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Abstract

In this work we proof the following theorem which is, in addition
to some other lemmas, our main result:
theorem. Let X = {(x1, t1), (x2, t2), ..., (Tn, tn)} be a finite part
of R x R*", then there exist a finite part R of R*" such that for all
€ > 0 there exists r € R such that if 0 < € < r then there exist rational

numbers <pl> such that:
q9/;i=12,.n
Di
P < ot
TS 12, (*)
eq <t;

It is clear that the condition eq < ¢; for i = 1,2,...,n is equivalent to
eq <t= Min (t;). Also, we have (*) for all € verifying 0 < ¢ <
i

=1,2,...,n
€9 = min R.

The previous theorem is the classical equivalent of the following
one which is formulated in the context of the nonstandard analysis
(12], 151, [6], [3))-
theorem. For every positive infinitesimal real ¢, there exists an un-
limited integer ¢ depending only of ¢, such that V*'z € R 3 p, € Z:



z = =y £Q

q .
eq = 0

For this reason, to prove the nonstandard version of the main result

and to get its classical version we place ourselves in the context of the
nonstandard analysis.

1991 Mathematics Subject Classification. 11J13, 03H05, 26E35.
Key words and phrases. Diophantine approximation, Farey series, Non-
standard Analysis.

1 Introduction, Notations and Rappel

We dispose in the domain of Diophantine approximation of many results
(refer for example to [3], [7]). In the following, we give as an example, the
two most used theorems:

Theorem (Dirichlet) 1.1. [7]. Suppose that x4, z, ... ,x,, are n real
numbers and that T > 1 is an integer. Then there exist integers q,py,pa,..-,Pn
with

Di 1 :
Ti— —| < i=1,2,...n

q|~ Tq ( ) (L.1)
1<g<T™

Theorem (Kronecker) 1.2. [7]. For any reals 8, 35, ... ,5,, and any t > 0,
the system of inequalities

|QC1 — D —61| <t

|QC2 — P2 — 62’ <t (12)
is solvable in integers ¢, p1, po, ... ,p, if and only if (;, (s, ... ,¢,, are not
rationally dependent. Note that (;, (s, ... ,(,, are said rationally dependent
if there exist integers r, ry, ro, ... ,r, not all zero such that

¢y + 120 + o+, =T



When we take g, = 8, = ... = f3,, =0, this theorem is used to approximate
i t
the reals ¢, by using rationals Pi o errors smaller than ~.

In general, in these results we observe that the simul(gcaneous control be-
tween the error and the common denominator ¢ should be clarified and spec-
ified. This, because the approximation to a given error (which is generally
small) requires a denominator that is generally too big. Conversely, the ap-
proximation with a small denominator might give an error that is not really
small. This question has motivated us to give the following theorem which
is, in addition to some other lemmas, our main result of this work.

Theorem 1.3. Let X = {(z1, t1), (22, t2), ..., (zn, t,)} be a finite part
of R x R**, then there exist a finite part R of R** such that for all £ > 0
there exists r € R such that if 0 < € < r then there exist rational numbers

Y%

q9/i=12..n

such that:

< et;

=12, ..n. (1.3)
eq < t;

We note that in (1.3) the condition eq < ¢; for i = 1,2,...,n is equivalent to
eq <t= Min (t;). Also, under the assumption of theorem 1.3, for all ¢

=1,2,....,n
verifying 0 < ¢ < g9 = min R we obtain (1.3).
The theorem 1.3 is the classical equivalent of the following theorem (the-
orem 1.4.) formulated in the context of the nonstandard analysis.
Theorem 1.4. For every positive infinitesimal real ¢, there exists an integer
Q depending only of ¢, such that V*'x € R 3 P, € Z:
T = Fe +eo

Q
eQ) = 0

(1.4)

In the following we make a comparison between our result (theorem 1.3)
and the existing results such as Dirichlet’s theorem and Kronecker’s theorem.
Our main result is used to approximate at a reduced common denominator

t .
q since eq < t (i.e. ¢ < —) and at a different errors since |r; — bi < et; for
€ q
1=1,2,...,n. In addition, if we take t; =t; = ... =t, =t > 0and g¢g = Min

R then for every 0 < € < g( there exist integers q,p1,po,...,p, such that



~

Di
r; — —

q

Mazx
1€{1,2,....,n}

<etand ¢ < - (1.5)

™

. . t .
i.e., a denominator ¢ < — enough for an error not exceeding ct.
Look when we use, under the same hypotheses, the Dirichlet’s theorem.
1
It may happen that when we take T > ¢t, the common denominator ¢ > 1
is small enough so that the maximum error is strictly greater than &t i.e.
i 1 1 e
Ti — b < — < —. In contrast, when we take 7" satisfying
q| ~ Tq— T

