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HIA: A Hybrid Integral Approach to model incompressible isotropic
hyperelastic materials—Part 1: Theory
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This paper provides a new constitutive model for rubber-like materials. The model adds to the 8-chain
density introduced by Arruda and Boyce, two phenomenological components: an original part made of
an integral density and an interleaving constraint part represented by a logarithmic function as proposed
by Gent and Thomas. The model contains six rheological parameters connected to the polymer chemistry
and to the macroscopic behavior. Four sets of experimental data from the literature are used to identify
the rheological parameters and to assess the proposed model. The model is able to reproduce with a good
accuracy experimental data performed under different loading conditions such as uniaxial and equi-
biaxial tension, uniaxial compression, pure and simple shear as well as the Mooney plot.

1. Introduction

Rubbers and elastomers are used in various applications such
as seals, tires or vibration mounts. Their chemical and mechanical
properties make them good sealing elements against humidity,
pressure and temperature. They possess in addition very good
properties of energy absorption. Industrial use of rubber requires
characterizations that need modeling behavior and a very large
variety of models was proposed to this purpose in the literature
during the last sixty years [1-13].

Several constitutive models are based, for example, on the
statistical mechanics as the neo-Hookean strain energy deduced
from the Gaussian law [14-16] or on the strain energy of polymer
chains using the Langevin statistics [1,2,5,12,17,18].

In addition to the statistical mechanics-based models men-
tioned above, it exists many phenomenological models for rubber
materials in the literature, see for example the reviews of Stein-
mann et al. [18] and Marckmann and Verron [19] on this topic.
According to the models developed by Mooney [4], Yeoh [8], Gent
[20], Pucci and Saccomandi [21] and Beda [10,22], the strain en-
ergy of rubber material can be expressed with respect to the in-
variants of the strain tensor. Alternatively, the models suggested
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by Valanis and Landel [23], Ogden [6] and Davidson and Goul-
bourne [12] are expressed according to the principal stretches of
the strain tensor. However, these models present difficulties to
predict the behavior of the material for large compressive loading,
particularly in the case where the Mooney plot is used to represent
the experimental data [24].

In this context, we propose a new constitutive model for
rubber materials which attempts to reconcile basic concepts
from the molecular and phenomenological theories of hyper-
elasticity. This model is based on the 8-chain energy density
introduced by Arruda and Boyce [1] to predict the affine de-
formation of the molecular chain [2]. It also includes the loga-
rithmic function suggested by Gent and Thomas [3] to model the
interleaving of the molecular chains. Finally, it includes two
original contributions:

1. An integral density allowing an excellent fit of the experimental
data for large compressive loading.

2. A new accurate computation of the inverse of the Langevin
function to well describe the affine part of the rubber behavior
[25].

In this way, the new model can be regarded as an hybridization
between the molecular and the phenomenological theories. It
contains six rheological parameters that need to be determined on
the basis of experiments. Once these rheological parameters have
been identified, the model was successfully compared to
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Fig. 1. Summary of a few isotropic energy densities.

experimental data from the literature [1,26-28] providing a re-
markable agreement with the compressive part of the Mooney
plot.

2. Hyperelastic constitutive laws - State of the art

This section is divided into two parts where some basics of the
theory of hyperelastic models are reminded. The first part gives a
brief description on kinematics, while the second one reminds the
most popular isotropic hyperelastic models used during the six
last decades.

2.1. Kinematic tensors

The second Piola-Kirchhoff stress tensor S is classically written
as the derivative of the energy density W with respect to the
Green-Lagrange strain tensor E, or to the right Cauchy-Green
strain tensor C:
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where F, I, X and u are respectively the deformation gradient
matrix, the identity tensor, the Lagrange coordinates and the dis-
placement vector.
For isotropic materials, the energy density W depends on the
three principal invariants of C [29,30]:
1
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I, = tr(C); =3

I; = det(C) 3)
where tr and det represent respectively the trace and the de-
terminant of the matrix. It is classically deduced from Egs. (1) and
(3) that:
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The standard relationship between S and the Cauchy stress
tensor X is recalled:
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By using the Cayley-Hamilton theorem, a straightforward com-
putation from (5) and (6) gives:

T =61+ 6,B + 5B @

where B = FF' is the left Cauchy Green strain tensor, and:
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One can note that some authors used sometimes the eigenva-
lues /1,-2 of C (which represent the main stretches) rather than the
principal invariants I; [6,23]. In this context, it has been reported in
[31] that a special attention must be paid from a computational
point of view to the special cases of double and triple coalescence.

