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ORBITAL STABILITY VIA THE ENERGY-MOMENTUM
METHOD: THE CASE OF HIGHER DIMENSIONAL SYMMETRY
GROUPS

STEPHAN DE BIEVRE!:2 AND SIMONA ROTA NODARI3

ABSTRACT. We consider the orbital stability of the relative equilibria of Hamil-
tonian dynamical systems on Banach spaces, in the presence of a multi-dimen-
sional invariance group for the dynamics. We present a generalization of the
Vakhitov-Kolokolov slope condition to this higher dimensional setting, and
show how it allows to prove the local coercivity of the Lyapunov function, which
in turn implies orbital stability. The method is applied to study the orbital
stability of the plane waves of a system of two coupled nonlinear Schrodinger
equations. We provide a comparison of our approach to the one by Grillakis-
Shatah-Strauss.

1. INTRODUCTION

The Vakhitov-Kolokolov slope condition [12, 26, 28] is an often used ingredient in
the proof of orbital stability of relative equilibria via the energy-momentum method
for Hamiltonian systems with a one-dimensional symmetry group. For example, it
has been applied in the proofs of stability of stationary or traveling waves of a variety
of nonlinear partial differential equations ([4, 5, 9, 10, 11, 14, 26, 29] and references
therein). It is our goal in this paper to present a natural generalization of this
condition to the case where the Hamiltonian system admits a higher dimensional
invariance group and to show how to obtain orbital stability from it.

The overall strategy underlying the energy-momentum method is well under-
stood. Simply stated, it is a generalization of the standard Lyapunov method for
proving the stability of fixed points to Hamiltonian systems having a Lie symmetry
group G . Indeed, relative equilibria can be seen as fixed points “modulo sym-
metry”: they are fixed points of the dynamics induced on the space obtained by
quotienting the phase space by the action of an appropriate subgroup of the invari-
ance group. For finite dimensional systems, the theory goes back to the nineteenth
century. It is concisely explained in [3, 16], in the modern language of Hamiltonian
systems with symmetry, through the use of the properties of the momentum map,
notably. This theory first of all gives a simple geometric characterization of all
relative equilibria. It also naturally provides a candidate Lyapunov function as well
as subgroup of G with respect to which the relative equilibria can be hoped to be
relatively stable. More recent developments in the finite dimensional setting can be
found in [18, 19, 21, 22, 25].

When the Hamiltonian system is infinite dimensional, such as is the case for
nonlinear Hamiltonian PDE’s; the general philosophy of the energy-momentum
method remains the same, but many technical complications arise, as expected.
In [12] and [26], the theory is worked out in a Hilbert space setting, and when the
symmetry group G is a one-dimensional Lie group. More recently, in [7], a version
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2 S. DE BIEVRE AND S. ROTA NODARI

of the energy-momentum method has been presented for Hamiltonian dynamical
systems on a Banach space E having as invariance group a Lie group G of arbitrary
finite dimension. What is shown there is that the proof of orbital stability can be
reduced to a “local coercivity estimate” on an appropriately constructed Lyapunov
function £. It is shown in [7] that, in the above infinite dimensional setting, the
construction of the latter follows naturally from the Hamiltonian structure and basic
properties of the momentum map, in complete analogy with the finite dimensional
situation. In specific models, it then remains to show the appropriate coercivity
estimate on L.

When the invariance group G of the system is one-dimensional, one way to obtain
such an estimate is via the aforementioned Vakhitov-Kolokolov slope condition. Our
main result here is a generalization of this condition to situations with a higher
dimensional invariance group G, and the proof that it implies the desired coercivity
of the Lyapunov function (Theorem 3.1 and Theorem 6.3). Using this property,
orbital stability can then be obtained using the techniques described in [7].

The energy-momentum method has previously been adapted to the case of higher
symmetry groups in [13], and a generalization of the Vakhitov-Kolokolov slope con-
dition was given there as well. A detailed analysis of the differences between our
work here and the approach of [13] will be given in Section 8.

