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Optimal bounds on correlation decay rates for
nonuniform hyperbolic systems
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Dedicated to the memory of Nikolai Chernov*

Abstract

We investigate the decay rates of correlations for nonuniformly hy-
perbolic systems with or without singularities, on piecewise Holder ob-
servables. By constructing a new scheme of coupling methods using the
probability renewal theory, we obtain the optimal bounds for decay rates
of correlations for a large class of observables. Our results apply to rather
general hyperbolic systems, including Bunimovich Stadia, Bunimovich bil-
liards, semidispersing billiards on a rectangle and billiards with cusps, and
to a wide class of nonuniformly hyperbolic maps.
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1 Introduction

1.1 Motivation and relevant works

The studies of the statistical properties of 2-dimensional hyperbolic systems
with singularities are motivated in large part by mathematical billiards with
chaotic behavior, introduced by Sinai in [64] and since then studied extensively
by many authors [12] 13} [T}, [72] [26].

Statistical properties of chaotic dynamical systems are described by the de-
cay of correlations and by various limiting theorems. Let (M, J, ) be a dy-
namical system, i.e., a measurable transformation F: M — M preserving a
probability measure p on the Borel sigma algebra of M. For any real-valued
functions f and g on M (often called observables) the correlations are defined
by

Cn(f,gﬁ")Z/Jv[(fo?”)gdu—/mfdu/Mgdu (L.1)



Note that (L) is well defined for all f,g € L%(M). It is a standard fact that
(F, u) is mizing if and only if

lim C,(f.0.9) =0, ¥f.ge LA (1.2)

The statistical properties of the system (M, JF, u) is characterized by the rate
of decay of correlations, i.e., by the speed of convergence in ([[L2) for “good
enough” functions f and g. If M is a manifold and F is a smooth (or piece-
wise smooth) map, then “good enough” usually means bounded and (piecewise)
Holder continuous.

Generally, mixing dynamical systems (even very strongly mixing ones, such
as Bernoulli systems) may exhibit quite different statistical properties, depend-
ing on the rate of the decay of correlations. If correlations decay exponentially
fast (i.e., |Cp] = O(e™*") with a > 0), usually the classical Central Limit Theo-
rem (CLT) holds, as well as many other probabilistic limit laws, such as Weak
Invariance Principle (convergence to Brownian motion), which play a crucial
role in applications to statistical mechanics; we refer the reader to the surveys
in [I6] 20, 34, 40, [71] and [26) Chapter 7]. Such strongly chaotic dynamical
systems behave very much like sequences of i.i.d. (independent identically dis-
tributed) random variables in probability theory.

However, some other mixing and Bernoulli systems have slow rates of the
decay of correlations, such as |C,,| = O(n~®). Their statistical properties are
usually weak, they exhibit intermittent behavior [59]: intervals of chaotic motion
are followed by long periods of regular oscillations, etc. Such systems can help
to understand the transition from regular to chaotic motion, and for that they
have long attracted considerable interest in physics community [42] 54 [69]. We
note that iff] |Cp| ~ n~® with @ < 1, then even the classical CLT usually fails.
In that case the system can be approximated by an unconventional Brownian
motion in which the mean squared displacement grows faster than linearly in
time. This may help to explain certain unusual physical phenomena, such as
superconductivity and superdiffusion. In particular, for ¢ = 1 the mean squared
displacement acquires an extra logarithmic factor [7, 22] [66].

An challenging question to ask is “What are the main reasons that have
showed down the decay rates of correlations for nonuniformly hyperbolic sys-
tems”? It has been a mathematically challenging problem to estimate the rates
of the decay of correlations for hyperbolic systems with singularities, including
chaotic billiards. The main difficulty is caused by singularities and the result-
ing fragmentation of phase space during the dynamics, which slows down the
global expansion of unstable manifolds. Moreover, the differential of the billiard
map is unbounded and has unbounded distortion near the singularities, which
aggravates the analysis of correlations: one has to subdivide the vicinity of sin-
gularities into countably many “shells” in which distortions can be effectively
controlled.

Even for strongly chaotic billiards, exponential upper bounds on correlations
were proven only in 1998 when Young [71] introduced her tower construction as

IWe say A, ~ By if there exist 0 < ¢1 < c2 such that ¢1 B, < Ap < 2By, for all n > 1.



a universal tool for the description of nonuniformly hyperbolic maps; see also
[I7]. Young also sharpened her estimates on correlations by combining her tower
construction with a coupling technique borrowed from probability [72]. The
coupling method was further developed by Bressaud and Liverani in [I5] and
then reformulated in pure dynamical terms (without explicit tower construction)
by Dolgopyat [20, [39] using standard pairs; see also [26, Chapter 7]. Dolgopyat’s
technique was proven to be efficient in handling various types of strongly chaotic
systems with singularities [20] 2], 22| [26] [32] [39] [4T].

For weakly chaotic billiards, the first rigorous upper bounds on correlations
(based on Young’s tower) were obtained in the mid-2000s [55, 2§]. The results
upper bounds were not optimal, as they included an extra logarithmic factor,
which was later removed in [31I] by a finer analysis of return time statistics.
Besides billiards, the same general scheme for bounding correlations has been
applied to linked-twist maps [67] and generalized baker’s transformations [10],
intermittent symplectic maps [52], and solenoids [2].

Surprisingly little progress has been made in obtaining lower bounds on
correlations for hyperbolic systems, including billiards. Among rare results in
this direction are those for Bunimovich stadia [7] and billiards with cusps [5l,
where a lower bound was a byproduct of a non-classical CLT that forces cor-
relations to be at least of order O(n~!). For one dimensional non-uniformly
expanding maps and for Markov maps, lower bounds on correlations have been
derived via the renewal methods by Sarig [63], later improved by Gouézel [44].
The renewal techniques were then extended to more general non-uniformly ex-
panding maps and certain nonuniformly hyperbolic systems; see [46], 48] 56 53]
and references therein. The main scheme of the renewal methods relies on the
construction of an induced map, for which the corresponding transfer operator
has a spectral gap on a certain functional space. Actually the main reason why
it is so difficult to apply operator technique to billiards and related hyperbolic
systems with singularities, is the lack of a suitable functional space on which
the transfer operator for the induced map would have a spectral gap (and would
be aperiodic).

For chaotic billiards and their perturbations, a suitable Banach space of func-
tions was constructed in [36] 7], and the spectral gap for transfer operators was
proven to exist. But it is still difficult to apply the renewal operator methods on
these systems because in order to take care of the unbounded differential of the
billiard map, the norms defined in [36, [37] cannot directly produce the necessary
estimates needed for the renewal technique [63]. We should however stress that
similar difficulties are also encountered in the studies of non-uniformly expand-
ing (non-invertible) maps, as it is pointed out in [48]. Recently, some progress
has been made in this direction for some hyperbolic maps, see [53] [56].

In this paper we are able to identify the main factors that affect the de-
cay rates of correlations for rather general nonuniformly hyperbolic systems, in
terms of the tail distribution of the return time function (used in the induc-
ing scheme). Since the singularities of the systems make it difficult to apply
all existing methods, we revisit Dolgopyat’s coupling method and the ideas of
standard pairs [20] [39] for systems with exponential decay rates of correlations,



see also [72], and develop a new coupling scheme for nonuniformly hyperbolic
systems. Combining with the elegant Probability Renewal Theory, originated
from Kolmogorov [51], we are able to obtain an optimal bound for the decay
rates of correlations for general 2-dimensional hyperbolic systems. Our for-
mulas give a precise asymptotic, rather than upper or lower bounds. To our
knowledge, this is the first result of that type in the context of nonuniformly
hyperbolic billiards. And the results have greatly improved all existing results
on decay rates of correlations for hyperbolic systems with slow decay rates of
correlations. Moreover, our new method is more flexible, comparing to all other
existing methods in this direction, as it can be applied to dynamical systems
under small deterministic or random perturbations. In Section 10, we will de-
scribe several classes of billiards to which our results can be applied. Moreover
we also obtain the optimal bound for an example of nonuniform link-twist map.
Other nonuniform hyperbolic maps, some of which exhibiting attractors, have
been investigated in another paper [68].
We describe the structure of our work in more details below.

1.2 Plan of exposition

We first prove an upper bound on correlations under rather general assumptions
(compared to those in [28] [3T]), and then we obtain optimal estimates for the
decay of correlations for certain hyperbolic systems, including semi-dispersing
billiards, billiards with cusps, Bunimovich stadia, etc. The key ingredient of
the coupling scheme is the construction of a Markov tower, which we will call
generalized Young tower together with a new version of the coupling lemma for
nonuniformly hyperbolic systems. Our general scheme consists of three major
steps:

(a) We first need to choose a subset M C M on which the induced (first
return) map F: M — M is uniformly hyperbolic (with an exponential decay
of correlations). We note that F' preserves the measure p conditioned on M,
which we denote by ups; it will be an SRB measure. For the definition of SRB
measure, see Section 211

(b) Then we check that standard pairs and standard families (which were
introduced in [20} 39 26]), for the induced system (F, M, p5s) satisfy the specific
conditions of our earlier work [32]. These would imply a Coupling Lemma for
the induced system, as well as an exponential decay of correlations. Based on
the Coupling Lemma for the induced system [32], a generalized Young tower for
the induced system is constructed.

(¢) In order to prove a Coupling Lemma for the original system (M, F, 1), a
generalized Markov tower is carefully constructed based on that for the induced
map. Since nonuniform hyperbolicity prevents us from using a standard cou-
pling procedure with an exponentially decaying coupling time [20] 26], we have
to develop a different approach: we decompose the orginal measure accord-



ing to a stopping time function and perform coupling only at those stopping
times. On the one hand, this procedure allows us to “match” images of our
measures efficiently when they both properly return to a reference set. On the
other hand, the probability renewal theory enables us to keep track of points
that have properly returned to the base of the tower sufficiently many times,
but failed to couple for various reasons. Our procedure can be applied to 2D
(nonuniformly) hyperbolic systems with or without singularities.

The quantitative part of our scheme involves the following estimates. For
the set M C M selected in part (a), let R: M — N be the first hitting time to
M under iterations of JF; see precise definition in ([BI]). The Poincaré recurrence
theorem implies that R < co almost everywhere on M. We obtain the following
upper bound on the decay of correlations in Theorem for piecewise Holder
observables f, g on M:

|Cn(f797?)| SC.f79/J'(R>n)7 (13)

where Cf 4 > 0 is a constant depending only on f and g. Moreover the following
formula is derived in Theorem 23] for a large class of systems:

/ (f o F") gdpu - / fdu / gdp = p(R > n)u(ulg) + o(u(R > n)), (1.4)
M M M

under the condition that supp(f) € M and supp(g) C M. This is a novel
result for billiards. Our asymptotic formula ([4]) implies that the tail bound
for the return time function p(R > n) is indeed an optimal estimate for the
decay of correlations. Note that if one chooses certain observables satisfying
conditions in Theorem 2 as well as p(f)u(g) = 0, then we get a faster decay
rate of correlations:

Cn(f, 9, F)| = o(u(R > n)), (1.5)

as it is proved in Theorem 2.

2 Assumptions and main results

2.1 Assumptions

Let M be a 2-dimensional compact Riemannian manifold, possibly with bound-
ary. Let Q C M be an open subset and let F: 0 — M be a C**7° diffeomorphism
of  onto F(2) (here v € (0,1]). We assume that 8§, = M\ Q is a finite or
countable union of smooth compact curves. Similarly, 8_; = M\ F(£2) is a finite
or countable union of smooth compact curves. If M has boundary OM, it must
be a subset of both 8; and §_;. We call 8§; and §_1 the singularity sets for the
maps F and F~!, respectively. We denote by €2;, i > 1, the connected compo-
nents of Q; then F(€;) are the connected components of F(€2). We assume that
F|q is time-reversible, and the restriction of the map F to any component Q;
can be extended by continuity to its boundary 0€2;, though the extensions to



0Q;NOQ; for i # j need not agree. Similarly, for each i the restriction of F~1 to
any connected component F(£2;) can be extended by continuity to its boundary
OF(£2;).

Next we assume that the map F is (nonuniformly) hyperbolic, as defined by
Katok and Strelcyn [50]. This means that F preserves a probability measure p
such that p-a.e. point € M has two non-zero Lyapunov exponents: one positive
and one negative. Also, the first and second derivatives of the maps F and F~!
do not grow too rapidly near their singularity sets 8; and 8_1, respectively; and
the e-neighborhood of the singularity set has measure O(e%) for some ¢y > 0.
This is to ensure the existence and absolute continuity of stable and unstable
manifolds at p-a.e. point. Let

WY = (s T (M 81).

Obviously, W* is (mod 0) the union of all unstable manifolds, and we assume
that the partition W* of M into unstable manifolds is measurable, so that u
induces conditional distributions on p-almost all unstable manifolds (see the
definition and basic properties of conditional measures in [26, Appendix A]).
Most importantly, we assume that p is an Sinai-Ruelle-Bowen (SRB) measure;
i.e. the conditional distributions of p on unstable manifolds W C W* are abso-
lutely continuous with respect to the Lebesgue measure on W. SRB measures
are known to be the only physically observable measures, in the sense that their
basins of attraction have positive Lebesgue volume; see [73] and [45, Sect. 5.9].
We also assume that our SRB measure y is ergodic and mixing. Our
work is devoted to statistical properties of u, so it is natural for us to take its
ergodicity and mixing for granted.

In chaotic billiards, all the above assumptions are satisfied and are usually
easy to check. In particular, the invariant measure p for billiards is smooth and
has a positive density on all of 2. In physics terms, this invariant measure u
is an equilibrium state. Another important class of systems consists of small
perturbations of chaotic billiards (usually induced by external forces or special
boundary conditions) [I8] [I9]. Those systems model electrical current [22 23],
heat conduction and viscous flows [14] 25], the motion under gravitation on the
Galton board [21]], etc. For perturbed billiards all the above assumptions are
satisfied, too, but the measure p is no longer absolutely continuous: it is singular
with respect to the Lebesgue measure on M (though every open subset U C M
still has a positive p-measure). In physics, such a measure p (for billiards under
small perturbations) is called a nonequilibrium steady state (NESS).

Even with the assumptions made thus far, the decay of correlations may
be arbitrarily slow [28 [29]. In order to ensure a specific rate for the decay of
correlations we introduce the inducing scheme that were used by Markarian [55]
for Bunimovich Stadia, Chernov and Zhang [28] for general hyperbolic systems
with slow decay of correlations.

We first construct a subset M C M, with u(M) > 0, and let R : M —
N be the first hitting time of M. By the Poincare Recurrence Theory, there
exists M C M, such that (M) = 1 and for any © € M, R(x) < oo. For



any ¢ € M N M, we define Fz = FE@®) . Then F preserves a probability
measure gy = plp/p(M). For precise construction of the induced system,
see Subsection Bl We next make more specific assumptions on the induced
system (M, F, piar).

(H1) Distribution of the first hitting time R. We assume that there exist
C > 0, ag > 1, such that the distribution of R satisfies:

C

p(My) < itao (2.1)

where M, is the closure of the level set of R restricted on M which is {x € M :
R(z) = n}. Moreover, we assume that there exists Ny > 1 such that every level
set M, contains at most Ny connected components.

Remark.
(i) Note that (21) implies that there exist Cq > 0, such that

PR > ) = (M) Y e (R > b) <

k>n

(ii) In assumption (H1), we can replace (2Z1]) by the following limit:
lim L(n)n'Tu(M,) = C,

n—oo

where L(n) is a slowly vary function at infinity. Our results on decay
rates of correlations still hold by simply adjusting the order of the tail
bound p(R > n) by a slowly vary function in all estimations.

For a large b (whose precise value will be given in (617)), we denote ¢ (n) :=
(bInn)?, and define the set

On,b - {I S M | #1§i§n{gﬂ.($) S M} < 1/}(71)5 R(I) S n} (22)

Clearly, C),, contains those points in M whose forward trajectory only returns
to M at most ¢(n) times within n collisions.

(H2) Measure of C,, ;. We assume that there exists 1 € [0, 1) such that

1(Chp) < Cn' 7% p(Cppy NF M) < Cn' =075,

Next we introduce sufficient conditions for exponential decay rates of corre-
lations, as well as for the coupling lemma, for the induced map. These assump-
tions are quite standard and have been made in many references [17, 20}, 26] [32].

(H3) Sufficient conditions for exponential decay of correlations of the
induced map.



(h1) Hyperbolicity of F. There exist two families of cones C% (unstable)
and C? (stable) in the tangent spaces T, M, for all & € M \ S1, and there
exists a constant A > 1, with the following properties:

(1) D,F(C¥) C C},, and D,F(C%) D C%.,., wherever D, F exists.
(2) [D=F@)[| = Aljoll,Yv € Cyt; - and  [|DoF~H(v)[| = Aflol, Vv € C5.

(3) These families of cones are continuous on M and the angle between
C¥ and C7 is uniformly bounded away from zero.

We say that a smooth curve W C M is an unstable (stable) curve if at
every point 2 € W the tangent line T,V belongs in the unstable (stable)
cone C¥ (C%). Furthermore, a curve W C M is an unstable (stable)
manifold if F~™(W) is an unstable (stable) curve for all n > 0 (resp.
<0).

(h2) Singularities. The boundary OM is transversal to both stable and unsta-
ble cones. Every other smooth curve W C 51\ OM (resp. W C S_1\ OM
) is a stable (resp. unstable) curve. Every curve in S; terminates either
inside another curve of S7 or on the boundary OM. A similar assumption
is made for S_;. Moreover, there exist ¢y € (0, 1] and C > 0 such that for

any x € M\ S;
|D,F|| < Cdist(x,S1)~%, (2.3)

and for any £ > 0,

p(x € M: dist(z,51) <e) < Ce®. (2.4)

Note that ([2.4) implies that for p-a.e. x € M, there exists a stable and
unstable manifold W*/#(x), such that F"W*(z) and F~"W"(z) never hit
S1, for any n > 0.