— < et then we are sure that the maximum error is smaller than or equal

et < Max
1€{1,2,...,n}

i 1 s .
toetie. Max |x;— bi < — < — < ¢t. But in this case it may happen
i€{1,2,...,n} q Tq — T
that the common denominator ¢, since that 1 < ¢ < T", is very close to
1 1
"> — (g =T" -1 > —= — 1; for instance). Consequently, to be
(et) (et)

sure of the realization of the approximation asked, it is necessary to choose

1
T < et and ¢ can be too big in this case as we have seen.

On his part the Kronecker’s theorem is purely existential and don’t say
anything on the common denominator.

From the above we can see that the theorem 1.3 ensure the ability to
control the size of ¢ and of the maximum error; especially when & (resp. n)
become small (resp. large). For its proof we place ourselves in the framework
of the nonstandard analysis and we proceed as follows :

(1) We first show theorem 1.4 (In the sequel noted theorem 2.1.) by using
some lemmas.
(2) We translate theorem 1.4 by using the Nelson’s algorithm.

1.1 Notations

i) For a number z (integer or non) we have the following usages:

1) Abbreviation, st(z) indicates that x is standard; V*'x signifies

Vr [st(x) = .].

2) x = +oo (resp. x = 0) signifies that x is a positive unlimited (resp. = an
infinitesimal). = > 0 signifies that = is an infinitesimal real strictly positive.



3) £(resp. ¢) signifies a limited real (resp. an infinitesimal real) on which
one doesn’t say anything besides.
4) ||=|| is the difference, taken positively, between x and the nearest integer.
5) E (z) (resp. {z}) is the integral part of = (resp. the fractional part of z;
that is {z} = x — E'(x)).
6) Let ¢ be an infinitesimal real, one designates by € — galazie (z) the set
{y: y=x+¢eL} and by € — halo (z) the set {y : y =z + e¢}.
7) 20 signifies, for x limited, the standard part of .
ii)
8) If E is a given set, E(resp. |F|) designates the external set formed, only,
by the standard elements of F (resp. the cardinality of F).

T

T2
9) One notes by (1, xa, ..., a:n)T the vector column

T

1.2 Rappel
1.2.1 Farey series([3])

The Farey series F of order N is the ascending series of irreducible fractions

h
between 0 and 1 whose denominators do not exceed N. Thus z belongs to
Fn if

0<h<k<N, (hk)=1

! "

0 h h
the numbers 0 and 1 are included in the forms 7 and T If z < 7 < T are

three successive elements of Fx (N > 1), then one has the following proper-
ties:

1°) kh' — bk = 1.
o W _ Bt
k, k + k” /
39 k+Ek > N and h < h+h, < h—
Ek+k K
49) If N > 1, two successive elements of Fy don’t have the same denominator.

!/




hi h h h
5%) Let —, — be two successive elements of Fy (N > 1) with — < —, and
]{31 ]{72 kl k2
let the two following sequences:
h ha + hy hy + ihy
U():—,U1: g eee U5 — ; g eee
]{?2 ]CQ + /{31 k?g + Zk?l (1 6)
V—E _ hi+hy '_h1+3h2 ’ ’
A

We prove easily that the sequence (U;);c (resp. (V;),cy ) is decreasing (resp.
increasing); besides we have:

1 ha 1
Uy — U1 = : . JUi— = =
T (ky 4 iky) (k21+ (i+1) k) , ki K (kzirml)

Viri = V; = 5 Vis

ko (k1 + jk2)
(1.7)

(k1 4 gko) (k1 + (J + 1) ko) ko

1.2.2 Approximation to the infinitesimal sense of reals

Theorem 1.5. [1]. Let £ be a real number. Then for all positive infinitesimal
real € there exist a rational number b and a limited real [ such that:
{ § = Dita

q : (1.8)
eq = 0

2 Simultaneous approximation to the infini-
tesimal sense of standard reals

We prove in this section the following theorem whose translation by the al-
gorithm of Nelson gives the theorem 1.3 .