The rest of this paper is organized as follows. The elements of [7] needed here
are summarized in Section 2. In Section 3, we state our main result (Theorem 3.1)
in the simplest setting, when the phase space of the system is a Hilbert space. Some
preliminary lemmas are proven in Section 4 and the proof of Theorem 3.1 is given
in Section 5. In Section 6, we generalize our result to the Banach space setting, see
Theorem 6.3. In Section 7, we use our approach to study the stability of the plane
waves of a class of coupled nonlinear Schrédinger equations on the circle used to
model Bose-Einstein condensate, birefringence in nonlinear optics, and freak ocean
waves. In Section 8, finally, we compare our method and results to those of [13].

Acknowledgments. This work was supported in part by the Labex CEMPI
(ANR-11-LABX-0007-01) and by FEDER (PIA-LABEX-CEMPI 42527). The au-
thors are grateful to M. Conforti, Prof. F. Genoud, Prof. S. Mehdi, Prof S. Trillo
and Prof. G. Tuynman for helpful discussions on the subject matter of this paper.

2. THE ENERGY-MOMENTUM METHOD

To make this paper self-contained and to fix our notation, we summarize in this
section the energy-momentum method as described in [7]. We refer there for more
details and for examples of the structures introduced here.

2.1. Hamiltonian systems with symmetry. Let F be a Banach space, D a
domain in E (i.e. a dense subset of F) and J a symplector, that is an injective
continuous linear map J : E — E* such that (Ju)(v) = —(Jv)(u). We will refer to
(E,D,J) as a symplectic Banach triple. Next, let H : E — R be differentiable on
D C E. In other words, H is globally defined on E, and differentiable at each point
u € D. We say that the function H has a J-compatible derivative if, for all u € D,
D,H € Ry, where Ry is the range of 7. In that case we write H € Dif(D, J).

We define a Hamiltonian flow for H € Dif(D, J) as a separately continuous map
& . R x E — E with the following properties:

(i) For all t,s € R, @g_s = o0l @l =14d;
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(ii) For all t € R, ®/1(D) = D;
(iii) For all u € D, the curve t € R — u(t) := ®(u) € D C E is differentiable
and is the unique solution of

Ju(t) = Dy H, u(0) =u. (2.1)

We refer to (2.1) as the Hamiltonian differential equation associated to H and
to its solutions as Hamiltonian flow lines.

Next, let G be a Lie group, g the Lie algebra of G and ® : (g,2) € G X E —
®,(x) € E, an action of G on E. In what follows we will suppose all Lie groups are
connected. We will say @ is a globally Hamiltonian action if the following conditions
are satisfied:

(i) For all g € G, ®, € C'(E, E) is symplectic.
(ii) For all g € G, ®4(D) =D.
(iii) For all £ € g, there exists Fr € C'(E,R) NDif(D, J) such that @y re) =

@fs, and the map § — F¢ is linear.

Here and in what follows, we say ¥ € C°(E, E) N CY(D, E) is a symplectic trans-
formation if

Yu € D,Vo,w € E,(TDy¥(0))(Dy¥(w)) = (Jv)(w). (2.2)

Note that, in the above definition of globally Hamiltonian action, ¥ = &, €
CL(E, E). For further reference, we introduce, for all u € D and for all £ € g,

d
X&(“) = Eq)exp(ﬁt) (U)\t:0~ (2.3)
It follows from the preceding definitions that
Xe(u) =T D, F. (2.4)

We will always suppose G is a matrix group, in fact, a subgroup of GL(RY). We
can then think of the Lie algebra g as a sub-algebra of M(N,R) and define the
adjoint action of G on g via
Adgé = g€g™,

where in the right hand side we have a product of matrices. We will write m =
dimg = dimg*, where g* designates the vector space dual of the Lie algebra g. For
details, we refer to Appendix A.2 of [7]. Note that, for each u € F fixed, one can
think of £ € g — F¢(u) € R as an element of g*. Hence, if we identify (as we always
will) g and g* with R™ and view F as a map F : E — R™ ~ g* we can write

Fe=¢-F,

where - refers to the canonical inner product on R™. The map F is called the
momentum map of the symplectic group action and, in what follows, we will suppose
that F' is Ad"-equivariant which means that for all g € G, for all £ € g

Ff @] (I)g = FAdgflfv
or equivalently, F o ®, = AdF. Here Ad" is the co-adjoint action of G on g*.
Now, for all u € g*, we define the isotropy group or stabilizer of u as
Gu={g9€G|Adjp=p}
gy 1s the Lie algebra of G, and g, its dual. Finally, for all p € g* ~ R™, let
S, = {ue B | F(u) = ).
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We will say p is a regular value of F if 3, # ¢ and if, for all uw € X,, D,F' is
surjective (maximal rank). Then ¥, is a codimension m sub-manifold of E' and the
tangent space to ¥, at u € ¥, is given by

T,%, = KerD,F. (2.5)

Finally, since the momentum map is Ad*-equivariant, it is easy to see G, = Gy,
where Gy, is the subgroup of G leaving X, invariant.

