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GENERALIZED SEMI-INFINITE PROGRAMMING: OPTIMALITY
CONDITIONS INVOLVING REVERSE CONVEX PROBLEMS
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O This article deals with a generalized semi-infinite programming problem (S). Under
appropriate assumptions, for such a problem we give mecessary and sufficient optimality
conditions via reverse convex problems. In particulay, a necessary and sufficient optimality
condition reduces the problem (S) to a min-max problem constrained with compact convex linked
constraints.
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1. INTRODUCTION

We consider the following generalized semi-infinite programming
problem

S) min F(x),

xeX
G(x,9)<0, VyeY (x)

where F': R - R, G:IR? x R? - R are functions, X is a nonempty
subset of R?, and Y (x) is an infinite index subset of R? depending on x,
defined by

Y(x) ={yeR?/g(x,y) <0},

where g : R” x R’ — R is a function.
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Note that semi-infinite programming problems differ from generalized
semi-infinite programming problems by the fact that the index set Y (x)
does not depend on the decision variable x. The class of generalized
semi-infinite programming problems has several applications. We cite,
for example, approximation theory, economics, optimal control, and
engineering.

In this article, we investigate a class of nonsmooth generalized semi-
infinite programming problems of the form of (S) whose feasible sets are
represented by a reverse convex constraint; that is, a constraint of the form
h(x) > 0, with 4 : IR? — IR is a convex function. So that, in addition to the
tools of convex analysis, the use of some results related to reverse convex
problems will play an important role in our investigation. Precisely, our
goal in this article is to give necessary and sufficient optimality conditions
for problem (S). Normal cones, subdifferentials and min-max problems
are used to express some of these optimality conditions. In particular,
under appropriate assumptions and a new constraint qualification, we
provide a necessary and sufficient optimality condition which reduces the
problem (S§) to a min-max problem constrained with compact convex
linked constraints. We note that these optimality conditions are new and
do not use differentiability assumptions. For papers dealing with optimality
conditions for generalized semi-infinite programming problems, we cite,
for example, [1-12].

This article is organized as follows. In section 2, we recall some
fundamental results of convex analysis that we need in the sequel.
Section 3 is devoted to some preliminaries. In section 4, we provide
necessary and sufficient optimality conditions for the generalized semi-
infinite programming problem (S).

2. BACKGROUND OF CONVEX ANALYSIS

In this section, we recall some results related to convex analysis that we
will use in the sequel.

Definition 2.1. Let #: R" —> R be a function. The set
dom A = {x € R"/ h(x) < +00}

is called the effective domain of 4. The function # is said to be proper if
dom i # @, and h(x) > —o0, for all x € IR".

In the sequel, for a subset A of R", int A and bd A denote, respectively,
the interior and the boundary of A.

Proposition 2.1 ([13]). Let C be a nonemply convex subset of R" with a

nonempty interior. Then, C = int C.



Proposition 2.2 ([13]). Let h: R" —> IR be a convex function. Assume that

there exists xy € R" such that h(xy)) < 0. Then

1) int{x € R"/h(x) < 0} = {x € R"/h(x) < 0},
9) bd{x € R"/h(x) < 0} = {x € R"/h(x) = 0).

Theorem 2.1 ([14]). Leth:IR" — R U {400} be a proper convex function.
Assume that int(dom h) is nonempty. Then, h is continuous on int(dom h).

Definition 2.2. Let 2:R" — R U{+00} be a convex function, x €
dom # and x* € IR".

1) The vector x* is said to be a subgradient of % at x if
h(x) > h(X)+ < x*,x —x > Vxe R"

The set of all subgradients of 4 at x, which is denoted by 0A(x), is called
the subdifferential of % at x, that is, the set defined by

Oh(x) = {x* € R"/h(x) > h(x)+ < x*,x — x >,Vx € R"}.

When 0h(x) # @, we say that & is subdifferentiable at x.
2) Let € > 0. The vector x* is said to be an e-subgradient of 4 at x if

h(x) > h(x)+ < x*,x— x> —€ VxeR"

The set of all e-subgradients of % at x, which is denoted by d.A(x), is
called the esubdifferential of 4 at x, that is, the set defined by

Och(x) = {x" € R"/ h(x) > h(x)+ < x",x —x > —€,Vx € R"}.
When € = 0, d.h(x) reduces to 0h(kx).
Then, we have the following results concerning the subdifferential.