Definition 2.1. For every z,y € M, define s (z,y), the forward separa-
tion time of x,y, to be the smallest integer n > 0 such that x and y belong
to distinct elements of M \ S,,. Fix 8 € (0,1), then d(x,y) = 35+ @¥) de-
fines a metric on M. Similarly we define the backward separation time

s_(z,y).

(h3) Regularity of stable/unstable manifolds. We assume that the fol-
lowing families of stable/unstable curves, denoted by W3" are invariant
under F~1 (resp., F) and include all stable/unstable manifolds:

(1) Bounded curvature. There exist B > 0 and ¢y > 0, such that the
curvature of any W € W3" is uniformly bounded from above by B,
and the length of the curve |[W| < ¢py.

2We have already assumed that Lyapunov exponents are not zero a.e., but our methods
also use stable and unstable cones for the map F'.



(2) Distortion bounds. There exist vy € (0,1) and C, > 1 such that
for any unstable curve W € W% and any z,y € W,

Ingdw (F~'e) = Indw(F~'y)| < Credist(z, ),  (2.5)

where
Jw(F~'z) = dmp-1w(F~'z)/dmw (z)

denotes the Jacobian of F~1 at x € W with respect to the Lebesgue
measure on the unstable curve W.

(3) Absolute continuity. Let Wi, Wy € WY% be two unstable curves
close to each other. Denote

W/ ={zeW,: W(x)NWs_; #0}, i=1,2.

The map h: W| — W} defined by sliding along stable manifolds is
called the holonomy map. We assume h,myy; is absolutely contin-
uous with respect to myy, i.e. hompy; < myy; and furthermore,
there exist uniform constants C, > 0 and ¥ € (0, 1), such that the
Jacobian of h satisfies

|Ingh(y) — In gh(z)| < Coost @Y, Va,y € W/ (2.6)
Similarly, for any n > 1 we can define the holonomy map
h, = F"oho F~": F'W, — F"Ws,
and then (2.6) and the uniform hyperbolicity (h1) imply

In Jh,, (F"x) < CLg. (2.7)

(h4) One-step expansion. We have

. |W|)q0 IF=1V,|
liminf  sup E (— e < 1, 2.8
0-0 . wi<s 5 \Val W (28)

where the supreme is taken over regular unstable curves W C M, |W|
denotes the length of W, and V,,, n > 1, denote the smooth components
of F(W).

Note that the boundary 0D is a part of the singular set Si, hence every
stable manifold for I is also a stable manifold for . Since we denote by Wi
the collection of all stable manifolds for F', then the collection W?* of stable
manifolds for & can be constructed by

Wi = U, UP FR{W S € Wi W € D, ) (2.9)

On the other hand, every unstable manifold W} for F is a (part of) an unstable
manifold W* for F, more precisely, Wg = W* N, for some ©; C D. Since

10



we denote by WY the collection of all unstable manifolds for F', then it can be
extended to the whole space M in a similar way:

WY = Upe_ U TR W™ € Wi W C F(Dy)}. (2.10)

Notice that this will not be exactly the collection W* of unstable manifolds
for F, instead the latter would be obtained by concatenation of some curves
from W¥. Since the collection of curves in W*/*\ W/* is a null set, we will not

make distinction between these two sets below. More precisely, we will identify
W7 =W7, for o € {u, s}.

2.2 Statement of the main results

For any v > 70, let H™ () be the set of all bounded real-valued functions
f € Loo(M, p1) such that for any x and y lying on one stable manifold W* € W*,

(@) = £ < If |7 dist(z,y)", (2.11)
with F(@) = £)]
- — wp B T
”f”'y N WSSGI\)/VS;E,}S/EEVS dist(x,y)’Y =

Similarly, we define HT () as the set of all bounded, real-valued functions

g € Loo(M, 1) such that for any x and y lying on one unstable manifold W* €
W

l9(2) — g(W)| < llglly dist(z, y)", (2.12)

lg(z) — g(v)|

-+ —
: = sup sup —————— < '
lgllys = sup  sup st g)

with

When we study autocorrelations of certain observables, we will need to require
that the latter belongs to the space H(y): = Ht(y) N H™(v), i.e., they are
Holder functions on every stable and unstable manifold. For correlations of
two distinct functions given by (1) we always assume that f € H ™ (v1) and
g € HT(y2) with some 1,72 € [y0,1], unless otherwise specified. For every
f € H*(y) we define

£ = 1f e + 1115 (2.13)

By using the coupling methods, we obtain the following upper bounds for
the rate of decay of correlations.

Theorem 2.2. For systems satisfy (H1)-(HS), there exists C > 0, such that
for any observables f € H™(v1) and g € HT () on M, with v; € [yo,1], for
i=1,2,
[u(f o F - g) — u(Hug)| < CllgllE, 1£112,, (1(Cnp) + p(R > n))
< CllgllE, NI, ni e,

c2

forn > N, with ag > 1 was given in (H1) and Ny = N1(g) > 1.

11



Note that (H1) implies that u(R > n) = O(n'~2°). Thus the decay rates of
correlations are closely related to the tail distribution of the function R. Next
we indeed show that (R > n) characterizes the optimal bound for the decay
rates of correlations for a large class of observables.

Theorem 2.3. Under conditions of Theoreml, if we further assume both f and
g supported in M (note M is the nice subset in M), then correlations decay as:

p(f o F" - g) = p(flulg) = n(R > n)u(f)u(g)| + E(f, g, n), (2.14)

for any n > Ny, with
E(f,9.m)| < C|[fcllgllocn™ = o(u(R > n)),

and By = min{ag + 1 — 1,200 — 2}. Here g1 € [0,1) was given in (H2).

For the case where pu(f)u(g) = 0 we also have a better bound o(u(R > n))
specified in the above Theorem 2. For example, for semi-dispersing billiards on a
rectangle and Bunimovich Stadia, we have oy = 2, so for general observables, the
correlations decay as O(n~1); see also [55, 28]. But for observables supported
on M and such that u(f)u(g) = 0, the above theorem implies C,(f,g,F) =
O(n=17#1), which also implies the classical central limit theorem.

Next we will prove that for dynamical systems with slow decay rates of
correlations, the class of Holder observables f with support on M will satisfy
the classical Central Limit Theorem.

Theorem 2.4. Assume By > 1 in Theorem 2. Let f € H™(yo) N H (o) with
supp(f) € M and u(f) = 0. Assume f is not a coboundary, i.e. there is no
function h such that f = h —hoJ. Then the following sequence converges:

# Ny (2.15)

in distribution, as n — oco. Here

o? = u(f2) +2y u(foT" - f) < oo

n=0
and Z is a standard normal variable.

According to Theorem 3, for Bunimovich Stadia and billiards with cusps,
even though the correlation for general variables usually decay at order O(n~1),
if we pick a Holder continuous function f supported on M, with f € HT (7)) N
H~(y0) and pu(f) = 0, then we still be able to get a classical Central limit
theorem, instead of the abnormal Central limit theorem.

Another related observable we would like to discuss is f = f — u(f), the
centralized version of f, with supp(f) C M. Note that we can express u(f) =
w(f)Ine. Thus f = f— pu(f)Ine is not supported on M any more, so our Theorem

2 does not apply to it. Moreover, to study the Central limit theorem for f o 3",
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we need to define f := (f — p(f)R) - Ips, which is the induced observable by f.
Thus the partial sums

and o B

should have similar asymptotic behavior if we scale them by the reciprocal of
their standard deviation. However, by the definition of f, we know that the
variance of f is dominated from below by that of R, which is unbounded for the
case when p(R > n) ~ n~!. This means that the classical Central limit fails,

as well as the Green-Kubo formula, as

iu(R>n)~in_l = 00.
n=1 n=1

For the Central Limit Theorem of these general classes of observable for Buni-
movich Stadia and billiards with cusps, see [6] B5].

Throughout the paper we will use the following conventions: Positive and fi-
nite global constants whose value is unimportant, will be denoted by ¢, ¢1, co, - - -
or C,Cy,Cs,---. These letters may denote different values in different equations
throughout the paper. In Appendix, we also list some notations that we use
throughout the paper.

3 Standard families and the induced map

In this paper, we will use the coupling method to prove our main theorems,
which depends heavily on the concept of standard pairs proposed firstly by
Dolgopyat in [39], as well as the Z function by Chernov and Dolgopyat in [20, 26].

3.1 Construction of an induced system (F, M, ).

In this section, we carefully construct the induced system, and take care of the
definition of singularity set for both systems.

Let M be a 2-dimensional compact Riemannian manifold, and 2 C M be an
open subset. 8§ = M\ 2 and §_; = M\ F(Q) are the singularity sets for the
maps T and F~1, respectively. Let Q;, i > 1, be the connected components of
Q; then F(€;) are the connected components of F(€2).

Let D = U;er§; (card I < 0o) be a finite union of some connected compo-
nents of Q. For any = € M, let

R(z) =min{n >1: F*(x) € D, F"(z) ¢ 81, m=1,...,n—1}, (3.1)

be the first entrance time to the set D. When restricted on D, we also call R
the first return time, although later we extend it to almost every points of M.
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We denote by N7 C D the set of points that never return to D; it consists of
points of two types:

(i) F™(x) € 81 for some n > 1 and F™(z) ¢ D for m =1,...,n—1 (the orbit
of x hits a singularity before it comes back to D);

(ii) F"(z) € Q\ D for all n > 1 (i.e., x is a wandering point).
For each n > 1, the “level” set
Dp:={zxe€D: Rx)=n}CD

is open, and if D,, # @ then F" is a diffeomorphism of D,, onto F*(D,,) C D.
We denote by F' the first return map, i.e.,

F(z) =3"(x) Ve e D,, n>1.

It is easy to see that F is a diffeomorphism of the open set D+ = U,,>1D,, onto
the open set D~ = U,>1F"(D,,). The inverse map F~!is defined on D~ C D

and takes it back to DF. Let M = D denote the closure of D, and for each
n>1let M, =D,. We put

Sy =M\D"=N;nNdD

and
S1=M\D" =N_1NnaD,

where N_; C D denotes the set of points never coming back to D under the
iterations of F~1. We assume that both S; and S_; are finite or countable
unions of smooth compact curves. The sets S1; play the role of singularities for
the induced maps F*!. We assume that the map F restricted to any level set
D,, can be extended by continuity to its boundary 9D,,, but the extensions to
9D, N ID,, for n # m need not agree. A similar assumption is made for F~1L.

We assume that pu(D) > 0. It is easy to show [24] that the SRB measure p
cannot be concentrated on curves, i.e., u(W) = 0 for any smooth curve W C M.
Thus all our singularity sets 841, S4+1, and their images under ", n € Z, are
null sets. By the ergodicity of u we have

M= D 5D, = |J G F'"D, = | J R {m}  (mod0), (3.2)

n>1m=0 m>0n=m+1 m>1

where -
R Y{m}= ] 5" "D,

is the level set of R in M. We note that fM Rdu =1 by the Kac theorem. The
first return map F preserves the measure p conditioned on M; we denote it by
tar. Clearly, this measure is ergodic. We also assume that ), is mixing.
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Unstable manifolds W C M are the unstable manifolds for the induced map F'
intersected with M, hence pps is an SRB measure.

Forn > 1, let
n—1 n—1
So=JF 'S and S.,=|]F'S,
1=0 1=0

for eachn > 1. Then the map F": M\S,, — M\S_,, is a C**7 diffeomorphism.

3.2 Standard families

For any unstable manifold W € W%, let uw be the probability measure on
W, obtained by conditioning x on W. More precisely, the probability measure
pw is determined by the unique probability density py (with respect to the
Lebesgue measure myy) satisfying

pw(y) _ o dw(E"Y)
pw(x)  n—oo Jw (F~"z)

(3.3)

Here pw is called the u-SRB density on W, and the corresponding probability
measure puy on W is called the u-SRB measure of F. The formula B3] is
standard in ergodic theory, see [26] page 105.

Definition 3.1 (Standard pair). A probability measure v supported on an
unstable manifold W is called regular, if v is absolutely continuous with respect
to the u-SRB measure py, and the probability density function g = dv/duw
satisfies

|Ing(z) —Ing(y)| < Crd(z,y)™, (34)

where 7o € (0,1) was given in (1)), and Cr > C; is a fixed large constant. In
this case (W, v) is called a standard pair. Moreover, if the probability density
g = dv/dp satisfies

[Ing(x) —Ing(y)| < 4Crd(z,y)", (3.5)
we call (W, v) a pseudo-standard pair.

We need to introduce the concept of pseudo-standard pair, as in the proof of
the Coupling Lemma, one needs to subtract a smooth function from the density
of a standard pair. But the resulting conditional measure will only induce a
pseudo-standard pair, as we will show in lemma

Definition 3.2. Let § = {(Wa,va), € A} be a family of standard pairs
equipped with a factor measure A on the index set A. We call § a standard
family on M, if it satisfies the following conditions:

(i) {Wa,a € A} is a measurable partition of a measurable subset W € M
into unstable manifolds;
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(ii) There is a Borel probability measure v satisfying:

v(B) = /EA Vo (BN W) Ada), (3.6)

for any measurable set B C M.

For simplicity, we denote such a family by
G=W,v) ={(Wa,va),a € A, \}.

We denote H(M) as the space of bounded, Holder functions, and for any
v € H(M), we define

S(p) := /eA /eW o(x) dvg AM(da). (3.7)

Then one can check that any standard family § on M is a bounded linear
functional (or generalized function) on the space of test functions H(M). We
denote §(M) (F(M)) as the collection of all standard families on M (resp. M).
Both sets are closed under positive scalar multiplications.

Moreover, since a standard family can be viewed as a weighted sum of stan-
dard pairs, then for any collection of standard families §; = (W;, ;) € F(M),
i > 1, the following sum is well-defined:

ZSi = <U Wi;ZW) ; (3.8)

It is also a standard family in F(M), as long as {W1,--- , W,,,--- } are mutually
disjoint, and Y7, v;(M) < oco.

It was shown in [39] 26| [32] that §(M) is invariant under F', and (W%, puas) €
3(M).

More precisely, if § = (W, v) is a standard family with a factor measure A
then F'v induces a standard family with F"G§ = F*"(W,v) = (F"W, F'v).
Here, we denote

F'(W,v) = ((Va,va) : @ € A" \,) (3.9)

as the standard family with factor measure A,, on the index set A" of unstable
manifolds in F"W.

Moreover, the set Wi, = {W,, a € AY,} can be viewed as the measurable
partition of M into unstable manifolds. It was proved in [32] Lemma 12 that
(W%, piar) can be viewed as a standard family. Let A%, be the index set such
that

b ={Ws : a€ A} }.

Then pas induces a factor measure Y, on the sigma algebra (induced by the
Borel sigma algebra on M) of the index set A%, such that

(W%‘aUM) = {(Wom,ua)ao‘ € ‘Aqf\47 ?\4} (310)
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In this paper, we always take the u-SRB measure p, := pw, to be the reference
measure on indexed unstable manifold W, € W*, sometime we also denote it
as uw for general unstable manifold W € W*.

In particular, for any m > 1, we define the index set AY, as all unstable
manifolds of F' in the level set D,,. More precisely,

{Wo :a€e Ap} ={W, C Dy, : € Ay} (3.11)
One can check that

Abr(Am) = par (D) = (D) / n(M).

We denote (W*, 11)|p,, as the standard family obtained by restricting (W, i)
on D,,. We will use it to show that F(M) is also invariant under F.
Proposition 3.3. For any § € F(M), then FG € F(M). Moreover, (W¥, 1) €
M.

To prove this proposition, we first need the following lemma.

Lemma 3.4. For anym > 1, let (W, v) be a standard pair, with W C D,,. Then
S"k(W, v) is a standard family, for any k =1,--- ,m. In particular, ?k(VV, V) is
a standard pair fork=1,--- ,m —1.

Proof. For any m > 1, let (W, v) be any standard pair, with W € W% N D,,.
For k = m, we know that F™W = FW. Since F is uniformly hyperbolic, it
follows from standard arguments that 3™ (W, v) = F(W,v) is a standard family.
Next we consider the case when kK =1,--- ,m — 1. By the definition of D,,, we
know that F¥WW is one smooth curve for any k= 1,--- ,m — 1.