Below, G’ will be an invariance group of H, in the sense that H o ®, = H, for
all g € G. This implies G is an invariance group for the dynamics generated by
H, meaning that for all g € G,t € R, &, 0 /1 = &/ 0 &, (See Theorem 2.1 (i)
below). N&ther’s Theorem then implies that the components F; of the moment
map are constants of the motion (See Theorem 2.1 (ii)) and hence that, for any
p € R™ ~ g* the level set ¥, is invariant under the dynamics ®. We refer to
Sections 7 and 8.4 for examples; see also [7].

2.2. Relative equilibria and orbital stability. We now recall the definition of a
relative equilibrium. Let G be an invariance group for the dynamics ®, as above,
and let G be a subgroup of G. Let u € E and let Of = ®5(u) be the G-orbit of w.
We say u is a relative G-equilibrium of the dynamics if, for all ¢ € R, dH(u) € Of .
In other words, if the dynamical trajectory through w lies in the group orbit Of .
The goal is to investigate under which circumstances these relative equilibria are
orbitally stable. Recall that a relative G-equilibrium w € F is orbitally stable if

¥e>0,30>0,Vv € B, (d(v,u) <6 =VteR, d(u(t),08) < 5) ,

with v(t) the solution of the Hamiltonian equation of motion with initial condition
v(0) = v. Note that the definitions of relative equilibrium and of orbital stability
are increasingly restrictive as the subgroup G is taken smaller. Sharper statements
are therefore obtained by choosing smaller subgroups G.

It turns out that, if H is G invariant and the action of G is Ad*-equivariant,
then u is a G-relative equilibrium if and only if u is a G -relative equilibrium,
where 1 = F(u) (See Theorem 7.1 in [7]). This observation, familiar from the finite
dimensional theory (See for instance [3, 16]), explains why it is natural to try to
prove G ,-orbital stability. This is the approach we shall adopt here. It differs from
the one in [13], where orbital stability is studied with respect to an a priori different
subgroup, as we will explain in detail in Section 8. We will also show there that in
many situations of interest, the two subgroups actually coincide.

We will write

Ou = (I)GM (U); (26)
where p = F(u). And
T,0. = {Xe(u) | € € g,} € E. (2.7)

To understand what follows, it is helpful to keep in mind that in practice, the
action of the invariance group G is well known explicitly, and typically linear and
isometric. Whereas the dynamical flow ® is a complex object one tries to better
understand using the invariance properties of H.

We now collect some results from [7] which give a characterization of the relative
equilibria of Hamiltonian systems with symmetry and which also yield the candidate
Lyapunov function that can be used to study their stability.
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Theorem 2.1. Let (E,D,J) be a symplectic Banach triple. Let H € C*(E,R) N
Dif(D, J) and suppose H has a Hamiltonian flow ®H . Let furthermore G be a Lie
group, and ® a globally Hamiltonian action on E with Ad*-equivariant momentum
map F. Suppose that,

VgeG, Hod,=H. (2.8)

(i) Then G is an invariance group for ®I.

(ii) For allt e R, Fo® = F.
(11t) u is a relative G-equilibrium if and only if u is a relative G, -equilibrium.
(iv) Let w € D C E. If there exists £ € g so that

D H —&-D,F =0, (2.9)

then u is a relative G -equilibrium. Let p = F(u) € R™ ~ g*; if p is a
regular value of F', then w is a critical point of H,, on X,,, where H,, = le“-

We will refer to relative equilibria u for which D, F is of maximal rank, as regular
relative equilibria. This is the case when p is a regular value of F. Equation (2.9)
is referred to as the stationary equation in the PDE literature. The theorem states
that its solutions determine relative G- and hence relative G,-equilibria.

