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WELL-POSEDNESS FOR A MONOTONE SOLVER
FOR TRAFFIC JUNCTIONS

BORIS P. ANDREIANOV, GIUSEPPE MARIA COCLITE, AND CARLOTTA DONADELLO

ABSTRACT. In this paper we aim at proving well-posedness of solutions obtained as vanishing
viscosity limits for the Cauchy problem on a traffic junction where m incoming and n outgoing
roads meet. The traffic on each road is governed by a scalar conservation law py,  + fr(on)s = 0,
for h e {1,...,m + n}. Our proof relies upon the complete description of the set of road-wise
constant solutions and its properties, which is of some interest on its own. Then we introduce a
family of Kruzhkov-type adapted entropies at the junction and state a definition of admissible
solution in the same spirit as in [1L[2}[4L|{15L{17].

1. INTRODUCTION

We consider a junction consisting of m incoming and n outgoing roads. Incoming roads are
parametrized by x € R_ while outgoing road by x € R, in such a way that the junction is
always located at z = 0.

We describe the evolution of traffic on each road by a scalar conservation law of the form

(1) ph7t+fh(ph)1‘ :Oa for h = ]-a"'7 m+mn,

where pj, is the density of vehicles and fj, is the flux on the h-th road. For notational simplicity
we call €0, the spatial domain of the density p,. Everywhere in the paper we use the index @ for
the m incoming roads and j for the n outgoing roads (then ©; = R_ for all: = 1,...,m and
Q; =R, forall j =m+1,...,m+n), see Figure . The fluxes f,, h = 1,...,m + n, differ
in general as each road may have different maximal capacities and speed limitations. However,
we assume that each flux fj, is bell-shaped (unimodal), Lipschitz and non-degenerate nonlinear
i.e. it satisfies the conditions
(F) for all h, fi € Lip ([0, RI: R.) with | £} o0 < Ly, fu(0) =0 = fi(R),
and there exists py, € |0, R[ such that f;(p) (pn — p) > 0 for a.e. p € [0, R],
(NLD) for all h, f; is not constant on any non-trivial subinterval of [0, R].

The fundamental postulate of our approach is that any physically relevant solution of the
problem has to satisfy, as minimal requirement, the conservation of the total density at the
junction. The intuitive way to express this condition is to say that for a.e. t € R,

(2) ifi (pilt,07)) = mZn fi (pi(t,07)).

Garavello and the second author, in [13], considered the Cauchy problem at the junction and
established the existence of weak solutions obtained as limit of vanishing viscosity approxima-
tions. In [14], uniqueness for such solutions was only proved in the special case m = n and
frn = fu forall hyh' € {1,...,m + n}. The present paper naturally completes those results as

2010 Mathematics Subject Classification. 90B20, 35L65.

Key words and phrases. Traffic model, networks, conservation laws.

The second author is member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro
Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).
The work on this paper was supported by the French ANR project CoToCoLa.
The third author also acknowlegdes support from the Université de Franche-Comté (projet support EC 2014)
and from the Région Franche-Comté (projet mobilité sortante a.a. 2015-16). She would like to thank the
Mathematics’ Department of the University of Padova for the warm hospitality during the a.y. 2015-16.

1



2 B. ANDREIANOV, G. M. COCLITE, AND C. DONADELLO

FIGURE 1. A junction consisting of m incoming and n outgoing roads.

we obtain the uniqueness of the vanishing viscosity limit for any number of roads. Our ap-
proach relies upon a partial generalization of the recent results on scalar conservation laws with
discontinuous flux obtained by the first authors and his collaborators, see in particular |1}4].
Let us mention in passing that a large part of the concepts and results of [1,4] can be gener-
alized to conservation laws on networks. However, a systematic generalization of the theory
of Ll-dissipative germs is beyond the scope of the present paper: we focus on characterization
of solutions to the concrete problem originating from the vanishing viscosity regularization
of [13], and on well-posedness in this framework. Our presentation is essentially self-contained.
Let us only mention that in [23,24], the authors provide general results, indirectly exploiting
some insight from [4], for a junction whose traffic is described by Hamilton-Jacobi equations.

Remark 1. For readers acquainted with the discontinuous-flux theory, let us indicate that we
characterize the admissibility of solutions at the junction in terms of the “vanishing viscosity
germ” Gyy (cf. [3,4]) which is introduced under the form that was put forward in [1] (Def-
inition @) Note that we give three equivalent definitions of admissible solutions, different
definitions being useful for different purposes (meaning of the junction admissibility condition,
proof of uniqueness, proof of existence).

We provide the interpretation of Gy in terms of Oleinik-like inequalities of [17] (Lemma )
We prove that this germ is L'-dissipative, complete and mazimal (Lemma Lemma 2.7 and
Lemma respectively). We prove the suitable Kato inequality which leads to the L!-
contraction property of the admissible solutions (Proposition , stability and uniqueness.

To justify existence and the relation to the vanishing viscosity reqularization of [13], following
4\ 7,112] we introduce a family of adapted entropies at the junction (Definition . We
put forward the Godunov finite volume scheme inspired by [1] and justify its convergence and
existence of admissible solutions. In addition, we link the definition of (a part of) the germ
Gyv to the existence of vanishing viscosity profiles (Corollary and identify the admissible
solutions with vanishing viscosity limits (Theorem |4.1)).

A second important remark is that our uniqueness result is by no means a result on the
uniqueness tout court of solutions of the Cauchy problem on a traffic junction. It is well known
in the literature that different Riemann Solvers can be used at junctions, depending on the
physical situation one aims at describing, see [14,20,21], the recent survey [10] and references
therein. Let us point out that the definitions and results of Section [2| (starting from §[2.2) and
Section |3 can be adapted in a straightforward way to the study of solutions corresponding to
Riemann Solvers at the junction which verify the order-preservation property (increasing the
Riemann datum on any of the roads results in pointwise increase of the solution on the whole
network) and the Lipschitz continuity properties of the corresponding Godunov fluxes, cf. the
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last paragraph of Remark [3, However, the order-preservation property of Riemann solvers at
junctions is not satisfied by most of the models proposed in the literature.

1.1. Preliminaries. We assume that the reader is acquainted with the notion of entropy so-
lution to scalar conservation laws introduced by Kruzhkov [25]. This notion is suitable for
describing admissibility of solutions to away from the junction. But we recall, first, the
formulation of the Bardos-LeRoux-Nédélec boundary condition for conservation laws in terms
of the Godunov numerical flux, which will be instrumental for the definition of admissible so-
lutions at the junction and for the existence proof. Second, we recall that entropy solutions of
non linearly degenerate scalar conservation laws admit boundary traces in the strong L' sense.

1.1.1. Godunov’s flux. Let u be the entropy solution to the scalar conservation law with Lips-
chitz continuous flux

(3) ur + f(u), =0, (t,x) e Ry xR

corresponding to the Riemann initial condition

a ifxz <0
4 — ) b
(4) o () {b, if 2 >0,

One calls Godunov flux the function which associates to the couple (a, b) the value f(u(t,07)) =
f(u(t,0%)) (the two values are equal due to the Rankine-Hugoniot condition). The analytical
expression, see for example [22], is given by

(5) Gla,b) = Minepq,) f(5) i‘f a<b,
MaXse[b,a) f(S) ifa >

In the sequel, we denote by 0,G, resp. 0,G, the partial derivative of the Godunov flux G with
respect to the first, resp. to the second argument.

The Godunov flux can be used for convergent numerical approximation of by an explicit
finite difference / finite volume scheme. This follows from the fact that G satisfies the following
two basic properties, shared with several other numerical fluxes as for example Rusanov and
Lax-Friedrichs (see, e.g., [16]):

e Consistency: for all a € [0, R], G(a,a) = f(a);

e Monotonicity and Lipschitz continuity: There exists L > 0 such that for all (a,b) €
[0, R]? we have

(6) 0 < 0,G(a,b) < L, —L < 0,G(a,b) <0.