Theorem 2.1. For every positive infinitesimal real ¢, there exists an integer
Q depending only of ¢, such that V*'z € R 3 P, € Z:

r = %%—6@5'
e = 0

(2.1)



Let € be a positive infinitesimal real. We need to the following lemmas

Lemma 2.2. Let (£,,&,,...,§y) a system of real numbers with N > 1
limited. Then for all positive infinitesimal real 6 there are rational numbers

(&) and limited reals (I;),_;, , such that fori=1,2,... N :
q4/i=12,.N o

bi

p . (2.2)

Proof. Consider, for every n € N*, the formula:

P
"W (&4, -, €,) € R™ with n > 1 and V6 >0 3 <—Z>
= i=12,...n

B(n) = P,
such that for every i € {1,2,....,n} :

By theorem 1.5, we have B (1). Suppose, for 1 < n a standard integer,
B(n) and prove B(n+1). Let (&,&,..,&,,6,41) € R and let § > 0,

then by B (n) there are rational numbers (&) such that
9/ i=12,.n

e ek M)

( 51 - ]ﬂ_i_@f
q (2.3)
£, = 240L
\ q

where q = 0. Now, since fq = 0, the application of theorem 1.5 implies

@ = Smi + (8q) £, (0q9) ¢ur1 = 0. Hence
n+

gn—&-l = Dot + 6£7 eqanrl = 0 (24)

We deduct from (2.3) and (2.4) that:



)
P
g, = Dl pp = gy
qqn+1 Q
g, = PIligp = 249f
qqn+1 Q
N n4dn . B Pn '
g, = Dl igp = Thigg
qGn+1 Q
€., = g = Tnligp
. qqn+1

where, from (2.4), 0Q = 6qq,,1 = 0. Consequently B (n + 1). Therefore, by
the external recurrence principle, we have V¥'n > 1 B (n).

Lemma 2.3. Let E be a given set. For all integer w = +o00, there is a finite
subset /' C E containing all standard elements of E (i.e. E7 C F ) and
whose cardinal is strictly inferior to w (|F| < w).

Proof. Let w = +o00. Let B (F, z) be the internal formula: "F C E, |F| < w,
z€ F". Let Z C F be a standard finite part. Then there exists a finite
part ' C F with |F| < w such that every element z of Z belongs to F, i.e.
we have B (F z). Indeed it suffices to take F' = Z. Therefore, the principle
of idealization (I) asserts the existence of a finite part F' C E with |F| < w
such that any standard element of L belongs to F'.

Lemma 2.4. Let A & 400 be a real number such that \/e\ = 0. Let Fj; be
A
the Farey sequence of order M = F <—) If ]2 — are two elements of I,

\/g Ch qz

such that ¢; >~ 400, ¢; >~ 400 and [pl b2 doesn’t contain any standard
@1 Q2
rational number (in this case YN p2) Then there exist a finite sequence of
41 a2
irreducible rational numbers (—Z) such that:
Mi) i=12,..9
l l l
Zﬂ — 1 < 2 < < 9 _ ]2
q1 my ma Mg qz
Li li : : :
where —L — £ — ep for i = 1,2,...,g — 1. Besides for : = 1,2, ..., g we
mMit1 m;



have em; = 0 and m; = +oo.

Proof. Let us consider the case where 22 — P is not of e¢ form; otherwise
a2 0

li
the lemma is proved. Let (—) be the elements of F,; such that
Vi) i=12,...r
tt t
b2 P2
@ Y1 Ve Yro Q2

t; t;

Let ig € {1,2,...,r — 1} such that —2*X — s not of ¢ form, because if
Yio+1  Vig

a such ig does not exist the lemma is proved. From the properties of Fy; (

1.2.1), 7;,,, and v,, cannot be equal. Then there are two cases:
A) 7,41 > Vi, @ Let us take, in this case, go = +o00 an integer such that

22 = 0 ( the existence of gy is assured by Robinson’s lemma). Let X =
Vi
B2 ) and

%o

L;
H - {—0, Up, Upfl, ceey Ug}

20

where p = F (ﬁ) and U; = —*L = % (;=0,1,...,p—1,p). Now
io Vip+1 T iy

we prove that : p is an unlimited integer, the product of the denominator

of every element of H by ¢ is an infinitesimal and the distance between two

successive elements of H is of the ¢ form.

Indeed, we have X = F (ﬂ) S px where py € [0, 1].
%o %5
X = Yig+1 . 9o Px  Vio+1

ﬁ}/i() 871'0 ’yio ﬁ)/i() ’yio

9o — €%igPx — €VigVig+1
8’7i0/>/’i0
Since 7,,px =0, €7,7Vi,+1 1 @ limited real number otherwise
1

JioVio+1 . o
is a positive unlimited real. On the other hand ev, v, is limited; then

Ligr1 _ Tio

Yio+1  Vio

= £¢ what contradicts the supposition. Then go —&7v; Px — €V, Vigs1



X = Vi1
Vi
denominator in H is v, ., + p7y;, Where p =

p € 0,1].