Theorem 2.2 ([14]). Leth:IR" — R U {400} be a proper convex function.

Assume that int(dom k) is nonempty. Then, for all x € int(dom h), we have
Oh(x) £ 0.

Theorem 2.3 ([13]). Let f,g:R" - R U {400} be two convex functions.
Assume that there exists x, € domf N domg such that g is continuous at x,. Then,
for every x € domf N domg and € > 0, we have

d(f+ @) = | {0af(x)+ deg(x)).

€1,62>0
€1+eg=¢€



Definition 2.3. Let C be a nonempty convex subset of R” and x € C.
The normal cone of C at x, denoted by N (C, x) is defined by

N(C,x)={x"e R"/ <x",x—x ><0, Vx € C}.
Definition 2.4. Let C be a nonempty convex subset of R” and x € C.
Let € > 0. The set of e-normal directions to C at x, denoted by N.(C, x) is
defined by

Ne(Cox) ={x" e R"/ < x*,x —x >< €,Vx € C}.

When € = 0, then N.(C, x) reduces to N(C, x).

Definition 2.5. Let A be a subset of IR”. The indicator function of A
denoted by ¥, is the function defined on R" by

0 ifxe A

Valx) = {+oo if x & A.

Proposition 2.3 ([13]). Let C be a closed convex subset of R". Let x € bd C.
Then, there exists x* € R"\{0}, such that x* € N(C, x).

Theorem 2.4 ([13]). Let C and D be two nonempty convex subsets of IR™.
Assume that CNintD # @. Let x € CN D. Then

Neap(x) = Ne(x) + Np(x).

In the sequel, for a function 2: R" — R and o € R, Z,(h) will
denote the lower level set of A at «, that is,

Zy(h) = {y e R"/h(y) < a}.
Then, we have the following results.

Theorem 2.5 ([13]). Let h: R" — IR be a convex function. Let x € R"
such that 0 & 0h(x). Then

N (i (h), x) = RTOh(x)

where RY0h(x) = {/x*/). € RT, x* € dh(x)}.



Theorem 2.6 ([13]). Let h:IR" — R be a convex function and o € R.
Assume that there exists x € R" such that h(x) < o. Then, for any x €
bd(<Z,(h)), we have

Ne(ZLy(h), %) = |_J o (Bh) ().

p>0
Theorem 2.7 ([15]). Consider the following convex maximization problem

(%) max h(x),

xeX

where h : R" — R is a convex function and X is a closed convex subset of R™.
Let % € X be a local maximum of (). Then

oh(x) C N(X,%).

3. PRELIMINARIES

In this section, we give some preliminary results that will be useful for
our study. For the convenience of the reader, let us first recall the following
definition.

Definition 3.1. Consider the following minimization problem

(%) min h(x),
xeX
2(x)=0

where h: R’ — R is a function, g:R?” - R is a convex function and
X is a nonempty subset of IR”. The constraint g(x) >0 is called a
reverse convex constraint and the problem (Z) is called a problem with
a reverse convex constraint. It follows that the complement of the set
{x € R?/g(x) > 0} is open and convex. If, moreover, h and X are convex,
(2) is called a reverse convex problem. The constraint g(x) > 0 is called
essential if

infh(x) < inf h(x).
xeX xeX
2(x)=0

Note that when this property is not satisfied, the problem (Z) is reduced
to a convex programming problem.

In the sequel, and under appropriate assumptions, the generalized
semi-infinite programming problem ($) will be viewed as a reverse convex
problem. Then, we will make the following assumptions.



(3.1) The set X is convex and compact,

(3.2) The functions F is convex on R?,

(3.3) The functions G is concave on R?” x R,

(3.4) The function g is convex on IR? x RY,

(3.5) inf,.x F(x) < inf(S), where inf(S) denotes the infimal value of
problem (),

(3.6) There exists a convex compact subset Z of RY, such that Y(x) C Z,
for any x € X.

