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UNIQUENESS FOR AN INVERSE PROBLEM FOR A DISSIPATIVE WAVE EQUATION WITH
TIME DEPENDENT COEFFICIENT

MOURAD BELLASSOUED AND IBTISSEM BEN AICHA

ABSTRACT. This paper deals with an hyperbolic inverse problem of determining a time-dependent coefficient
a appearing in a dissipative wave equation, from boundary observations. We prove in dimension n greater than
two, that a can be uniquely determined in a precise subset of the domain, from the knowledge of the Dirichlet-
to-Neumann map.

Keywords: Inverse problems, Dissipative wave equation, Time-dependent coefficient, Uniqueness.

1. INTRODUCTION

1.1. Statement of the problem. The present paper is devoted to the study of the following hyperbolic
inverse problem: Given 7" > 0 and a bounded domain 2 < R", n > 2, with C* boundary I' = 012,
determine the absorbing coefficient a present in the following initial boundary value problem for the wave
equation from boundary observations

Pu— Au+a(z,t)ou=0 in Q=Qx (0,T),
(1.1) u(z,0) =0, dwu(z,0) =0 in Q,

u(z,t) = f(x,t) on X =T x(0,7),

where f € H'(X), and the coefficient a € C%(Q)) is assumed to be real valued. It is well known that if
the compatibility condition is satisfied, that is f(.,0) = wug|r, then, there exists a unique solution u to the
equation (I.T)) that belongs to the following space

we C([0,T], H'(2)) n C*([0,T], L*(€2)).
Moreover, there exists a constant C' > 0 such that

1.2) lovulocsy < Ifla sy,

where v denotes the unit outward normal to I" at = and 0, u stands for Vu - v. In the present paper, we ad-
dress the uniqueness issue in the study of the inverse problem of determining the time-dependent absorbing
coefficient a from the knowledge of the Dirichlet-to-Neumann map.

From a physical view point, the inverse problem under consideration consists in recovering the absorbing
coefficient a in an homogeneous medium by probing it with disturbances generated on the boundary. The
data are the responses of the medium to these disturbances measured on all the boundary. Here the coefficient
a can be seen as one of the medium properties and we aim to recover it in a specific subset of the domain
from boundary measurements, after probing the medium by a Dirichlet data f. The medium is assumed to
be quiet initially.

The problem of recovering coefficients that depend only on the spatial variable is considered by many
authors. In [[15] Rakesh and Symes proved a uniqueness result in recovering a time-independent potential
1



2 M. BELLASSOUED AND 1. BEN AICHA

appearing in a wave equation from measurements made on the whole boundary. The main tools in the deriva-
tion of this result are first, the construction of geometric optics solutions and second, the relation linking the
hyperbolic Dirichlet-to-Neumann map to the X-ray transform. As for the uniqueness from local Neumann
measurements, we refer to Eskin [7]. One can also see the paper of Isakov [10], in which a uniqueness
result was proved in the determination of two time-independent coefficients appearing in a dissipative wave
equation.

The stability in the case where the Neumann data are observed on a subdomain of the boundary was
considered by Bellassoued, Choulli and Yamamoto [1]], where a stability estimate of log-type was proved in
recovering a time-independent coefficient appearing in a wave equation. In [[12], Isakov and Sun established
a stability result of Holder type in determining a coefficient in a subdomain from local Neumann data. As
for the stability in the case where Neumann data are observed on the whole boundary, we refer to Sun [21]],
Cipolatti and Lopez [6].

When the coefficients depend also on the time variable, there is a uniqueness result proved by Ramm
and Rakesh [[16]], in which they proved that a time-dependent potential appearing in a wave equation can be
uniquely determined in a precise subset made of lines making an angle of 45° with the ¢-axis and meeting
the planes t = 0 and ¢t = T outside @, from global Neumann-data. It’s clear from [9] that this coefficient
can not be recovered over the whole domain () and this is actually due to the homogeneous initial conditions
imposed in the system. However, Isakov proved in [11], that the time-dependent coefficient may be uniquely
determined over the whole domain (), but he needed to know much more information about the solution of
the wave equation. We also refer to [8} 17, 19, [18]].