Jo Px  Vig+1
€\; + 0V :5(% "’( ___—_P)%')
( ot O) ot €7i07’i0 /Yio ’y’io ?

is a positive unlimited real, therefore p is also. The greatest

do Px Yig+1
€7i0 P)/Z'O ’y’i() f}/io

90 ~
g1 T = —EPx — EVigy1 — EPYiu =0 .

Hence the product of the denominator of every element of H by ¢ is an
infinitesimal. It remains to prove that the distance between two elements of
H is of the e¢ form; Indeed: Let i € {0,1,...,p — 1}, from (1.7) we have

1

U= U1 = : , .
i (’Yz'o+1 + Z-%’O) (’Yi0+1 +(i+1) -%‘0)

By hypothesis we have v, ,; > 7;, then of properties of Farey’s series

M
(1.2.1)) 27, 11 > Vige1r + Vig > M, then v, ., > R

Let d; =¢ (7i0+1 + i'%'o) (%‘031 +(i+1) '%'o)'

M
Seen that (’yi0+1)2 > (7> , d; is unlimited, therefore U; — U; 1 = €¢. To
finish the proof, we have of (1.7):
t; 1
U,— —=

Yio (%’OH + p%o) Yio .

Let d, = ¢ (71-0 1t p.%-o) Viy> after the replacement by the value of p, we
obtain

dp = €%ig+1Vio T 90 = EPXVig — EVig+1Vio — EPVigVio-
Since ev;, = 0, €7;,7,, is limited, then d, is unlimited; hence
t;
by — —= = €.
7’50
Thus, we end what we perceived.

10



B) v, > 7i,11: Let us take, in this case, g & 400 an integer such that

I~ (the existence of gy is assured by Robinson’s lemma). Let X =
Yig+1
E g and
€7i0+1
- t;
H = {%7‘/17'“7‘/1)’—17‘/;3'7 0+1}
YVig+1
, X -, ti + jits , , /
where p = FE 2 "o ) and V;, = M (j=0,1,...,p —1Lp).
Vig+1 Yio T JVig+1

Since the symmetry of this case with the case A) we prove, as in the case of
H, that p' is an unlimited integer, the product of the denominator of every
element of H by ¢ is an infinitesimal and the distance between two successive
elements of H is of the ¢ form. B

Thus the elements of H (or of H ) form a subdivision of the inter-

ti, i . ti .
val [—O, 0—“1 For the other intervals {—, H} which
Yio Yio+1 Vi Vivrligr2,. r—11—{io}
don’t have a length of ¢ form we do the same construction as we did
v B |

’Y’L’O /Y’L'0+1

ti U
By regrouping rational numbers which subdivide intervals {—, H]

Vi Vi1
(i € {1,2,...,7 — 1}) not having a length of the ¢ form and the rationals
which are borders of intervals having a length of the ¢ form, we obtain the

7

i : .
finite sequence (—) . The irreducibility of the elements of the se-
i=1,2,.9

)

quence (—) results from properties of Farey’s series.[]
i=1,2,...,9

Lemma 2.5. Let £ € [0, 1] be areal, if £ is not in the e-galaxie of a standard

hi h
rational number then there exists two irreducible rational numbers —, — of

k1 ko
the interval [0, 1] such that
LY h h
e {k—iak_j, ki = 400, ky = 400, €k1§€k2%oandk_j_k_i:€¢'

Proof. Let us take, as in the lemma 2.4, a positive unlimited real number A

11



A
such that /X = 0 and let F; be the Farey sequence of order M = E <7> .
€

Let ]2, b2 be two successive elements of Fj; such that £ € [&, ZQ] Two
41 Q2 @1 Q2
cases are distinguished:
A) Nor Projor 22 is a standard rational : In this case by applying the
q1 42
lemma 2.4, we obtain two irreducible rationals —= and —*L such that
My, Mig+1

Lig 1 l;
0 i9+1 ~ ~Y ~Y ~Y i9+1
£ € [— , My, = 400, Mig+1 = +00, emy, = emyy4; = 0, —— —

l my, ’mio-i-l b ] miO‘Hh
= ¢¢. Hence the lemma is proved by taking for — and —*L for -2,

