every
X eV), I(X) = [ Qx(U).¢(U)dP = ming_ [ X.¢(U)dP.
Define
W ={X:([0,1]", B, PV) = (IR", Bp») measurable},

where PY is the probability measure of U on [0, 1], and let W5 be the set of square-
integrable random variables of W. Remark that in the particular case where U(p) = p

and P is the Lebesgue measure, then Wy = V5.
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Define
C={Qx: X eVy}

the subset of W5 whose elements are all possible quantiles of random variables in VJ.
From the definition of quantiles, C'is a cone®. Indeed, if A > 0, then for every X € V),
AQx is the quantile of some X’ € V] (Point 2 of Quantile operator definition), thus
AQx € C. Similarly, if X, Y are in VJ, then Qx + Qy is a quantile of some Z € Vj.
Last, 0 € C' since 0 is the quantile of itself.

Let F' C W5 be the vector space spanned by C'. It can be written
F=C-C={c—(:(¢,d)eCxC}.
Now, define I : F — IR by

VX, Y) € Vs x V3 1(Qx — Qy) = 1(Qx(U)) — I(Qy(V)).

Since [ satisfies Positive Linearity on Quantiles, I is linear on F. Let p: Wa — IR be
defined by
VX € Wy, p(X) = —I(-X(U)).

We have the following properties:

— First, W5 and F are Riesz spaces (i.e. partially ordered vector spaces which
also are lattices) for the natural order defined by X SY < X(s) < Y(s) for
almost every s € S.

Second, the function p satisfies Monotonicity (because I satisfies Monotonicity),
Le, X <Y = p(X) <pY).

Third, p is a sublinear function, which means the following properties (1) and
(2) are true:

(1) we have p(X +Y) < p(X) + p(Y) for every X and Y in Wh.

(2) p is positively homogeneous.

Property (1) is true from Inequality Aversion Assumption (see Point 3 in Re-
mark 3.2). Property (2) is true because I is itself positively homogeneous.
Fourth, I is positive on F, that is Qx — Qy > 0 implies f(QX —Qy) > 0 from

Monotonicity of I.

3. Throughout this paper, cone will be used for convex cone containing O.
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— Last, we have I(Qx — Qy) < p(Qx — Qy) for all Qx,Qy € C. Indeed,

From Inequality aversion, I(Qx(U)) + I((—=Qx(U)) + Qy(U))) < I(Qx(U) +

Qy (U)+(=Qx(U))) = 1(Qy (U)), thus [(Qx —Qy) = I(Qx(U)—1(Qy(U)) <
—I((-Qx(U)) + Qv (U))) = p(Q@x — Qy).

By Hahn-Banach Extension Theorem (Th. 8.31 in [1]), and since from above I is

a positive linear function on F, majorized by the monotone sublinear function p, I

extends to a linear functional I on W, satifying

1(X) < p(X) VX € W,

Moreover, if X > 0, then

from positive homogeneity and Monotonicity of p. This proves that the extension I is
a positive operator.

Recall in the following that a norm ||.|| on W5 is a lattice norm if | X |<| Y | a.e. =
| X|| < |IY]] . In particular, this is the case for ||.||2. A Banach lattice is, by definition,
a Banach space for the lattice norm. Again, this is true for (W5, ||.||2), which is even
a Hilbert space.

Since every positive operator on a Banach lattice is continuous (see Theorem 9.6,
p. 350 in [1]), I is continuous on W5, which is a Hilbert space for the scalar product
< X,Y >= [ X.YdP. Thus, from Riesz representation theorem, there is ¢ € W, with

non negative components on the support of PV (because Iis positive) such that

VX € Wy, [(X) = X (p)é(p)dPY

[0,1]"
In particular, taking any X € VJ, we get

I(X) = I(Qx(V)) = I(@x) = Qx(p)-¢(p)dPUZ/SQx(U)-aﬁ(U)dP

[0,1]"

Note that
/(]IS, oy Ig).0(U)dP = / (1,..,1).6dPY = I(1lg, ..., Tg) = 1
0,1]"
because the Quantile of (Ig, ..., Ig) is (1, ..., 1).
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Now, for every Y € W5 such that X(U) =, Y (U),

where

—[(X(U)) = _[(QX(U)<U)) = _i<QX ) QX U) /QX U) ) dpP
that is
VY € Wy such that Y (U) =4 X(U),/Y(U).gi)(U)dP > /QX(U)(U).¢(U)dP (1)

Now given X’ € V5, there exists X € Wj such that X (U) =4 X' (from optimal coupling
theory, because U is absolutely continuous with respect to Lebesgue measure).