For (x,y) € R? x IRY, set

f)==Gxy and ()= inf [(x.).
Then, the problem () is written as

(S) min F(x,y).
eX

X
v(x)>0

Remark 3.1. Let Assumptions (3.1)—(3.5) hold. Assumptions (3.3) and
(3.4) imply that the marginal function »(.) is convex, and Assumption
(3.5) implies that there exists x € X verifying

F(x) <inf(S) and wv(x) <0.

So that, in this case the constraint v(x) > 0 is essential. Furthermore, (S)
is a reverse convex problem. This leads to the following definition.

Definition 3.2. Assume that X is convex, F and g are convex functions
on R? and IR? x RY, respectively, and G is concave on R? x IR?. We call
the problem (S) a reverse convex generalized semi-infinite programming
problem.

Remark 3.2. Let Assumptions (3.3), (3.4), and (3.6) hold. Then, the
marginal function v(.) is convex and finite valued. Hence, it is a
continuous function on RR? (Theorem 2.1). If, moreover, Assumptions
(3.1) and (3.2) are satisfied, then, the problem (S) admits at least one
solution.

Consider the following minimization problem

(@) min F(x).
xeX
v(x)=0

Then, we have the following result.



Proposition 3.1. Let Assumptions (3.1)—(3.6) hold. Then, the problems (S)

and (@) are equivalent in the following sense

i) (S) and (@) have the same set of solutions,
i) inf(S) = inf(@).

Proof. Let x € X be the point given in Remark 3.1 which satisfies
F(x) <inf(S) and wv(x) <O. (1)

i) Let x be a solution of problem (S). Note that such a point exists
according to Remark 3.2. Let us show that v(x) = 0. Assume that v(x) > 0.
Then, x # X, and from the continuity of the function v(.), there exists x €
1%, %[, x =tx + (1 — )&, t € ]0, 1[, verifying v(x) = 0. Hence, X is a feasible
point of (§). Then, from the convexity of F, we have

F(x) <tF(x)+ (1 —t)F(x) < F(&),

which contradicts the optimality of X to the problem (S). To show that x
solves (@), let x be a feasible point of problem (@). Then, x is a feasible
point of (§). Hence,

F(&) < F(x).

So that x solves (@).
Conversely, let X be a solution of (@). Then v(x) = 0. Hence,

inf(S) < F(x). (2)
Let x be a feasible point of (§). We distinguish the following cases.

1) Assume that v(x) = 0. Hence, x is a feasible point of problem
(@). So that F(x) < F(x).

2) Assume that v(x) > 0. Using (1) and that the marginal function
v(.) is continuous on R?, it follows that there exists x* € |x, X[, x* = tx +
(1 —1t)x, t €]0,1[ verifying v(x*) = 0. Since X is convex, then x* € X. So
that x* is a feasible point of (@). It follows that

F(x) < F(x"). (3)
Assume that F(x) > F(x). From the convexity of F, we have

F(x*) < tF(x)+ (1 — t)F(x) < tinf(S) + (1 — t)F(x).



Using (2), we obtain

F(x*) < F(X)
which contradicts (3). It follows that

F(x) < F(x).

Therefore, from the two cases, we deduce that X is a solution of (S).

ii) We have
{x € X/v(x) =0} C {x € X/v(x) > 0}.
So that
inf(S) < inf(@).

Let x; and x be solutions to problems (S) and (@), respectively. From the
above case i), we have v(x;) = 0. So that, x; is a feasible point of (@). It
follows that

F(x) = nf(@) < F(x) = inf(S),

where the inequality follows from the feasibility of x; to problem (@). We
deduce that inf(S) = inf(@). O

Remark 3.3. Note that a necessary condition for a feasible point x of (S)
to be optimal is that v(x) = 0 [see the proof of i) of Proposition 3.1].

4. OPTIMALITY CONDITIONS

In this section, we provide necessary and sufficient optimality
conditions for the generalized semi-infinite programming problem (S).
Some of these optimality conditions are established via stability results.