1.1.2. A formulation of the Bardos-LeRoux-Nédélec boundary condition. In our setting, the
main interest in using Godunov flux is related to the following observation (see [18], see also 6]
for a review on this topic). Consider the initial and boundary value problem (IBVP)

us + f(u), =0, for (t,z)in Ry x R_
(7) u(t,0) = up(t),
u(0,2) = up(x),

and assume that v is a Kruzhkov entropy solution in the interior of the half plane R, x R_.
Then u satisfies the boundary condition in the sense of Bardos-LeRoux-Nédélec (see [9]) if and
only if its trace yu(t) = u(t,07) satisfies f(yu(t)) = G(yu(t), us(t)).
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1.1.3. Strong boundary traces of local entropy solutions. Consider locally, in Ry x (a,b)
where (a,b) is an interval of R. Assume that v € L®(R; x (a,b)) satisfies the Kruzhkov
entropy inequalities (see [25] and below). Assume that the Lipschitz flux f in (3] is non
linearly degenerate in the sense that f’ is not identically zero on any interval (which follows
from (NLD)). Then (see [28], see also [4]) the function u(t, -) possesses one-sided limits: e. g
one can define u(t,b”) := yu(t) where (yu)(-) is the strong trace of v on R, x {b} in the L}
sense: for all £ € D(R,),

loc

(8) lim f CElu(t.) = yu(t)] dede =0,

Notice that this property permits to extend the above interpretation of the Bardos-LeRoux-
Nédélec boundary condition for problem to the case of general L*® initial and boundary
data, beyond the classical BV framework.

1.1.4. Functional framework. Throughout the paper, we are interested in L® solutions of .
We will denote dy I' the graph pictured in Figure [1| and use the slightly abusive notation
L* (R4 xT; [0, R]™*™) for (m+n)-uplets (p1, ..., Pm, Pm+1s - - - » Pmn) Of functions such that p; €
L*(R4+ xR_;[0,R]) forie {1,...,m} and p; € L(R; xR4; [0, R]) for j € {m+1,...,m+n}.
Similarly, L*(T; [0, R]™*™) will denote the space of [0, R]-valued initial data on the graph T'.

1.2. The notion of admissible solution and the outline of the paper. Our goal is to
re-visit and complement the work [13|, which studies vanishing viscosity limits for problem
. The property of being a vanishing viscosity limit can be seen as a specific admissibility
condition for a weak solution of , which boils down to

e the standard Kruzhkov entropy conditions on each of the roads 2, h € {1,...,m + n};
e a specific “coupling” condition at the junction, whose description is the main object of
the present paper.

An intermediate significant result of our work is the intrinsic characterization of the vanishing
viscosity limits for : this is done either in terms of the Riemann solver at the junction, or in
terms of m + n Dirichlet problems on Q,, h € {1,...,m 4+ n} coupled by a simple transmission
condition, or in terms od “adapted” entropy inequalities.
The notion of solution we aim at using is roughly speaking the following. We consider
= (p1,-- s pman) in LP(R, x [';]0, R|™*") as an admissible solution if, first, for any h €
{1 ,m + n}, pp is a weak entropy solution in the sense of Kruzhkov in the interior of €.
Second, recalling that p; (resp., p;) admits a strong trace p;(-,07) = vpi(-) (resp., p;(-,07) =
vipi(-)) at z =0, i.e.

llmj fﬁ Vpi(t, ) — vips(t)] dx dt = 0, fori=1,...,m,

k:h%l+kf Jﬁ )p;(t,x) —vipi(t)| dxdt =0, forj=m+1,....m+n,

we require that the (m 4 n)-uple of traces satisfies condition (2)) for a.e. ¢t € R and, moreover,
for a.e. t € Ry the values of the traces “coincide up to boundary layers”. This ch01ce is made in
accordance with the fact that the vanishing viscosity approximation of (] . prescribes, for every
viscosity parameter € > 0, the coincidence of all p§(¢,-), h =1,...,m +n, at = 0; and that
taking the limit ¢ — 0 relaxes this condition analogously to the way in which the boundary
condition in (7)) is relaxed.

In order to give a more precise statement, which is the aim of this section, we need to
introduce some notation. In Section [2| we will reformulate the problem in two different forms,
suitable for proving the uniqueness and the existence, respectively.
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1.2.1. The junction as a collection of IBVPs. Given an initial condition @, € L*(T'; [0, R]™*"),

dp = (uf,...,ul,,,), we look for a function p'= (py,..., pmin) in L2(Ry x T;[0, R]™™) such

) Ym4n
that for any h € {1,...,m+n}, p, is a weak entropy solution of the initial and boundary value

problem (IBVP)

Pht + fh(ph)a: = 07 on ]O7T[XQh7
(10) pn(t,0) = vp(t), on 0,77,
on(0,2) = ud(2), on Qy,

where the set of boundary conditions ¥ : Ry — [0, R]™*" is to be fixed in the sequel so to
guarantee that, in particular, the conservativity condition holds. Let us stress that at this
point, different choices are possible, and each choice reflects a modeling assumption at the
junction.

Definition 1.1. We say that the function p, is an entropy weak solution of the initial and
boundary values problem if

o For any test function £ in D(Ry x Qp; Ry), €lon, =0, and for any k € [0, R] there holds
)]t He o aon D6 dudet | Jule) ~ e d 0,
R4+ Qp Qp

qn(u, k) :=sign(u — k)(fr(u) — fn(k)) being the Kruzhkov entropy fluz associated to fy.
o For a.e. t € Ry, vupn(t) satisfies the boundary condition in the sense of Bardos-Le
Roua-Nédélec (BLN), which we express under the form (cf. Section[1.1))

(12) fitvipi) = Gi(vipi,vi) ifie{l,...,m};
(13) Fi(ie) = G vips) ifje{m+1,...,m+n},
where G; and G; are the Godunov fluzes associated to f; and f; respectively.

In order to describe the solutions of which can be obtained as vanishing viscosity limit,
we postulate that the artificial Dirichlet values v, at the junction need to be the same for all h:

(14) forall he {1,...,m+n}, for a.e. te R, vu(t) = p(t).

We refer to [1,[5] for detailed motivations, in the discontinuous-flux setting. The criterion for
the choice of p is the conservativity condition ; due to (|12)) and , we can now express it
in the form

m+n

(15) 2L GOm)p0) = 3 GO e0), orae. 1€ R

j=m+1
Observe that formally, and close the coupled system of IBVP’s .

Definition 1.2. Given an initial condition ty € L*(L; [0, R]™*™), we call p'= (p1,. -, Pmin)
in L® (R, x T'; [0, R]™*™) an admissible solution of associated with Uy if there ezists a
function p in L*(R; [0, R]) such that for any h € {1,...,m+n} py is a solution of IBVP (|10)
in the sense of Definition with vy, h € {1,...,m + n} chosen to fulfill , and such that

5. p fulfil (T5).

1.2.2. Outline of the remaining Sections. We will reformulate Definition [I.2] in Section 2, both
in terms of the Riemann solver at the junction and in terms of adapted entropy inequalities
that (unlike the “per road” Kruzhkov entropy inequalities ) account for the admissibility
of p at the junction. We will establish well-posedness of problem in the frame of the so
defined admissible solutions in Section 3] Finally, we will justify the adequacy of this definition
of admissibility for intrinsic characterization of vanishing viscosity limits in Section [4]
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2. EQUIVALENT FORMULATIONS OF ADMISSIBILITY AND THE UNDERLYING RIEMANN
SOLVER AT THE JUNCTION

Observe that in the special case where m = n and f, = f forall h € {1,...,2m} the constant
vector function k = (k,...,k) € R*™ satisfies the conditions above with p(t) = k. This kind
of stationary solution is employed in [13] to construct a family of Kruzhkov like entropies.
In general, however, other stationary solutions may be of interest. For example in the case
m =n = 1 all vectors k = (k1, ko) such that k; and ko are respectively the left and the right
state of a Kruzhkov admissible jump are admissible stationary solutions to the problem. In
what follows, we introduce the vanishing viscosity germ which will be identified later on with
the set of all possible stationary admissible solutions to on R, x I' constant on each road
of I'. This definition will permit us to describe the Riemann solver and the associated fluxes at
the junction defined in Lemma [2.4]

2.1. Definition of the vanishing viscosity germ. In this section we describe the stationary
admissible solutions of that are constant on each road of I'. Because of the analogy with the
discontinuous-flux setting of [1,/4] we will use similar notation and terminology (cf. Remark
for a brief summary).

Definition 2.1. We call vanishing viscosity germ the subset of [0, R]|™™ defined by
U= (Up,...,Umysn):3p € [0, R] such that

m m+n
(16)  Gyv = 2. Gilup) = Y Gilp,uy)
=1 Jj=m+1

Gi(ui,p) = filw), Gjp,u5) = fi(w;), Vi, j

It is immediate to see that @ € Gy if and only if, seen as a vector function in R, x I' —
[0, R]™*™, 4 provides a solution of in the sense of Definition such that each component
up, of U is constant both in ¢ and x.

Following [4], see also [17], we can characterize Gy by a set of inequalities reminiscent of
the celebrated Oleinik condition for scalar conservation laws. Here and in the following we use
the notation I[a,b] to indicate the closed interval [min{a, b}, max{a, b}] in R.