In a recent works, Waters [22] proved in the Riemmanian case and by taking inspiration from the work
of Bellassoued and Dos Santos [2], that one can stably recover the X-ray transform of a lower order term
present in a wave equation from the knowledge of the Dirichlet-to-Neumann map. Inspired by the works
of Bellassoued-Jellali-Yamammoto [3| 4], In Ben Aicha [S] and Kian [13| [14], showed recently stability
estimates for the recovery of a zeroth order coefficient appearing in a wave equation in the euclidian case.

In this paper, we prove that the time-dependent absorbing coefficient a can be uniquely determined with
respect to the Dirichlet-to-Neumann map in a specific subset of the domain (). This is provided that a is
known outside this subset.

1.2. Main results. In order to state our main result we first introduce the following notations.

Let r > 0 be such that 7" > 2r and Q < B(0,7/2) = {x eR", |z| < r/2}. We set @, = B(0,7/2). We
consider the annular region around the domain (2,
Ay = {xeR”, g< |z| <T—g},
and the forward and backward light cones:
¢ = {(m,t) cQ, x| <t—"L,t> f},
2 2
_ T T
¢ = {(m,t)eQr, 2l <T—Z -4, T >t},

G ={@neQn l<s—to<t<_}

Finally, we denote

Q=% % and Q.. =QnQF.
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We remark that the open subset (), . is made of lines making an angle of 45° with the ¢-axis and meeting
the planes t = 0 and t = T outside @,. We notice that Qr+ < Q. Note, that in the particular case where
= B(0,r/2), we have Q,. = QF (see Figure 1 in [3]).

Our set of data will be given by the the Dirichlet-to-Neumann map A, ; defined as follows

Ayt HUS) — L2(3)
fr— Oy,

By (1.2) we have that A, is continuous from H'(X) to L?(X). We denote by || A, | its norm in LHLY(D), L2(%)).
Let us now introduce the admissible set of the absorbing coefficients a. Given ag € C2(Q,.) and M > 0 we
set

Alag, M) = {a€C*(@Q,), a=ao in Q\Qru lalezq) < M}
Having said that we may state the main results of this paper
Theorem 1.1. (Non uniqueness) For any a € A(ag, M) such that supp(a) < 6,, we have A, = Ao.
Theorem 1.2. (Uniqueness) Let T > 2Diam(Y) and a; € A(ag, M), i = 1,2. Then, we have

Ao, = Ao, implies  az = a1 on Q.

The outline of this paper is as follows. In Section 2, we develop the proof of Theorem 1.1. Section 3
is devoted to the construction of geometric optics solutions to the equation (I.I). Using these particular
solutions, we prove in Section 3 Theorem|[I.2]

2. NON UNIQUENESS IN DETERMINING THE TIME-DEPENDENT COEFFICIENT

In this section we aim to explain why it is hopeless to recover the time-dependent coefficient a over the
whole domain in the case where the initial conditions are frozen to zero.

2.1. Preliminary. This section is devoted to the proof of a fundamental result which is borrowed from [9]].
Let us first introduce the following notations. We define

v=J b= | @& nit="}.

o<T<t! o<T<t!
where 0 < ¢ < r/2. Moreover, we denote by
S = 0%, n (2x]0,[), and 0V =S u D(t') u D(0).
Lemma 2.1. Let us denote by u the solution of the dissipative wave equation
(07 — A+ a(z,t)0) u(z,t) =0, inQ
u(z,0) =0 = du(z,0), in.

u(z,t) = f(x,t), on.

Then, u(z,t) = 0 on the set 6.
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Proof. We denote by P = 0? — A + a(x,t)d;. A simple calculation gives us
f 2Pu(z,t) Opu(x,t)dedt = J 20%u(x, t)Opu(x, t) do dt — f 2Au(x,t) opu(z, t) dx dt
v 1%

1%
+ f 2a(x,t)|0pu(x, t)|* da dt
1%

J o (|0e* + |Vul?) d:rdt+j > 0;(0vu 0ju) da dt
14 vV _

+ J 2a(x,t)|0pu(z, t)|* dx dt
1%

Then, using the above identity, we see that

J 2Pu(x,t)0u(x, t) dz dt =f ore(x,t) dmdt+J Zﬁij(a:,t) d:z:dt—l—f 2a(z,t)|0pu(x, t)|* de dt
1% 1% Vi v

where e(z,t) = |dpu(z,t)|? + |[Vu(z,t)|? and X;(x,t) = —20wu(x,t)0ju(x,t). Next, by applying the
divergence theorem, one gets