Theorem 4.1. (Necessary and  Sufficient ~ Optimality — Conditions) Let
Assumptions (3.1)—(3.6) hold. Let X be a feasible point of problem (S). Then, X is
a solution of (S) if and only if

i) v(k) =0,
11) XN int(gF(,})(F)) cXn int(ipv(&)(v)).

Proof. Let x be the point given in Remark 3.1 that satisfies

F(x) <inf(S) and wv(x) <O.



(=) Assume that X is a solution of (S). Then, v(x) =0 (see
Remark 3.3). We have

F(x) <inf(S) = F(x) and v(x) < 0= v(%).

With the above two strict inequalities and the convexity of I and v, we
deduce that

InU(Zp) (F)) = {x € R?/F(x) < F(&)}
and
Int(Z,3 (v) = {x € R /u(x) < v(&)}
= {x € R”/v(x) < 0}.

Assume that X Nint(ZLp;)(F7)) is not a subset of X Nint(Z,;)(v)). Then,
there exists x € X such that F(x) < F(x), but

v(x) > v(x) =0

that is, x & int(Z,;(v)). Hence, x is a feasible point of (S). This
contradicts the optimality of x.

(<) Let the conditions i) and ii) be satisfied. Assume that there
exists x € X such that

o(x) >0 and F(x) < F(%) (4)

that is, X is not a solution of (S). Then we have x € X Nint(Zp;) (F)).
Property ii) implies that

v(x) < v(x).

Since from i) we have v(x) = 0, it follows that v(x) < 0, which contradicts
the first inequality in (4). So that & is a solution of (S). U

From Theorem 4.1 we deduce the following necessary optimality
condition expressed in terms of normal cones and subdifferentials.

Corollary 4.1.  Let Assumptions (3.1)—(3.6) hold. Let x be a feasible point of
problem (S). Assume that x is a solution of (S). Then, v(x) =0 and for any
€ > 0, we have

U J\/al(X,fc)+U8a2(ocv)(5c)]C U {/v,;l(x,sc)+Uaﬁ2(av)(5c) :

o1,00>0 >0 P1.po=0 p>0
g +og=€ Bi+Bo=¢



Proof. Since x solves (S), it follows from Theorem 4.1 that v(x) = 0 and
XN il’lt(gF(gc)(F)) cXn int(S&,(;c)(v)).

Then

mtX N int(gp(@)(F)) cXn int(gp(&)(F)) cXn int(iﬂ,m(v))
C XNZyiz(v)
=XnN ng(,;)(v) (5)

where the above equality follows from the closedness of the sets X and
Zy(v). Moreover,

intX Nint(Zp) (F)) = int (X N Ly (F))
== X ﬂ g[r(&) (F)
= XN Lpi(F)

where the above second equality follows from the convexity of the set X N
ZLr) (F) (see Proposition 2.1). Therefore, from (5) we obtain

XN Ly (F) C XN ZLyi (v).
So that, for any € > 0, we have
Ve (X N Loy (v)) C Ne (X N Lpzy(F)) (6)

Let x € X be the point given in Remark 3.1. Then, x satisfies

F(x) < F(x) and v(x) < v(%).
So that

XNin(Zpiy(F)) #9 and X Nint(Ly;)(v)) # 9.

Then, we have

domy x Nint (domlﬁ;fF(&)(F)) £
and

domyx Nint (domwzx,(mv)) 7 0.

10



On the other hand, we have
Ne (X N Ly (F), &) = O xnp sy (X)

= 0 (lpx + 'ﬁ:fp(,;)(F)) (%).

Using Theorems 2.1 and 2.3, we obtain

Oe(Wx + Vo) (R) = U {05 x () + Op ¥ty ) (3D}

B1.B2=0
P1+Po=e

On the other hand, since int(Zy;)(F)) is nonempty and x € bd (SBF(;C)(F)),
it follows that (see Theorem 2.6)

aﬁg‘p;f’F(&)(F)(&) = Nﬁg (SfF(fc) (F), 56)
= J o (BP)(%).