My, my, k1 Mig+1 ka

B) Pror P2 55 standard (cannot be both at the same time standard). Let
41 42

us suppose that Ll is standard (the other case, seen the symmetry, can be
i1

treated by the same way.). Then £ — P ew where w = +o00. Let us put
q1

1 l
L=F (2/ <§ — &)> then L = 0 and 22 + T < . Let — be the reduced
q1

q1 m

20 0

form of by + T then em = 0 because m < Lq, and ¢; is a standard. m > M
q1

[
because — is not an element of F),;. Therefore em? is an unlimited because
m

A/
em? > eM? and e M? is an unlimited. This means that m is of the E (7)
5

form where \ is a positive unlimited real verifying \/E)\, >~ (0. Now if we

! i
. b1 D p p .
consider F,,, then £ € [—,1, 221 where = and 22 are two successive non

9 9 q 2
standard elements of F,,. Thus the case B) comes back itself to the case A),

therefore the proposition is also proved for this case. [
Remark. We easily see that this proof is also a proof for the theorem 1.5.
Let v be a positive unlimited real such that .7 ~ 0, then

Lemma 2.6. There exists a finite set

12



S = {li, oy ...} € [0,1] (2.5)

containing all standard elements of [0, 1] such that |l;;; — ;] > ey for i €
(1,2, ...,n—1}.

Proof. Let B (S, z) be the internal formula: "S C [0,1] is finite, z € S &
V(zy,x9) € S XS (|Jrg —x2| >ev)". Let Z C [0,1] be a standard finite
part. Then there exists a finite part S C [0, 1] such that every element z of Z
belongs to S and V (21 , 22) € S x S (|z1 — x| > £7), i.e. we have B (9, 2).
Indeed it suffices to take S = Z. Therefore, the principle of idealization
(I) asserts the existence of a finite part S C [0, 1] such that any standard
element of [0, 1] belongs to S and V (21 , x2) € S X S (|x; — 23] > 7). Put
S ={l,lg,....,1,}, where |l;11 — ;] > ey fori € {1,2,...,n — 1} and any stan-
dard element of [0, 1] belongs to S.

Corollary 2.7. For every element [; of S (S is the set that has been con-
structed in the lemma 2.6 ) we have only one of the two cases:

1) I; is a standard rational number.

2) [; is outside of e—galaxies of all standard rational number.

Proof. Let [; € S, then

1) I; can be a standard rational because S contains all standard elements of

[0,1].

2) I; is not a standard rational then /; is not in the e—galaxy of any standard

rational. Indeed, suppose that [; = P +ef (£ #0), where P is standard.
q q

p

Then [; and P are elements of S with l; — —' = |e£| < ey which contradicts
q

lemma 2.6 .

Lemma 2.8. For every standard integer n > 1. The real numbers x; of

all system {z1, za,...,x,} C 5 (S is the set that has been constructed in the
Iz

lemma 2.6.) are approximated by rational numbers (@) to £¢ near

i=1,2,...,n
with eQ) = 0. that is to say:

13



ZT; = ——|—€¢
e = 0

Proof. Consider the formula:

1=1,2,....n. (2.6)

,,,,,,

that:{ 7 Q c i=1,2,...n 7.
eQ) = 0

According to the corollary 2.7, a real x of S is a standard rational or is out-
side of e—galaxies of standard rationals. In addition, according to lemma
2.5, if x is not in the e—galaxy of a rational standard, x is written in

P
the form v Q +ed . Then in all cases x is written in the form
e@) = 0
P
T Q e . Consequently we have A (1).
e = 0

Suppose A (n), for a standard integer n, and prove A (n + 1).
Let (1,2, ..., Tn, Typ1) C S. Since A is verified for n we have

Di .
ri=—+4¢c¢p ; i=1,2,...n
{ q . (2.7)

eqg =0

h
Ifx,= k_l is standard, then because k; is standard and of (2.7) we have
1

ik P; :
P 1+8¢:——|—8¢ 1 =1,2,...,n

o B
" g L0 = n+1
n+l — 5 U=
T kg Q
eQ) =eqk; =0
Let us look at the case where z,,,; is not a rational standard. In this case

the application of the theorem 1.5 to the real gx,,.; with the infinitesimal eq
implies:

X

(2.8)

+ ¢

14



- Y@
qTny1 = N €q)a
(eg) N = 0

where a is limited. If a = 0, then from this and (2.7) :

i IN P .
xi:pN+€¢:a+€¢ ;o 1=1,2,...,n
q
M Pn+1 (2 9)
Tpy1 = —— +e€a = +e¢ ‘
TGN Q
eQQ =eqN =0
Let us look at the case where a is appreciable. Suppose a > 0, then
Np; .
P = ’ = 172, ceuy
x N +eo 7 n
Tnt1 = N_q +ea (2.10)
eNg=0