2.2. (lassical hyperelastic models

The energy function W can be obtained by a molecular or a
phenomenological approach. Fig. 1 provides a non exhaustive list
of some standard densities and their affiliation to one or other of
the two categories, molecular or phenomenological. Treloar [32]
has provided an overview of these two kinds of approaches and
more recently, Marckmann and Verron [19] have given criteria to
compare many popular models from the literature.

However, one often meets problems to fit well numerical re-
sults coming from the classical models with experimental data in
the law deformation range [5,9] or in the large compressive range
[24]. To overcome this problem, Flory and Erman [7] have sepa-
rated the energy density into two parts:

W=W,+ W, ©

where W, is the affine part also called phantom energy which
considers the release of the material chains while W, represents
the constraint part of the intertwining chains in the material
matrix. The phantom energy, which is based on statistical con-
sideration, involves the invariant I; while the constraint energy,
which is a molecular one, depends on the eigenvalues 12 of C
[33,34]:
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where N, kg, T and « represent respectively the number of chains,
the Boltzmann constant, the absolute temperature and the mea-
sure of strengths of the constraint.

From Eq. (10), Boyce and Arruda [35] improved the degree of
correlation of their preliminary 8-chains model:
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where 1, = \/’;1 represents the mean stretch of the material, sinh

represents the hyperbolic sinus function, f, is connected to the
inverse of the Langevin function £7' by g = L"(j—%) and n is the

number of chains per unit volume. The term g, = L‘l(%) is in-
troduced to take into account the fact that W must be equal to zero
for a material at rest. We finally recall that the Langevin function £
is related to the hyperbolic cotangent function coth by:

1

L(x) = coth(x) — " a3

Kroon [2] also used the Arruda and Boyce 8-chain model by

including a function of the second invariant I,, to account for the

constraint part of the energy density, and by incorporating an

additional power form energy density to account for the sur-
rounding polymer network:
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where C, C,, and « are additional parameters, A,, represents the
stretch associated with the additional compliance coming from the
surrounding polymer network. A, and 4, are linked by 1,4,, = \/g .

The second term in Eq. (14) represents the interleaving energy of the
chains of the Kroon model. Other authors have proposed an interleaving
energy in a logarithmic form [3,5,10,21] or in a power form [11,22,36]:

W.=K ln(l—z)
3 15)

W, =K(L-3) with0<¢<1 (16)

Due to the power form of Eq. (16), it is noted that discontinuity
occurs between a tensile and a compressive behavior if W, is de-
rivated with respect to L.
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Undeformed state

3. A new incompressible isotropic hyperelastic model

The goal of this section is to propose a new isotropic model
which takes into account the behavior of the polymer chains
contained in the elastomeric matrix as shown in Fig. 2.

During the deformation of a specimen (with an initial length
noted Ly and the current length noted L - see Fig. 2), the chains
may act in three ways. The chains labelled by 1 on Fig. 2 have an
affine deformation corresponding to the fact that the elongation of
the chain is the same as that of the specimen. Their behavior can
be represented by an affine energy density W,. The chains labelled
by 2 interleave other chains and can be modelled by a second
energy density noted W,. Finally, the chains labelled by 3 present
an non-affine deformation illustrated on Fig. 2 (right) by a non-
proportional elongation of the chain with respect to the current
length L of the specimen. In Kroon [2], this behavior is embedded
in a penalized term linking the macroscopic stretch to the stretch
of the chain. In our model, we have completed W, and W, by a
third term labeled Wp;q (where the subscript pid stands for phe-
nomenological integral density) which allows to balance the
mismatch between model and data:

W=W, + W, + Wpy a7

This third density is one of the main original contributions of
this paper and we will see later that it adopts a particular integral
form. Because it completes efficiently the affine strain energy
density W,, one could argue that the density Wp;q includes the
effect of non-affine deformation. But this issue has to be more
deeply investigated in order to be established beyond any doubt
and the present paper is not focused on that point.