Thus the previous equation gives
WY € Wy such that ¥ (U) =4 X (U), / Y(U).(U)dP > / QO (U).6(U)dP  (2)

But every Y’ € V; such that Y/ =; X’ can be written in a similar way Y’ = Y (U) for
some Y € Ws, and finally we get

VY’ € V4 such that Y/ =4 X’,/Y’.¢(U)dP > /QX/(U).¢(U)dP (3)

whis ends the proof of (ii).
Step two: Converse implication: Assume there exists ¢ : [0,1]" — R™, with non
negative components, such that (i) E((Ls, ..., Is).0(U)) =1, (i) for every X € Vi,
X) = [Qx(U).¢(U)dP = minX:deX.gzﬁ(U)dP, and let us prove I satisfies As-
sumptions (1)-(5).
Assumption (1) is exactly (i) above. Monotonicity, concavity, positive homogeneity
and neutrality are a consequence of I(X) = ming_ y [ X.¢(U)dP, i.e. I is the min
correlation risk measure with respect to ¢(U) (see remark 3.5). Additivity on quantiles

is straighforward.

7.5 Proof of Corollary 3.4

Step one: Let us now assume the quantile operator satisfies additionally (4) in

Definition 3.1 and that the support of PV is [0,1]", and let us prove that ¢(p) =
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(@(p1), -, (Pn))-

Consider a diagonal n—matrix D with strictly positive diagonal. From Point (iv)
in Definition 3.1, p — Dp is the quantile of some XP(U) € VJ for some XP € Wy,
that is Dp = Qxo(r)(p), thus DU(p) = Qxo)(U(p)) whose law is the law of X (U).
Moreover, the previous equation implies that for every Y € W5 whose law is equal to

the law of XP

[ywrswenir= [ v o) 0
From optimal coupling theory, and since the law of DU (p) is absolutely continuous
with respect to the Lebesgue measure, there is some l.s.c. convex function f? : R" —
R such that —¢(U(p)) = VfP(DU(p)). Thus, —¢(x) = V fP(Dzx) for every x € [0,1]".
From Aleksandrof theorem, since f is convex, VP, thus ¢, are almost surely C* on
10, 1[™.
Differentiating this equality at any = €]0, 1", we get

Vo(z) = -V?fP(Dx).D

for every diagonal n—matrix D with strictly positive diagonal, where V¢(x) and
V2f(x) are assimilated to n-matrices.

Then, we use the following lemma:

Lemma 7.4. Let A be a n-matriz.

i) Assume for every diagonal n—matriz D with strictly positive diagonal, there
exists a symmetric non negative matric B such that A = —BD. Then A is diagonal
with a negative diagonal.

it) Moreover, if for every symmetric definite positive matriz D, there exists a sym-

metric non negative matrix B such that A= —BD. Then A = A\, for some negative

A

Proof. Taking D = I, we get that —A is symmetric non negative. Thus, B and D
commutes, thus taking a diagonal matrix D with distinct elements in the diagonal, we

get B diagonal, thus A diagonal, and since —A is symmetric non negative, A has a
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negative diagonal. Then point ii) is straightforward. [

From the lemma, Vé(z) = (Voi(x), ..., Vo, (z)) is diagonal for almost every z in
10,1[", with a negative diagonal. Thus ¢(z) = (¢1(x1), ..., ¢n(x,)) where each ¢; is

decreasing.

Step two. Let now assume the quantile operator satisfies additionally (5) with n > 2,
and let us prove that ¢(p) = b — ap.

Now, for every definite positive symmetric n-matrix S, from Point (5) of quantile
operator definition, it turns out that p — Sp is the quantile of some X*(U) € Vj,
that is Sp = Qxs()(p). As above, from optimal coupling theory, and since the law of
Qxs) is absolutely continuous with respect to the Lebesgue measure, there is some
Ls.c. convex function ¥ : R™ — R such that —¢(U(p)) = Vf5(SU(p)), thus —¢(z) =
Vf5(Sz) at every z € [0, 1]". Differentiating this equality at every interior point x, we
get —Vo(x) = V2f9(Sx).S for every definite positive symmetric n-matrix S. From
point ii) of Lemma above, Vé(x) = (Vo1(x), ..., Vo, (z)) = (Ai(z1), ..., \u(z)) with
AMz1) = ... = M(2) <0, thus V() = —a(l,...,1) for some constant a > 0, and
finally ¢(z) = b — ax for some b = (by, ..., b,).