Lemma 2.2. The vanishing viscosity germ Gy coincides with the subset of [0, R]™*™ defined

by
U =(Ui, ..., Unin): 3Ip € [0, R] such that )
a7 ) ;Gi(uiap) Zj;HGj(P, ), %
Vse Iu,p] (p—ui)(fi(s) — filw)) =0, fori=1,...,m,
( Vsellpul (uy—p)(fi(s) = fi(wy) =20, forj=m+1,....m+n)

Proof. Actually, the value p in (17)) coincides with the value p in . One only needs to show
that

Vs Ifu;,pl: (w = p)(fi(s) = filw)) = 0« Gi(ui,p) = fiws),
for any 7. This readily comes from the definition of the Godunov flux, as the relation G;(u;, p) =
fi(u;) rewrites as

filw;) = n[ﬁn] fi(s), if (p—uy) =0,
SE€|uq,p

filu)) = max_fi(s), if (p—u;) <O0.
s€[p,ui]

The proof for the j-index case is analogous. 0

(18)
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In order to exhibit the key properties of Gy, we start with the following technical lemma
which is crucial for the existence theory. It relies upon the monotonicity properties of the
Godunov fluxes Gy, h € {1,...,m + n}; we defer to Remark |3 for its interpretation in terms of
the Godunov fluxes for the junction.

Lemma 2.3. Given @ = (uy, ..., Unyn) 0 [0, R|™™, consider the problem
m m+n

(19) find pz € [0, R] such that Z Gi(u;, pz) = Z G (pa, uj).
i—1 j=m+1

(i) The set Pz of solutions of is non-empty.

,,,,,,,,,,

the value pgz € Py.

Example 1. To give an example, consider a junction consisting of two incoming and one
outgoing roads, on which the traffic is described through the following flux functions:

<2O> fh(p) = _hp2 + h? fO’f’ h = 17273'

Remark that, for the reader’s convenience, we consider now p € [—1,1], fu(=1) = fu(1) =0
and pp, = 0. This does not change our results but allows for cleaner computations. As above
we call Gy, the Godunov flux corresponding to f, and uy, is the constant initial condition on the
h-th road. If up, # 0, let Gy, # uy be the only solution to fr(un) = frn(dy). By using the standard
Riemann Solver, see [22], it is easy to check that the values of Gi(u;,-), i = 1, 2, as functions
of p, are the following

o Ifu; <0, then Gi(u;,p) = fi(w;) for all p < 4; and Gi(u;,p) = fi(p) for all p = ;;

o Ifu; =0, then Gi(u;,p) = fi(0) for all p <0 and Gi(u;,p) = fi(p) for all p = 0.

Similarly, the values of Gs(-,u3), as a function of p are

o Ifuz <0, then Gs(p,u3) = f3(p) for all p <0 and Gs(p,u3) = f3(0) for all p = 0;
o Ifusz >0, then G3(p,u3) = f3(p) for all p < a3 and Gs(p,us) = f3(us) for all p = 1.

One can check that if we take, as an example, u; = —+/1/2, uy = 1/4 and uz = 4/1/6, then all
the values of p between [—+/1/6,0] satisfy the relation

(21) G1(u1,p) + Ga(ug, p) = Gs(p, us),

and that for all these values of p, the collection G* (@) of fluzes at the junction will be given by

G*(7) = (Gl(ul,p),GQ(UQ,p),Gg(p, u3)) = (1/2,2,5/2).

Remark that, as explained in the paper [26], the functions G;(u;,-) and G;(-,u;) are closely
related to the equilibrium supply/demand functions introduced in the work by Lebacque and
his collaborators. In particular we have that the equilibrium demand function A; of the i-th
incoming road and the equilibrium supply function X; of the j-th outgoing road can be defined
as

(22) u; = Ay(u;) = m{}‘X{Gi(Uiap)}, uj — ¥i(u;) = mgx{Gj(p, uj)}.

Now, we prove Lemma, [2.3|

Proof.
(i) Given @ we define the functions ®2' and ®%** from [0, R] to R by
) m m+n
(23) L p> Y Gilui,p),  BFip— Y Gilpuy).
i=1 j=m+1
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A quick direct calculation gives us
Gi(u;,0) = max fi(s) =20, Gi(u;, R) = min_f;(s) =0,

(24) s€[0,u4] s€[us,R)
G;j(0,u;) = min_f;(s) =0, G;(R,u;) = max_f;i(s) =0,
s€[0,u;4] s€u;,R]
so that
(25) ®7(0) = 0 = 2*(0) and 2(R) = 0 < 2(R).

The existence of at least one solution pz of is ensured by the continuity of ®%* — &2 on
[0, R] and the intermediate value theorem.

(i) It may happen that there exist several values of p such that ®%'(p) and ®2“(p) coincide.
From the Lipschitz continuity and monotonicity property of Godunov flux (see §[1.1.1)) we have

(26) Vi e {1,,m} 0'3bG,(uz,p) <0, Vje {m+ 1,...,m+n} 5an(p,uj) =0,

which means in particular that ®2* — ®2 is non-strictly decreasing. Therefore, the set Py
of solutions of is a closed sub-interval of [0, R]. Since, moreover, each term of the sums
defining @2 — ®%* has the same monotonicity, we find that all these terms are constant on
Pa. O

Next, consider the map G* : [0, R]™*™ — R™" which is well defined, thanks to (ii):

(a)) G} () = Gi(ui, pa), i€ {1,...,m},
v Gj(ﬁ) ::Gj(Pﬁan)’je{m—l—l,...,m—i—n}

m+n

@27)  G*a@) = (G;(g), e

and the map F* : [0, R]™™™ +— R defined by

(28) F* (@) == ia; (if) = inZ a3 (a).

Lemma 2.4. With the above definitions, the following properties hold.
(i) For each i€ {1,...,m}, the map @ — G (@) fulfills
0u,Gf < L; and Yhe{l,...,m+n}, h#1i: 07, Gf <0.
For each j € {m +1,...,m+ n}, the map @ — G} () fulfills
0,,G7 = —L; and Yhe{l,....m+n}, h#j: 0,Gj =0,
(ii) The map @ — F*(@) fulfills
Vie{l,...,m}: 0, F* =20 and VYje{m+1,... m+n}: 0,F <O0.

The above differential inequalities should be understood in the sense of distributions, e.g.,
“Ou, F* = 07 means that F™* is non-decreasing in the variable u;.

Proof.
(i) Without loss of generality, we can fix the normalization pz := min Pz. Observe that

(29) the map @ — pgz is monotone non-decreasing in each component uy, h € {1,...,m + n}.

Indeed, let @ < ¥ in the sense of the per component order: for all h € {1,...,m + n} u, < vy.
Bearing in mind formula ([23)), the monotonicity properties of the Godunov fluxes G;(-,p) and
G,(p, ) and the definition of pz yield

0 = 07 (pa) — 5" (pa) < O (pa) — 7 (pa).
Hence the monotonicity of ®* — ®2“ exhibited in the proof of Lemma [2.3|ii) and the normal-
ization of p; ensure that p; < pg, which proves .

Now the monotonicity claims of (i) are immediate from the monotonicity properties of GJ,
and from (29). To prove the one-sided Lipschitz continuity properties of G claimed in (i), let
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us focus on h = 1. The other cases are proved in the same way. Given @ = (uq, Uz, ..., Upmin)
and ¥ = (v1,ug, ..., Upsyn) With v1 > uq, we have

G1 (V) — GY (1) = G1(v1, ps) — G1(u1, pa)
= G1(v1, p5) — Gi(u1, py) + Gi(ur, py) — Gi(u1, pa)
< Gi(vi,ps) — Gi(ur, pe) < Li(vr — u),
which proves the claim.
(ii) The monotonicity properties of F* readily stem from . If we look at the dependence

of F* in w;, i € {1,...,m}, it is enough to represent F'* with the last expression in (28| and
combine with the monotonicity of G,(-,b), j € {m + 1,...,m + n}. If we look at the

dependence of F* in u;, j € {m+1,...,m+n}, then we represent F* with the first expression
in and use the monotonicity of G;(a, ), i € {1,...,m}. O

Remark 2. Actually, in the context of Lemma (z) we can also prove that G (resp., G ) is
monotone non-decreasing (resp., non-increasing) in the argument u; (resp., u]) and therefore
it is L; (resp., L;) Lipschitz continuous. Indeed, it is enough to represent, e.g., G7 by the
following expression derived from ([19):

m m+n

Gipa) = =Y, Gilui,pa) + Y, Gi(pa,uy),

i=2 j=m+1

and exploit . However, we do not stress these finer properties of dependence of G on w;
because they are not essential for the subsequent analysis.