If we consider the special case of a uniaxial tension in direction

X4, the principal stretches reduce to:
M=4 Kp=ig=112 18)

and the tensile Cauchy stress can be easily deduced from Egs. (7),
(8)and (17):
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By using the eigenvalues of B (which are the same as that of C)
instead of the principal invariants, Eq. (19) can be shortened to:
oW, oW,
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1 al cl pid1 Y By Y

(20)

The following is dedicated to a separated analysis of the affine
part X, of the constraint part 2., and of the phenomenological
integral part 2,41 of the Cauchy stress and to the determination of
the corresponding energy densities Wy, W, and Wh;q.

Deformed state B

Fig. 2. Behavior of the polymer chains during the deformation.



3.1. Affine energy density

Following the work of Arruda and Boyce [1], we have adopted
the 8-chains model described by the first term of Eq. (12):

un ﬂ'ﬂﬁa — ﬂaa +1In ﬁa Siflh ﬂao]
N B, sinh g, Q1
In the context of a uniaxial tensile loading, the combination of
Egs. (19) and (21) gives:
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However, it is well known that the inverse of the Langevin
function £~!, which appears in Eq. (22), cannot be expressed in an
explicit form but can be either approximated by rational function
[37-39] or by means of a Taylor expansion [40,41]. In this work, we
decided to use a very recent and accurate approximation (with a
maximum relative error lower than 0.05%) introduced by Ngues-
song et al. [25]:

W, =

23)

3.2. Interleaving energy density

We have previously mentioned two options to model the be-
havior of the intertwining molecular chains by an interleaving
energy density (Eqs. (10) or (15)). To select the best one, the ad-
vantages and drawbacks of both of them are discussed in this
section. We first deduce from Eq. (20) the Cauchy stress 2 related
to the molecular energy density (10):

oW, _ Nk, [dBy( By )\ dB( B, ) dBs( B
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The Cauchy stress of the interleaving chains part related to the
phenomenological energy (15) is obtained in the same manner:
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The stress components X, described by Egs. (24) and (27) are
plotted on Fig. 3. The corresponding curves present a similar trend
with an increasing stress versus the elongation A. It is also noted
an asymptotic behavior when A tends towards infinity. It can be
easily demonstrated that the asymptotic value is NkgT for the
molecular model while it is equal to K for the phenomenological
model. Fig. 3 therefore reveals that there are no physical argument
for choosing one model over another. However, it is noted, by
comparing Eqs. (24)-(26) on the one hand to Eq. (27) on the other
hand, that the phenomenological model provides a simpler alge-
braic expression than the molecular model. In view of a finite
element implementation, we have therefore decided to include
the phenomenological density given by Eq. (15) in our model.

3.3. Integral energy density

In the two previous sections, we have opted for the affine
8-chains energy and for the interleaving energy defined by Eq.
(15). In this paragraph, we will determine step by step the ex-
pression of the phenomenological integral energy density. To have
an intuition for building this density, we first focus on the parti-
cular case of a uniaxial tension-compression loading, based on the

035 -

——equation (27)
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Fig. 3. Behavior of the stress component ;. The rheological parameters are NkgT = 0.68 MPa, x = 0.55, K = 0.3 MPa [10,35].



experimental data of Yeoh and Fleming [27]. Then we will go to
the general case.

3.3.1. Uniaxial tension-compression case

We start from the general expression of the Cauchy stress (Eq.
(20)) where we have reported the contributions of the 8-chains
model (Eq. (22)) and of the interleaving energy proposed by Gent
and Thomas (Eq. (27)):

1) gvm o 2 K
=22 - 2 L =+ 3y,
1 ( /1)[6 zaL (wn)+/112]+ pid1 28)

To highlight the fundamental influence of the phenomen-
ological integral stress 2,41 (the last term in Eq. (28)), we set it
first to zero and we will prove that the two other terms, namely
2.1 and X4, are inefficient to well predict the experimental data of
the uniaxial and compression tests performed by Yeoh and
Fleming on natural vulcanized rubber [27]. To perform the com-
parison between the theoretical and the experimental data, we
have chosen the Mooney plot because it is a very sensitive curve
for the validation of isotropic hyperelastic models [10,13,42,43].