For the u-SRB measure on W, we denote py = duw /dmy. Then B3)
implies that

_ dFfpw(x) _ dpw (T Fa)

dmagry (T dmgry (x)

dpw (FRe) dmw (FF2)  pw (FFa)
T dmw (F ) dmgey (z) dgen (FFa)

parw ()

) _
)

Note that F*W contains only one smooth component.
We denote g = dv/duw, then for any k > 1, the density function g, of F*v
can be written as
(2) = dF¥v(z)  dv(FFx)  dpw (T Fx)  dmw (FFz)  dmgey(z)
I = Qg (@)~ dpw (FF2)  dmw (FFz)  dmgen () dgew (@)
9T *@)  pw(T ") -
= kK ’ = g(gf k(x))v
Iprw (F~* (@) porw (@)

for all z € FFW.
Thus for any z,y belong to one smooth component of F%(W), k > 1,

|In gi(2) — Inge(y)| < [Ing(F " z) — Ing(F " y)| < Cpd(FFa, FFy)r.
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This implies (F*W,F*v) is a standard pair. Moreover, we can check that for
any xz,y belong to one smooth component of FW = F™(W),

|Ingi(z) —Ingr(y)| < |Ing(F'a) —Ing(F'y)| < CpA™d(z,y)".
O

Next we return to the proof of Proposition 3.4l For any standard family
G = (W, v), since the F image of every standard pair in § is a standard family,
thus FG € §(M). Now it remains to show that (W*,u) € F(M). Let § =
(W, 1) = {(Wa, i), € A", X4}, Tt follows from the invariance of p, we have

p= Z Z?k(ﬂbm)

=1k=1

Combining with (ZI0Q), (W, i) can be decomposed as:

(W) =D > FHW w)lp,) = D G-

m=1k=1
where
m—1 m—1 m—1
Im 1= ( U SFka’O“ Z ?fum)a> - Z{?k(Wm,mMm,Q)va € ‘Am7)‘u}
k=0 k=0 k=0

Lemma [3.4] implies that for each m > 0, G,,, is a standard family. Since G, all
have disjoint support U;" ' F*(W N D,,), thus by (38), we know that (W*, 1)
is also a standard family. This finishes the proof of Proposition [3.31 O

To understand the distribution of short unstable manifolds in any standard
family, we define a function Z on standard families. For any standard family
9 - (Wu V)7

1
2(9) = / Wl td\(a). (3.12)
v(M) Ja

We fix a large number Cq > 100CF. Given a standard family G, if Z(9) < Cq
we say G is a proper family.
Moreover, we choose dy small enough to satisfy

0.01

1
— <8 < )
0 CF

o (3.13)

Combining with ([B.4), if one makes a standard pair (W, v) with density function
g € H' (7o) with respect to the conditional measure of puy on W, then B.I3)
implies that for any xz,y € W,

[Ing(z) —Ing(y)| < Cr(2000)° < 0.01. (3.14)
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Since g(z) = dv/duw is a probability density, there exists y € W, such that
g(y) = 1. This implies that

lg(z) — 1| < 0.0L. (3.15)

Thus for any standard pair with length |[W| < 20§y, its density function is
bounded from below by 0.99, we call it a proper standard pair. In particular,
the following facts were proved in [32].

Lemma 3.5. The following statements hold:

(1) There exists a uniform constant x > 0, such that for any standard pair
(W,v), F"(W,v) is a proper family for any n > xIn |W|;

(2) Let § = (W,v) be a standard family, then there exists N > 1, such that
FNG is a proper family;

(8) For any x € M, let v°/"(z) be the distance of x to the boundary of W*/*(x)
measured along W*/"(z). Then any standard pair (W,v) with length |W| > &g
is proper; and there exists C > 0 such that for any stable/unstable manifold
W/ with length |W*/*| > &y, we have

mws(r'(x) <e) < Ce®, mpy(r(z) <e) < Ce®; (3.16)

(4) There exists C > 0, such that for any standard family G = (Wa,a € A),v),
any e € (0,1),

vix e Wy @ r'(z) <e,a € A) < CZ(G)e?; (3.17)

(5) There exist constants ¢ > 0, C, > 0, and 93 € (0,1), such that for any
standard family G = (W, v) supported in M, anyn > 1,

Z(F"G) < c¥52(9) + Cs; (3.18)
Fry(r/s < e) < e93v(r/® <) + CLe®. (3.19)

Remark. Note that the first equation in (B.I6) is the time-reversal version of
the second equation, which follows from our assumption (h2) on dynamics near
singularities.

Definition 3.6. For any standard family § = {(W,,v,),a € A, A}, any n > 0,
let FG be defined as in (39) with the factor measure A,. We define a new
standard family using the same factor measure A,,, but changing the probability
measure from v, to the u-SRB measure i, on each unstable curve W,:

S = (F"W, 1) == (Vas fta) + @ € Apy An). (3.20)
We call G the associated p-standard family of F™S.

Next lemma discusses the relations between these two standard families,
which implies that for n large, essentially only the factor measure A, matters.
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Lemma 3.7. There exists C' > 0 such that for any standard family G := (W, v)
with G = (F™W, uy,) being the associated p-standard family of F™G, for any
n > 1, then

|EPv(A) — pn(A)| < Cu(F~"A)A™O™ (3.21)

for any measurable collection of stable manifolds A.

Proof. We first consider the case when § = (W, v) is a standard pair with density
g = dv/duw € H*(y).

Let
F'"W ={V,,a € A,},

then A, is at most countable. By the definition ([B4]), we know that for any
x,y € Vy:

[Ing(F™"2) —Ing(F"y)| < Cpd(F~ "z, F "y)" < Cp|F~"Vu|™. (3.22)
Or equivalently,
lg(F ") — g(F"y)| < Cp|F™"Va | g(F™"y). (3.23)

Since p is invariant, one can check that the push forward measure F['v has
density g(F~"z), with respect to the SRB measure . More precisely, for any
measurable collection of stable manifolds A C M,

Fl'v(A) :/XA(:E) dF"v(x)

B dv(F~"x) du(F"x)
- e G Y

B oz;n /va xa(x) - g(F"x) dpa Ay (a)
= Z / XA (T)dve A (), (3.24)
acA, «

where dv, = go dpo and
An(der) = ( / 9(F") dpte()) N (dor).

Here g4 is the density function defined only on V,, such that for any = € V,,

_ g(F"x)
9a(@) = Jv. 9(F="y)dpa(y)
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Clearly, one can check that
An(An) = Flv(M) = p(g(F")).

In particular, note that if we start from a standard pair (W, uw ), then F™(W, uy )
is a standard family on F"W with measure F"puy satisfying

Fluw(A) = Y palANTVa) Xe(a).
aEA,

Thus we use 23] and divide p,(g o F™) on every term to get

19a(2) = ga(y)| < Cr|F" Vo[ ga(y). (3.25)

Since the probability density g, is continuous on V,, and the average value is
1, then there exists y € W, such that g,(y) = 1. Then we get that for any
T € Vy:

|9a(z) = 1| < Cr[F™"Va[™,

where the constant C'r does not depend on x and y. Now for any Borel mea-
surable set A C M, we integrate the above inequality on A with respect to fiq
in order to get

| o dpte, — / die| < Cp|F~"V, |0 / dfbe,- (3.26)
VaNA n VaNA

o

Now we define a new standard family
gvuz = (an, ,Un) = ((Vaa,ua)aa € Am)‘n)a

using the same factor measure, such that

/J'n(A) = QGZAH )\n(a) /Va XA dﬂa-

We integrate [3:20) with respect to the factor measure A, then it follows that

[FIV(A) = pn(A)] < CpFJv(A) - sup  {[F7"Vo [}
a€A,, Vo NA#D

This implies [B21)).
In general, we assume

G=W,v) ={(Wa,va),a € AN}

According to the above analysis, for any n > 1, and o € A, F"*(W,, v4) and its
associated standard family, denoted as

927(1 - (FnWaa,ufn,a)v
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are related by

[Fi'Va(A) = pina(A)] < Crpin,a(A) - sup {[F"V5[0}
BEAn, o, VaNAZD

Now we integrate the above expression with respect to the factor measure,
and using the fact that the associated family G* of F™G can be written as
Gt = (F™W, ), which satisfies

o) = [ ina(7(de) = FI0(4),
acA
Thus for any Borel measurable set A C M, we have

[Fv(A) = pn(A)] = | 6A(Ffva(z‘l) — tn.al(A)) Ada)|

< CpFv(A)-  sup  {[F7"Vp[™},
BEAL,VsNAZD

here A,, = {W, € F~"A} is the index set of unstable foliation of F'~"A, and
A is the index set of W. Now by (h1), i.e., the uniform expanding property of
unstable manifolds under F' leads to the claimed estimations. O

4 Coupling Lemma for the induced map

It was proved in [I7,82] that Assumptions (h1)-(h4) imply exponential decay of
correlation for the induced system (M, F, pps) and any observables f € H ™ (1)
and g € HT(v2), where v1,72 € [y0,1], with supp f C M and suppg C M.
More precisely, we have

[ oradni= [ fau [ gdu| < iz, oz, @
M M M

for some uniform constants ¥ = 9¥(y1,72) € (0,1) and C > 0.
We will review in this section the coupling method developed in [39] 20] 26
[72] for the induced system, but we have to construct a special hyperbolic set.

4.1 Construction of a hyperbolic set R*

We first construct a hyperbolic set R* C M with positive measure, which will
be used as the reference set for the coupling procedure.

Definition 4.1. Let I'* be a family of stable manifolds, and T'* a family of
unstable manifolds. We say that R* = T'* N I'® is a hyperbolic set with product
structure, if it satisfies the following four conditions:

(i) There exist a family of stable manifolds ', a family of unstable manifolds
I'“, and a region U* bounded by two stable manifolds W € I's and two unstable
manifolds W} € F“, fori=1,2;
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(ii) Any stable manifold W* € I'* and any unstable manifold W* e I'* only
intersect at exactly one point;
(iii) The two defining families I'*/* are obtained by intersecting I'*/* with U*,
such that

Fu/s — fwu/s Au*

(iv) Let v™ = pu|r« be obtained by restricting the SRB measure on I'*, then
(T, ™) defines a standard family, and v*(I'*) > 0.

We say a stable or unstable curve W properly across U*, if the two end
points of the closure of W NU* are contained in the boundary dU*. We say
a set A C R* is a u-subset, if there exists a measurable collection of unstable
manifolds Iy C I'%, such that A =I'y NI'*. Similarly a set A C R* is called a
s-subset, if there exists a subset '}y C I'*, such that A =1I' NIT™.

It follows from condition (iv) that we can define a factor measure A on
the sigma algebra (induced by the Borel o-algebra of M) of the index set of
' = {W,,a € A}, such that for any Borel set A C U*,

VU(A) = / (Ve 1 4) Xda).

Hyperbolic product sets were constructed in several references, see for example

[39, 20, 26|, [71], B2]. The next proposition was essentially proved in in [26] [32],

so we will not repeat it here.

Proposition 4.2. There exist 51, a hyperbolic set with product structure R* =
I'*NI"™ and the rectangle U* containing R* bounded by two stable manifolds and
two unstable manifolds with length approximately 100, such that the following
properties hold:

(i) (R*) > 6, and for any unstable W that fully crosses U*, iy (R* VW) > &1
(ii) There exists ng > 1, such that for any n > ng,

pw(F"R* N R*) > 6y

From now on, according to the construction in Proposition 2], we will fix
the hyperbolic set R*, as well as its defining families I'* and I'*, with

R* =T“NT. (4.2)

In the coupling scheme that will be described below, we will consider a
standard pair (W, v) by subtracting from its density a smooth function. Next
lemma explains that after a few more iterations under F', the resulting measure
also induces a standard pair.

Lemma 4.3. Let (W,v) be a standard pair properly crosses R*, with p =
dv/dpw . Assume g € HT(vy) such that p/3 < g < p/2, we denote n as the
measure with density p1 = p — g. Then there exists a uniform constant N > 1,
such that for any n > N, F™(W,n) is a proper family. Moreover, (W,n/n(M))
is a pseudo-standard pair.
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Proof. By the definition of standard pair, we know that the positive density
function p = dv/duw satisfies (B4):

[Inp(z) —Inp(y)| < Crd(z,y)™, (4.3)

where o € (0,1) was given in (2.1)), and Cp > C, is a fixed large constant. Now
for g € H* (), with p/3 < g < p/2, we denote
p=p—g
as the density of 1. According to ([39), one can check that for any measurable
set A,
En) = [ [ xatedva vi(da),

aEA, a
where

dVoc = Pa d,ua
and

wido) = ([ e o)) M (do)

is the factor measure on index set A,,. Here p,, is the probability density function
defined only on V,, such that for any = € V,,

_ pr(F ")
Jy. 1 (F=y)dpa(y)’

Note that using the fact that p/3 < g < p/2, we have for any z,y € V,, € F"W,

Pa (x)

p(F"x) —g(F ") |
p(F="y) — g(F~"y)
< 20pd(F "z, F~"y) < 2C,CpA~""d(z, y)™,

|1npa(:v) - lnpa(y)l = |1n

where Cy > 0 is the distortion constant, and A > 1 is the minimal expansion
factor for F'. Thus we choose the smallest NV > 1, such that

20, AN <1

Then combining with Lemma BH for any n > N, F™(W,n) is a proper family.
If we define / = n/n(M), then one can check that (W,n’) is indeed a pseudo-
standard pair. O

Definition 4.4. Let X = {(W,,v,),a € A} be a family of pseudo-standard
pairs that fully cross R*, equipped with a factor measure A\. Then we call K a
pseudo-proper family.

Lemma 4.5. There exist 0y € (0, u(T*)), No > 1, such that for any proper
family G = (W, v) with v(M) =1, then F'v has at least oo portion of measure
properly returned to R*, for any n > Ny.
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Proof. Let 61 > 0 be defined as in Proposition @2} such that w(R*) > 1. By
the uniform mixing property of the induced map (F, M, i), and the fact that
G is a proper family, [@T]) implies that for n > 1,

[FIVA(RY) = g (R)] < OO

Moreover for any standard pair (W, v, ), since W, only has two end points,
say x1,To, so if F"W, intersects R* at some x € R*, then it must consist of
the entire unstable manifold W*(x), unless W*(x) consists of one of points in
{F"x1, F"z5}. Thus a majority of curves in F™W must properly cross I'®.
Thus by taking a large Ny and a small number b € (0, 51), we have that for
any n > Ny, F['v has at least 5o portion of measure properly returned to R*.

Moreover, our choice of Ny and b0 are uniform for all proper families.
O

Let N > 1 be the integer chosen in LemmalZ3] We define n; = max{N, Ny},
and we define a higher iteration

F:=F™ (4.4)

From now on we consider F instead of F. Note that by Lemma [£3] if we
subtract a “nice” function from the density of a proper standard pair (W, v),
then after one iteration of F', the image F'(W,n) becomes a new proper family,

where 7 is the new conditional measure and has at least 5o portion of measure
properly returned to R*.

4.2 The Coupling Lemma for the induced map

Next we restate the Coupling Lemma [20, 26] for the induced system (F, )
using the concept of standard families.

Lemma 4.6. Under assumption (h1)-(h4). Let §' = (W', %), i = 1,2, be two
standard families on M. For any n > 1, there exist two sequences of standard
families {(Wi,vi),k = 1,--- ,n}, and two standard families {(W?,, %)}, such
that for any measurable collection of stable manifolds A C W?,

FrMV (A) =Y FI i (A) + 7 (A).
k=1

And they also have the following properties, for each k=1,--- n:

(i) Proper returned to R* at k.
Both Wi and W3 are u-subsets of I';

(ii) Coupling v} and v} along stable manifolds in I'®.
For any measurable collection of stable manifolds A C I'*, we have

v (A) = vi(4)
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(i1i) Exponential tail bound for uncoupled measure at n.
There exists N = N(vt,v?) > 1, such that for anyn > N,

vh(M) < C9™, (4.5)

where C' > 0 and ¥ are uniform constants. If both G* and G2 are proper,
then we can take N = 1.

Note that the original Coupling Lemma was stated only for proper families,
so to deal with a standard family which is not proper, we need to iterate N
times to make it proper, according to Lemma and the remark before it.
Here v! i = 1,2, are the coupled components of Ffl/i. In practice, a coupling
procedure occurs at a sequence of times 0 < t; < to < -+ < tp < co. In
particular, vf = 0, when j # t) for all 1 < k, which means that v} remains
unchanged between successive coupling times.

According to the above Lemma, for any bounded function f that is constant
on each stable manifold, we have

[ET () = EPA ()< YD IFR () = v ()] + 194 () = 7 ()]

k

R

o (F) = ()] < 2C] | flloc9". (4.6)

Similarly, the above coupling lemma implies the exponential rates for any
bounded Hoélder function f € H~ (1) for the induced system (F', M):

’/fopndul—/fOF"du2

< 2| fllootm (M) + 3 || fll5, A=D1 0l (M)

j<n

<2011l 95, (4.7)

c71

where ¥ = min{A~", J}.
Next we prove a lemma which directly follows from the above Coupling
Lemma [1.6

Lemma 4.7. For any standard family G = (W, v) in M, there exists a sequence
of standard families {(Vy,nn),n > 1} with the following properties:

(i) F™(V,,) is a u-subset of T'%;
(i) For any measurable collection of stable manifolds A C W*,
v(A) = Y na(AnW)
n>0

where

W = {Ws(zx) : F'z € W, NI} CV,, NE"TS;
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(1ii) Furthermore there exists N = N(v) > 1, such that for anyn > N,

> Eru(Wy) < Co, (4.8)

k=n
where C > 0 and ¥ is the constant in (Z.0)).

Proof. For i = 1,2, we take

g = (W,v)
as two copies of the standard family. Then according to the Coupling Lemma
6 by taking n — oo, there exists a sequence of standard families {(W,,, v,), n >
1}, such that (1)-(3) hold (as stated in Lemma F6). Moreover, one can check
that the uncoupled measure at time n satisfies:

Un(M) =Y Flug(T).
k>n
We define (V,,,ny,), such that
F™"V,, =W, and ann =v,.

Then (1)-(3) imply our statement (i)-(ii). In particular, we have for any
measurable set A C M,

v(A) =Y na(A),
n=1
which implies our third statement:
> Fu(I%) = v, (M) < CO™.
k=n

O

Next we will show that there is a generalized Young tower on M, follow-
ing the above Coupling Lemma. The proof of the existence of a generalized
Young tower as a consequence of the Coupling Lemma was first derived in [32]
implicitly, and also proved in [70].