Now, we are ready to explore the crucial “dissipativity” properties of Gyy. For any h €
{1,...,m+n} let g : [0, R]* > R denote the Kruzhkov entropy flux

(30) qn(u,v) = sign(u — v)(fu(u) = fu(v)).

Lemma 2.5. For any ky, ks in Gyy with k, = (K¢, ... k. ), £ =1, 2, there holds
m m+n

(31) Ak, k) =Y gkl kD) — > (K}, kD) = 0.
=1 j=m+1

Inequality will be exploited in this work to prove that the solutions we consider satisfy
a generalized Kato’s inequality. The L!-contraction property and uniqueness will follow.

Proof. To increase readability we use the shorter notation s;, = sign(ki —k2), for h = 1,...,m+
n, and we adopt the convention sign(0) = 0. Up to reordering the incoming and outgoing roads
we can assume that s; > 0forie {l,...,a},s;, =—1fori=a+1,s;, <0forie{a+1,...,m},

s;z0forje{m+1,...,8},sj=—1lfori=pF+1lands; <Oforie{f+1,...,m+n}.
Intuitively we deal with three cases. Actually, the third case is more general and includes
the first two.

Case 1: Assume that s;s; >0 for all (¢,5) € {1,...,m} x {m+1,...,m +n}.
Case 2: Assume that s;5; <0 for all (4,5) € {1,...,m} x {m+1,...,m +n}.
Case 3: Let a # 1, mand 8 #m+ 1, m +n.

Case 1 This is the easiest case. The definition of Gy implies that

m m+n m+n
Mkl kD) = ) gk} k) = Z — L) F Y (Hk) = f(k)
<32) i=1 j=m+1 i=1 j=m+1
m m+n m m+n
:iz Z,pl Z ply ] Z z7p2 Z G](p27k?):07
i=1 j=m+1 =1 j=m+1

where we call p; and p, the values of p associated respectively to IZI and IZQ.
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Case 2
Nl = S gk = £ 3 () - R £ S (H) — £(82)
(33) i=1 j=m+1 1=1 j=m+1

Assume, to fix the ideas, that s; > 0, and s; < 0. Then the expression above writes as
(34) 2F* (k) — 2F*(k?)

with the notation , and this expression is for sure non negative thanks to the monotonicity
properties of the function F* established in Lemma [2.4{(ii).

Case 3 In this case we define the vector @, whose components satisfy wy, = min{k}, k?}. Tt is
important to notice that the vector @ does not belong (in general) to Gyy. From the proof of
Lemma (see (29)) we deduce that pgy < min{p;, p2} where we denoted p; := pz,, s = 1,2.
We have, using the notation and the fact that w; = kf for i € {1,...,m} and w; = k‘f for
je{m+1,...,m+n},

i (ki k) = isi(Gi(kj,pl)—Gi(kf,pQ))

=1 i=a+1
>Z S (Gz(kzlapl) - Gl(wzapzﬁ)) + Z Si (G (wzapw) G (k27p2))
=1 i=a+1

1=1
+ > sign(k? — w;) (Gi(kZ, p2) — Gi(wi, pa))
=1
=01 (p1) — OiF () — (Gi(ki,pr1) = Gi(KZ, pa))

) — ) — D) (GR ) — Gl )

Analogous computations on the sum involving the outgoing roads give a similar result. There-
fore we obtain

m m+n

D kR = ) ai(ky k)
i=1 j=m+1
= — Z (Gz(k:zl’pl) 7p'w Z G’L 7p2 (kQ)pw))
i=a+1 =1
m-+n B
+ Z (Gj(k?;ml) - Gi(kgl'apw)) + Z (Gj(k’?am) - Gj(k?,pw)) .
j=B+1 Jj=m+1

Each of the four summands in the right hand side is positive, therefore the desired inequality
holds. 0
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2.2. Riemann problem at the junction. In this section we discuss the Riemann solver at
the junction associated to the vanishing viscosity limit, i.e. to the Definition of admissible
solution. A very general definition of Riemann solver at junctions is provided in |10}, Def. 2.3].
In the framework of the present paper, such definition specializes as follows

Definition 2.6. The Riemann solver associated to the vanishing viscosity limit is a function
(35) RS : [0, R]™™ — [0, R]™"™, RS(ty) = u,
with the following properties:

(1) There exists p € [0, R] such that

(36> fz(uz) = Gz(u?7p) ZfZ € {17 e 7m};
(37) fi(u;) ZGj(p,u?) ifje{m+1,...,m+n},

where G; and G; are the Godunov fluzes associated to f; and f; respectively, and

Sty filw) = 2000 fi(ug).
(2) The consistency condition RS (RS(iy)) = RS (i) holds for all ty in [0, R]™".

It is clear from the definition above that Gy coincides with the set of equilibria, see |10,
Def. 2.5], for the Riemann Solver obtained as vanishing viscosity limit. The next lemma claim
that a Riemann solver in the sense of Definition 2.6] exists.

Lemma 2.7. For any given initial condition iy in [0, R]™*™ there exists a self-similar function

P = (p1,..y pmen) in L® (Ry x T5[0, R]™™) which is an admissible entropy solution of the
Riemann problem at the junction in the sense of Definition[1.3. In particular, this means that
the vector vp of traces of this solution at the junction belongs to Gyv .

Proof. Given iy in [0, R]™™™ we apply Lemma and find p := pgz, € [0, R] such that
St Gi(ud,p) = X700 G(p,ud). Then we consider the h initial boundary value problems
with constant data

pht + frn(pn)z =0, on [0, T[x,
(38) pu(t.0) = p, on |0, 77,
pn(0,2) = uf), on .

Call p;, the Kruzhkov entropy weak solution to and vy, pp, its (strong) trace at 0€2y, satisfying
the boundary condition in the sense of Bardos-Le Roux-Nédélec. Because the solution is unique
and the problem is invariant under the scaling (¢,z) — (ct,cx) for all ¢ > 0, the solution is
self-similar, i.e., each of the components p; depends only on the ratio . To conclude the proof,
it is enough to observe that

Gr(vmpn, ) = fr(wpn) = Gh(uﬁ,p), if h < m,
Gr(p, yupn) = frn(ywpn) = Gu(p, u%), otherwise,

because in this case yp fulfills the definition of Gy with p = pz, and consequently, one sees
that p'is an admissible solution of the Riemann problem at the junction. Equalities follow
from the observations of [1§]. For the sake of completeness, let’s point out that, e.g., for all
ie{l,...,m},

(39)

D,
p.

. . 0
argming,o fi, it
(40) ViPi = {

<
argmax, 01 f;, if uf =

With this value ~;p;, the classical Riemann problem with endstates u and ~;p; is solved only
with the waves of negative speed while the classical Riemann problem with endstates ~;p; and
p is solved only with the waves of positive speed, so that the classical Riemann problem with
endstates uY and p is solved by juxtaposition of the two. The definition of the Godunov flux in

§ ensures that the values f;(vip;), Gs(uY, vipi), Gi(vips, p) and G;(ul, p) coincide. O
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Remark 3. Given i € [0, R|™*™", let pgz be defined by . According to the above proof, the
self-similar admissible solution p’ of the Riemann problem fulfills, with the notation (27)),

fi(vipi(1)) = Gi(us, pg) = G (@) for allie {1,...,m},
Fi(pi(t) = Gi(pa, u;) = Gj(@) for allje{l+m,...,m+n}
(recall that while pz may not be um’que the above flux values are uniquely defined). We see that

given i, the collection of values G*( i) € R™*" defines, road per road, the Godunov flux at the
junction associated with the Riemann solver at the junction described by Lemma |2.7 m (the flux
is outgoing from Q; for i€ {1,...,m} and incoming into Q; for je {m+1,...,m +n}).

Lemma (z) states that each flux G} is one-sided Lipschitz with respect to wj, and monotone
with respect to uy for allh' # h. Observe that the last equality in expresses the conservation
property at junction. These properties will permit us to formulate a monotone, in the sense
of [16], conservative finite volume scheme for approzimation of admissible solutions of ().