Eq. (28) (where we recall that we have set 24, temporarily to
zero) can be written in the Mooney form [4] by introducing the
reduced stress @:

K
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The identification of the rheological parameters u, n and K
were performed by minimizing the quadratic difference between
@ and the experimental reduced stress @yp:

2
minobj = Y’ 7( P K ?)
u,nK (pexp (30)
where the sum in Eq. (30) is performed over all the tested values
of A. The identified values of i, n and K are reported in the caption
of Fig. 4. As announced, this figure shows that the reduced stress
defined by Eq. (29) presents a poor prediction for the large com-
pressive range (i.e. % > 1.5).
To overcome this difficulty, we have used the in-stages-ap-
proach developed by Beda and Chevalier [44] to analyse the be-

havior of the residual 9(%) defined below:
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645 —— Theoretical results with equation (29)
o 1 2 3 4

/A

Fig. 4. Reduced stress prediction from Eq. (29) with x = 0.3805 MPa, n=15.13 and
K = 0.26 MPa.
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Fig. 5. Residual prediction from the phenomenological integral reduced stress (Eq.
(32)) with = 0.081 MPa, ¢ = 2.741 and ¢ = 0.813.
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Fig. 6. Comparison of Yeoh-Fleming experimental data with the reduced stress of
Eq. (33).
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where X, and Adexp, represent respectively the experimental stress
and the experimental elongation.

One can observe on Fig. 5 that this residual ® presents a shape
close to the one of a Gaussian function, at least in the left part and
in the vicinity of the minimum of this Gaussian function which
correspond to the locations of the experimental data points. This
observation leads us to adopt a Gaussian function @,;q to ap-
proximate the behavior of @:

2
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@;z pidI:_’?exP_
(32)

where 5, ¢ and ¢ represent respectively the maximum amplitude,
the abscissa of the maximum and the square root of twice the

Table 1
Parameters of Eq. (33) identified with the Yeoh-Fleming data [27].

Parameters u (MPa) n(-) K (MPa) n (MPa) (=) E(-)

Values 0.379 14.9 0.295 0.096 2.708 1132




variance of @,;q. These coefficients were identified through a least
square optimization of the difference between @ and @, (see the
caption of Fig. 5).

Using the improvement provided by Eq. (32) to modify Eq. (29)
gives:

1 P w~T o A K
o —|= =2 A fa ) B
Al 2 1 GiaL(ﬁ +/112
2
1 2
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¢

(33)

The six rheological parameters y, n, K, 5, ¢ and £ embedded in
Eq. (33) were identified by using the Levenberg-Marquardt algo-
rithm (Table 1).

By comparing Figs. 4 and 6, it is obvious that the inclusion of a
Gaussian contribution through Eq. (32) provides a better approx-
imation of the experimental data than the one provided by Eq.
(29).

A new behavior law can be deduced from Eq. (33) but it only
holds for a uniaxial tensile or compressive loading:
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Considering both Eqs. (28) and (34) leads to the following
phenomenological constraint part X,;q1:

2
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At this stage, two questions arise:

1. What kind of energy density Wy;s can be associated to the
phenomenological constraint part X4, introduced by Eq. (35)?

2. If the first question can be addressed, how to extend to the
general case the energy density Wy, which has been de-
termined in a special uniaxial case?

The answer to the first question is quite simple. From Egs. (20)
and (35), the phenomenological integral constraint part 2,iq; can

be related to a phenomenological integral energy density Whyq by:

1 2
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One can note that the energy density given by Eq. (36) adopts
an integral form. It can not a priori be integrated but that causes
no specific problem because we only need to derive Wpq to obtain
the stress tensor.