Proposition 4.8. By choosing n; large enough in @), the induced map F
defines a generalized countable Markov partition of R* into s-subsets
R = UnleQfl
with the following properties:
(a) For any n > 1, if F(R$) is nontrivial, then it returns to R*, and F™(R?)
is a u-subset of U*. Moreover, there exists 8’ > 0 such that
u(®;) > o
and

> u(Ry) < com. (4.9)

k=n
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(b) For each n > 1, there exists at most countably many s-subset j%fm, i>1,
such that . .
Ry = Uiz Ry
and for any W* € I'*, any x,y € fJAQfH N W, we have F"W"(z) € T
properly cross U* and F™y € F"W"(z).
Proof. We first construct a partition of R* into s-subsets. In the Coupling
Lemma [£.6] for i = 1,2, we take
€' = (I, plre) = {(W, pw), W € T, A"}

as two copies of the proper family induced by the SRB measure u restricted
on the family of all unstable manifolds I'*, with factor measure A*. Then at
each iteration n > 1, we couple everything in F"&" that properly returned to
R*. More precisely, Lemma .7 implies that there exists a sequence of standard
families {(Vg,nx), k > 1}, such that

F¥ Vi, mi) = (Wi, vp),

where W;, is a u-subset of I'*. Moreover, we have

v(I*) =Y (I N Wi),

k>1

where W5 = {W*(z) : F*z € T* N'W}} is a collection of stable manifolds that
intersect V. We define .
r=Winre.

Then we can check that

= U, I8 (mod0)

n=1
with the following properties:
(1) F™(I'8) is a u-subset of U* and {I'¥,n > 1} are almost surely disjoint
s-subsets of U* in the following sense:
w5, NI5) =0
for any m # n;

(2) Furthermore

oo

> u(y) < con, (4.10)

k=n

where C' > 0 and ¥ is the constant in ([£.3]).
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The fact that a nonempty set F "(f‘fl) properly return to R* is guaranteed
by Proposi:cion By taking n; large enough, Lemma [£.5] implies the existence
of ' € (0, d0) such that R

u(ry) > o'

We next verify (b). Because our singular set Sy contains at most countably
many smooth curves, it is possible that for an unstable manifold W € T'%,
its image F"W contains countably many smooth components that properly
returned to U*. Thus there exist countably many s-subsets f‘fm, i > 1, such
that R .

I = Uil 4,

S

it FrW*(z) € T* properly crosses U*. Moreover, for any
T,y € ff” NW*, F"y and F"z belong to the same unstable manifold in T'*,
We define

and for any =z € r

Rp =R NI3

and thus R
R* = Up>1 Ry

with property (a) and (b). O

Note that one can easily build up the generalized Young Tower based on the
Markov partition R* = U,>1R,, in the spirit of [71, [72]. In addition, we have a
partition of the phase space M:

n—1
M= ] |J F*R, (mod 0) (4.11)
n>1 k=0

One improvement here is that according to statement (b) in the above lemma,
we allow the minimal s-rectangle containing ffl to comnsist of countably many
minimal s-rectangles Uy, ;. This property is due to the fact that we allow the
singular set of the system to contain countably many singular curves, since one
unstable manifold may be cut into infinitely many small pieces, many of which
may returned to the rectangle U* simultaneously. To model general systems
with countable singularities, a generalized Young tower with property (b) is
indeed required.

Next we investigate the relation between the set C,,; defined in ([22) and
the reference set R*. Indeed by Assumption (H2), we know that

w(M N Cpp) = O(nt~0e1),
We would like to see similar property for standard pairs that properly cross R*.

Lemma 4.9. There exists co > 0, such that for any standard pair (W, v) prop-
erly cross R*, with dv/duw = g € H (o), then for anyn > 1,

v(Cpp NWNRY) < c0||g||gmn170‘°751. (4.12)
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Proof. Since Lemma [£2 implies that pu(T'%) > 61, by Assumption (H2), for any
n>1,
w(T*NChyp) < p(Cpp N M) < Cntmo—er,

for some constant C' > 0. One can check that for x € C,, ;, then its stable
manifold W#(x) € Cy, 5, and

p(W* € Cpy NT#) = (I N Clrp) < Ot =071,

Now we disintegrate the measure p restricted on U* along unstable leaves in
' = {W,,a € A}, and let A be the factor measure on the index set A, such
that A(A) = u(I'*), and for any measurable set A,

(0% N A) = / o (W 0 AAT) A(da).

[0}

Picking a curve W,, € I'*, by the absolute continuity of the stable holonomy
map (h3), there exist 0 < ¢; < 2, such that for any « € A, any measurable set
A C M satisfies

oy Wo, NANT?) < o Wy NANT?)
< capia, (Wa, NANT?)

This implies that
trawy Way, NANTHA(A) < o tu(TF N A).

Now we take any unstable manifold W € I'*, and A = C,,, then we have
proved that R
pw (W NGy NT%) < Cey toy tntmoo—e,

Since unstable manifolds in I'* has length > 104y, Lemma implies that a
standard pair (W, v) is proper whenever W cross I'*. So (W,v) and (W, uw )
are equivalent:

V(W N Chypy NT%) < C10c; 07 gl &m0 721,
for some constant C; depending on Cr in (B4]). Now we take
Co = Clccfl5fl,

then ([@I2)) has been proved. O

5 Markov tower for the original map

5.1 Construction of the Markov tower for the original map

In this subsection, we will construct a countable Markov partition of I'* for the
nonuniformly hyperbolic map and then use the return time to U* to define a
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stopping time for our coupling scheme. To investigate the map (F, M, 1) based
on the induced system (I:",M7 ), we know that F and F share the same
stable/unstable manifolds on M almost surely. This allows us to use the same
reference set R* and U*, as well as the stable/unstable manifolds I'*/* that
defines R*. First we extend the partition according to the original map by the
following construction.

Proposition 5.1. There exists no > ny, and we denote F .= Fn2 with the
following properties:

(i) For any n > 1, the set
jzn = U :Rn,m

m>n

has a decomposition into s-subsets R, ,, such that for any fixed m >
n, F"R,, ,m returns to R* and is a u-subset of U*; moreover F"R,, ,, =
F" Ry

(ii) R* has a partition into s-subsets R* = U,>1R,, such that if FrR,, is
nonempty, then it is a u-subset of U*;

(iti) There exist 65 € (0,dp) and C > 0, such that for any proper family (W, v/)
with W € T* and v(U*) = 1, then v(R;) > ¢ and

V(Um>nRm) < Cn=0
for any n > 1.

Proof. By Proposition .8 the set I'* has a countable Markov partition into
s-subsets A
I = Unle—‘fy

Statement (a) of Proposition L8 implies that u(I') > 0. Let
Ay = FTI%,

then A; is a u-subset. Note that by definition of ' = F™ we know that for
almost any = € ff, there exists m = m(z) > nq, such that F"z = F™z. Let
W (z) be the unstable manifold of x, then F™W (z) properly cross I'*. Moreover
there exists a minimal u-subset in A;, denoted as A; ,,, containing F"W (z)NI'?,
such that 3= A, ,, is a s-subset of U*. This implies that there exists a countable
decomposition of

= {J "4

m>ny
into s-subsets. Clearly, there exist ny > ny and dj € (0, 50), such that
i :=3""mA4,,
and

,U(Fl,l) > 56
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Thus we define F = JF72, and we define I' ,,, according to the number of itera-
tions under F, such that F™I'y ,, is a u-subset, and

].—‘i = U,Zozlrl)m.

Inductively for any n > 1, and m > n, we can define I, ;,,, which is the
maximal s-subset of I'*, such that 3™, ,, is a u-subset of U*. Moreover I';, ,,
will also properly return to U* under the induced map F™. Then it follows that

f‘fl = U Pn,m

m>n

is a disjoint decomposition of f‘fl, for any n > 1. Next we rearrange {I'y, ., }
according to the index m. Note that

P Ut = U U T = U (Orn,m> -Urs,

n>1 n>lm>n m=1 \n=1

where
s _ ,m
Fm - Un:ll—‘nym'

Then by the definition of I'), ,,,, we know that f;"men returns properly to R*,
and is nonempty. Moreover,
u(T',1) > &

implies that for any proper family (W, v) with W C T and v(U*) = 1, then
I/(Fi) > 09

for some d2 € (0, ().
Next we estimate the measure of I}, B
By our definition of I'{ and the choice of ny in (@), we know that FTy , =

F™T . Thus

v (U= 15) < par (R > m) + g (Ui 15, R <m, Cp) + o (Ui 5, R <m, CF )
S pum(R>n) + pnr(Up— s R <, CF ) + i (R < n, G )
= upr(R > n) +O(n'm01) 4 O(n=t70)
= up (R > n) + O(n'm0—e)

Here in the last step of the above estimations, we have used the fact that the
set
{freM:uUy_ T, R<nCy,}

m=n-—m?

contains points that have returned to M at least blnn times within n iterations,
but have not been coupled (as they have not returned to R* yet). According
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to [@38), we know that the standard family (W*, 1) has a decomposition into
{(Wh,pin),n > 1}, and Y 0°_ (M) < C9™. Thus

(oo}

M(U?robznrfnv R <n, Cfl,b) = Z MM(R <mn, sz,b)

m=blnn

S C,ﬂblnn _ O(n—l—ao)'

By the absolutely continuity property for the stable holonomy map, for any
proper family (W, v) with W C T'* with »(U*) = 1, we have

v(Upn>iIs) < Ck™90,

for some C > 0.
Finally, we define R, = I';, N R*, and R;,, ,, = I}, , N R*. Therefore, the
above analysis verifies items (i)-(iii). O

5.2 Proper returns to the base of the tower

In the next sections, we will also consider the images of a standard family
(W, v) under iterations of the map F. Indeed one can also show that F"(W,v)
essentially becomes a proper family as long as n is large.

Lemma 5.2. Fiz any 6 > 0. Let G = (W,v) be any standard family. Then
there exists Ny > 1, such that FN'G is a proper family. Moreover, by picking

N1 large enough, FN'G has at least § portion of the measure that fully returned
to R*.

Proof. Since by the mixing property, we know that F?v — u weakly. Moreover,
as (W 1) is a proper family, one can check that there exists N7 > 1, such that
F"G is also proper, as n > 1. The second statement also follows from the mixing
property and the fact that p(R*) > 0. O

Remark 5.3. Since our goal in this paper is to investigate the polynomial mixing
rates for (F,M, u), the order of convergence will not alter even if we consider a
higher iteration "2, as (nnq)~® = n, “n~ %, which simply adds an extra factor
in the coefficient of the decay rates. From now on, we will only consider
higher iterations F = Fn2, F := F™, but still denote them as F and
F, respectively, just for simplicity of notations. More precisely, this
implies that the (new) map F satisfies Proposition [i1] in particularly, we have
u(T3) > 0; and F satisfies Proposition 28, we have

par (1) > 6.

Lemma 5.4. Let G = (W, v) be a standard family. Then there exists a sequence
of standard families {(W,, D), n > 0}, such that if F*(W,) N R* is nontrivial,
then it returns to R*, and is a u-subset of U*; moreover, for any measurable
collection of stable manifolds A C W?, we have

v(A) = in(ANW3)

n>0
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where .
Wo ={W?*(z) : Tz e T°NF"W,, }.

Proof. Let R : M — N be the first hitting time function defined as in (31]), we
define
W' :=Wn(R=n)\M),

forn > 1, and
WO =W n M.

Note that the set F*"W"™ C M. Now
En = TF (W™ v]ywn)

becomes a standard family on M. By LemmalLT there exists a sequence of stan-
dard families {(V;,k,Mn.k), k > 1} associated with €,,. More precisely, F*V,, . is
a u-subset of U* and for any measurable collection A of stable manifolds,

?SV(A) = Z nn,k(A N Wfl,k)’
k=1

where
sz,k ={W?) : Ffz el n Fkvn,k}-

Moreover, we decompose {(Vp i, Mnk),k > 1}, according to its iterations
under the original map F, such that

F*Vokis ki) = T Vakois Vaki)-

Here V,, 1,; is the support of v, 1 ;, and FkVn,;m = SriVn,k)i is a u-subset of U*.

Let
7
Un,i = E Vn ki
k=0

and
Wn,i = U;gzovn,k,i .

Now we define i
Up = Z Srak_nyn,k—n-
n=0
Let .
W), = supp(i)

then by the definition of 7, we know that F*(W},) is also an (union of) u-subset
that properly returned to U*. This verifies the two statements as claimed. [

According to the above Lemma, we will introduce a new concept called the
generalized standard family.
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Definition 5.5. For any standard family § = (W, v), let {(W,, 7,,),n > 0} be a
sequence of standard families constructed in Lemma [5.4] such that F*(W,,)NR*

returns to R*, and is a u-subset of U*; and for any measurable collection of stable
manifolds A C W?,
v(A) = i (ANW3),
n>0
where )
Wi = {(Wo(z) : Tz € TN T"W,.}.

We call A

(Wn, l/n) = (Wn n wa ﬁn|W;L)

a generalized standard family with index n and (Wn,ﬁn) its shadow
standard family. We also denote

9 = Z(Wm Vn)

n>0

as a standard decomposition of §. Moreover, if the shadow (W, ) is a pseudo-
proper family with W C I'*, then we call (W, )|z~ a pseudo generalized stan-
dard family with index 0.

The advantage of making a such definition is that if we know (W,,,1,,) is a
generalized standard family of index n with shadow (Wn, V), then it implies
that F7(W,,, 0,) properly returned to R*, and F*(W,,, 1) = F*(W,,, 0|z, is
obtained by restricting the n-th image of its shadow family on R*. We also
define a stopping time 7, a well as a return map 7', such that for any n > 0, for
v-almost every x € W,,, we put

m(z) =n, Tr:=F @y, (5.1)
This also implies that for v-a.e. 2 in the level set (7 = n), Tz has properly

returned to R* together with F*W,,. Moreover, for any standard family § =
(W, v), we have the following decompositions:

5= Wn,vn), TG=> (F"Wn,Flvn). (5.2)
n>0 n>0

Here T'G becomes a generalized standard family of index 0. This stopping time
7 depends on the original family G; and it is crucial in our coupling scheme.
In addition according to our definition of 7', we know that 7" only sees proper
returns to R*. This is important in proving the Coupling Lemma

5.3 Multiple returns to R*
For any n > 1, m > n, we define
Dypm ={zeR" : 7(x)+---+7(T"x) =m}. (5.3)

One can check that D, ,,, C I'? is an s-subset, such that T"D,, ,,, = F"D,, .
Clearly T"D,, , is a u-subset of U*.
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Lemma 5.6. Let
9i = (Wivyi) = ((WOH Va)va € 'Aiv)‘i)v

1 =1,2, be two pseudo-generalized standard families of index zero, as defined in
Definition[5.3, such that W properly cross R*. Assume that both v' and v? are
probability measures. For any n > 1 and k > n, we have

[V (Dnk) — V2 (Dni)| < C1v2 (D k)97, (5.4)
for some uniform constant C1 > 0 and 91 € (0,1).

Proof. Let §° = (Wi vi) = (Wa,va),a € AL XY, i = 1,2, be two pseudo
generalized families of index 0. Then it follows from the definition that TG’ are
both generalized standard families of index 0.

We fix any n > 1, for any k£ > n, let U, be the minimal collection of
s-subsets containing D,, i, with

T"Upr = F*U,

being a u- subset properly crosses U*.
For any o € A%, let
Wa,k = Wa N Un,k;

and . ‘
W, g = {War,a € A}
Then we can start from the standard family

fz,k = ( n,k?yi|Unyk)'

Note that T™D,, j, fully crosses R* and

/ Va(Dp i) N(da) = v (D i) = TPV (T" Dy )
aeA?
= T2, )(R) =TI (T"D, )

= / T (T" Dy i) N (dar). (5.5)
acA?

It follows that the standard family 9;7 . and its image T”SZ% . have the same

factor measures — mainly because unstable manifolds in W; . have not been cut
by any singular curves under T".
implies that it is enough to compare T (/! and 17 (12 , which
* Un,k * Un,k

are associated with two standard families T"Qf% i that fully returned to U*. For
any n > 1, and k > n, we also denote

Tngil,k = (V;:l,k7Tf(Ui|Un k)) = {(TnWa,kquVa)ua € ‘Aiv k> 17)‘1}'
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Moreover, we denote
vk = {T" Wk, prak), o € A" X'},
as the associated p- standard family of T['v,, replaced by the u-SRB measure
Ha,k = BT W ks

yet having the same index set as well as the same factor measure. We also
denote

8;,1@ = (sz,ka /‘;,k)

for simplicity, such that for any measurable set A C U*,
pa @ = [ @) die N(da). (5:6)
acAt JeeTnW,

Now Lemma [3.7] implies that T"Qflﬁk can be approximated by its associated
u-standard family &, ; in the following sense:

T2 (00, )(RY) = iy o (R)] < CCORptp,  (R)AT. (5.7)
Or we can write
Iy, )R = gy, k(RO + OAT)),
where g, , was defined as in (B.G), and
O(A™0)] < CL A",

For any n > 1, we denote B,, = B,,(W) as the index set of T"W. According
to (8:24), we know that the pushforward image of a standard pair (W, uy ) must
be of the form (T"W, T uw ), where

T"W ={Vs,08 € B,}

and for any measurable set A C M,
T () = [ us(AN0 Vi) Ny (d)
BEB,

Thus the standard family €, , must come from the n-th iterations of (Wa,k, pw,, , ), A%, A).
This implies that

s ®) = [ os®) X (58)

Moreover, note that o
AAY =1

as V' is a probability measure. So in order to compare “7117 5 (R*) and #121, W (R¥),
it is enough to compare ji, (R*) for o € A' and « € A2
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Since for each £ > 1, the stable boundaries of U, ; shrink exponentially
fast under the iteration of 7", thus the standard pairs in the family € , =
(V}z)k,u}hk) should be very “close” to those in 8721,19 = (\7317,6,#72%,@). Indeed
note that unstable manifolds in V! , and those in V2, are at most CA™" far
apart for some uniform constant debending only on the distortion constant Cy
defined in (2.). Now we can use the assumption (2:6) on distortion bounds for
the Jacobian of the stable holonomy map defined by I'*. More precisely, for any
a €AY, B € A2, we define

h: W, - Wj

as the stable holonomy map, with
h(z) = dpa/dpg,
for any z € W, NIT'¥ and
h, : T"(W,NT,) = T"(WsNT,).