7.6 Proof of Theorem 5.1

From Theorem 2 and from Property (6) of quantile, when the X, ..., X,, are mu-
tually independent we get I(X) =", 1 Fl(t)(b; — at)dt.

It is immediate that Q(o,..0.5%0,..,0) = (UO, ,0,8%.0,...,0) since Q) = k.

If k is a constant hence denoting o; = (0, ...,0,5*,0,...,0) one gets a; = b; — 5.
(Note that from 1.2 of Theorem 2, a; > 0. Furthermore, since Qg+, s+)=(s*,...s+) one
gets 1 =I(S5*%,...,8%) =", a.

Let f; : t €[0,1] — fi(t) € [0, 1] be defined by:

fit) = 55— (at* +-2(b; — a)t), then f;(0) = 0, fi(1) = 1, f; is increasing since a > 0
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and ¢ > 0 implies b; > a, f; is convex and f/(1 —t) = %=%. Therefore,
E:/‘ fI(1—t)dt

Note that / 1 Fi () f{(1 —t)dt is the measure of welfare allocated to attribute i
when the polic; maker applies the inequality distortion evaluation f;, therefore I(X)
can be interpreted as the weighted average of the various attribute evaluations through
the weights a; allocated to each attribute i by the policymaker.

Finally notice that the derivation hence the unicity of a and b will be performed as
soon as we can determine a. Actually since o; = 1(0, ..., 0, S¥, ,0) , we will obtain
bi=a; + 7§ .

The next step aims at computing a.

Consider the events A; = {p = (p1, ..., s, ....pn) € [0,1]",p; > 3}. Assume that

these events are independent (which will be proved below) then applying the formula

above for X = (Aj, ..., Af, ..., A%), one gets I(X) =", ( )(bi — at)dt
Note that
Lif $<t<0
FX%I(t) =
0,if0<t <3

Taking into account that b; = a;+5 and Y | a; = 1, one gets that I(A],..., A}, ... A) =

DO [—

-
Hence letting oy = 1(0,...,0,5%,0,...,0), 8 = I(A},..., Af,..., A}) , one gets that
a = # and b; = a; + 3, Vi=1,..,n
It remains to prove that the A;’s are independent. This is immediate since:
P(p = (pr,eosDisbn) € (0,110 > 3p0 > 3) = (3" = [[L, P =

(p17"'7pi7”'7pn) S [07 1]napz 2 %)

7.7 Proof of Theorem 6.1

Proof. From Theorem 4.1, we have
1Y) = E(QYU).((by, ..., b)) — a.(Uy, ..U, ZbE QY(U):) — aE(QY(U).U).
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The first part is constant, because the law of QV(U) is equal to the law of Y, thus

each component Q¥ (U); has the same law as X;. Consequently

Since Qy (U) has the same law as Y, it has the same marginals, thus Qy (U); =4 X;
forevery 1 =1,...n
Thus
max ZE QV(U).Uy)) < max F(Y;.U;).

Xp=qYi,k=1,..., < Xi=aY;
1=

But from Optimal coupling theory, since each U; has a probability law on R which
is absolutely continuous with respect to the Lebesgue measure, for every ¢ = 1,...,n
we get

max E(Y;.U;) = E(QY.(U;).Uy),

Xi=aYi

where Q)U(l = g}, almost surely, for some l.s.c. convex function g; on U;(S), and with

Q% =4 X;.
To finish, let us prove that Y =Y := (QR(UY),....Q% (Uy)) is a solution of
U
xopax EQy(U).U))
From above, we only have to prove that ¥ := (Q)Ug1 (UY), ..., Q% (U,)) can be written

QY (U) for some Y € V, with X, =4 Y} for every k= 1,...,n

From optimal coupling theory, given Y, QY is characterized as Q¥ (U) = Vf(U)
for some convex l.s.c. function f : R* — R with Vf(U) =; Y (such Vf is unique
almost surely). Then define Y =Y and f(z1, ..., 2,) = (91(21), ..., gn(2,)). Since each
gk is Ls.c. convex on U,(S), f is Ls.c. and convex. Moreover, Vf(U) =Y, and from
the previous characterization, Y =Y = QY(U), with X =q Y} =4 Y,k = 1,...,n

this ends the proof.
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