=0
Hence,
Oe(Wx + wifF(;)(F))(&) = U {Npl(X, x) + U 5ﬁ2(ﬁF)(5€)} .
B1.p2=0 p=0
Br+po=e

By similar calculation and arguments, we also have

NE(Xmgv(fc)(v)a&) = U {fol(Xa &)+Uaag(av)(5€)] .

oy,09>0 a>0

o1 +og=€

Then, the result follows from the inclusion in (6). ]

In the remainder of this section, we will give optimality conditions
involving stability results. For o€ R, we consider the following
parameterized maximization problem

(#A,) max v(x)
xeX
Flx)<u

and for f € IR, we associate to the generalized semi-infinite programming
problem (S§) the following parameterized minimization problem

(Sp) min F(x).
v(x)=p

11



Let
F(Ry) ={x € X/F(x) <o} and F($) = {x € X/v(x) > f}

be, respectively, the feasible sets of problems (%,) and (Sp) respectively.
Note that for f = 0, we obtain the problem (S).

The following Propositions 4.1 and 4.2 give stability results for
problems (Z%,) and (S3), respectively. Their proofs are an adaptation of
those given in [16]. These stability results allow us to establish a necessary
and sufficient optimality condition that reduces the problem (S§) to a min-
max problem. Then, in order to provide the main result of this section, we
need first to establish some preliminary results.

Proposition 4.1. Let o € R. Assume that Assumptions (3.1)—(3.4) and (3.6)
hold, and that o is not a local minimum of F over X. Then, for any sequence

o, —> O, as m — +00, with a,, < o, YVm € N, we have

lim sup(%,,) = sup(%,).

P
Proof. Lete, — 0", k € N. For ¢, there exists x;, € X, such that
F(x,) <o and  v(x) > sup(R,) — €.
We distinguish the following cases.
Case 1. Assume that there exists k € IN, such that
F(x,) =a VkeN k> k.

Then, since « is not a local minimum of F over X, for [1—), there exists x,, €
B(xy, Il]) N X, such that

F(xy) < F(xp) = Yk > k.
We have x,, — x, as p — +00. Then, from the continuity of F as a finite
convex function, we have F(x;,) — F(x,), as p — +00. Moreover, o, — «,
as m — +o0o, and o, < «, Vm € IN. Then, there exists m, € N, such that
F('xk,/)) < Uy, Vom = my.

Since x;, is a feasible point of problem (%,,), m > my, we have

sup(#,,,) > v(x,) m > m.

12



Then

liminfsup(%,,) > v(x,).

m——+00

Since v(.) is lower semi-continuous on RR?, then

liminfsup(%,,,) > liminfv(x,,) > v(x,) > sup(R,) — €.
m——+00 p——+oo

Letting k — +00, we obtain

lim infsup(A,,,) > sup(&,). (7)

m——+00

On the other hand, for every m € N, we have F(&,,) C F(R,), and,
hence,

sup(Ry,,) < sup(%,).
So that

lim sup sup(%,,,) < sup(R,). (8)

m—>—+00

From (7) and (8), we deduce that

”Llirfw sup(R,,,) = sup(R,).

Case 2. Assume that there exists an infinite subset /' of IN such that
F(x) # o VkelN.
So that
F(x) <o YkelN.

Then, for all k£ € N, we have

F(x) < o, for large m.
It follows from the feasibility of x; to problem (%,, ) that

sup(Ry,,) = v(x) > sup(R,) — €.

Then

liminfsup(%,,) > sup(R,) — €.

m—>—+00

13



Letting k — +o00, k € /N, we obtain

limJirnfsup((%“m) > kli{? (sup(R,) — €) = sup(R,). (9)

keN

On the other hand, we have
sup(R,) > sup(A,,,).
Then

sup(%,) > limsup sup(R,,,). (10)

m—>—+0o0

From (9) and (10), we obtain

lim sup(%,,) = sup(%,). O

m—>—+00

The following theorem provides a necessary optimality condition
for (S).