Then by the absolute continuity property of the holonomy map, especially ([2.0])
and (2.7), we have
[Inh,| < CYy,

as points in I';, have returned to M at least n times under the induced map T
Thus for any measurable collection of stable manifolds A C I'*| any standard
pair (T"Wa i, tak) € 87111,c and (T"Wg k, s.i) € 8%,1@ we have

/La,k(A n TnWaﬁk) = ugyk(A N TnW@k)(l + 0(198)) (5.9)

Since ([5.9) is true for all a € A! and all 8 € A?, using the fact that \*(A?) =
1, we have by (G.3)),

[t (R™) = i 1 (RO < i 1 (R*) (1 + CI).
Now combining with (&) and (&) , we get
(D) = v (Do) | < C1v* (D )97

where
191 = max{ﬁo, A_’YO}
and C7 > 0 is a constant.

O

In the proof of our main results, we need the following lemma which enables
us to define a fixed number of additional iterations after each step of coupling,
to ensure that there are certain amount of measure properly returned to R*
simultaneously from both families.

Lemma 5.7. For § > 0 as defined in Lemmal52, there exists to > 1, with the
following properties:
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(1) For any pseudo-generalized standard family of index zero Go = (Wo, o),
Flovy has at least & portion of measure vo(M) properly returned to R*;

(2) Let G = (Wi, vm) be a generalized standard family of index m, for
m=1,---,ty. We denote

to

(W,v) = Z S

m=0

and assume that v is a probability measure. Then the total amount of
measure of (W,v) that properly returned to R* under F-iterations is at
least §.

This is a very important lemma, and the proof is kind of lengthy, so we
include the proof in Subsection [5.4]

5.4 Proof of Lemma 5.7

The following facts for renewal sequences were proved in a series of references,
starting from Kolmogorov, [51} [43] [65], and mainly in [60].

Lemma 5.8. Let {py, k > 1} be a nonnegative sequence such that

o0

Zpk =1

k=1
Let ag =1 and for any n > 1, we set a,, = Zzzl DPklp—k- If
o0
A= Z kpr < o0,
k=1

and
oo
Z kEpk < o0,
k=1

with some € > 1, then

anzi'i‘%z Z pm+Rn(§)7

k>n m=k+1
where R,(€) = O(n=¢) if € > 2; and R, (€) = O(n=2E"V) if £ € (1,2).

We define
pr = p(T3|R7)

for any k& > 1. By Proposition 5.1} we let £ = . Then we have u(7¢) < co. We
first prove a lemma.
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Lemma 5.9. Let (W,v) be a pseudo-generalized standard family with index
zero, and v(M) = 1. Then the total amount of measure of (W,v) that properly
returned to R* after F"-iterations, which is denoted as r,, for any n > 1,
satisfies

— i lptr
where we denote 1/X = u(R*), P =35, > oo _i i1 Pm, and Ry, = O(Ry(€)).

Proof. Let ag =1 and for any n > 1, we define

n
Qn = § PrGn—k-
k=1

Moreover, we denote
A= kpr=1/p(R*) < o0,
k=1

and by the assumption that ;(7¢) < oo, we know that
o0
Zkgpk < (%) < oc.
k=1

Then the above renewal theory implies that
11 E
an = XJFFZ > P+ Ral8), (5.10)
k>n m=k+1

where R, (£) = O(n¢) if € > 2; and R, (£) = O(n2E~V)if £ € [1,2).
We define Dy, ,, as the set of all points in R* that return to R* exactly k
times under ", see (&3]). Then one can check that

Dpn = {x € R* : 7(2) + -+ + 7(TFx) = n}.

Let A,, be the set of all points that returned to R* under F". Then
n—1
Ap={zeR* : 7(2)+---+7(T"z) = n, for some k=0,--- ,n—1} = U D
k=0

as all points in R* that will return to R* after n-iterations. Let aj, = 1, and
a,, = pu(A,|R*) as the total measure that will return to R* properly. We define
the measure i := p|g~/u(R*); clearly it is invariant under the return map to
R*. Then we can check that

aj = i(A1) = u(T7) = a1 = p1ao.
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Furthermore,

R . R (s NF-1rs
d = fl(As) = i(Das) + i(Dy ) = PTIOTTH)
/L(Fl)

For any k£ > 1, we define the conditional measure on I'j obtained by i as

p1+p2 = 4(D11|T5)p1 + paao.

" filry
k= = .
A(Ty)

We can check that

ATs NI ITY)

(T'3)

Since both F,n; and [i are probability measures with support properly cross R*,
we can apply Lemma [5.6] to get

= Fom (7).

Fon (T5) — () < CLia(T3)o1,
which is equivalent as
|fi(D22) — a1p1| < &2 := Craip19s.
Here C7 > 0 and ¢; € (0,1) were given in lemma 5.6 Thus we get
ahy = as + €.
Furthermore,

ay = j(Az) = l(D33) + 1(Da,3) + 1(D13)

AEFTITE N TPy + A(FT3|0)pr + a(F T3 T5)p2 + paao
= Fum(D22)p1 + Fomp (T3)p1 + Fna(T)p2 + paao

= F.n1(A2)p1 + F2na(A2)pa + paao.

Using Lemma [5.6] we get

|Fimi (A2) — a3| < Cragdhs,
as well as

|F2(As) — ay| < Cra} 07,
Combing above estimates, we get

3

i
az = az + E EkP3—k>
k=2

where we define py = 1, and the error term ¢j, satisfies

k—1
|Ek| < Z a;pk,jﬁlfij.

j=1
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Inductively, assume for any & < n — 1, we have

!
Qp = Qg + €k k-1 + Ekk—2P1 + -+ + E2Pk—2,

with
m—1 )
leml < C1 Y~ pm—jad ™,
j=1
for any m =2,--- k.
Next we estimate a/,. Note that
ay, = j(An)

=Fm(Ap—1)p1 + Fonp(Ap—2)p2 + -+ + P11 T Nn—1(A1) + prao.
Using Lemma 5.6l we get for any k =1,--- ,n — 1,
[ Fink (An 1) — ap_| < Cra,_, 07

Combing above estimates as well as our assumptions, we get
n
a, = Gn—f—zﬁkpn—m (5.11)
k=2

where again, we denote pg = 1, and the error term ¢,, satisfies

n—1

len] < C4 Z a;pn_jﬁ’f_j.

j=1

Next we consider any any pseudo-generalized standard family of index zero,
(W, v), with probability measure v(R*) = 1.
Then by Lemma [5.6] we can check that for any k > 1,

(7)) = (T3] < CATy),
which implies that
[v(I'}) — pe| < Cpy. (5.12)

In particular, the total amount of measure in F((W, v) that properly returned
to R* satisfies
ry:=v(I7) =vI]) =p1 +eo0 = a1 + <o,

where || < Cp;.
We also define
To = 1.
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Let r,, be the total amount of measure in (W, v) that properly returned
to R*. Using Lemma [5.6, we first check ry satisfies

< Zﬂ(@m)(l + C19Y)

2

/ / k

=ay+Cy E Pray_j VU7,
k=1

where C7 > 0 and ¢ € (0,1) were uniform constants given in Lemma 5.6
Inductively we can check that the total amount of measure in F(W, v/) that
properly returned to R* satisfies

V(gk,n)
1

n
Tn =

k

<ap+C1 Y i(Din)dt
k=1

n
=a, +C Zpka;_kﬁlf.
k=1

Combining with (&.IT]), and using the fact that a!/, <1 is bounded, we get

n m
|’I”n — an| < 2C11 Z Pn—m Z a;nfjpjﬁjl
m=2 Jj=1

for some uniform constant C' > 0. According to Lemma 5.8, as well as (5.10),
we know that

with R, = R, (&) + Cpn = O(R,(E)).
Next we consider the general case.

Lemma 5.10. Let G,,, = (W, Vi) to be a generalized standard family of index
m, form=20,--- ty. We denote

to
(W) =" G,
m=0
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and assume v is a probability measure. Then the total amount of measure of
(W, v) that properly returned to R* after Ft° -iterations, which is denoted as sy,

satisfies
to—1

Sto = A + Z )‘_zq/C(Pto—k + ngfk) > N(R*)7
k=0
where we denote for any n > 1, P, = Ziz” Z:f:i_i_l Dms Gn = vn(M), and
Ry = O(Ra(€))-

Proof. Let
to
W, )= > Gm
m=0

be the sum of ¢( generalized standard families, with probability measure v. We
define

Gm = FVm (RY).
Note that once F™G,, arrives at R*, its further iterations will return to R*
according to the Markov decomposition

I = Uk21FZ'

Note that (Wq, 1) has index 0, we denote 7“8 = qo and pg = 0. Then we can
apply the above lemma to get that the total amount of measure in F"*(Wy, 1)
that properly returned to R* satisfies

1 1
0 _ 0
Tn = 4o (X"’F(Pn"'Rn))a

where R? = O(R,,(€)).

Inductively, one can show that in the generalized family (Wy,vy), for k =
1,-+-,n, the total amount of measure in F"(Wy, 1/,) that properly returned to
R* satisfies

1 1
k_ k
Ty = dk (X + E(Pn—k + Rnk)) .

Thus the total amount of measure of (W, v) that properly returned to R*
after F"-iterations, which is denoted as s, for any n > 0, satisfies

0 1
Sp =Ty + Ty + T

=AY g+ D A 2qr(Pok + RE ).
k=0 k=0

Since P, is a decreasing sequence, thus we can check that there exists C' > 0
such that

n

Z QkPn—k < CmaX{Pna Qn}
k=0
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Thus for any n < ty, we have

Sn:)\ilek‘i‘o(Pn"'qn)

k=0
= )‘71(1 - Z Qk) + O(Pn + Qn)
k=n+1
to
=AY g+ (P an)
k=n-+1

Moreover, for n = tg, we have

to
Sty = A1+ AT2qr(Pryok + RE ) =2 AT
k=0

Since § can be chosen such that A= = p(R*) > §, we have proved the claimed
results. O

6 Coupling Lemma for the original system

In this section, we will prove the Coupling Lemma for the original nonuniformly
hyperbolic map, which is new to our knowledge, as the construction is signif-
icantly different from that for systems with uniformly hyperbolicity. This will
enable us to define the coupling decompositions of probability measures on M,
which will be used to investigate the rate of decay of correlations of iterations
of those measures.

6.1 Statement of the Coupling Lemma

We now state the coupling lemma for the original nonuniformly hyperbolic sys-
tem (F, u).

Lemma 6.1. Let §¢ := (W', %) be two standard families, with dv' = g'dpu,
i =1,2, where g* € H*(v) are probability density functions with v > 7o.

(C1) There exist Ny = Ni(v1,v2) > 1, and uniform constants Cy,Cy,C > 0,
such that for any n > 1, there is a decomposition

n
TG =Y (Wiovi) + (W, 7,),
k=1
for i =1,2, with the following properties for any k=1,--- ,n:
(i) (Wi, vi) is a generalized standard family with index k;
(i) For any measurable function f that is constant on each W* € T'°, we have
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(iii) For any f € H™(vo), the uncoupled measure U satisfies:
7,(F)] < Coll flloov' (CrpU(R > k)+Cullg'| 7, k7 < C|| flloo max{llg £, 191, Ye1 70

cv?
(iv) Moreover, Ui(M) = FNvi(r > k) + O(vi(k < 7 <k +1p)).

(i) If both standard families G' and G* are proper family, then Ny is a uniform
constant.

(C2) Moreover, there exists Cy > 0, such that for any k large, the portion of
measure coupled at k satisfies:

Frui(R*) < Coklooter,

The proof of this Coupling Lemma can be found in Subsection [5.3] after we
describe in detail the coupling procedure for measures that properly returned to
R* in next subsection. Note that item (C2) looks very artificial, however it can
be easily verified because of property (C1) and assumption (H1). The main
reason for such a condition is that we need to compare the measure F7v/! (R*)
with n~?° later in the proof of Theorem 1, so just for convenience we add this
property here.

We begin by considering a special situation, i.e. §* = (Wi, v?), i = 1,2, are
two generalized standard families with index 0, and v!(R*) = v2(R*). We first
prove a lemma describing the coupling process which will be used in our proof
of Lemma

Lemma 6.2. Assume that for i = 1,2, §* = (W', v%) are generalized standard
families with index 0, and

min{v* (T%),v?(T'*)} > 0.
Then there exist a generalized standard family € = (Wi, n') with index 0, and
g{i = 91 _ 81' _ (Wi7§i)7

with the following properties:
(a) &' and € are coupled in the following sense:

(al) For any [ € H (7o) that is constant on each W* € T'*, we have
7 §) = (6);

(a2) The total coupled measure satisfies

d :=n'(T%) = co min{v*(T'%),v*(I"*)},

where ¢y € [1/3,1/2].
(b) The remaining uncoupled family X' is a pseudo-generalized family with index
0, i.e. it has the property that ?"(Ki|ri) becomes a generalized standard family
of index 0, for any n > 1.
(¢) For any measurable collection of unstable manifolds A C T'®, the remaining
uncoupled measure can be calculated as:

V1 (4) — v (A)] = €1(A) — (A)].
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Proof. Since for i = 1,2, G’ is a generalized standard family of index 0, by
definition, G has a shadow family, which is a proper family that fully crosses
R* and has density function g¢ € H*(«y), with v > 70 and such that g¢|x- is the
density function of v*. Then we denote

G ={(Wa,va) : a € AN,

such that for any measurable set A C M,

V(ANT®) = / / gl dpe N (da),
acAt JWLNA

where
9o = 9'/halg’)
with ‘ ‘
dvi, = g¢, dpta,
and
Xi(da) = pia(g' )\ (da).
Clearly,

N (A = v(0°) = pulg'|z-)-
For any o € A?, as the standard pair (W, v? ) properly crosses I'*, by (3.14)),
we know that the density function satisfies

gfx > e 001 >0.9.

Thus one should be able to match at least 1/2 portion of measures from both
families along stable manifolds in I'*. More precisely, we take co € [1/3,1/2], as
we have flexibility to choose a Hélder function p?, € H*(vp), such that

P, € (94,/3,95/2),

for any o € A?, such that
/ (0l Terw ) AN (@) = comin{pL (%), v2(T*)}, Vi=1,2.  (6.1)
aEA?

Now we are ready to define the coupled families & for i = 1,2. (G.1]) implies
that for any a € A%, one can define a standard pair corresponding to the measure
defined by the density function p?, on W,, denoted as (Wa,n4). Let

&= (W' ') = (Wa, na)|rs, )

be the corresponding generalized standard family with index zero. One could
choose p!, and ¢y carefully to make sure that for any measurable collection A of
stable manifolds in I'*) we have



and _ _
d :=n'(T* N'W") = ¢o min{v*(T%), *(I'*)}.

This verifies items (al)-(a2).

Next, we define the remaining uncoupled family X’ by subtracting the den-
sity of n° from v*. More precisely, for any o € A’ we subtract pi, from the
density function g¢,. The remaining family G°\ €’ is denoted as X, which may
not have the required regularity of being a generalized family. We apply Lemma
and using the definition of n; as well as Lemma[B51] it follows that restricted
on Iy, the family F"(X’|rs ) becomes a generalized standard family with index
0, for any n > 1. Note that (a2) implies that, for any measurable collection of
stable manifolds A C I'%,

v (A) =2 (A) = ' (A) = n?(A) + £(A) - (A) = €(A) - €&(4).  (62)

Combining above facts, we get

satisfying (a)-(c), as claimed. O

6.2 Outline of the proof of the Coupling Lemma

Let G' := (Wi v%) be two standard families for i = 1,2. We first describe
an outline of the coupling scheme using above lemmas. The main difficulty
of the coupling process is to guarantee frequently, simultaneous returns of cer-
tain portion of the conditional measure from both families. This fact is not
straightforward because of the nonuniformly hyperbolicity. We overcome this
difficulty by using the Markov structure of the generalized Young Tower based
on R* = Up>1I7, as introduced by Proposition b1 as well as the renewal
theory proved by [43], 5], [60]. More precisely, we follow the 3 steps below:

I) We first define N; > 1, such that both FY12! and TN 12 have at least §
* *
portion of measure properly returned to R*. We further decompose

FVNG =36l
m=0

such that F™G{ , is a generalized standard family of index 0.

(IT) Now we have that both 9%)0 and 9%70 are generalized standard family of
index 0. By applying Lemma [6.2] we can couple at least §/3 of measures
from both families, to get

i e i
10=2¢&1 +Xi,

where & is the coupled family at this step. Since K¢ is a pseudo-generalized
standard family of index 0, we apply Lemma [5.7] which guaranteed that
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at least d portion of measure in this family will return to R* after another
to iterations.

Thus the remaining families are split into two parts, ff@l and

911 = Z 9i,ma

m>to+1

where K consists of the remaining family K% as well as Gi,, for m =
1, to.

(IIT) Now we are in the similar situation as the beginning of step (II). We evolve
both families under F%, and consider the higher iteration map Fto. By
applying Lemma[5.7 it is guaranteed that F?0 X! has at least § > 0 portion
of the measure properly returned to R*. We again apply Lemma to
couple at least /3 portion of part of the remaining measure from each
family. The above algorithm is recurrent, thus by induction, at least the
same portion §/3 of remaining probability measures could be coupled by
applying Lemma under every iterations tg.

An intuitive way of visualizing this coupling scheme is that, although both
families »' and v? may have totally different first return distributions to R*,
once their supports properly crosses R* for the first time, the returning measures
will have almost “uniform” mixing, according to the Markov structure of R*.
The processes can be approximated by a renewal process associated with an
ergodic Markov chain with countably many states.

6.3 Proof of the Coupling Lemma

Step 0. Evolving both families under a large N, iterations.