The answer to the second question, which is more complex, is
studied in the next section.

3.3.2. General case
In the most general case, Wpq depends on the three invariants
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Fig. 7. Behavior of g(1) (Eq. (42)).

of the left Cauchy-Green tensor B:
Wig( B) = Wyig[ 1(B), L(B), (B)] (37

Reporting (37) in Egs. (7)~(8) with I, =1 gives:

W W,
= 2| —29B - —PUB-1| _ pI
al, al,

(38)

where p is a Lagrange multiplier which is classically introduced to
account for the incompressibility condition.

We next consider the observation made by Kroon [2] and as-
sume that W;q only depends on ;. In the uniaxial case, the general
formula (38) thus reduces to:

222 _ 0 0
a, P
2 dW,q
Xoid= = — 0
pid A dl,
0 EdWP"d _
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By using the free boundary conditions X, = %43 = 0 (where
Zpidtr Zpiaz and Zyig3 represent the diagonal terms of X,,4), it is easy
to calculate p and next to report the result to calculate the tensile
stress Xpig1:

dw,;
Zpig1 =2 2 - LY e
4) dh (40)

The comparison of Egs. (35) and (40) leads to:
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In order to integrate Eq. (41), we need to have the same vari-
able on both sides of the equation. We therefore need to establish
a link between I; and A. This link is easily obtained from Eq. (18):

2
— 72 —



By introducing the inverse g~ ! of the function g defined by Eq.

(42), we obtain from Eq. (41):

-1 2

== 5 /I] exp| — 7( ](uz) ~¢ du

W,
43)

We have thus succeeded to calculate Wyiq but Eq. (43) is
fully determined if, and only if, the reciprocal function
4 = g lw) is known. Unfortunately, it can be seen on Fig. 7 that
the function g is not bijective on R* (which is the interesting set
because A is a physical positive number). But g can be con-
sidered as a bijective function if we restrict the study on the
intervals 10, 1] or [1, + ool.

It then exists a unique solution on each interval: gz‘l(up) €10, 1]
which represents a compressive solution and go’](up) € [1, + oo
representing a tensile solution. To calculate these two solutions,
we remark that Eq. (42) leads to a cubic polynomial equation:

[0 ~dfs(9)] 220 wits @

This equation can be solved by means of the Cardano's formula:

gk_](u) 2[ cos[ arc cos( ZZ ] + Zkﬁ] k=0,1,2
u 3 (45)

It has been demonstrated by Nguessong [24] that the case of
k=0 corresponds to the tensile solution, the case k=1 to a nega-
tive unphysical solution and the case k=2 to the compressive
solution. We have now just to decide what is the best choice be-
tween g;'u) and g;'(u) to be reported in Eq. (43). Since the
phenomenological integral energy density was built to correct the
prediction error in the compressive range, we logically decided to
select g '(u):

2
(46)

To evaluate the phenomenological integral density W4, we
perform the following change of variable:

B -1 B -1
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The differential term du is related to dx from Eqs. (47) and (42):
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Using Eqgs. (46), (47) and (48) yields to:
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The first term of Eq. (49) can also be written:
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where the error function Erf is defined by:
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The second term of Eq. (49) is calculated by the integration of a
exp(-x) .

Taylor expansion of the rational expression K
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() s

(x+¢) o (52)

where
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and ent represents the whole part of a real number.
Reporting the Taylor expansion (52) into the second term of Eq.
(49) gives:
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where the Erf3 function is defined by:
exp( —x teo
Erf3(u) = ifu 713( ) ix - i_ Cu_ye
IO (et ) s (55)

The energy density W;q can thus be expressed only in terms of
error functions by combining Egs. (49), (50) and (54):

Wpid
-~ { (1) = B (H(3) ~ ErF3 (1)
+ Erf3(H(3))} 56)

Or, equivalently, by using the Taylor expansions (51) and (55) and
Eq. (47):

n (—1)”[(( o' 11))-1 i 4)2M n- C)2n+l]

=-n E) ni@2n + e+

Cn[((gz‘ (n)" - C)m -(1- f:)”“]

(n+ 1) 57)