Theorem 4.2. Assume that Assumptions (3.1)—(3.6) are satisfied. Assume that
x is a solution of (S). Then, v(x) =0 and

inf  sup G(x,y) = 0. €(%)
xeX R yequ
F@sF® 28T

Proof. The condition v(x) = 0 follows from Theorem 4.1. Let & = F(%),
and o, = «, as m — +oo, with «,, <o, Ym € N. Let x € X such that
F(x) < a,. Then

v(x) < 0. (11)
Otherwise v(x) > 0. So that
o, <o =F(x)=inf(S) < F(x) < a,
which gives a contradiction. Then, from (11), we have

sup v(x) = sup(%,,,) <0.

xeX
F(x)<om

Proposition 4.1 implies that

lim sup(%,,) = sup(%,) < 0.

m—>—+00

14



Since v(x) = 0 and x is a feasible point of problem (%,), it follows that

sup(Ry) = sup v(x) =0
F(x);ef)lg(&)

= sup inf f(x,y)
xex YEY(x)
F(x)<F(%)

with f(x,y) = —G(x,y). So that

inf sup G(x,y)=0.

xXe
- A ye]R‘I
FesF@® 750, d

We consider the following constraint qualification:

(4.1) For every x € X verifying v(x) = 0, there exist x* € Jv(x) and x € X,
such that {x*, x — x) > 0.

Remark 4.1. Assumption (4.1) is equivalent to say that for every x € X
verifying v(x) = 0, we have dv(x) ¢ N(X, x). In other terms, if /[ denotes
the set of solutions to the problem

max v(x)

xeX
we have

{x € X/v(x) =0}N .l = 0.

Proposition 4.2. Let Assumption (3.1)—(3.6) and (4.1) hold. Let f3,, — 0%, as
m — +o0, with f,, > 0, Vm € N. Then

lim inf(S;,) = inf(S).
m—>—+00

Proof. Lete, — 0%, k € N. For ¢, there exists x;, € X such that
v(x) >0 and F(x,) <inf(S) + €.

We distinguish the following cases.

Case 1. Assume that there exists k) € IN, such that
v(x) =0 Vk=>k.

Assumption (4.1) means that for every x € X such that v(x) =0, dv(x) is
not a subset of /(X, x). So that 0 is not a local maximum of v(.) over X

15



(Theorem 2.7). Then, for %, p € N, there exists x;, € B(xk, %) N X, such
that

v(xp) > v(x) = 0.
Then, there exists my € N, such that
v(xiy) > B Vm = my.
Since x;, is feasible for (S,), m > my, then
inf(Sg,) < F(xp).
So that

lim sup inf(Sp,,) < F(x.).

m—>—+00

Since F is upper semi-continuous on R” and x,, — %, as p — +00, then

lim sup inf(Sp, ) < limsup F(x,,) < F(x;) < inf(S) + €.

m—+00 p—>—+oo

Letting £ — +00, we obtain

lim sup inf(Sg, ) < inf(S). (12)

m—>+00
On the other hand, we have
F(Ss,) C{xe R’/ x e X,u(x) > 0}.
Then
inf(S) < inf(S;,,)

and

inf(S) < I}nrili?ofinf(Sﬁm). (13)
From (12) and (13), we deduce that

ml_i)rJrrlOO inf(#,) = inf(S).

Case 2. Assume that there exists an infinite subset & of IN such that

v(x) #0 YkelN.
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So that
v(x) >0 VkelN.
Since f3,, — 07, there exists my € IN such that for all k£ € ./, we have
v(x) > P Ym > my.
Hence, x; is a feasible point for (S3,,), m > my. Then
inf(Sp,) < F(x,) < inf(S) + €.
So that

lim sup inf(Sg, ) < F(x;) < inf(S) + €.

m—>—+00

Letting k to +o00, k € N, we obtain

lim sup inf(S;,) < klirfl (inf(S) + €;) = inf(S). (14)
m—>+00 ;;Noo

On the other hand, we have
inf(S) < inf(S,,).
So that
inf(S) < ljﬂrgigfinf(Sﬁm). (15)
Hence, from (14) and (15), we obtain

lim inf(Sy,) = inf(S). O

m—>—+0o0

The following theorem gives a sufficient optimality condition. The
proof is based on the use of the stability of problem (S) under
perturbation (Proposition 4.2).