Let G° := (W, %) be two standard families, with v being probability mea-
sure for 1 = 1,2. By Lemmal[5.2] there exists Ny, such that for any n > Ny, both
Fnvl and F"v? are proper families and all have at least § portion of measure
properly returned to R*, where 6 was given in Proposition [i.Il Since we have
freedom to pick Nj large enough, we use the same ¢ as in Proposition B1] just
for convenience. Moreover, we choose N1 > tg, as tg is a uniform constant. This
also implies that if both families G' and G2 are proper, then N; can be chosen
to be uniform (for all proper families). Then we consider

=g = (W)

We decompose

o0 oo
i i i i
1= Z Sim = Z( 1,m7’/1,m)7
m=0 m=0

according to ([B.2)), where 9§7m is a generalized standard family with index m,
such that F™Wj ,, properly returns R*.
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Since below we will couple measures every tgp-iterations, we first split the
above sum into blocks according to the number of steps, such that for any

k>1:
kto

Q= > .00, Qh=vieO). (6.3)

m:(kfl)toJrl

Here Qi is the total measure in 1§ that have firstly returned to R* between time
interval [(k — 1)tg + 1, kto).
Moreover, by our choice of Ny, we know that

V(%) = v o(I%) > 6, (6.4)
which is important for our estimation of the coupling speed.

Step 1. Capture and then coupling along I'*.

Since the family 9%10 is a generalized standard family with index 0, we can
apply Lemma [6.2] to get a decomposition
Zi,O = 811 + Kllu
with . . .
811 = (Wzl,ovnzl)v
and _ _ _
Xy = (Wi0.61)
where & is a generalized standard family of index 0. Note that £} and &2 are

coupled along stable manifolds in T'*. More precisely, for any f € H ™ (vy) that
is constant on each W* € ',

m(f) =i (f) (6.5)

Moreover, ‘
ni (1) = comin{vy o(I*), 17 o(T*)},
where ¢ is chosen in [1/3,1/2]. Thus by (64]), we have

This implies that we can “match” at least 1/3 portion of each measure from
Vi and 17, as they both have proper returned to R*.

By Lemma[5.7] we know that F0 X! has at least § portion of measure prop-
erly returned to R*. We denote

s =R+ Q1 =vi (D)1 —di) + QF.
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We put
- L 1 B
&} = (Wi, 9)) = = <9<§ +) 91,,”) :
1 m=1
and the total remaining family is denoted as

Sit= > Sin

m>to+1

Now we have shown that the total uncoupled portion after ther first step can
be represented as: _ _ o

gi — &1 =siK) + 95 (6.6)
To summarize, the remaining families contains two parts:

(1a) Gi is the part that has not yet reached R*;

1b) siKi corresponds to leftover in the portion that has reached R* at the
1%
first step.

Step 2. Release and recapture.

Note that fJAC?l has a probability measure, for ¢« = 1,2. We claim that both
FloKt and F0K? have at least § portion of measures properly returned to R*.
Clearly, this follows from Lemma [5.7]

Since we are in a similar situation as in step 1, we can apply Lemma 6.2 to
get a decomposition N . ‘ ‘

FroK = &4 + K, + UL,
5= (Wy,m3), Ky = (W5,85).
Here U% denotes those of &”Oifq that have not arrived at R*. Note that &} and

€2 are coupled along stable manifolds in I'*. More precisely, for any measurable
collection of stable manifolds we have: A C I'?,

3 (A) = n3(A) (6.7)

Moreover, we denote

dy = 0y (R)/FL AR (RY) =

Wl >

We apply the first statement of LemmaB.7to K3 and X3, as they are pseudo
-generalized standard families of index zero. Thus both FX} and F'0X3 have
at least § portion of measures properly returned to R*. Let

sy = s1(1—dy) + Q3
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and we define
2to
K = (Wh, 05) i= (siKh + siUs + ) F°Gi,,)/sh.
m=to+1
Thus the total remaining family can be represented as
S:= Y TG,
m>2to+1

Combining with (G.6), we know that the total uncoupled portion at the
second step can be represented as:

Flogi — Fhel — sieh = shkh + Gb. (6.8)

According to lemma [EI0 and Lemma B2 both F0XL and F0K3 have at
least 0 portion of measures properly returned to R*. Thus we are in similar
situation as in the beginning of step 2.

Step 3. Coupling at the repeated proper returns.

Next we consider higher iterations by induction, with k£ > 2. We assume 53»
is well defined, for j =1,--- ;k — 1, and let

L .= g,
We assume for k > 1,
LF1Gh — pFlel pgiph2el 4o st LEL 4+ st KE 4 Gi (6.9)

where the coupled family at the k-th step is denoted as

k= (Wi i),
with _
dy, >48/3,
and _ _ _ _
sy =81 (1 —dj,) + Q.. (6.10)

Moreover, we put
kto
NI S Y N I i i i k—1ci i
= Wi, o) == | 531K + s, U + E LG | /5k

m:(kfl)toJrl

The remaining family in F%°G¢ have yet not reached R* is denoted as:

o= ) gFhbg (6.11)

m>kto+1
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To summarize, at the k-th step of the coupling process, the candidate of
generalized families in %% G that we will perform the coupling procedure is
denoted as

i = sl (6 + 1) + (054 - 8.
It comes from two source of measures:

(a) One is the newly arrived measure between these k — 1 and k-th step, i.e.
Qk = 5G4 (M) = GL(W);

(b) The other part comes from the leftover of the k — 1-th step coupling — i.e.
those measures have properly returned to R* at the k — 1-th step, yet not
being coupled, which we denote as

L+ W= FKG €,
see below (6.14).

We apply the second statement of Lemma 57 to K} and K2, then we know
that both F' 5! have at least § portion properly returned to R*.
Thus we can apply Lemma [6.2], to get a decomposition

LK, = €y + Ky + Uiy
with _ _ _
k1 = (W§c+1=7711c+1)
and . . .
}chl = (W;chlvflchrl)
being a pseudo-generalized standard family of index 0; and U}; 41 being those

of LfJAQc that have not arrived at R* at this moment. Note that €, and &7,
are coupled along stable manifolds in I'*. More precisely, it implies that for any
measurable collection of stable manifolds A C I'?,

771%+1(A) = 7713+1(A) (6.12)
Moreover,
i 0 * ~7 * 0
A1 7= N1 (RT)/ Lt (R7) > 3
‘We now define ‘ . ‘ .
Sp1 = SE(1 = dip1) + Qhyr- (6.13)
Next we denote
(k}-‘rl)to
Kiy= (Wi oy ,) o= | shdKh, +siUi,, + Z L*g; /Shi1-
k41 k10 VE41 YV E41 kWkr1 1,m k41
m=kto+1
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and the total remaining family as
~§€+1 = (W;c-i-laﬂlic-i-l) = Z Lk Zi,m-
m>(k+1)to+1
Combining with ([@3]), we have shown that
LFG) = L*€ + 1L e85 4 -+ s, L& 1 + 811 Khpr + G- (6.14)
Inductively, we can also get a formula for s} ;:
Sha1 = Qi + (1= djy Q4+ (1 =iy )1 = d})Q) + -+ + H?i(}(l - dé‘)Qg

k+1

<Y Qi1 m™ < CQhi,s
m=0

where ¢ =1 —9/3.
Thus the total uncoupled measure at k + 1-th step is:
D1 VO + D1 (M) = 8jpy + 7 a (V) = Dy (M) + O(Qfp1) (6.15)
= vi(T > kto) + O(vj (kto <7 < (k4 1)ty)).  (6.16)

Step 4. Rearrange the coupled measures by the real iteration time
under J.

Now we rearrange the above coupled and uncoupled families according to
the real iteration time under F. Then we have shown that there exist Ny =
Ni(vt,v?) > 1, such that for any n > 1, there is a decomposition

n

FNG = (Wi, vh) + (Wi, 7),

k=0
for i = 1,2. Here for any n > 0, (W!,, 1) is a generalized standard family with
index n, which is defined such that (W?, %) is empty if n/tg # [k/to]; and

?n(wiw V:z) = S;:l/togil/t(r‘rl’

otherwise. Here we also define s) = 1. Moreover, the uncoupled measure is
defined such that

F* Wi 7n) = 8]0 t0141 K nsto) 41 Slnsto)+1-

Thus for any measurable function f that is constant on each W* € I'?| we
have

Frup(f) = ().
This verifies the items (C1)(i)-(ii) in the Coupling Lemma [6.]
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It follows from the estimation (GI5) that only the measure v (7 > n) dom-
inates the amount of uncoupled measures at the [n/tg]-th step. Thus using our
new notations, we have proved item (C1)(iv):

7EM) = v (7 >n+ Np) + 0@ (n+ Ny <7 <n+ Ny +to)),

for any n > 0.
Next we prove (C1)(iii) by estimating F7u}(f), for f € H (). From now
on, we choose the large constant b = b(yp, A, ¥, ) > 1 such that

Af'ygblnn < n*lfozo7 ,ﬂblnn < n*lfa(), (617)

where ¥ € (0,1) is given by ([@3).

Next we estimate 7%, which is enough to estimate v*(7 > n). First we claim
that _
U (Crp N (R <n)) < Cn=. (6.18)

To see this, note that points in C; , N (R < n) will mostly visit cells with
small indices and return to M at least 1 times within n iterations. We prove
this claim by considering two cases.

(a). Let A, be all points = € Cf , N (R < n), such that the iterations
of x hits R* at most blnn times within n iterations. Then there exists k €
[1,n — blnn], such that F*z € M and the forward trajectory of F*x return to
M\ R* at least blnn consecutive times. Thus by the Coupling Lemma [4.6] for
the induced map, 7% be long to the base of the uncoupled measure for F®1*7
Since G are standard families and Lemma implies that the coupling time
I'ps for the induced map F': M — M has exponential tail bound for standard
families. It follows that, by (617,

7L(CE )N(R < m)NA,) < nllg |aopi(z € M : Tay > blnn) < CnllgHflcn "™ < Cflg" | n
(6.19)
(b). Now we consider points in (Cf; ,N (R < n))\ A,. Then we claim that
for any z € (Cy, ,N(R < n))\A,, iterations of z hit R* at least bInn times within
the (bInn)? returns to M. This is true because otherwise there must be an
interval of length bInn in these 1 returns to M such that iterates of z never hit
R*, and this contradicts the assumption that (a) does not hold. More precisely,
assume there exists k > 1, such that %2 € R*, and there are at least blnn more
returns to R* along the trajectory of {F"x,m = 1,--- ,n}. This means that
the forward images of the unstable manifold W*"(z) have components properly
returned to R* at least blnn times, and they all contain images of z. Then there
exists k € [1,n — blnn], such that F*z € M and the forward trajectory of F*x
return to M \ R* at least blnn consecutive times. Thus by the Coupling Lemma
for the induced map, %z be long to the base of the uncoupled measure for
FbInn Since G* are standard families and Lemma B0 implies that the coupling
time for the induced map F': M — M has exponential tail bound for standard
families. Tt follows that, by (G.17),

7 (Cry V(R <)\ Ay) < Cnllgtc- 0™ < Ol gy (6.20)
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This finished the proof of our claim.

Thus the amount of uncoupled measure is essentially dominated by C,, ; U
(R > n), which contains points that returned to M fewer than ¢ = (blnn)?
times within n iterations. Thus by Assumption (H2), we know that

W(Chy) < Crl=oo,

Therefore, _ _
V' (Cnp) < Cllg'loon' ™2,

where dv' = gidp.
Combining the above facts, we have shown that for any n > 1,

T2 < Cullflloen™ +[7,(f 0 T - Ie, yu(rom)|
< Cil[flloon™ + [ flloollg" oot ((Crp U (R > 1))
< Cllg"llso | flloon' .

This verifies (C1) (iii).
Note that if we take v' = u, then we observe that
fin(M) > (R > n) > cn'™

for some constant ¢ > 0. Combining the above estimates, we know that fi,, (M) ~
nt= for any n > N, for some large No > Nj. Since the set (R > n) dominates
the uncoupled measure, thus the coupled measure at the n-th iteration satisfies

SFSM"(R*) = ﬂ”—l(M) - ﬂn(M) < N(Mn—l) + N(Cn,b n ?7nM) < Cnl—ooter

By the mixing property, we know that It — 1 weakly, which implies that
there exists No > Ny large enough, such that for n > No,

i l—ao+e
Fly), < Cn mo0rer

which implies that (C2) also holds for n large enough.

7 Proof of Theorem 1.

Now it is time to investigate the rates of decay of correlations using the above
Coupling lemma. We first prove a lemma that will be used later.

We consider any two standard families §¢ = (W?, v*) with probability density
gt = dv'/du € HF (y2) for i = 1,2. And consider any f € 3~ (1), with 1,72 >
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v0. According to the Coupling Lemma[B.1] there exist Ny = Ny(g*, g?) > 1, such
that we can define vy = FMv%; and for any n > 1, there exists a decompositions

for n > 1, where $™v}, is coupled with F"v2,. This implies that for any m > 1,
for any measurable function h € H ™ (1) that is constant on any stable manifold
W# e I'*, we have

gyl

* m

(h) = T2 (). (7.1)

Lemma 7.1. There exists Cy > 0, which does not depend on f and ¢°, i = 1,2,
such that for any n > 1,

> W) = 22 (D)] < Cull fllco max{llgHlloos 197l yn' 0752,

Proof. For any n > 1, by definition of Cy, , and the choice of b, for f € 3™ (1)
there exists C' > 0 such that for z € C}, , and y € W*(x),

[F(T" (@) = FF" )] < ClIFIS AT < O flI5n0. (7.2)

Now for any # € W* C I'*, we choose T € W*(x), such that f(z) =
maxyecws(z) f(y) be the maximum value of f along stable manifold W*(z).
Then (Z2) implies that for z € Cf_, , NT%,

|f o T (@) = fo T (@) < O fl5, (n —m)=7.

Thus we have for i =1, 2,

n—1
L=y |/ f o) — f o F()| AT, (1)
m=1 Fsmcg—m,b
n—1
< COIfII5, Y- TV (%) (n —m) =
m=1
n/2 n—1
SCIfl5 | Do T @) —m) =+ Y TP (RT)(n—m)
m=1 m=n/2

< Cilf 115, max{Fv, (L), n~ ) < CiI£ 115, g lsen'~ o0,

where we have used (C2) in the Coupling Lemma in the last estimate, as
well as the following estimate:

n—1
1 1 4 Inn ¢
/1 = L dr < Cin —|—O2W <Cn™%, (7.3)

forany [ >t > 1.
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Now we consider for i = 1,2,
my: =

m=1

<Ol flloe Y FIi(Clnmmp)

m=1

/ f o T (2)dTT ()
5NCh s

n

S Ollfloe Y (n—m) =015 0, (M)

m=1

< Cillfllssllg'llson =075,

where we have used Lemma
Combining the above estimates, we have

Ly + I + 0, + 113 < Ci| fll gy max{[lg" |, g [l }n! 20751

This implies that

Z foFrdv}, — foFrdv?

m=1 W}n ;

< Z / fodn™™ — fo ™ (z)dF "y} — / foF™™ — fo " "™(2)dT ",
m—1 j‘wnw}n j“mwgn

e[ perr@isr - [ pes @y
m=11JFmWL Fmwz,

n

<4241k 4 1) +

/ f o F T (@)dFTV, (2) / f o T (@)dT 2 ()
Fmws,

=1 Fmws,

= I711 + 1721 + IIvlz + IIvzz < Cl”f”awl ma‘X{”ngooa ||g2||oo}n1—010—81'

O

Using this lemma we can estimate the following decay rates of correlations.

Lemma 7.2. There exist C1,Cy,Cs > 0, such that for any two standard families

Gt = (Wi vt with g = dv'/dp € HF () fori = 1,2, for any f € H™ (1), with
1,72 = Y0, V(M) = v2(M), we have

‘/Mfo?”dul—/Mfo?”dﬁ

for any n > Ny, where N1 = N1(g*,g%) > 1.

< Cllfligm max{|lg"1Eas 197162} (1(Crp) + (R > n)),

Proof. By Lemma [6.1] there exist N7 = Ny(g',¢%) > 1, for

i Ny i
vy = F.
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and for any n > 1, there exists a decomposition
n
i T
Vo = g Vy, + Uy,
m=1

where v} is coupled with ™12, such that for any m > 1, for any measurable
function f € H~(71) that is constant on any stable manifold W* € I'®,

T vm(f) = v, (f)- (7.4)

Using the above Lemma, we get

n

D

m=1

< Cillfllign (lg'lloe + g% lloe)n' ~0 75

fOCF"dV,ln—/ foFndv?
w1 w2,

Now, we denote v := FN1 1| then combining the above facts together with
the Coupling Lemma [6.I], for both i =1, 2,

/Mfoffndl/é—/M foF"dv} ZDi(fo?n)—Di(fo?")—i—mZ:l (/wan foffndu:n—/wgn foffndufn).

(7.5)
Our analysis implies that the second term is of order n!=®0=¢1_ thus the decay
rate is essentially dominated by 7} (f o F™) for general observable f. Note that

D (f o F™)| =0y (f o T 1o, ,u(rn)) + Un(f 0 T - Ice ,n(r<n))]
< [ fllscllg* o (#((Crp U (R > n))) + O(n™)) . (7.6)

Now we can use (GI8) in the Coupling Lemma [6.T] for the next step estimation.
Mainly because the uncoupled measure 7/,(M) is dominated by C,, , U (R > n),
while _

7n(Crp) = 0(n™7%).