Lemma 2.8. Let i = (uq,. .., Untyn) in [0, R]™™ be such that the following family of inequal-
ities holds

m m+n
(41) Yk = (kl, ey km+n) S gvvl A(’E, k) = Z ql(uz, ]i'l) — Z Qj(Uj, kj) = 0.

j j=m+1
Then 4 is in Gyy. Moreover, being understood that the fluzes fr, h € {1,...,m + n}, fulfill
the condition (F), the conclusion “U € Gy 7 still holds if in , the condition “k € Gyv 7 is
replaced by the condition “k € G{,, ", where Gy, is the subset of Gy described by

(42)
(& =(k1,. .., kmin) € Gvy : Ip € |0, R] such that )
Gi k?i, = Gj ,k?j y
G, - | Z; (ki, p) j_;ﬂ (p, kj) g
Vs e I[p, kil\{k;} - (ks = p)(f5(s) — fg( i) > 0 for j =m+ 1 ,m+n

Proof. First, let us prove the result under the assumption . Take @ = (u1,. .., Unin) as
initial condition for a Riemann problem at the junction. Then consider the associated solution
U = (v1,...,Umsn) and the traces v, as in the proof on Lemma . We know that vv is in
Gvv, and therefore by the assumption ,

m+n

(43) Z qi(ui, Yivi) — Z q;(uz, vjv;) = 0.

j=m-+1

By construction we have (see the proof of Lemma frn(vnon) = Grlup, p) = Gr(yaon, p) if
h <m, fn(yon) = Gr(p,un) = Gr(p,yavp) if b > m. Moreover, by maximum principle, y,vp,
in between u;, and p. This means that

filui) — MiNgely, p] fi(s) =
fl(ul) — MaXsep,u,] fz(s) <
then f;(u;) — fi(viv;) is non negative when u; < ~;v; and non positive when w; > ~;v;. This
means that

(45) Zqz Ui, Yivi) = Z |fi(ui) — filvivi) -

0 lfUZZP,

(44) fz(uz) - fi(%‘vi) = fz(uz) - Gi(uiap) = {

In the same way we show that

m+n m+n

(46) D gy ) = D> 1) = ()l

j=m+1 j=m+1
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The sum of non positive terms can be non negative only if all the terms vanish. Therefore for
any h e {1,...,m+n} we have f,(un) = fn(yavn) = Gp(up, p). In view of (L6)), this shows that
v belongs to Gy .

Now, let us prove the last claim of the lemma. It is easily seen from the comparison of
and that due to assumption (F) on the shape of the fluxes, the difference between the
subsets Gyy and G{, of [0, R]™™" consists in m + n-uplets k for which at least one of the
following (m + n) events occurs:

(A3) fi(k) = fi(p) and k; < p;
(Bj) fi(k;) = f;(p) and k; > p.

Indeed, if, for instance, there holds

(47) Vs e I[ky,pl: (p—u)(f1(s) = fi(k1)) = 0 and 3so € I[ky, p[\{k1} s.t. fi(s0) = f1(k),

then the shape assumption (F) tells us that sy = p and, moreover, k; < p.

For the sake of being definite, assume that among (A;)icq1,...my,(B;)jefm+1,..m+ny the only
event that occurs is (A;), namely, fi(ki1) = fi(p), k1 < p but neither (4;), i € {2,...,m} nor
(Bj),je{m+1,...,m+ n} occur.

Observe that in this case, the (m + n)-uplet K= (p, ko, ..., kmin) belongs to Gy,. Indeed,
it belongs to Gy since it corresponds to the same value p, while the event does not occur
any more since for k] = p, I[k}, p]\{k]} is empty. Moreover, whatever be u; € [0, R], we have

q1(uy, k) = sign(uy — k1)(fi(ur) — fi(k1)) = sign(us — p)(fi(w) — fi(p)) = @1 (us, p).

Consequently, A(@, k) = A(i, ¥') = 0, where we have used the assumption of the last claim of
the lemma and the fact that &’ € Gy

The general case is fully analogous, so that we find A(, E) > 0 not only for k € Giy, but for
all k e Gvy. We are reduced to the first claim of the lemma. This ends the proof. O

2.3. Reformulation of admissibility in terms of traces at the junction. Now, we are
ready to give an alternative formulation of admissibility for . To this end, recall (see Sec-
tion that local Kruzhkov entropy solutions admit boundary traces in the strong L' sense.
Therefore the following definition makes sense.

Definition 2.9. Given m +n fluzes fy, satisfying (F) and an initial condition iy in [0, R]™t",
we call o= (p1,..., pmin) in L (Ry x T;[0, R]™™) a Gyv-entropy solution of associated
e the first item of Definition holds, i.e., the Kruzhkov entropy inequalities hold
forany he{l,...,m+n};
o for a.e. t in Ry, the vector vp(t) := (y1p1(t), - -, YmanPman(l)) of traces at the junction
belongs to Gy .

This formulation will lead to the uniqueness proof. Before turning to the proof of equivalence
of Definitions and [2.9] we propose another reformulation, which will be useful for proving
existence of solutions.

2.4. Adapted entropies and another reformulation of admissibility. Recall that, except
very special cases like n = m with f, = f for all h € {1,...,2m}, we cannot expect that

constants (seen as k = (k,...,k), k € [0, R]) be solutions of (1). Moreover, the above analysis

provides us with a wide set of stationary, constant per road solutions associated to ke Gvy.
Therefore, following [7,/8] it is natural to express global (including junction) admissibility in
terms of adapted entropy inequalities, where the constants of the Kruzhkov-like formulation
proposed in [13] are replaced by the stationary solutions associated with states in Gyy. This
leads to the following definition.
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Definition 2.10. Given m+n fluzes fy, satisfying (F) and an initial condition iy in [0, R]™*",
we call f=(p1,...,Pmen) 1 L* (Ry x T; [0, R]™™) an adapted entropy solution of asso-
ciated with uy if
e The first item of Deﬁnitz’ons holds, i.e., the Kruzhkov entropy inequalities (11))
hold for any h e {1,...,m +n}.
o For any ke Gyv (which should be seen as a road-wise constant solution to the Riemann
problem at the junction), p satisfies the adapted entropy inequality on the network,
namely, for any non negative test function & € D(]0, +oo[xR)

m+n

(48) th UR o {lon — knl& + qn(pn, k)& } do dt> > 0.

Remark 4. We can consider as a first example the case in which m =n =1 and f; = fo = f.
This example is not totally trivial, as the family of adapted entropies we consider is a priori
larger than the family of standard Kruzhkov entropies, because the latter correspond to the case
k= (k,k) and Gyy contains, in addition, all vectors k = (k1, ko) such that ki and ko are
respectively the left and the right state of a stationary Kruzhkov admissible jump. Analogously,
in the case m =n and fr, = f for allh e {1,...,2m} our definition seems more restrictive than
the one given in the paper [15]. In fact, the two approaches give the same result, for reasons
similar to those that permit to reduce the second claim of Lemma[2.8 to its first claim.

Remark 5. In the references devoted to the theory of conservation laws with discontinuous
flux (case n = m = 1), see in particular [1,4], the adapted entropy inequality is sometimes
written in a differential form, which is equivalent to the integral form for junctions with
one incoming and one outgoing road. The integral form (48|) is the appropriate expression of
adapted entropy inequalities in the case of general junctions.

2.5. Equivalence of the three formulations of admissibility. As we already announced,
the three definitions of solution admissibility actually describe one and the same notion.

Theorem 2.11. Definitions and are equivalent. Moreover, in Definition [2.10

the set of adapted entropies can be restricted to k € Gy, without changing the resulting notion
of solution.

Proof. We only need to establish equivalence between the second items of the three definitions
for functions p satisfying the Kruzhkov inequalities (which is a common condition for all
of them).
e We prove that Definition m (even in the weaker version, where the choice of k for adapted
entropy inequalities is restricted to G,) implies Definition [2.9}

Let p' be a solution in the sense of Definition 2.10f We consider a non negative test function
¢ e D(R.) and, for every a > 0, x, € CX(R), such that

1 1, ifjz| <«

49 0< a S 17 : < —, o = 7 ’
(49) X Yol < = Xa() {07 it 2] > 20,
With the test function £y, inequality becomes

m-+n

S || e B () + aon )N @)} dode

h=1 YR+ JQp
(50) i

#30 [ 1) Bl 20

As a — 0 we get

51 -, (m 0ok~ 3 W‘pj,kj)) €ty dr >0

j=m+1
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Localization then yields, for a.e. ¢t € R., A(yp(t),k) = 0, in the notation of ([41).
Lemma [2.8],

(52> ’fp(t) = (71)01 (t)a SR 77m+npm+n(t)) € gVVv a.e. t = 07

and then p'is a solution in the sense of Definition [2.9|
Moreover, if we require that adapted entropy inequalities of Definition hold only with
ke Gy, we still get the same conclusion due to the last claim of Lemma 2.8, This point
justifies the last claim of the theorem.
e We prove that Definition 2.9 implies Definition [2.10}
Let g be a solution in the sense of Definition 2.9 For every non negative test function
€ € D(]0, 40| xR), we get

m+n
J {lon — knl& + (qn(pn, kn)) &} dadt
Ry JO,

- f (Satun) 0= 3 w0, )ete.0)de > 0.
R+ \i=1 j=1
Since
(54) pr(t) = ("Ylpl (t)a s >7m+npm+n(t)) € gVV> a.e. t = O,
we have
m m+n
(55) Z(Jz‘(%/)i(t),ki) > 2 q;(vip; (1), k;), a.e. t = 0.
=1 j=1

Therefore, p'is a solution in the sense of Definition [2.10}
e We prove that Definition implies Definition 1.2}
Let g be a solution in the sense of Definition 2.9 Since

(56) V_p(t) = (’Ylpl (t)a s >7m+npm+n(t)) € gVV> a.e. t = 07

there exists p € L*(R,, [0, R]) such that holds for a.e. ¢t = 0. Let us point out that p is
indeed measurable. This results, first, from the measurability of the trace vector yp : Ry —
[0, R]™*™; and second, given yp(t), from the definition of p(t) by equation for which we
can systematically take the smallest solution (cf. the proof of Lemma . Then p'is a solution
in the sense of Definition [[.2]
e Finally, Definition [T.2] implies Definition [2

This follows from the definition of Gy in , in view of ,. 0

3. WELL-POSEDNESS OF (/1)) IN THE FRAME OF ADMISSIBLE SOLUTIONS

The goal of this section is to prove the following result.