f 2Pu(x,t)0yu(z, t) dedt = J e(z,t)n + Z Xj(z, t)pjdo + f e(x,t') dx — J e(z,0) dz
\%4 S j=1 D(t) D(0)
(2.3) + f 2a(z,t)|0pu(z, t)|? do dt

v

where do denotes the surface element of the surface S and the vector (1, fi1, fi2, .., ftn) € R™T1 is the
outward unit normal vector at (z,t) € S such that

n 1/2
2.4) 0= (Z u?) :

j=1
On the other hand, from Cauchy-Schwartz inequality and (2.4), we can see that

fs(e(:c,t)n + Z Xi(z,t)p;)do = fs (Jovu(z, t)? + [Vu(z, )*) n — 2|dw(z,t)||Vu(z, )| ndo
=1
2.5) ’ > 0.

Then, since e(z,0) = 0 we get from (2.3) and (2.5)) this estimation
f e(x,t)dr < f 2Pu Oru(x,t) de dt — J 2a(x,t)|0pu(z, t)|* de dt
D) 1% 1%

Now, using the fact that Pu(z,t) = 0 for any (z,t) € V, we get

)
(2.6) th/) e(z,t')dr < C f ' f e(x,t) + |u(z, t)|? de dt,

where, the positive constant C' is depending on M. Now bearing in mind that

t/ ¢/
2.7 |u(;1:,t/)|2 = |u(x, 0)|2 + 8t(|u(ac,t)|2) dt < f e(z,t) dx,
0 0

Thus, from (2.6) and (2.7) we deduce that

fD(t,) ( (2, 1) + Ju(z, 1) ftf e(z,t) + |u(z, )| >dwdt_
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In view of Gronwall’s Lemma we end up deducing that u(x,t) = 0 for any 2 € D(¢') and ¢’ € (0,7/2). This
completes the proof of the lemma. (|

2.2. Proof of Theorem 1.1. Let a € A(ag, M) such that supp(a) = %;. Let f € H*(X) and u satisfy
u— Au+a(r,t)0u =0 in Q,

u(z,0) =0, du(z,0) =0 in Q,

u=f on X,

Since from Lemma[3.1] u = 0 in the conic set %, then u solves also the following hyperbolic boundary-value
problem
Zv—Av=0 in Q,

v(z,0) =0, dw(z,0) =0 in Q,

v=f on X.
Then, we conclude that A,(f) = Ao(f) forall f € HY(X).

3. CONSTRUCTION OF GEOMETRIC OPTICS SOLUTIONS

The present section is devoted to the construction of suitable geometrical optics solutions for the dissipa-
tive wave equation (I.T), which are key ingredients to the proof of our main results. The construction here
is a modification of a similar result in [5]. We shall first state the following lemma which is needed to prove
the main statement of this section.

Lemma 3.1. Let T, My, My > 0, a € L*(Q) and b € L*(Q), such that |a| =gy < M1 and ||b] 1= () <
Ms. Assume that F' € L'(0,T; L?(Q)). Then, there exists a unique solution u to the following equation
?u — Au + a(z,t)0pu + b(z, t)u(x,t) = F(z,t) in Q,

(3.8) u(z,0) =0 = du(z,0) in Q,

u(z,t) =0 on %,
such that
we C([0,T]; Hy(2)) n C*([0, T; L*(92)),

Moreover, there exists a constant C' > 0 such that
(3.9) |Oruls ) L2y + VUl )l 2y < CIF L1 o,m522(0)-
Armed with the above lemma, we may now construct suitable geometrical optics solutions to the dissi-

pative wave equation (1.1) and to its retrograde problem. For this purpose, we consider ¢ € C°(R™) and
notice that for all w € S*~! the function ¢ given by

(3.10) ¢(z,t) = p(x + tw),
solves the following transport equation
(3.11) (0 —w - V)o(z,t) = 0.