Thus we have for n > 1,

’/ fog"'”Nldl/l—/ fo gt g2
M M

< Cil| fllgn max{llg |G 191 &} (1(Crp) + (R > n) + Can'=o07=)
< 2C1| fllgm max{llg'[| & 19715 H((Crp) + p(R > n)),

where we have used Lemma for the last step. This leads to the desired
estimate as we have claimed. O

Next we consider the case when we do not have standard families, but only
Holder observables.
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Lemma 7.3. There exist C' > 0 such that for any piecewise Hélder continuous
functions f € H™(n1),g° € HF(y2), with v; > v and u(g') = p(g?), i = 1,2,
such that for any n > 1,

u(f 0 T gh) — pu(f 0o TN 0 g%)| < CIfIIZ,, max{llg'llf,, . l9?]I 1, dn' o,

cr2’? c2
where N1 = Ni(g', g%) > 1 is a large constant depending on g*, g*.

Proof. Without loss of generality, we can assume that
9'=9" —9;
is the decomposition of ¢’ into its positive and negative parts, with u(g;t) > 0.
So both parts are piecewise dynamically Hélder continuous: gl-i € Ht(y2).
We start with the positive part g7, which induces a probability measure
+
3

V'1+ =
T gl

and gives rise to a standard family (W%, v,), for i = 1,2. Thus by Lemma [[2]
there exists N := N; (g1, g5), for any f € H~ (1), we have for any n > 1,

I

— it
/ fo 3r'n+Nl+dVi7+ _ / fo g:-n+N1+d‘u < Cllfllem |L9i [ pl—ao
M M m(g;")

Similarly, there exists Ny := Ny (g7 , g5 ) such that for any n > 1, we get

- -1+
/ FoF N dy, _ — / Fo g N gyl < Cllfllem ||_91 |G nl-ao
M M m(g; )

Note that .
g9'dp = p(g;")dvi 1 — p(g; )dvi -
Thus we actually get for all n > 1, with Ny := max{N;", N },

[ 105 g g < I, Ll e
where C7 > 0 is uniform constant. Thus if u(g') = p(g?), then we have
‘/ fod gty — / fo 3’“+N192du‘
M M

< '/ foF tNigtdy — u(gl)u(f)‘ + ‘/ foF Mg du — u(g®)u(f)
M M

< Cillfllg,, max{llg'lIf,,, lg*l7., yn' =2

cv2’? c2

Note that Theorem 1 directly follows from the above lemma.
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8 Proof of Theorem and Theorem 3.

8.1 Proof of Theorem 2
By (32), we denote

B, = mL_Jn?’me = (R>n)\ M,
m>n k=1

as the set of points in M€ that take at least n-iterations under F before they
come back to M. We first prove the following lemma that will be used to prove
Theorem

Lemma 8.1. For any large n, we define pu" = %. Then for any probability
measure v with support contained in M, we have for any bounded function f on

M7
Fev(f) = u(f) = p(H(R > n) = FLv(f) = FHu"(f) +0(n~"),  (8.1)
with = min{ag, 209 — 2}.

Proof. First note that

Bo= U U M= (B> )\ Uz,

m>n k=1

which implies that
w(By) = uw(R > n)+ O(n=°). (8.2)

Since the support of the initial measure v is contained in M, we have that after
n iterations the push forward measure F}v can never reach the region 3" B,,.
Thus we can ignore the measure pu restricted on B, within first n-iterations.
This fact implies that for each n > 1 the measure p is a linear combination of
two probability measures,

pl B, ey . HBs
= p(Bn) - + u(By) - —==
1(Bn) u(By)
We denote u” = :(lgé). Note that for any bounded function f supported on M,

we have
p(f) = " (HuB) = p"(f) = 1" ()i Bn).
Notice also that (82) implies that u(B,) = O(n'=2°). Thus we have
nopy o U I u(f)
S T A R TN
= u(f)(1 + u(By) + O((Bn)?)).
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Thus
1" (f)(Bn) = p(f)(1(Bn) + O(u(Bn)?)),

which also implies that

Feu" (F)u(Bn) = FLu(f)(1(Bn) + O(1(Bn)?) = u(f)(1(Bn) + O(1(Bn)?)).-

Combining above facts, we have

Fev(f) = u(f) = n(Hr(R >n) = FLv(f) = FLp"(f) + O(u(R > n)?) + O(n~"°)
= FLu(f) = T (f) + O(n7),

with 8 = min{ag, 209 — 2}, where we have used the fact given by ([82).
O

To prove Theorem [2.3] we first assume the observable g defines a probability
measure on M, with dv = gdu. By Lemma Bl we have

Frv(f) — pu(f) = p(f)u(R > n) = Frv(f) = F2u"(f) + O~ P).  (8.3)

Our goal is to show that for systems satisfy (H2) the correlation Flv(f) —
Fru™(f) = o(u(R > n)). We use assumption (H2), which states that there
exists €1 > 0 such that

W(Cry NFM) = O(nl=0—e1),

Next we start to prove Theorem 2. Let 71,72 > 7. We consider any
f € H (1) supported on M, and any proper family § = (W, v) with ¢ =
dv/du € HT(y2) supported on M. For any large n, we define §* = G and

G? = (W%, u™), then they are both proper families. We denote v! = v and
2

ve=pu".
First note that since both measures are essentially supported on (R < n),
thus we have _
V'(R>n)=0(Mn"%).
According to Lemma [Tl we know that there exists N = N(g), such that for
any k=1,---,n,

‘/ fogrdFy 1—/ foFrdFv?
M M

k
A(rost) - rtifor)+ 3 ([ rostas- [ fo?defn)|
m=1 m m

< |7 (f 0 %) = B (f 0 T5)] + Cll fllssllgllock %5

According to the Coupling Lemmal[@.Iland (Z.8), we know that the uncoupled
measure ; (M) is dominated by Cj,;, while 7}, (CipN(R<k)) =0(k™*). Thus

Up(f o FF) = v (f o F* - 1c, ,u(rom)) + Vh(f 0 FF - Ice,) = (f fod* Ick y) +O(k™
< | fllsollgllso (#(Crp N F~Fsupp(f) Nsupp(g’))) + O(k
= fllocllg’lloc (W(Crp NF*M N M)) + O(k™) = O(k'~ a”“)
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where we have used Assumption (H2) in the last estimate. Combining above
facts, we take k = n, then

[ foTramtvt = [ fogasA < Culf o o'~

One can check that (H1) implies that u(R >n+ Ni|R >n) =1+ 0(n71).
Combining this with ([&3]), then for any n > N, we get

|FLv(f) = u(f 0 F) = n(Hr(Bn)l < 1TLv(f) — 1™ (f o )] + Cul| fllocllgllocn™
< Ol fllsen'== + Cul| flloclglloon ™7,

here 8 = min{2a¢ — 2,ap}. For general Holder observable g, we denote g =
gt — g~. Tt is enough to consider the case when u(g¥) # 0, then we consider
g™ and g~ separately as in the proof of Theorem 1, to get (2I4]) in Theorem 2.

8.2 Prove of Theorem 3.

One interesting application of Theorem 2 is that one gets classical Central lim-
iting theorem for stochastic processes generated by certain observables for dy-
namical systems with decay rates of order O(1/n).

We consider an observable f € H™(y9) N H¥(y9) with supp(f) C M sup-
ported in M. We assume f is not a coboundary. For any n > 1, we consider the
two partial sums S, (f) := f+foF+--+foF" and S,,(f) = f+foF+-- -+ foF™.
We assume p(f) = 0. For the induced map (F, M, ppr), it follows from Theorem
7.52 in [26] and [33], that conditions (h1)-(h4) implies that

Sn
v

in distribution, where N (0, 1) is the standard normal variable, and by the Green-
Kubo formula,

— N(0,1), (8.4)

o = (f?) +2Y  pa(fo F™ - f). (8.5)
n=1

Note that
/fo F" - fdunr < O fllcrod™

as the induced map enjoys exponential decay of correlations.
In [5], the partial sum S,, was associated with the so-called induced observ-

able, S, f(z) = fojé_l f(F™x). However, since our observable f has support

contained in M, thus S,,(f) = S,,(f) coincide with the induced observable. Next
we review the relation between CLT of S,, and S,,, see a detailed proof in [3].

Lemma 8.2. For anyn > 1, if S, satisfies the CLT (87), then S, also satisfy
a CLT:

Fj;ﬁ — N(0,1), (8.6)

in distribution. Here 6 = a?u(M).
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Thus (8] implies that S, satisfies the classical CLT with variance o/ju(M).
Moreover, again by the Green-Kubo formula we get

(M) = u(f*)+2)  p(f o F" - f).

n=1

Comparing with ([8H), and use the definition duy = du/u(M), we get the
interesting relation

S u(foFr-f)y=> u(foF"f).

This finishes the proof of Theorem 3.

9 Sufficient conditions for (H2).

In this section, we introduce two sufficient conditions to guarantee assumption
(H2).

Condition (H2)(a) . We assume there exist ¢ € (0,1),n0 € (0,1), C,Cy >
0, N > 1, such that for any sufficiently large n > N, and for each m =
1,...,(blnn)?

p({z € M: R(F™(x)) > epn}|M,) < Cni'n+ Cin'~¢,
where ¢,, € (0,1).

Condition (H2)(b). We assume there exist ¢ € (0,1),C > 0,p > 0,and N > 1
such that for any sufficiently large n > N, and for each m = 1,..., (bInn)?:

p({z € M: R(F™(z)) > n' "9} M,) < Cn™".
We will prove the following two lemmas.

Lemma 9.1. Condition (H2)(a) implies that there exists &1 € (0,1) such that
(H2) holds.

Proof. For any sufficiently large n, any « € C), p,, we define

m=0

as the number of returns to M within n iterations under F along the forward
trajectory of z. By the definition of C), ;, C (R < n), we know that any z € C),
must returns to M at least once, with

2 < ko < (blnn)?
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Let x,, € M be the last enter to M within n iterations of z, and we define

ma(a) = max (R(F~*(@,)))

to be the largest return time function value of R along n iterations of x under
F. i.e. there exists ky = ky(z) € {1,--- ,n}, such that
Ty = 3"_’“1:10" € My, .
Moreover we define indices:
ma(z) = R(x1),ma(x) = R(F(x1)), -+ mpy () == R (21)),

with F*2=1(z;) = F~1lx, being the second last return to M along n iterations
of z. Without loss of generality, we assume

ko
Z mg > n/2,
k=1

i.e. the largest index mj occurs within the first n/2 iterations of x under F.
Then by assumption, since my(z) is the largest index within ko returns to M
along forward n iterations of z, we have

n/2<mjp+---+my, <n.

Since points x € C, p return to M at most 1) times during the first n iterates
of F, there are < v number of intervals between successive returns to M, and
hence the longest interval has length mq(x) > n/1. Let ¢o < 1/2 be a constant.
We split C,, = C}, , UC)/, into two disjoint parts.

(I) €y, is a ‘good part’ of Cy, , such that for any y € C}, ,,

n,b

mi(y) < efhma(y), (9.1)

for all
con

ma(y)
where €, € (0,1) was given in (H2(a)). More precisely, for y € C}, ;, there is a
sequence of returns to M,,,’s, with index decreasing exponentially in &, within
n-iterations. For ‘good’ points y € C:%b we have

<k <ko<v(n)=(blnn)?,

" P(n) con P(n) con
_ i k my
2§ka§m1 ml+m1 Z gy S con+mign T < con +my.
k=1 = on
mq
Since ¢g < 1/2, we conclude my > cn for a positive constant ¢ := % —co > 0.

This implies that for points in C;Lb, the largest index my within n iterations
must be approximately of order n. Accordingly,

(n)
wpnFrMme | | g EM,,).

mi>cn k=1
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Thus the measure of good points in C, ; is bounded by

wu( :z,b NF"M) < (bInn)? Z (M) < Cn=(blnn)? (9.2)

mi>cn

and
p(Chy) <n > (M) < Cnlmee,

mi>cn

(II) On the other hand C}/, consists of ‘bad’ points y € Cyp, such that (@.I])
fails. i.e.,

mi(y) > ehma(y), (9.3)

for some mcf(’;) <k <(n).
We divide C:l’) , according to the maximal index m; of its points

"
n,b — U Cﬂ7b;m17

mi>

such that C, pm, contains all points in C}/, with the largest return time m;
within 7 iterations. Note that

¥(n)
Crpony NF "M C | J F(F"Mp,).
k=1

The contribution of M,,, to these ‘bad’ points in C}, will be estimated
according to (H2)(a), which implies the following:

#(Comy 01 FM) < ()Mo, )™+ O(mi ).

where ¢ > 0,79 € (0,1) were defined in (H2).

By assumption m; > n/1, so the total measure of C/

b 18

n

p(Cy NFTM) < p(n) D (M) (g™ ™ + O(my )

mi=n/1
- wa0+2—< C
<Ci (blnn)2+ N+ Oy neotl=C = paotl—er’ (9-4)
for some €1 € (0,1).
pCy < Y (M )™ Oy <Ot (95)

mi=n/y

Combining the above estimates together with ([@.2)) we know that C;, , dom-
inates. Thus we get

wWCnpyNF M) < Cnl—@0—e1, w(Chp) < Cnl'—oo,
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Lemma 9.2. Under assumption (H2)(b), (H2) holds for any 1 € (0,1).

Proof. For any sufficiently large n, any « € C,, ;, we define

n—1
m=0

as the number of returns to M within n iterations under F along the forward
trajectory of x. By the definition of C), ;, C (R < n), we know that any z € Cy,
must returns to M at least once, with 1 < kg < (blnn)?. Let x, € M be the
last entrance to M within n-iterations, and we define
= R(F~*
ma(a) i= _max (R(F~(2,)}

to be the largest return time function value of R along n iterations of x under
F. i.e. there exists ky = ki(z) € {1,---,n}, such that z; := F %z, € M,,,,
and k1 +m1 < n. Moreover we define indices:

my(z) = R(x1), ma(x) := R(F(21)), -+ ,mu, (z) := R(F* (1)),

with F*2=1(z;) = F~1x, being the second last return to M along n iterations
of x. Without loss of generality, we assume

k2
Z my >mn/2
k=1

i.e. the largest index m; occurs within the first n/2 iterations of x under F.
Then by assumption, since m;y(x) is the largest index within kg returns to M
along forward n iterations of x, we have

n/2<mjg+--+mg, <n.

Since points € C), p return to M at most ¢ times during the first n iterates
of F, there are < v number of intervals between successive returns to M, and
hence the longest interval has length mq(x) > n/1. Let ¢o < 1/2 be a constant.
We split C,,p, = C}, , UC), into two disjoint parts.

n

(I) €y, is a ‘good part’ of Cp, ,, N F~"M such that for any y € O], ,,

mi(y) < ma(y)' 7, (9.6)
for all con
<k <ko<t(n)=(blnn)?
() )= i
More precisely, for y € O{lﬁ ,, there is a sequence of returns to M,,, s, with index

decreasing exponentially in k, within n-iterations. For ‘good’ points y € C/
we have

P(n) o P(n)
< ka <mq - 0——|— Z m}fq < con+m1 < con + my.

k=1

o3

my oo

my

67



Since ¢y < 1/2, we conclude my > ¢n for a positive constant ¢ := % —co > 0.

This implies that for points in C;%b, the largest index my within n iterations

must be approximately of order n. Accordingly,

W(n)
wwnFrMmc | | FrEM,,).

mi>cn k=1

Thus the measure of good points in C, ; is bounded by

w(Cy NF M) < (blnn)? Z w(My,,) < Cn= % (blnn)?. (9.7)
mi>cn
And
w(Chy)<m > (M) < Cn'me. (9.8)
mi>cn

(II) On the other hand C7/, consists of ‘bad’ points y € Cy, , such that (9.6)
fails. i.e.,
my(y) > ma(y)' 7, (9.9)

for some

<k <(n).

m1(y)
We divide C’;l’) , according to the maximal index m; of its points

"
n,b — U Cﬂ7b;m17

mi>

such that C, pm,, contains all points in C;{,b with the largest return time m,
within n iterations. Note that
¥(n)
Croorny [ \FT"M C | F(F*M,,).
k=1
The contribution of M,, to these ‘bad’ points in C;/ , N F~"M will be esti-
mated according to (H2)(b), which implies the following:

/L(Cn,b,ml NI "M) < 7/’(”)N(Mm1)m;pa

where p > 0 was defined in (H2).
By assumption m1 > n/i, so the total measure of C;/, NF~"M is

. - _ C
p(CrLy VT M) < Wp(n) Y (M Jmy? < — (9.10)
mi=n/1
Moreover,
ry<n S p(Mpmi? < L 9.11
w( "7b)—n Z w( ml)ml = pl-ao’ (9.11)

mi=n/v
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Combining the above estimates together with ([@.7) we know that C}, , dom-
inates. Thus we get

wW(Crpy NF M) < C(blnn)*n=, 1u(Cpyp) < Cnt=,

10 Applications to hyperbolic systems

To illustrate our method, we apply it to several classes of dynamical systems.
Since the induced maps for most of these examples were studied in [32], we only
remind some basic facts here.

First we recall standard definitions, see [12, 13} [17]. A 2-D flat billiard
is a dynamical system where a point moves freely at unit speed in a domain
Q C R? and bounces off its boundary dQ by the laws of elastic reflection.
We assume that 9Q = U;I'; is a finite union of piecewise smooth curves, such
that each smooth component I'; C 9Q is either convex inward (dispersing), or
flat, or convex outward (focusing). Following Bunimovich, see [9} [I1] and [26]
Chapter 8|, we assume that every focusing component I'; is an arc of a circle
such that there are no points of 9Q on that circle or inside it, other than the
arc ['; itself. Under these assumptions the billiard dynamics is hyperbolic.

Let M = 0Q x [—7/2,7/2] be the collision space, which is a standard cross-
section of the billiard flow. Canonical coordinates in M are r and ¢, where r is
the arc length parameter on 9Q and ¢ € [—7/2,7/2] is the angle of reflection.
The collision map F: M — M takes an inward unit vector at dQ to the unit
vector after the next collision, and preserves smooth measure dji = c¢-cos @ dr dy
on M, where ¢ is a normalization constant. Furthermore, 9M U F (M) is the
singular set of J.