Eq. (57) shows that it is not easy to guess for a replacement of
the non-closed form representation (46) of Wy by a finite
number of polynomials. Additionally, the convergence of the
Taylor expansion introduced by Eq. (52) and related to the
fractional term of Eq. (49) depends on the value of x. The second
term in Eq. (57) can therefore possibly provide a rather poor
approximation of the integral introduced by Eq. (54). However,
keeping the strain energy density in the integral form
described by Eq. (46) is not a drawback because we can deduce
from it an extremely simple relation between the strain
and the stress fields. Deriving the integral will actually force the
integral to disappear and a closed form behavior law will be
obtained.
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Table 2
Identified rheological parameters of the models - experimental data from Treloar [26].
Parameters u (MPa) n(-) I (=) K (MPa) n (MPa) (=) E(-)
Arruda-Boyce 0.31 26.83 - - - - -
Pucci-Saccomandi 0.262 - 84.57 0.295 - - -
HIA 0.3579 27.66 - 0.1266 0.1011 0.319 0.327
Table 3
Identified rheological parameters of the models - experimental data from Arruda and Boyce [1].
Parameters u (MPa) n(-) Jm (=) K (MPa) n (MPa) (=) E(-)
Arruda-Boyce 0.45 1217 - - - - -
Pucci-Saccomandi 0.441 - 36.509 0.029 - - -
HIA 0.117 9.03 - 1.284 0.717 1.554 2.116
Table 4
Identified rheological parameters of the models - experimental data from Yeoh and 1B — sinh
Fleming [27]. W=un Uﬂa ﬂao ﬂa : ﬁao
Jn B, sinh g
Parameters u (MPa) n(-) Jn (=) K (MPa)
2
-1
Arruda-Boyce 0.494 37 - - ( -1 )
u a—
Pucci-Saccomandi 0.39 - 57 0.265 N L g '(u) < du+ kol 2
2 J3 £ 3
(58)

All the observations made in this section have led us to propose
a new HIA (Hybrid Integral Approach) energy density which
combines the 8-chains energy density to model the affine strain of
polymeric chains (Eq. (21)), a phenomenological energy density to
model the interleaving constraint chains (Eq. (15)) and the phe-
nomenological integral density to balance the mismatch between
model and data (Eq. (46)):

Table 5

4. Experimental data analysis and discussion

We study in this section the capability of the new HIA model
defined by the strain energy density (58) to predict the behavior of

Identified rheological parameters of the models - experimental data from Nunes and Moreira [28].

Parameters u (MPa) n(-) Jn (=) K (MPa) n (MPa) (=) E(-)
Arruda-Boyce 0.37 46.51 - - - - -
Pucci-Saccomandi 0.252 - 139.53 0.473 - - -
HIA 0.26 46.5 - 0.444 0.734 0.378 0.272
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hyperelastic materials in the case of uniaxial and equibiaxial ten- The performance of the HIA model is also compared to the
sion, uniaxial compression and pure and simple shear loading 8-chains model of Arruda-Boyce and to the phenomenological
(Fig. 8). The study is made with experimental data extracted from model of Pucci-Saccomandi (also known as the Gent-Gent model)
[1,26-28]. Each data set corresponds to a different rubber material. [21] given by:
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11];3) +K ln[;z]

The rheological parameters of the three models were calculated
with the Levenberg-Marquardt algorithm. The identified values
are reported for each material in Tables 2-5.

w=-£45 ln(l -
2 (59)

4.1. Comparison with the treloar data

Treloar [26] performed testing on a vulcanized natural rubber
under conditions of uniaxial and equibiaxial tension and pure
shear loading.

In Fig. 9(a), one remarks that all the three models present a
very good accuracy with the uniaxial tensile data, which is quite
logical since the rheological parameters were identified from this
test data. However, the Mooney plots (Fig. 9(b)) highlight differ-
ences that were not visible before. We observe in particular that
the Arruda-Boyce model is excellent for final stiffening (very large
deformations with: 0 < 1/4 < 0.3) but clearly diverges for the
moderate deformations (1/1 > 0.3). We can also observe a slight
difficulty of prediction of the Pucci-Saccomandi model around the
minimum (1/2 = 0.3). On the opposite to these two models, the
HIA proposed model provides an excellent agreement.