M
The reduced form of No cannot be a rational standard. Otherwise, x,1
q

M
and No become two elements of S such that the separating distance between
them, is of the ea form. What, according to lemma 2.6, is not true for two

elements of S; for the same reason x,,; cannot be in the e—galaxy of a
standard rational. According to the lemma 2.5:

_ _ h
Tpt+1 = k_l + 6¢)1 - k_2 - 5¢)2 (211)
€]€1§€]€2§0 ] klgkzg—FOO
e hi hy .
Where ¢; > 0 and ¢, > 0 are two infinitesimal reals and T I, are irre-
1 R

ducibles. Let ¢ the element of S succeeding immediately x,,1 in S (2,11 <
¢). Then by lemma 2.6 :

= app1 =ew=0,w =7

Tpi1 + &

The real number is not in the e—galaxy of a rational standard,

otherwise, x,, 11 and £ does not become two successive elements of S. Hence,

15



according to the lemma 2.5

Tnt1 +€ _ S
5 T . (2.12)
el=0, =400, ¢, >0and ¢, =0
where ; is irreducible. Let 7 be an unlimited natural number such that
~ v

Vey 2 0and N = E (7) Let us take N = max (N, ky,1). Then
€

A
N = +o00 and is of the F (—) form with A\ is a positive unlimited real

Ve
h
verifying \/e.A = 0. In the other hand /{7_2 and ; are two elements of Fy

2
h

such that kr_2 , ﬂ doesn’t contain any rational standard and ks = +o00 and
2

[ = +o00. In this situation the lemma 2.4 is applicable and consequently there

Si
is a finite sequence of irreducible rational numbers (l_ such that
i/ 1<i<e

ha S1 S92 Se S
- L
ky L ly lo. 1

where e =2 400 and for ¢t = 1,2, ...,e — 1 we have :

Sz‘+1_ﬁ_€¢.

liyn s

Besides we have el; = 0, [; = +oofori=1,2,...,¢e; TS € <%} + ¢, — ¢2>.
e 1
In this paragraph we will associate to each i € {1,2,...,e} a vector V; in
Q™! such that the n first components of V; are in the e-galaxie of the n first

components of (x1, 2, ..., Tpn, Tpi1), respectively. Whereas the (n+ 1) —th

component of V; is equal to % Indeed, for ¢« = 1 apply lemma 2.2 to the

A
system (121,129, ..., [12,) with the infinitesimal el;:

1; ,
lll'i = t71 + <€l1)£ , 1= 1,2,...,n
1 .
Elltl =0
Tia o
Hence T, = I + ef ; i=1,2,..,n Then
€llt1 =0

16



Tia

T, = + ef ;1 =1,2,...,n
hi (2.13)
Tpii = n+1,1 . )\1
n+ lltl

~Y

whereT,, 111 = sit1, elity = 0 and Ay = €¢,. Then we obtain the vector
T, T T, T T,
Vi= L1 , 21 ) e +11 , where x,.1 = il _ 3t
lltl lltl lltl lltl ll
Again the application of the lemma 2.2 to the system (lyz1, loxs, ..., lox,) with
the infinitesimal €ls, gives:

T;p

lQJ?i = ; + (5[2)05 ; 1= 1,2,...,7’1,
2 .
Elgtg =0
7—%72 . > —
Hence €r;, = E + ef , 1= 1,2, o n  Then
€l2t2 =0
1; ,
r; = T 1 =1,2,...,n
3l (2.14)
o n+1,2 i )\2

where Tn+1,2 = Solgy , €l2t2 =~ () and )\2 = Eng +6¢ with 0 < /\1 < /\2. Then we
T T T, T,
1,2 2.2 +1,2> . where a1 = +12

obtain the vector V5 = <

loty 7 ot " 7 lots loty
52
Iy’
Thus we construct the following vectors:
Ty, T Tori\'
= L ’ ; =12,.., 2.1
Y (liti lit; lit; ) ' ‘ (2:15)
. Tn—i—li S; .
where for 1 = 1,2, ...;e : 11 = T ==\ = 7 A; with el;t; = 0.
Besides 0 < ey = A1 < Ay < ... < A = % +e¢,and fori=1,2,...,e — 1:
Aig1 — A = €0.

Let h be the smallest integer such that hNg > max (I;¢;), then ehNg = 0.

On the other hand and according to Robinson’s lemma it exists an integer

17



W = +o00 such that:

eWhNq = 0.
Put K = hNq. From (2.10):
hNp; H; .
T = P + ep = — + €¢ 1 =1,2,...,n
hNq K 9
hM Hn+1 ( .16)
Tntr1 = ]’L_]Vq + ea = K + ea

where e K = 0, K > max (I;t;).