For billiards with focusing boundary components, the expansion and con-
traction (per collision) may be weak during long series of successive reflections
along certain trajectories. To study the mixing rates, one needs to find and
remove the spots in the phase space where expansion (contraction) slows down.
Such spots come in several types and are easy to identify, for example, see [28]
and [26, Chapter 8]. Traditionally, we denote

2Q = 8°Q U ot Q,

where Q" is the union of flat boundaries, 9Q~ contains focusing boundaries
and QT contains dispersing boundaries. The collision space can be naturally
divided into focusing, dispersing and neutral parts:

MO:{(TWO): T‘E(?OQ}, Mi :{(T,(P)Z TeaiQ}.
Now we define the induced phase space:

M={zeM_: n(x) €Ty, m7(F o) €Ty, j #i} UM, (10.1)
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Note that M only contains all collisions on dispersing boundaries and the first
collisions with each focusing arc (the collisions with straight lines are skipped
altogether). The map F preserves the measure p conditioned on M, which we
denote by pu = [a(M)] L.

Furthermore, F' has a larger singular set than the original map. Let Sy =
OM, then S; := Sp U F~1S; is the singular set of F. Let R: M — N be the
first return time function, such that for any z € M, FE*)z returns to M for
the first time. We define M,,, = R='{m} N M as the level set of the return time
function.

To be more specific, we consider billiard systems that have been studied in
[28, 29, 30} 311 [27], which include semi-dispersing billiards on a rectangle, Buni-
movich billiard, Bunimovich Stadia, skewed stadia, billiards with flat points,
billiards with cusps. It was proved in these references that the induced system
(F, M, n) satisfies the condition (H1) and (H3) and enjoys exponential decay
of correlations. It is enough to check (H2). We first introduce some new condi-
tions that imply (H2) and which are easier to check.

10.1 Billiards with property (H2)(a).

New condition (A1l). Assume for any n large, there exist Mn C My, (1 €
(0,1), such that R
,U(Mn \ Mn|Mn) < O/nQa

and for any x € M,,, there exist d € (0,1), C' > 0 and a large b > 0, such that
form =1,---,(bInn)?, we have the following condition:

E [R(F" (@)l € M| < d"n +O(n~'~%).

Proposition 10.1. Condition (A1) implies (H2)(a).

Proof. Let ¢(n) = (blnn)?. For any n large, any k = 1,--- ,4(n), consider the
quotient
k(@) = R(FFz)/R(F* '),

for any = € M,. Let
Sn,k = 1n§n7k(17) + -+ ln{nﬁl(:c).

Then the moment generating function of Sy at 1 satisfies:

k
M (1) := pin(e*) = ,un(H €ni) < d" +0(n~%),

=1

where we have used assumption (A1) in the last step, and uy, := plar, /1(My,).
Now by the Markov inequality, for any p > 0

a5k < emPk) < P, (Sn) < (de?)t 4 O(n ek,
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We choose g € (0,1) such that ¢; + ¢ < 1, and define

q
b2lnn’

Pn =
then one can check that there exists N > 1, such that

7o := sup de™ < 1,
n>N

and e”* < n? for any k= 1,--- ,9(n). Now we have
/Ln(Sn,k > —pnk) < 77(]Jc =+ O(n7<1+q)-

Let €, = e7?, then above inequality is equivalent to

pn (R(FH (@) > chn) < + 0(— )

Thus (H2)(a) holds, with ne® > n'=9 fork =1,--- ,(blnn)?, and § := ¢; —
(0,1). O

The stadium billiard table, introduced by Bunimovich in [9], is comprised
of two equal semicircles which are connected by two parallel lines. Dynamics
on the stadium have been shown to be non-uniformly hyperbolic, ergodic, and
mixing; for some discussion of these facts see [9 [[1, 27]. In [55] Markarian
proved that correlations in Stadia decay as O((Inn)?/n). Chernov and Zhang
later improved in [31] the decay rate to O(1/n).

It was shown in [I1126] that if x € M,,,, then Fa € My, for k € By, = [am, b))
with a,, < m/B, by, =< Bm, where 8 = 3. Here a,, < /m means that there
exist ¢ > co > 0, such that ¢ < \“/—% < ¢, for any m > 1. The transition

probability between cells is given by

3m 1

It was also shown in [26] 28| [32] that for any = € M,
k 3 5
= E(ln(ZL)[R(x) =Y -2 3 <o,
keB’VVL

In [3T], condition (3.5)-(3.8) were checked for both Bunimovich Stadia and
Skewed Stadia. Moreover, the remarks before Lemma 3.3 in [31] shows that
there exists M,, C M, with

(M, \ My |M,) < Cn~/?
and for any x € M,

In(R(F™)/R(x)) <+ -+ 1hm,

71



where {1, -+ ,nm} are independent random variables with the same distribu-
tion as 7. Here 7 is a random variable supported on [— In 3, In 841}, and having
a negative mean value E(n) = 7 < 0. We define d := €7 < 1.

Thus one can check that for any z € M,,, for t =1,---,(blnn)?,

E(2S R(x) = n) <E(e " |R(z) = n) + O(n~%) <d' + O(n"%).

This implies condition (A1), with (; = 1/2. Now by Proposition [I0.1] we know
that condition (A1) implies (H2)(a).

The case for skewed stadia is very similar to above analysis, so it satisfies
(H2)(a), which we will omit here.

10.2 Billiards with property (H2)(b).

Assume that each cell M,, has dimension =< n~% in the unstable direction,

dimension < n~” in the stable direction, and measure u(M,) =< n~% with
d>a+ B > 2. We first foliate M,, with unstable curves W,, C M,, (where «
runs through an index set A). These curves have length |[W,| < n™?. Let
Up = muh\/fﬂ be the conditional measure of u restricted on M,. Let
W = Uaea W, be the collection of all unstable curves, which foliate the cell
M,,. Then we can disintegrate the measure v along the leaves W,. More pre-
cisely, in this way we can obtain a standard family §,, = (W, v,,), such that for
any measurable set A C M,

vn(A) = /A Vo(Wo M A) dA(«),

where (W,, v, ) is a standard pair, and X is the probability factor measure on
A. For some k < n, let R, = Ui>k M;, which contains all the cells with index
greater than k. For each unstable curve W, € W, if F"W,, crosses Ry, then
F™W, is cut into pieces by the boundary of cells in Rj. Moreover, the largest
length of these pieces is ~ k=%, According to the growth lemma (3.I8), there
exists 0 € (0,1), such that we have

F™up(Ri) < 95 Fovy (Ry,) + Co k=P, (10.2)

Case I. Billiards with cusps.

This class of billiards were first studied by Machta [54]. Tt is known that
the billiard maps on these tables are hyperbolic and ergodic. However, the
hyperbolicity is non-uniform. As a result, correlations decay with order O(n=1),
see [28, 311 [27]. Moreover, it was showed that it satisfies the One-Step Expansion
(h4) with go = 1.

In [27] Chernov and Markarian showed that the induced map F on a subset
M C M has exponential decay of correlations. Dynamics of F' on billiards with
cusps are remarkably different than those on a stadium when it comes to points
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travelling between m-cells: if © € M,,, and Fa € My, then k € By, = [am, b,
with a,, < \/m, b,, < m?. And the transition probability from the m-cell to the
k-cell is

p({z € My, : Fx € My}) _ m?/3

um(Fx € Mylz € M,,) := L) =

with k € [\/m,m?]. Each cell M, has length approximately m~"/3 in the
unstable direction and length approximately m =2/ in the stable direction. Its
measure is p(M,,) ~ m=3.

Moreover, it was checked in [31] at the end of section 5 that this class of

billiards satisfies for any small enough e € (0,1/4):
W(R(F(@)) > n¥*|R(z) = n) < Cn~ %,

for some uniform constant C' > 0. Since each cell M,, has length approximately
n~"/3 in the unstable direction, we take § = 7/3, and k = nz7¢. Then we have

F*Vn(ﬂQn%+ﬁ) < Cn 2.
Now we apply ([[0.2)) to get for any i = 1,---, (blnn)?,

vn(R(F'(z)) > n>*¢) = Flv,(Ry)
< e Fovn (Rg) + C.E=P
< COyn~3 + Con 5379,

This verifies (H2)(b) with ¢ =1/2—¢, p= 2_16

Case II. Semi-dispersing billiards. Billiards in a square with a finite num-
ber of fixed, disjoint circular obstacles removed are known as semi-dispersing
billiards. Chernov and Zhang proved [31] that this system has a decay of cor-
relations bounded by const - n~!. Here the reduced phase space M is made up
only of collisions with the circular obstacles. The induced map F' : M — M
is then equivalent to the well studied Lorentz gas billiard map without horizon
[28], which is known to have exponential decay of correlations (see [27], for in-
stance). The structure of the m-cells M, = {z € M : R(z) = m} is examined
thoroughly in [12, 13| 27]. We will use some of the facts presented in those ref-
erences. Many properties of the m-cells and of the induced billiard map in the
semi-dispersing case are quite similar to those in billiards with cusps. In par-
ticular, the measure of each m-cell is again pps(M,,) < m~3, with u-dimension
approximately m~2. Thus we take = 2. Moreover it satisfies the One-Step
Expansion Estimate (h4) with go = 1. It is also know that for a point z € M,,,
Fx € My where k € B, = [am, bn], with

- - 02
A = /My by, < m*,
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as in billiards with cusps. One major change is the transition probabilities
between cells. For semi-dispersing billiards, we have (for admissible k) that
m+k
k3
Moreover, it was checked in [3I] at Section 5 that this class of billiards
satisfies for any small enough e € (0,1/4):

un (Fo € My|x € M,,) <

((R(F(z)) > n2T¢|R(z) = n) < Cn~ 2,
for some uniform constant C' > 0. We take k = nz¢. Then we have
Fon(R 1., < Cn~ 2.
Now we apply [I0.2) to get for any i = 1,--- , (bInn)?,

va(R(Fi(2)) > n3+¢) = Fiv,(Ry)
S CF*Vn(Rk) + Ozkiﬁ
< Cn~2 + C’znfz(%“).

This verifies (H2)(b) withg=1/2—¢, p = 2_16

This implies that the semi-dispersing billiards on a rectangle and dispersing
billiards with cusps have optimal bounds of decay rates of correlations given by
Theorem 2.3

10.3 Application to linked-twist maps

In this section, we apply our main theorem to the linked-twist map studied in
[67]. We claim that this map satisfy the new condition (A1)

We consider the two-dimensional torus T? = [0,2) x [0, 2) with coordinates
(z,y) (mod 2). On this torus we define two overlapping annuli P,@ by P =
[0,2] x[0,1], @ = [0, 1] x [0, 2]. We denote the union of the annuli by R = PUQ
and the intersection by M = PN Q. The annuli P and @ are vertical and
horizontal strips in the torus. In order to define a linked twist map on the
torus we first define a twist map on each annulus. A twist map is simply a
map in which the orbits move along parallel lines, but with a uniform shear. In
particular, we define F' : R — R, such that

| (z+2y,y), if(z,y) € P;
F(w’y)_{(:zr,y),yy it (r.0) € R\ P

Note that F leaves points in R\ P unchanged, and any horizontal line in P is
invariant. We define the map G similarly:

S (my+22), if (x,y) € Q;
“%”‘{@wx if (z,y) € R\ Q.
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Now the linked twist map H is defined by H := G o F, which maps from R to
R. By calculating the differential DH, one can easily check that det DH = 1,
which implies that H preserves the Lebesgure measure m on M.

We will first define a reduced map which enjoys the exponential decay of
correlations. More precisely, we define F; : M — M, to be the return map
with respect to F, such that for any (z,y) € M, Fy(z,y) = F"(z,y), where
n = Rp(x,y) is the first return time of (z,y) to M under iterations of F.
Similarly, we define Gpy : M — M, such that Gy (x,y) = G™(x,y), where
n = Rg(z,y) is the first return of (x,y) to M under iterations of G. We define
the reduced map as T := GpyoT. Then T is the first return map obtained from
H onto M. Note that as G is an Anosov diffeomorphism restricted on M, so
by the uniformly hyperbolicity of G on M, there exists N = N(G) > 1 such
that GNM C M. Let my; be the conditional Lebesgure measure on M, then T
preserves my.

Let Sy be the singular set of the reduced map H*!: = Hsil. In [67], Figure
2 shows the structure of S; while Figure 5 shows the image of S_;. Using the
notation of that paper, we label by {¥,} the connected regions near (1,0) in
S1, as shown in Figure 6, on which the return time function is n. We know
from Appendix A of [67] that the cell ¥,, has length of order 1/n and width of
order 1/n?. Similarly, we denote by {M,} the level set (or called cells) in S_;
with backward return time n. As it was shown in Lemma 5.3 of [67], unstable
manifolds have slope 1 4+ v/2, thus we know that the longer boundary curves of
M,, all have slope approximately 1 + /2, and these cells converge to the fixed
point (1,0) as n — oco. In addition, one can show that M, has length of order
O(n™!) and width of order O(n=2). In the proof of Lemma 5.4 of [67], it was
shown that when an unstable manifold W intersects X,, for some n large enough,
it only crosses those ., with m € [n, (3+2v/2)n]. If we redefine n, then we can
say that W intersects only cells ¥,,, with m € I,, = [n/S + ¢1, fn + ¢1], where
B =1+ /2, for some constants ¢1, ca.

In terms of the singular set S_1, this implies that the image of OM,, C S_;
will only intersect ¥,,, for m € I, i.e. M, C Unmer, Xm. Thus we take an
unstable manifold W that completely stretches across M,,, then its image HW
will be cut into pieces such that each piece is stretched completely across M,,,
forme I,.

Note that for large n, the region M, N3, is nearly a rectangle with dimension
O(m=2) x O(n=?). Now Lemma 5.2 in [67] implies that the expansion factor
of unstable manifolds in X%, is O(m), thus TM,, N %, is a strip in M, that
completely stretched in the unstable direction and has width O(mh2 ).

Thus one can now check that the transition probability of moving from ¥,
to X, 18

p(Em NTMn) _ Comz n
= = CHh——
w(TM,) 4 Om2’

where ¢y = 8 — 87! is the normalizing constant, such that

S (S NTM,) = (T M,)

mel,
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More precisely, cg solves

Bn

> s
—— = —.
Om2n2 ~ p3

m=n/j

Thus we have shown that this class of maps satisfy (A1). By Proposition
[[01] the map satisfies condition (H2(a)). Thus Theorem 1-3 hold for this map.

11

Appendix. List of major notations

Here we list notations in the paper that have been used at least twice.

(F,M, ) — the original nonuniform hyperbolic system;
(F, M, pupr) — the induced uniformly hyperbolic system;

W (resp. W?) — the collection of all unstable (resp. stable) manifolds
for F;

Wi ( resp. W) — the collection of all unstable (resp. stable) manifolds
for F;

R : M — N — the first hitting time to M. It is an extension of the first
return time function on M;

M,, — the m-th level set of R in M, ie. M,, ={x € M : R(x) =m}, it
is the closure of the open set D,,, for m > 1;

81 ( resp. 8_1) — the singular set of F (resp. F~1);
S1 (resp. S_1) — the singular set of F' ( resp. F~1);
pw — the density function of the u-SRB measure pyy;
(W,v) — a standard pair;

(W, v) — a standard family, also denoted as § = (W, v), equipped with a
factor measure A\ on the index set A of W;

F"™(W,v) — astandard family defined as (F"W, F"v) with factor measure
Apn on the index set A™;

{(Wa, ta), o € A%, N} — the standard family (WY, par);
{Wa, pa), o € A3, Ny} — the standard family (W*, u);
(M) — the collection of all standard families on M;

Cp,p — the set of all points in M whose forward orbits have returned to
M at least once, but at most (blnn)? times within n iterations, defined

as in (22);
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v € (0,1) — is the constant defined in the distortion bound (Z.5);

g1 — a constant defined in assumption (H2);

R* =T*NT* — the hyperbolic product set defined as in Definition T}
F higher iterations of F, i.e. F = F™_ as defined in @),

F higher iterations of &, i.e. F = Fn2_ as defined in Proposition G511

N; — the number of iterations needed for a standard family to become
proper, defined as in lemma 5.2 N; depends on the choice of standard
family;

T : M — R* — the first hitting time to R*, as defined in (G.I)) such that
T=3";

Dy.m — an s-subset in v*, such that 7"D,, ,, = F"D,, ,,, as defined in
©.3);

ap > 1 — the constant in (H1), defining the order of u(R > n) < Cn'~a0;
Y > 70, 1 = 1,2 — the Holder exponent of functions in H*(v;);

Cy > 0 — the distortion constant defined in (h3);

Cr > Cy — the constant in the definition of standard pair ([8.4);

Cy > 100CF — the constant defining a proper family G, i.e. 2(9) < Cy;

do — a constant defined in BI3]), such that a standard pair (W,v) is
called a proper standard pair, if [W| < 2000;

61 € (0,1) — constants defined in Proposition B2

b0 € (0,01) — a constant defined in Lemma EB

0 > 0 — a constant defined in Lemma [5.2] and also used in Lemma 5.7
A > 1 — the minimal expansion factor given in assumption (hl);

to > 1 — the number of iterations for each step of coupling process chosen
in Lemma BT

99 € (0,1) — a constant defined in the absolute continuity property (h3);

¥ € (0,1) — a constant chosen in the coupling lemma for the induced
map, i.e. Lemma .6}

¥ = max{dy, A7} — a constant in (0,1) as chosen in Lemma [5G

¥ = max{}, \"7'} — a constant for the exponential decay rates of {f o
F"} as in (@70);

¥3 € (0,1) — the constant defined in the Growth Lemma B35l
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