In the case of pure shear loading (Fig. 9(c)), all the three models
give very satisfactory prediction.

In the case of the equibiaxial tensile test (Fig. 9(d)), the general
trends of the curves are well described by the Arruda-Boyce and
the Pucci-Saccomandi models while the HIA proposed model
agrees perfectly with the test data.

The HIA model is therefore not only able to fit well uniaxial
data (Figs. 9a and b) but also provides excellent predictions with
other types of loading (pure shear and equibiaxial tensile loading,
Figs. 9c and d), by using the previously fitted material parameters.

4.2. Comparison with the Arruda-Boyce data

Arruda and Boyce [1]| have performed a uniaxial compressive
test on a silicone rubber.

Logically, the three models give an excellent prediction of the
uniaxial compression test data (Fig. 10(a)), since the rheological
parameters were identified on the basis of this test. In contrast, the
Mooney plots (Fig. 10 (b)) show a great disparity for the models
prediction except the HIA proposed model which gives a sa-
tisfactory description of the general trends of the curve.

4.3. Comparison with the Yeoh—Fleming data

Yeoh and Fleming [27] have performed a tension-compression
test on a rubber vulcanized by sulfur and accelerator (N-Cyclo-
hexyl-2-benzothiazolesulfenamide).

It is observed in Fig. 11(a) that each model presents a fair
agreement with the experimental data. This result was again
awaited because the identification of the rheological parameters
was performed with the experimental data coming from the
traction-compression test. However, if the comparison is per-
formed in terms of the Mooney plot (Fig. 11(b)), the HIA proposed
model obviously shows a higher accuracy than the Arruda-Boyce
and the Pucci-Saccomandi models, particularly in the medium and
high ranges of variation of 1/1.

4.4. Comparison with the Nunes-Moriera data

Nunes and Moreira [28] have performed a simple shear test on
a silane modified polymer (Flextec FT 101).

Fig. 12 shows a very good accuracy of the Pucci-Saccomandi
model and HIA proposed model with a relative quadratic error of
1.67-107* for the first one and 1.57-107* for the second one. It is
noted, however, that the Arruda-Boyce constitutive law presents
in this case a more approximative prediction of the test data than
the two other models.

5. Conclusion

We have proposed in this paper a new approach (named HIA:
Hybrid Integral Approach) to model the incompressible isotropic
hyperelastic behavior of rubber-like materials. This model is based
on the molecular 8-chain density introduced by Arruda and Boyce,
includes a phenomenological logarithmic-form interleaving en-
ergy and offers an original phenomenological integral energy. The
model is thus splitted in three different strain energy densities and
takes advantage of both molecular and phenomenological ap-
proaches. It offers an excellent capability to predict the reduced
stress of the Mooney plot thanks to the introduction of the original
integral contribution. We have demonstrated that this model is
able to well predict the stress-stretch response of different rubber
materials [1,26-28]. This ability to reproduce experimental data
was observed under various loading conditions (uniaxial and
equibiaxial tension, uniaxial compression, pure and simple shear).
However, it must be underlined that the high number of material
parameters (6 in total) that are required to obtain a good agree-
ment with the experimental results is the price we have to pay for
outperforming the standard models of the literature. Compared for
example to the Arruda-Boyce and to the Pucci-Saccomandi mod-
els, we must respectively triple and double the number of material
parameters. The good performance of the proposed model has
therefore to be balanced by the number of related material para-
meters, even if a number of six rheological parameters still re-
mains a reasonable number. The good predictive abilities together
with the numerically efficient structure of the model make it
suitable for implementation in a finite element context.

This implementation in a University finite element software
(calculation of second and fourth order tensors as the stiffness
tangent matrix, application of the total Lagrangian approach, and
use of the Newton-Raphson algorithm to solve the non-linear
problem) will be developed in a following paper (part 2). This
paper will also include numerous numerical applications involving
contact and impact problems between deformable hyperelastic
bodies.
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