Liyt

10 V0

Let W = min (W, g + o4 — ¢2) and 2 he the element of the sequence

L which is the farthest from —2" verifying
lltl i=1,2,...,e lltl

TSy

Tn+1,i0 Tn+1,1 o EW
lio tio lltl

with TV < W. One notices that W 2 400 because by construction W-W =

o.
Let R > 1 be the integer such that Rl; t;, < K < (R+ 1) l;,t;,- In this case

= ) where 6

Rl t;, and K are of the same order of magnitude i.e. : Rl
is a positive appreciable. Consider, the rationals of the folloowiong vector:

(2.17)

RTv; RTsi,  RTni, RTnins)

(Rliotio’ Rl ti,” 7 Rligti,”  Rligts, ) '
Where the n first components of (x1, z, ..., T, T,11) are in the e—galaxies of
the n first components of the (2.17), respectively. Whereas x,,.; is far from

the last component of (2.17) by eW + e¢,. We will search a positive integer

RT, 15 o, H,
Jo for which the rational R;rlto 4——1—]](')0 KH becomes equal to e +ea+ep
i.e. equal to x,11 + €. Indeedo, gut
A = Sntio T Tt et (2.18)

Rl tiy + 1K K
RT, 114 H,
— where A is the distance between i and 1
1+j0 Rl t, K
which is equal to eW + e, + ca.

Then Aj =

18



A A
Put — = ea. For this 1+ jo6 = —. Hence
ea

1446
) 1 [(A—ca 1 8W+6¢2
j = — — - -
0 ca ) €a

_ W+ ¢, ~ oo
da
Let us take jo = FE W+ ¢ , hence jo = W+ ¢ — p with p € [0,1[. Then
oa oa
A, = — . After the substitution by the value of A and of jj:
1+ 30(5
A, - a SW:~|— Py +ca
a+ W + ¢y — pad .
( w + ¢2 +a >
= ea| =
W+ ¢y + a — pad
Hence
(W + ¢y + a>
Ajo = £a.
— 4]
1 W + ¢2 +a
= eay— 5
Si L _ 1+ ¢, then :
ince 7— . , then :
A, =ea+eo. (2.19)

On the other hand j, and W are of the same order of magnitude; indeed:

® W ()

ad



Therefore (‘7?0 = A with A is appreciable, hence j, = AW. Since W <W
")

one has: jo = AW < AW < AW.

RT:;, + joH;

Rliotio + ]OK

e (Rltiy + joK) = 0 and for i = 1,2,...,n,n + 1 we have:

Lemma 2.9. The denominator of (i=1,2,...,n+1) verifies

_ RT;,, + joH,

=20 T 4¢ 2.20
Rligti, + jo K ¢ (2.20)

X

Proof.

K
Rliotio + JOK = F + J()K

1
= K(Z47o).
(5+5)
1
Hence Rl t;, + joK < K (5 + AW). From the fact that eW K = 0; A and

d are two appreciable numbers, we have ¢ (Rl;,t;, + jo/) = 0. On the other
n+1

hand for ¢ = n + 1 we have from (2.16) z,,1 = + ea and from (2.18)

and (2.19)

RTn+1,io + jOHn+1 Hn+1
0 TRl gk KT
RT 414 + JoH i _ e = Hypn
Rl tio + jokK K
RTyi1i, + JoHnt1
Rl,‘otio + joK
Fori=1,2,...,n we know from (2.17) that:

A

Hence + €a = Tp,41, this means that

+ €.

Tp1 =

RT,,,
0 _ gl =L, 2.21
'R%% v =e (2.21)
Hence
RT;,, H; RT;;, H;
Rl ti, K Rl t;, K
. H
< =0 gy i— —|=cf —ef
S\ Rints, x| + |z I e +ep=c¢

20



Therefore

T H; T, K — H; Rl t;
Rlis _ Hi | Bluig Blitio | _ ¢ (2.22)
Rint, K K Ryt
Tow + joH; H T, K — HyRlj 1, £
Then we have: —}f%{l Z’;O i_](,) KZ — ?’ = BT, ift “}(ZO = 1_7_ -
fobio T JO KRIti, (14 jo. Jo
Rliotio

Since jo = +00, then

RT; ; oH; H;
T =<6

Rl ti, +joK K

H.
and seen that for ¢ = 1,2, ..., n, the rational numbers ?Z are, respectively, in

the e—halos of z1, xs, ..., z,, then:

_ RT; + joH;

= Rt + jok T

T
So the lemma is proved.