We are now in position to prove the following statement
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Lemma 3.2. Let My, My > 0, a € W**(Q) and b € WH*(Q), such that |a|y2xg) < M and

b yw1.0(q) < Ma. Givenw € St and p € C§(R™), we consider the function ¢ defined by . Then,
for any \ > 0, the following equation

(3.12) 02u — Au+ a(z, t)dpu + bz, )u =0 in Q,
admits a unique solution

u e C([0,T]; HY () n CH0,T; L*(Q)),
of the following form
(3.13) ut(z,t) = (z, t) At (, )N T Lt () t),

where A™ (x,t) is given by

t

(3.14) A*(2,) = exp ( _ ;J

. a(x + (t — s)w, s) ds),

and r* (z,t) satisfies
(3.15) r(z,0) = 0t (2,0) =0, inQ, 7" (z,t)=0 on X.
Moreover, there exists a positive constant C' > 0 such that
(3.16) M2y + 10 20y < Clle] s mny-
Proof. We proceed as in the proof of a similar result in [5]. We put
gz, t) = — (af ~ A +a(z,t)d; + bz, t)) (¢(a;, A (, t)ei’\(”'”th)).
In light of and , to prove this lemma, it will be enough to prove the existence of r* satisfying
(6,52 — A+ a(z,t)0; + b(z, t))rJr = g(xz,t),
(3.17) rt(z,0) = 0r*(x,0) =0,
rt(z,t) =0,
and obeying the estimate . From and using the fact that A™ (z, ) solves the following equation
200A" (z,t) — 2w - VAT (2,t) = —a(x,t) AT (2,1),
we obtain the following identity
gz, 1) = —eM@wt) (af — A+ alz, t)d + b(z, t)) (gb(aj, 1A (x, t)) = _eMawtt) g 4),
where go € L'(0,T, L*(Q)). Thus, in view of Lemma3.1] there exists a unique solution
e C([0,T]; Hy () n CH([0,T]; L*(2)),
satisfying (3.17). Let us now define by w the following function

t
(3.18) w(z,t) = f rt(z,s)ds.
0
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We integrate the equation (3.17) over [0, t], for ¢ € (0,T"). Then, in view of (3.18)), we have

(ag — A +a(z,t)d; + b(z, t))w(x,t) _ f g(z, ) ds + f

0 . 0

t t

(b(:v, t) — b(z, s)) r*(z,s)ds

+ f dsa(x, s)r™(z,s) ds,
0

Therefore, w is a solution to the following equation

(ag — A+ a(z, 1) + bz, t))w(x, t) = Fi(z,t) + Fa(z,t) in Q,

w(x,0) =0 = dyw(x,0) in Q,
w(z,t) =0 on X,
where F and F35 are given by
t
(3.19) Fi(z,t) = J g(z,s)ds,
0
and
¢ ¢
Fy(x,t) = f (b(w,t) — b(z, s)>r+(:1:, s)ds + f osa(x, s)rt(z, s)ds.
0 0

Let 7 € [0,7']. Applying Lemma[3.1on the interval [0, 7], we get

T t
||(?tw(.,r)“%z(9) < C(HF1H2L2(Q) +T (M} +4M22)J0 LL |T+($,S)|2dsdxdt>,
From @’ we get
T rt
0w )2y < O(IFll\ig(Q)+L L l0sw(., 9720 dsdt)
< C("E”%Q(Q) +TJO [0sw (., 8)1 720 d8>.

Therefore, from Gronwall’s Lemma, we find out that
losw (., T) 720y < ClF]Z2(q)-

As a consequence, in light of (3.18), we conclude that |7+ ;2() < C[Fi]2(g)- Further, according to
(3.19), F; can be written as follows

Fi(z,1) Zf

0
Integrating by parts with respect to s, we conclude that there exists a positive constant C' > 0 such that

t t
g(z,s)ds = 1J go(z, s)&‘s(ei)‘(m'w“)) ds.
’L)\ 0

n C
I 2y < XH‘PHH%R")-
Finally, since ||g/|z2(q) < C| ¢ m3(rn) - the energy estimate (3.9) associated to the problem (3.17) yields
l0er Tl 20y + IV 120y < Cllol s wny-

This completes the proof of the lemma. U

As a consequence we have the following lemma
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Lemma 3.3. Let My, My > 0, a € W»®(Q) , and b € WH*(Q) such that |a|ly2=q) < M and
b yw1.0(q) < Ma. Givenw € St and p € C§(R™), we consider the function ¢ defined by . Then,
the following equation