Theorem 4.3. Let Assumptions (3.1)—(3.6) and (4.1) hold. Let X be a feasible
point of (S). Assume that v(x) = 0 and x satisfies the condition €(x) given in
Theorem 4.2. Then, x solves (S).

Proof. Let 8, — 0, with 5, >0, Vm € N. Let x € X such that v(x) >
Pn, Ym € N. Then

F(x) > F(X). (16)
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Otherwise, F(x) < F(X). So that

B <v(x) < sup wv(w) =0=uv(x) <p,

ueX
F(uw)<F(%)
which gives a contradiction. Then, property (16) implies that

inf(Sy,) = inf F(x) = F(%).
X€
v(x)>fm

It follows from Proposition 4.2 that
lim inf(S;,) = inf(S) > F().
m—>—+00
So that F(x) = inf(S). Hence, x solves (S). d

The following theorem gives a necessary and sufficient optimality
condition that reduces the problem (§) to a min-max problem with
compact convex linked constraints.

Theorem 4.4. Let Assumptions (3.1)—(3.6) and (4.1) hold. Let x be a feasible
point of (S). Then, x solves (S) if and only if

i) Then, v(x) =0,

ii) inf sex sup ,ert G(x,y) =0.

PA=FG) 7 glxy)=0

Proof. Use Theorems 4.2 and 4.3. O

For illustration, let us give the following simple example.

Example 4.1. Let X=[—-4,4], F:R—> R, G:R* > R, g=(g,2):
R? — IR? be the functions defined by

F(x)=x*+1 gi(x,y) =—x—y
G(x,9) = —3x —y? + 1 o(x,y) =y — «x.

For all xe[—4,4], we have Y(x)=[—x,x]C[—4,4]. Then,
Assumptions (3.1) to (3.4) and (3.6) are satisfied. Moreover, we have

. . 4

min (x¥*+1)=1 < min (*+1)=—.

xe[—4,4] xe[—4,4] 3
—3x2—y241<0,V ye[—x,x]
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Hence, Assumption (3.5) is satisfied. Let us verify Assumption (4.1). We
have
v(x) =3x* =1 Ou(x) = {v (x)} = {6x}

1 1
{x e [-4,4]/v(x) =0} = {—Eﬁ}

dv (—%):{—2«/5} and 0v <%):{2«/§}

e For x = \/Lg, let x* = 24/3 € av(%), and x = 4 € X. Then

v (3= %) =0

e For x = —Jig, let x* = —24/3 ¢ ﬁv(—\/%), and x = —4 € X. Then

1
x[x+—) > 0.
( ﬁ)

Hence, Assumption (4.1) is satisfied. Let us find the solutions of problem
(S) via the optimality conditions. For this, let us apply Theorem 4.4. Let x
be a feasible point of (S). Then, x solves (S) if and only if v(x) = 0 and

inf  sup G(x,y)=0.

xeX
F (% yeR
(x)<F(x) 2(x)<0

The equation v(x) =0, gives x = ——= and x = %f We have

() ()

Replacing the functions F', G, and g by their expressions, we get

Sl

inf sup G(x,y) = inf sup (—3x*—y*+1).
xe€X _ yeR x€[—4,4] yel—x.x]
FEZFG) ISR 24124

We have

sup (=3x* —y*+1) =1—3x°

ye[—x,x]
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and

inf (1 —3x%) =0.
x€[—4,4]
x2+15%

Therefore, _\/% and \/% are solutions of (S).

5. CONCLUSION

Our investigation in this article concerned a class of nonsmooth
generalized semi-infinite programming problems whose feasible sets are
represented by a reverse convex constraint. So the use of reverse convex
problems played an important role to establish our results. Then, for
problem (), under appropriate assumptions, we have given necessary and
sufficient optimality conditions. These optimality conditions are new and
do not use differentiability assumptions. Normal cones, subdifferentials,
and max-min problems are the main tools used to express these
optimality conditions. In particular, using a new constraint qualification
(Assumption (4.1)), we have provided a necessary and sufficient optimality
condition which reduces ($) to a min-max problem with compact convex
linked constraints. Therefore, such an optimality condition provides
an alternative to solve the considered class of generalized semi-infinite
programming problems via min-max problems with linked constraints.
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