Kernel regression with Weibull-type tails
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In order to prove Lemma 1, we need the following preliminary result that we state, for notational
convenience, in the univariate framework.

Lemma S1. Let U denote the tail quantile function of a distribution function F, i.e. U(y) =
inf{x: F(z) >1-1/y}, y > 1. If for some positive function a
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Proof of Lemma S1

We have
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It is well-known that (1) implies
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see for instance de Haan and Ferreira (2006), p 101. Now let a(y) := a(y)/U(y), and consider a

function ag ~ a. Thus
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As for the integral in the right-hand side, we use Proposition B.2.17 of de Haan and Ferreira

(2006) p 382, so that for all £, > 0 and for p sufficiently large
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provided é < 1. Collecting the terms establishes the result of Lemma S1. O

A note about Assumption (F)
In this section we elaborate on the smoothness condition (F). We will focus on the case ¢t = 0

and show that the assumption
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can be satisfied by imposing some more structure on F and some additional conditions on h,,

and wy,. In particular, assume that £*(.; z) is normalized, i.e.
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where ¢(z) > 0 and e(v; ) — 0 as v — oo, and impose the following Holder continuity conditions
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where ||.|| denotes the Euclidean norm on R?, and My, M., M., ng, 1., n- are positive constants.

Using the well known inequality |exp(x) — 1| < exp(|z|)|z| we obtain
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We now examine the two terms in the right hand side of (3) separately.

The Holder continuity of §(z) and the inequality |exp(z) — 1] < exp(|z|)|z| lead for n large to

e e
Wl/O@—hnz)=1/8() _ 1‘ < ex Mohy! Inwy, \ Mphy® Inwy,
0(x)0(x) 0(x)0(x)

3



with 0(z) := inf,cq 0(z — 2z). Thus, by assuming that hy’ Inw, — 0 as n — oo, we get for n

large the inequality
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where (1 is a positive constant.

Concerning ¢* we get the following decomposition
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Again by the Holder continuity conditions we obtain
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and, for n large
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for Cs a positive constant.

Combining (3), (4), (5), (6), (7), we get thus for n large that
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with C3, Cy > 0.

Thus (2) will be satisfied if one assumes additionally that
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and
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Proof of Lemma 2

From the rule of repeated expectations we obtain
mn (K, t;x) = E[Kp, (x — X)m(wp,t; X)]
= A K, (x — u)ym(wn, t;u)g(u)du
a
= /QK(z)m(wn, t;x — hnpz)g(x — hpz)dz.
Straightforward calculations lead to
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Using (G) and (K) we obtain
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Concerning T», using (F) and (K)
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Similar arguments lead to T5 = m(wp, t; x)g(x)O(hn,®(wn, hn; x)). Now, collecting all the terms

establishes Lemma 2. O

Proof of Lemma 4



Let 7, := \/nh& F(wn; x)g(z). By straightforward calculations we can write

From Lemma 3 we obtain that
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and hence, also using Parzen’s results on kernel density estimation (Parzen, 1962), summa-
rized in Lemma 3 in Daouia et al. (2013), T} A N(0,||K|]3). Concerning T5, we use Lemma
3 in Daouia et al. (2013) and Lemmas 1 and 2 from the present paper to obtain Tj
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et al. (2013). Combining these results establishes our Lemma 4. O

Proof of Theorem 2

First consider
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and write
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From Lemma 3, we have

x)I'(2t +1)
t+1

D 92t+2
E+R%N@ ( 202t + DIIELE + (¢ -+ DI KallZ — 2026 + DK Kal] ).

Concerning Ty, using Lemmas 1 and 2, we have
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and hence under our assumptions, we have Ty — A\+/g(z) 0'(x)T(t + 1).
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lecting the above results gives
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To complete the proof we consider
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Again using Lemmas 1, 2, and 3 we obtain that
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