(3.20) ?u — Au — a(z, t)dpu + bz, t)u =0 in Q,

admits a unique solution
u” € C([0,T]; H'(Q)) n C([0,T]; L*(€2)),

of the following form
(3.21) u(z,t) = ol + tw) A~ (z, t)e AT L= (g1,
where A~ (z,t) is given by
1 t
(3.22) A (z,t) = exp (7 f a(x + (t — s)w, s) ds),
2 Jo

and r~(z,t) satisfies
(3.23) r (x,T) =0 (z,T) =0, in Q, r (z,t) =0 on %.
Moreover, there exists a constant C' > 0 such that
(3.24) Alr~ 2@ + 197 [ 22(Q) < Clle] a3 @mny-
Proof. We prove this result by proceeding as in the proof of Lemma([3.2] Putting

g, t) = — (02 = A = alw, )2 + bz, 1) (6, A7 (w, )N
Then, it would be enough to see that if »~(z, ¢) is solution to the following system

(@2 — A —a(x,t)o + b(:c,t))r*(ac,t) =g(x,t) in Q,

r~(z,T)=0= 0 (z,T) in €,

Ti(aj’t) =0 on 2,
then, r*(x,t) = r~(z,T —t) is a solution to (3.17) with g(z,t) = g(x, T — t). To see this it would be
enough to take a(x,t) = a(z, T —t) and b(x, t) = b(z, T — t). O

4. PROOF OF THEOREM [I.2]

In this section we prove Theorem 2.1. The proof is based on the geometric optics solutions constructed
in Section 3 and the following preliminary identity. We need first to introduce the following notations. Let
we S ay, as € A(ag, M). We set

Al t) = (A A%, 1) = exp ;f

0

ta(a: + (t— s)w, s) ds),

where A~ and A" are given by

A= (z,t) = exp (% Jt ar (@ + (t — 8)w, 5) ds), A (2,1) = exp ( _ ;f

0 0

t az(z + (t — s)w, s) ds).

Moreover, we define a in R"*! by a = a3 — a1 in Q, and @ = 0 on R*™1\Q, .
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4.1. An identity for the absorbing coefficient. The main purpose of this section is to give a preliminary
identity for the absorbing coefficient a .

Lemma 4.1. Ler ¢ € C(A,) and a; € A(ag, M), i = 1,2. Assume that Ao, = A, then, the following
identity holds
(4.25) i)\f a(z, 1) (x + tw) Az, t) de dt = I(x,t, \),

Q

with |Z(x,t,\)| < C, where C is independent on \.

Proof. In view of Lemma there exists a geometrical optics solution u™ to the equation
Put — Aut + ag(x,t)0ut =0, inQ

ut(z,0) = dut(2,0) =0, inQ,
in the following form
(4.26) ut(z,t) = o(z + tw) AT (z, £)eNTOH) Lt (g 1),

corresponding to the coefficients aa, where 71 (x, ) satisfies (3.13)), (3.16). Next, let us denote by f the
function

Az t) = ut(z,8))s = pla + tw) AT (2, 1)@,
We denote by u; the solution of

O?uy — Aug + ap(z,t)0u; =0, inQ
ui(x,0) = dpui(x,0) =0, inQ
ur = fi, on
Putting v = u; — u™. Then, u is a solution to the following system
O?u — Au + a1 (z,t)0u = a(z, t)du™, inQ
4.27) u(z,0) = dyu(z,0) = 0, inQ

u(z,t) =0, onY

where a = a — a;. On the other hand Lemma [3.3] guarantees the existence of a geometrical optic solution
u~ to the adjoint problem of (1.1)

?u” — Au~ —ay(z,t)0u” — Giay (z,t)u” =0, inQ

u (z,T)=0= o (z,7T), in €.
corresponding to the coefficients a1 and —d;aq, in the form
(4.28) u”(z,t) = p(x + tw)e MEOT) A7 (2 1) + 7 (2, 1),

where r~(z, t) satisfies (3.23)), (3.24). Multiplying the first equation of (4.27) by u ™, integrating by parts
and using Green’s formula, we obtain