Since € (Rl;yti, + joK) = 0, then if for ¢ = 1,2,...,n,n + 1 one takes
RT: 4, + joH;

P.
—2 7 for _— then
Rliotio + ]OK

P .
T = §+€¢,2—1,2,...,n+1 . (2.23)
e =0

In the case where a < 0 we take £ the element of S that precedes z,,1 i.e.
¢ < xp41 (S is ordered) and by doing, to a symmetry near, as we did for the
case a > 0.

From (2.8), (2.9) and (2.23) we have A(n + 1). Hence, according to the ex-
ternal recurrence principle, the lemma 2.8 is proved. [

Let us return to the proof of theorem 2.1
Define for Z = {x1, xs, ..., x5} C [0,1], the formula:

Q

,,,,,,

Iz
B(Z)="3 (—) such that :V*'m € N* G (Z, (
i=1,2,..8

Q[ w
~—
i

3
~
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1
P Sln—Z <2 =12
where G | Z, <é> ,m| =< € Q ] m is in-
i=1,2,..,5 Q| < —

ternal.
Consider the set

L={neN:n<|S| &Vse{l,..n} VZ ={z1,29,....,05} CS : B(Z)}.
(2.25)
where S is the set that has been constructed in the lemma 2.6 .Then

neN:n<|S| &Vs e {l,.,n} VZ ={x1,29,...,25} C S,

L= 3(5) Vitm e N*G | Z, <5> .m
Q i=1,2,...,s Q i=1,2,...,s

..........

According to lemma 2.8, L DO (N*)?. If L is internal then, according to
the Cauchy principle, it must contain (N*)? strictly and therefore there is
an integer w = +o0o and w € L. If L is external then by the idealization
principle (I) we can write L as follows:

neN:n<|S| &Vs e {l,.,n} VZ ={x1,29,...,25} C S,

- P, P,
ystiini N 3 (—) Yme MG | Z, (—) . m
Q 1=1,2 S 1=1,2 s

,,,,,,,,,,,,

where M belongs to the set of finite parts of N*. Therefore, L is an halo ([4],
6]). Of the fact that (N*)? C L and no halo is a galaxy (Fehrele principle),
then (N*)7 g L. Hence it exists an integer w = +o00 and w € L.

Consequently in the two cases (L internal or external ) we finds that it
exists an integer w = +o00 and w € L, this signifies that w < |S|.

By lemma 2.3, there is a finite part F' C [0, 1] containing all standard
elements of [0,1] such that |F| = ' = +o00 and ' < w. Then FF'NS is
a finite part of S containing all standard elements of [0, 1] with [FF'N S| <
|F| =W < w. Put FNS = {xy,29,...,2,,}. Then 3 (%) such

i=1,2,...,n0
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P,

that : T Q =€ It follows that if z € R is a standard
cQ=0:i=1,2,... 1
b , : :
then = — F(x) = Ql +e¢ where iy € {1,2,...,n9} since z — E () is a
standard of [0, 1]. Hence
P P
v = E@+—2+ecp = —+¢e¢
{+ - poeGee - G

where () = 0. Thus the proof is complete.

3 Deduction of the classical equivalent of the
main result

The theorem 2.1. can be written as follows

Ve {(V*'r (0<e<r)) = g V'Vt (| gz ||<eqt & eqg<t)}

where e, r € R*", ¢ € N, z € R and t € R*". By using the idealization
principle (I), the last formula is equivalent to

ve{(V'r (0<e<r)) = V'"'"XJgV(z,t)€X (|qu|<eqt&eqg<t)}

where X belongs to the set of finite parts of R x R**. This last formula is
equivalent to

VeI eIt L0 <e <7r) = FqV(z,t) € X (|| gz ||< eqt & eq < t)}.

Again, by using the idealization principle (I), the last formula is equivalent
to

et finiy 3tfini Ry Ire R {(0<e<r)=3qV(z,t) € X (|qz|<eqt &eq<t)}.
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where R belongs to the set of finite parts of R**. By the transfer principle
(T), this last formula is equivalent to

VX M RYeIr e R {(0<e<r)= gV (2, t) € X (|| gz ||<eqt & eq<t)}.

This last formula is exactly the main theorem announced in the abstract.
Indeed, if X = {(x1, t1), (22, t2), ..., (T, t,)} is a finite part of R x R**,
then there exist a finite part R of R** such that for all € > 0 there exists

r € R such that if 0 < ¢ < r then there exist rational numbers (&)
4/ i=12,..n

77777

such that:

Di

T, — — Sgt
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