Theorem 3.1. For any given initial condition iy = (uY, ..., u2,. ) in LO(T; R™™) the problem
(1)) admits one and only one solution p in L® (R x T'; [0, R]"™*™) in the sense of the equivalent
Definitions [2.10.

Moreover, such solutions depend continuously on the initial data in the localized L' sense. If

ﬁ and ﬁ are the admissible solutions corresponding respectively to the initial conditions iy and
Uy, then for all M >0 and t < M /L, where L = max{| f}|v=o,r;r) [P = 1,...,m + n},

ZJ(M Lt) lpilt w) — pilt, @)l du + mZn f |pj(t, ) — p;(t, x)| dx

j=m+1

m+n
J [ud(x) — v ()| dz + ZJ |u () — v (z)] da.

j=m+1

(57)



16 B. ANDREIANOV, G. M. COCLITE, AND C. DONADELLO

In particular, the map that associates to iy the unique corresponding admissible profile p(t), is
non-expansive w.r.t. the L1 distance for all t > 0.

We justify the uniqueness of a solution admissible in the sense of Definitions [I.2] 2.10]
using Definition [2.9] The existence of an admissible solution (which is also justified in Section [4]
using the more technical vanishing viscosity method) is proved using Definition [2.10, on the
basis of a straightforward finite volume approximation with Godunov fluxes (including the
Godunov fluxes at the junction discussed in Remark .

3.1. Uniqueness of admissible solutions of . The goal of this section is to prove the
following stability result

Proposition 3.1. For any given initial condition ty = (ul,...,ud_,) in L2(T;R™™) there
exists at most one Gy -entropy solution p in L®(Ry x I'; [0, R]™™™).

Moreover, if p and 5 are the Gyy-entropy solutions corresponding respectively to the initial
conditions ty and vy, holds and in particular, the L'-contraction estimate holds whenever

the right-hand side is finite:

m+n
Z lpi(t) — pilt HLl R_;R) T Z lp; (t) ﬁj(t)“Ll(R+;R)
<58> ]mm+1 m+n
S 2 Jui = U?HLl(R,;R) T Z | — U?HLl(]RJr;]R)'
i=1 j=m+1

Proof. The first part of the proof is devoted to establish a Kato’s type inequality for Gy -entropy

solutions.
Let £ be a test function in D(R, x R;R,) and define, for k > 0,

(59) Eelt,x) = &(t, x) min{l,W}.

Then, as py and py, are Kruzhkov entropy weak solutions in the interior of €2, by a standard
doubling of variable argument we get

m+n

(60) 2](—]% (=l + 0o, ) v —

h=1

W%)—%(MMWﬂM>\O

Qpn

An explicit computation shows that
— 1
(61) Sea(t, ) = & (L, @) mm{ (ol = k)" ’ M } + %f(t,flf)(]l]k,%[(l’) — 1ok, —x( (7)),

then rewrites as

m-+n o +
Z (— J L {|Ph — Pnlkt + an(pns P )€ min {1, W}} dx dt)
h= Ry JQp

m+n
(62) (J f w(pn, pr)€ dx dt — J J an(pn, pn)€ dx dt)
Ry JQp,n]—2k, k: Qp ]k, 2k[

+Win( J |up () — v2(x)|£k(o,x)dx)<o.

We have that

m+n
lim <J J n(Pny Pn)§ d dt — J J an(pn, pn)€ dz dt)
k—0F A= Ry JQun]—2k, k QA ]k,2k[

m+n

:JR <Zqz‘(7ipi’7iﬁ")_ 2 ‘Ij(Wij77jﬁj)> §(t,0)dt,
+ \i=1

j=m+1
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and this term is positive due to the positivity assumption on £ and the fact that yp and 776 are
in Gyy. Therefore by taking the limit as k£ tends to 0 of the whole left hand side in one
can conclude that

m+n
00 3 (<[ [ U= ikt o s} dodi— [ i) - fle0.0) i) <o,

e Ry JO, Q
which is Kato’s inequality adapted to our setting.

The conclusion of the proof is classical, following [25]. One takes £(t,z) approximating
the characteristic function of the trapezoid {(t,z) € Ry x R; |z| < M + Lt} where L =
MAXpe(1,...,m+n} MaAXyelo,r] | [7 ()| is the appropriate Lipschitz constant and M is a nonnegative
parameter. For a.e. fixed t € R, , this yields for M > Lt the inequality .

As M — +o0, we find as soon as its right-hand side is finite.

3.2. A finite volume numerical scheme and existence of an admissible solution. In
this section we describe a finite volume numerical scheme for the junction based on Godunov
fluxes. Discretizing a fixed initial datum, we prove convergence of the discrete solutions to
the unique admissible solution. We stress that there exist other numerical schemes which can
be used in practice to approximate admissible solutions of : we refer to [1] for the case
m = n = 1. The choice of Godunov’s fluxes is motivated by the fact that this scheme is well-
balanced, i.e., all admissible stationary solutions are scheme’s exact solutions. The proofs of our
theoretical results are easier in this setting. For other schemes based on monotone numerical
fluxes (e.g., Rusanov flux), convergence to an admissible solution can also be proved, but the
stationary solutions should replaced by numerical profiles (cf. Sectionwhere analogous viscous
profiles are constructed).

We fix a space step Az. For £ € Z and h e {1,...,m + n}, set 2} := {Az. We consider the
uniform spatial mesh on each 2,

(65) U (z}, 2, 1) on §;, fori<m,
r<—1

(66) U(a?;,aszﬂ) on 2, forj=m+1,
>0

so that the position of the junction # = 0 on the road €, corresponds to xf. Then we fix a

time step At satisfying the CFL condition

maxp{Ly}

<
(67) At ;

Ax,

where Ly, is the Lipschitz constant of f.

At all cell interfaces x} for £ # 0 we consider the standard Godunov flux G}, corresponding to
the flux f,. At the junction 2% we take on each road €, the Godunov flux G} corresponding to
the admissible solution of the Riemann problem at the junction, see Remark 3] More precisely,
let up = (uf,...,ud, .,) be an initial condition in L*(T; [0, R|™*"). We initialize our scheme by
discretizing the initial conditions

h
h,0 _i Lot 0

(68) Ukl = Ag p up(x) dz,

forallh=1,....m+nandfor{ < —-1ifth<m,{=0if h>=m+ 1.

Then (u?jfl) is obtained from (UZf; ) through the following scheme
2 /ht 2/ ht

(I) We solve

m m+n

(69) find p® in [0, R] s.t. ZGi(ui’i,ps) — Z G;(p*,u’®) =0,
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i.e., setting
(70) 0= (ul_‘i LU ﬂuTH S,urfm’s)
2 2
we take p® := pz=s according to the notation of Lemma [2.3]
(II) We compute

(71) u?j? = u?f% 2 (fe+1 hs) ,
where
G(?Sl,ug’f%) ifh<mand¢< -1 orh>2m+1 and(>1
(72)  F)S = Gh(u’jg,p )=GE@**)  ifh<m and £ =0,
Gr(p®, u%s) = Gr(u™?) ifh>=m+1 and ¢ = 0.

The stage (II) is a standard marching scheme, up to the specific definition of the fluxes for
¢ = 0. The stage (I) is implicit: once per time step, we have to find a zero of a scalar nonlinear
function. Moreover, the nonlinear term in (I) is monotone and continuous (see Lemma and
its proof) but it is not everywhere differentiable, since G}, are not everywhere differentiable. In
practice, the value p® can be efficiently computed using the requla falsi method, cf. [1].