(4.29) J a(z,t)out u” dodt = J (Agy — Aay)(f) u™ do dt.
Q )
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On the other hand, by replacing ©™ and u~ by their expressions, we have
JQ a(z,t)opu™ u” drdt = JQ a(z, ) 0pp(x + tw)eMT9T) AT~ da dt
+ JQ a(z, t)p(x + tw)e T o, AT dr dt + JQCL(:E, t)orp(x + tw)p(x + tw) (AT A7 )dz dt
+ JQ a(z, t)*(x + tw) AT A™ dx dt + i) JT J a(z, t)p(x + tw)eN T AT da dt
+ fQ a(z, t)p(x + tw)e @) Aot da dt + i) JQ a(z, ) (x + tw) (AT A7) da dt
+ JQ a(z,t)ortr™ drdt =i\ JQ a(x, 1) (z + tw)Adz dt + I(z,t, ),

where A = AT A™. Then, in light of (4.29), we have

(4.30) ix f a2, ) (2 + tw) A, £) da df — f (Auy — A ) () U= do dt — T, 1, \).
Q by
Note that for A sufficiently large, we have
4.31) IZ5] < Cllol g gny-
Hence, using the fact that A,, = A,,, we deduce from (4.30) and (4.31)) the desired result. O

4.2. End of the proof. In this section we complete the proof of Theorem by the use of the results we
have already obtained in the previous sections. Let us first consider the following set

E = {(¢, 1) e RMMO= R r) ey

and denote by a the Fourier transform of F' € L'(R"*!) as follows:

= J J F(x,t)e @™ dy dt.
R n

In light of (4.25)), we have as A goes to +c0, the following identity

t
(4.32) f a(x, t)p?(z + tw) exp < 1 f
Q 2

a(x + (t — s)w, s) ds) dz dt = 0.
0

Then, using the fact a(z, t) = 0 outside @, , and making this change of variables y = = + tw, one gets

f fﬂ Yy —tw, t)p (y)eXp<_;Lta(y—sw,S)dS)dydtz()_

Bearing in mind that

f f y — tw, t) 90(3/)6Xp<—;fta(y—sw,s)ds)dydt

< - ;fota(y — 5w, s) ds)] dy dt
T

f a(y — sw, s) ds) - 1] dy.
0

I
|
[\]
%
3
5,
@
&
H~

Il
%
3

/\

<

~—
| —

('D
/N

|
N =

we conclude that

(4.33) f ) goQ(y)[exp ( - = JT a(y — sw, s) ds) — 1] dy = 0.
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Now, we consider a positive function ¢ € Cg°(R™) supported in the unit ball B(0, 1) and such that ||| 2 (gn) =
1. Define

(4.34) en(x) = k2 (S,

where y € A,. Then, for h > 0 sufficiently small we can verify that supp ¢, < C{°(.A;) and satisfies
supppr, N QY =, and suppyp +Twn Q= .
Then, as h goes to 0 we deduce from (4.33) with ¢ = ¢}, that

1 (T
exp(—f a(y—sw,s)ds) —-1=0.

2 Jo
Since a = az — a1 = 0 outside (), «, we then conclude that
(4.35) J a(y —tw,t)dt =0, ae ye A, weS L

R
On the other hand, if |y| < %, we notice that
(4.36) a(ly —tw,t) =0, VteR.
Indeed, we have
r

(4.37) ly — tw| = [t] — [y] >t—§7

hence, (y — tw, t) ¢ €7 if t > r/2, from @.37). As (y —tw,t) ¢ €, if t < r/2, then we have (y — tw, t) ¢
€t S Qy,« fort € R. This and the fact that @ = az — a1 = 0 outside Q. yield (4.36), and consequently,

J aly —tw,t)dt =0, |yl < .
R 2
By a similar way, we prove for |y| > T — r/2, that (y — tw,t) ¢ €, D Qr«, t€ R, and then obtain
(4.38) f aly —tw,t)dt =0, ae yé¢.o, weS L

R
Thus, by (#.35) and (4.38) we find

f aly —tw,t)dt =0, ae yeR™ weS" L

R

We now turn our attention to the fourier transform of a. Let £ € R™. In light of (4.38)) and by the use of
Fubini Theorem, we get

f j a(z — tw, t)e” ¢ dx dt = 0.
R n

Making the change of variables y = x — tw, one gets

f J a(y,t)e_iy'ge_it(“"g) dy dt = 0.
R n

Let us now consider ¢’ € S*~! such that £ - ¢ = 0. Setting

2
w=#-5+4/1—‘2ﬁ-5’es”—1,

then ({,7) = (§{,w.§) € E. We then deduce that a(¢,7) = 0 in E. By an argument of analyticity, we
extend this result to R”*!. Hence, by the injectivity of the Fourier transform we get the diserd result. This
completes the proof of Theorem[I.2]
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