We introduce the notation

Ty = ({1,...,m}x{€eZ, £<—1})U({m+1,...,m+n}x{fez, ezo}),

for the set of all degrees of freedom at a fixed time step; the notation

Us = (U?Sl)
+§ (h,e)erdiscr

for the set of all the unknowns of the scheme at time step s; and the notation S*%uj to indicate

the piecewise constant function corresponding to the discrete solution (u?ﬁ ) = (U%),:
hit,
SAxu—[’) — (ul,Az7 o 7um,Ax7 uerl,Ax’ o ,uern,A:):) where ’
UZ"Am = Z u?j;]lﬂim]ﬁ,f—i-l[('r)]l]s,s+1[(t)7 1€ {]-7 cee 7m}7
(73) seN, l<—1  °
AT — Z ud 1]lQ Aree1p(@) s sap(t), je{m+1,...,m+n}
seN, £=0

Lemma 3.2. The above finite volume numerical scheme is well-balanced, i.e., every element
of Gy corresponds to a stationary, constant per road solution of the scheme.

Proof. Let k € Gy and denote by kA the associated discrete function with entries u4% = s
h e {l,...,m +n}. Then SA*kA* = kA% ie., kA% is a stationary solution of the scheme.
Indeed consider for instance an incoming road i Obviously, for all £ < —1 the first iteration
of (71]) initialized with constant initial values u. e = k; yields
At
z 1
Uy = k; — E(Gi(kia ki) — Gi(ki, k) = k.

Moreover, due to (69), by definition of G¥ and of Gy we have
Gi(ki, ki) = f(ki) = G(ki,p) = GT(E%
so that for £ = —1 we still find
Z. At
Uy =hiT Ry
Similarly, we find that (69), preserves the constant value k; on the jth outgoing road. [

(Gi(ks, ki) — GE(E)) = k.
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Remark 6. Due to the classical properties of Godunov fluxes recalled in § to the CFL
condition[67 and to Lemma[2.4(i) (see also Remark[d), the scheme is monotone in the following
sense:

(74) Vs e NV(h,{) € Tgier: u?f; = H},,(U”)

for some functions HZ; that are monotone non-decreasing with respect to each of the arguments
2

(actually each of these functions depends on at most (m + n + 1) entries of U®). This implies

in particular the order-preservation property

(75) V(h,0) € Tgiser: w2 0" = VY(h,0) € Pger:  uT' = a1

Upyl erl erl erl

Since, moreover, the scheme is locally conservative by definition (due, in particular, to the
condition (69) ), and because of the Lipschitz continuity of Gy, for all h, the scheme is conserva-
tive. It follows by the Crandall-Tartar Lemma (see, e.g., [10]) that the scheme is L' -contractive
in the sense that the discrete analogue of (with 7 replaced by SA%uy) and the initial con-
dition iy replaced by the discretized initial condition) holds true. We need a bit more specific
property, which is the numerical counterpart of the Kato inequalities , in order to justify
convergence to an admissible solution.

Slightly extending the usual formalism (see [19]), let T, resp., L denote (component per com-
ponent, in the case of vector-valued arguments) the maximum, resp. the minimum operation
on real scalars, vectors or sequences: e.g.,

(k’l, k’g, k‘g)J_(ffl, ]%2’ ]%3) = (min{kl, ];‘1}, min{kg, IA{Q}, min{kg, ]%5})

Proposition 3.2. For any initial conditions uy, iiy in L*(T; [0, R]™*™) the corresponding dis-
crete solutions of the scheme f satisfy discrete Kato inequalities. Namely, for (h,{) €
Caiser, let QR[US, U] be defined by

Uy 15Up 1 Tl Upy1
QUU*, U*] = G;;(a*vsm*ﬁs) — Gi(areLite).

Then for all £ € D(]0,4+00[xR) such that & = 0 and 0,6 = 0 on [—Ax/2,Ax/2|, setting
&1 = E(sAt, (£ + 5)Ax) we have
2

Q?[US7US]:G]L( —[—Ahsl hSTAhs)_Gh( J_Ahs uhs J_Ahsz)’ 00,

m 400 stl _ £;+

SIS A Y A, - [
i=1s=1 1<—1 At

m 400 s+1 _ ¢gs+1

££+— -1

— At A:L’Qg [U?® US] 2
m+n +0 SSJF% _53 1
; +1 7 Seed
At Y Azxlu??, — AJS |72 2

m4n 40 s+1 s+l

DY AtZAmQ@[US,US]m <0.

j=m+1s=1 (=1

Observe that in Proposition we limit our attention to test functions constant in a neigh-
bourhood of the junction. Thanks to this precaution, borrowed from [1], and to the conser-
vativity of the Riemann solver at the junction the junction ¢ = 0 does not contribute to the
“Q[U, U10,¢” term of the discrete Kato inequality.

Proof. The argument is essentially classical in the context of monotone finite volume schemes.
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First, we state the “per cell contraction principle”: for all (h,£) € T giser

~h,s A
“ul Qv 0 - Qe 0 _
At Ax -

which readily follows from the observation that for all a,b € R, |a —b| = aTb — alb and from
the monotonicity of H Zr , in (74)):

hSJrl Ah 5+1| _

|u — 1, |u

(76)

hs+1 _ bty hys+1lo ahs+1 h,s+1 | ~h,s+
|u +3 | = u€+ T4 K+— ue+— La £+ ’
h,s+1 Ah,s+1 _ 171h s h 2 h STTTs

uh s+1J_Ah s+1 Hg:_%(US)J_Hg:—%(US) > I_IZ_%(USJ_US)7

eyl oyl
s s s | FTs h,s ~h,s At s Trs s Trs
H L (USTO™) = HE (UFL07) = [y = iy | = o QU™ 07 = @4 (U7, 07]).
where the formula and the definition of QP[U*, U*] are used in the last line to express the
function Hp, 1

Second, observe that for all IZ,E we have by the conservativity property underlying the
definition of G* (see Remark :

i G (ETE) — nin G (ETE) = i Gr(ELE) — nin Gr(FLE).
i=1 j=m+1 =1 j=m+1

It remains to multiply the (h, £)’s inequality in ([76)) by the nonnegative quantity AtAx£s+1 and
2

sum up; the sum is finite since the support of f is compact. Paying attention to the fact that
€5, = £(sAt,0) = &5, from the definition of Q4[U?, U?®] we see that for all s,
2 2

m+n
(77) ZAxQ’ [U?, US - Z AzQ)[U*, US] sH=0.
=1 Jj=m+1
Using the Abel transformation (discrete summation by parts) on each road with respect to the
time superscripts s and to the space subscripts ¢, bearing in mind and the fact that for all
leZ, fg .1 = 0 by the choice of £, we derive the required discrete Kato inequality. O
2

Theorem 3.3. Given an initial datum ug € L*(T; [0, R]™*™), the numerical scheme 1@
converges to the unique admissible (m the sense of the equivalent Definitions |1.5 n
solution p of . namely, Sy — p as Ax = 0, subject to the CFL restriction 1 ) on At
This ensures, in particular, existence of an admzsszble solution of . for every L*(T'; [0, R]™*™)
initial datum.

Proof. The proof follows the lines of the proof given in [1] (see also [4]). Let us only provide a
sketch of the key arguments.
e We start with compactly supported BV initial data. The compactness, in the sense of the

a.e. convergence, of the family <8A$u_6) o of discrete solutions is obtained with the BV,
Axe(0,1

technique introduced in [11]. It relies upon the monotonicity and the Crandall-Tartar lemma
(see Remark [6]).

The compactness permits to define p'as a limit of some sequence of discrete solutions S2% i,
A, — 0. At the end of the proof, having proved convergence to the unique admissible solution
with datum g, by the classical argument we can bypass the extraction of a sequence and get
convergence of SA%iup, Ax — 0.

o It is classical (see [19]) to derive that for every h € {1,...,m+n}, p, fulfills the first property
required in Definitions , , , namely, the Kruzhkov entropy inequalities hold. In
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order to justify that g is an admissible solution, we just need to assess the second property in
Definition , i.e., the adapted entropy inequalities that involve the junction.

e The main ingredient of the proof is the discrete Kato inequality proved in Proposition [3.2]
where we choose ﬁ'o = k with k € Gyy. Observe that by Lemma , we have SMT{TO = IZ;
passing to the limit as A, — 0, we will indeed derive the adapted entropy inequalities for
p and complete the proof for compactly supported data of bounded variation.

Following [1], observe that test functions whose z-derivative vanishes near x = 0 are dense
(e.g., in the C! topology) in D(]0, +o0[xR). Starting with the inequalities of Proposition [3.2]
with the same arguments as in the previous step (see |1,|19]) we pass to the limit and find
first for such specific test functions &, and then (by density) for general test functions.

e Finally, as in [1,/4], in two steps we extend the convergence result to general L® data g.
Extension to L' n L*® data follows by the density of compactly supported BV data in L!
topology, with the help of L! contractivity of both the admissible solution semigroup and the
discrete solutions semigroups. Extension to L* data is due to the property of finite domain
of dependence (57)) and to its discrete counterpart that follows from (71)) and from the CFL
condition. O

4. VANISHING VISCOSITY LIMITS ARE ADMISSIBLE SOLUTIONS OF ([1]

This section is devoted to the proof that the solutions obtained as limit of vanishing viscosity
approximations are admissible solutions in the sense of Definitions[1.2} [2.9] and are there-
fore unique. The result follows from the combination of two ingredients: the construction of
suitably many vanishing viscosity profiles, and the L' contraction property known for the van-
ishing viscosity approximation. This ensures that vanishing viscosity solutions satisfy a family
of adapted entropy inequalities which is sufficiently large to fit the last claim of Theorem [2.11}

Proposition 4.1. For any k in G%,, there exists p € [0,R] and p* = (PT, -y Pon) N
L*(T; [0, R]™™) such that for all h € {1,...,m + n}, p5 solves the ODE problem

fh(pi)x = 5(02)90% mn Qh
(78) pi(0) = p,
hmerh,|m\—>+oo pi(I) = ky,.

Proof. We take the value p € [0, R| that ensures that ke Go, according to the definition (42))
of GY,. We consider here the case h < m, the other case being analogous. Let us integrate
both sides of on | — oo, 7]

(79) e(pj)e(w) = Fi(pj(x)), where F; : p e [0, R] — fi(p) — fi(ks),

being understood that one should have (p5), — 0 as © — —oo. Observe that by the definition
of G{\/, k; is the only zero of F; on I[k;,p]. Assume, for the sake of being definite, that k; < p
(the case k; > p is analogous, while in the case k; = p we have the obvious solution pf = k).
Then, the map

P €
P :|k;,p| =] —o0,0], r+—>—f ————ds
| 1= | v fi(8) = fi(ks)
is well defined and strictly increasing, i.e., it admits the inverse P~! satisfying P~1(0) = p,
lim, , o P71 (x) = ki, lim,, o (P7)(z) = 0. We find that p5 solves if and only if

(° €05 4 e
(80) =] Fi) — il 7 = TP,

i.e. pf = P7!(x) is the required solution. O
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Following [13], we consider the following parabolic regularization of the initial boundary value
problem

Phs + F(Ph)e = €0 2as t>0,2€Q he{l,..,m+n},
05, (t,0) = p5.(t,0), t>0,h, hell,...m+n},
m+n
= X (f(p5(t,0)) —ep5,(t,0)), >0,
j=m+
p5(0, ) = up (), x €y, he{l,...m+n},

where ¢ > 0. Note that, in the spirit of , the third and fourth lines of give the mass
conservation at the junction, since the sum of the incoming parabolic fluxes is equal to the sum
of the outgoing parabolic ones. On the approximated initial conditions we assume that

up . € W2HQ,) nC®(Q), 0<u,. <R,

(82) u?w — up, a.e. and in LP(Q), 1 <p< oo, ase—0,
sy < [y Nl STVED, (e hay < Co

for each e > 0, h € {1,...,m + n}, where Cj is a positive constant independent on &, h.

First, notice that profiles constructed in Proposition are solutions of . The obvious
scaling property of these profiles, that we will denote k¢ in the sequel, ensures the convergence
of k*(z) = El(f) — kase — 0, for all z # 0. This readily yields a wide family of vanishing
viscosity limits.

Corollary 1. Any ke G{y can be obtained as the limit in the L}, sense, ase — 0, of a family
ke k= of stationary solutions of .

In general, using the theory of semigroups the authors of |[13| proved the existence of a unique
solution pf of such that

(83)  p5 e C([0,0[; L*(Q4)) n L;,.(]0, +oo[; W>L(Q4)), e>0, he{l,...,m+n},

in particular

(84) (p5): € L, (10, +oo[,LY(2)), >0, he{l,...,m+n}.
Moreover, if we have two different initial conditions
@y U)W )
for satisfying (82)), then the corresponding solutions to
(B D)y (P Pin)

are stable in the following sense

m+n m+n

(85) Z A ”Ll(Qh) S Z H“ha &2,5

for every t = 0.

The compactness argument of [13] is based on the compensated compactness theory [29] and
the following a priori estimates

()’

(86) 0<p; <R, he{l,...,m+n},
m+n m+n

(87) Z th( )”Ll(Q;L ~= Z Hu’hHLl Q)
h=1

m+n t [ min
(88) Z A ”L?(Qh + 25L (Z e ‘LQ(Qh)> ds

h=1



WELL-POSEDNESS FOR A MONOTONE SOLVER FOR TRAFFIC JUNCTIONS 23

m+n
Z Huhe +2|n—m|max | fullwree o, my s
(89) Z [t ) g,y < (M4 1) Co - max | filpeory D TV (uh),

h=1
for every t = 0 and e > 0.

The main result in [13] shows that there exist a sequence {e/}en < (0,00), &, — 0 and a
solution p of , in the sense of Definition , such that

(90) Pt — P, a.e. and in L} (Ry x ), 1 < p < oo,
for every h e {1,...,m + n}, where p¥ is the corresponding solution of (8I).

Remark 7. Actually these results were proved in [15] in the case there all the functions fy, coin-
cide, h =1,...,m+n, and moreover the strict concavity of the fluz function is assumed. FExten-
sion to different fluzes f, on different roads is straightforward. The strict concavity assumption
can be replaced by the nonlinearity assumption (NLD): e.g., the strong precompactness result
of |127] can be used on each road in the place of the compensated compactness method.

Here we improve the result of |13] showing the following:

Theorem 4.1. Assume (82). Let {p*}.~¢ be the family of solutions of (81). We have that
(91) 05— Phs a.e. and in L (Ry x Qp), 1 < p < oo,
where f is the unique admissible solution of (1)) in the sense of Deﬁm’tions 2.10)}

Proof. Let {p*}ex be the solutions of converging to g as in (90). According to Theo-
rem [2.11} it is enough to justify that p' satisfies the per road Kruzhkov inequalities for all

k € [0, R] and the adapted entropy inequalities for all k € G? . The first claim is classical,
see, e.g., [13]. We only need to justify the second claim.

According to Corollary 7 given ke Gy there exist ke stationary viscosity profiles converging

to k, as ¢ — 0. Now, arguing as in [13, p. 1773] but inserting in addition a non-negative test
function £ € D(]0, +oo[ xR), we find the following Kato inequality:

m+n
(92) (j \[ (o k?&r+qwﬁ%kﬂkg+edﬁf—k?u&}dwﬁ)220
R+

Let us give the details of the calculation. Bearing in mind the regularity , of solutions
and the Lipschitz regularity of f3, it is a classical matter to obtain the per road Kato inequalities:

(93) ‘f J‘ (105 — KEV16s + a0, K )Ew + Edlpit — ko) dardt > 0,
]R+ Qh

he{l,...,m+n}, forall £ € D(]0, +oo[x (R\{0})). Moreover, bearing in mind the existence of
strong traces of g, (o}, kj') + ol pff — k3fle as @ — 0, using the truncations defined by (59), with
the same argument as in the proof of Proposition we can generalize to test functions &
not necessarily vanishing near the junction; the appropriate boundary terms appear. Summing
up the resulting inequalities, and using the conservativity conditions contained in both for

solutions 7% and k*, we find

m+n
J J (lon = k16 + anlpy’s ki )Ee + edlpp! — Kyf|28e) d dt
R JQ,

+2Lﬂ@mmumwxwm—mﬁmm—@mww»ﬁ

m+n

- L/%%@mkx<>—wﬁ@m—wmwww

h=m+1



24 B. ANDREIANOV, G. M. COCLITE, AND C. DONADELLO

m+n

== 30 | [ R+ o ki el ki) o
=1 YR4JQy

+ f Sign (1022 (ta O) o kiz) Z(fZ(pzaz (tv O)) - gfpizm(t? 0))
R+ 1=1
m+n
O (58 0)) = pf(0.0)) ) €(6,0)
j=m+1
(XA = X ) | sin (0 - K e 0) e
1=1 j=m+1 R+

m+n

. f J (165 — K160 + an(pit s K5 )Ew + eelpfl — KfLos) da .
— JrJO,

Passing to the limit in as ¢, — 0, keeping in mind the second term of estimate , we

find inequality . This concludes the proof. O
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