We now turn to the stability analysis of those relative equilibria. Suppose we
are given £ € g and wug, solution of (2.9). We first note that the fact that we is
a critical point of the restriction H,, of the Hamiltonian H to ¥, (ue = F'(ue))
is an immediate consequence of the observation that u, is a critical point of the
Lagrange function

Le=H-¢-F:E—R (2.10)

The goal is now to prove that these relative equilibria are orbitally stable. As
pointed out in [7], the basic idea underlying the energy-momentum method is that,
modulo technical problems, a relative equilibrium is expected to be stable if it
is not only a critical point but actually a local minimum of H,. To establish
such a result, it is natural to use the second variation of the Lagrange multiplier
theory and to establish that the Hessian of L is positive definite when restricted
to Ty Xy N1y, Oi-s. The precise statement is given in Proposition 2.2 below.
Let (-, -) be a scalar product on E, which is continuous in the sense that

Vo,we B, (v, w)] <|v]|gllw] s,

where || - ||z is our notation for the Banach norm on E. Note that E is not nec-
essarily a Hilbert space for this inner product, and even if F is in fact a Hilbert
space, the inner product (-,-) is not necessarily the Hilbert space inner product.
As an example, if £ = H'(R%,C) and depending on the problem considered, one
may want to use either the L? inner product or the H' inner product. A similar
situation occurs for the system of coupled nonlinear Schrédinger equations treated
in Section 7. One then has:

Proposition 2.2. Let E be a Banach space and {-,-) be a continuous scalar product
on E, D a domain in E and J a symplector. Let H € C*(E,R)NDif(D,J). Let G
be a Lie group, and ® a globally Hamiltonian G-action on E with Ad"-equivariant
momentum map F. Suppose that H o ®, = H for all g € G and that

(i) @, is linear and preserves both the structure (-,-) and the norm | - ||g for
all g € G.
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Let € € g and suppose ug € D satisfies (2.9), i.e. Dy Le =0, with Le = H—& - F.
Let pe = F(ug) € R™ ~ g* and suppose ue is a regular value of F. Suppose in
addition that

(i) Ad, € O(m) for all g € G, .

(iii) Vi =1,...,m,

IV Fj(ue) € E such that Dy Fj(w) = (VF;(ug), w) Yw € E; (2.11)

(v) There exists C' > 0 so that

Yw € B, D Le(w,w) < Cllwlg;

(v) There exists ¢ > 0 so that

Vi € Ty Sy 1 (Tug Ouy, &, D2 Le(w,0) 2 el (2.12)
where
(Tug(’)uﬁ)l ={z€E|{(z,y)=0,YVy € Ty, Oy, }. (2.13)
Then there exist € > 0, ¢ > 0 so that

Vu € Oy, Vu' € By, d(u,u’) <e= H(u') — H(u) > cd?(u/, Ou,, ). (2.14)

This result constitutes a slight generalization of Proposition 5 in [7]. In fact, if
G, is commutative, the latter result applies immediately. We will give the proof
of Proposition 2.2 in the next subsection. The basic message of this result is the
following. If G is an invariance group for H that has a globally Hamiltonian action
on E and if ug¢ satisfies the stationary equation D, L¢ = 0 for some £ € g, then,
modulo the technical conditions (i)-(iv), the coercive estimate (2.12) on the Hessian
of L¢ implies that the restriction of the Hamiltonian H to the constraint surface
¥, attains a local minimum on the G -orbit O,,. As explained in Section 8
of [7], modulo some further technical conditions, (2.14) allows one to show that u,
is G, -orbitally stable. (See in particular Theorem 10 and Theorem 11 in [7]).

The difficulty in proving (2.12) comes from the fact that, in general, the bilinear
symmetric form Dis L¢ is not positive on E, but has instead a non-trivial negative
cone

C_={veE| Digﬁg(v,v) < 0}.
The estimate (2.12) implies that 77, %, does not intersect C_. To prove this, we
shall show that there exists a maximally negative subspace of E for Dig L¢ which
is D}, Le-orthogonal to Ty, Yy, .

The goal of this paper is to give a condition (see Theorem 3.1 (iv) and Theo-
rem 6.3 (iv)), which is a generalization to the Vakhitov-Kolokolov slope condition,
that implies the coercivity estimate (2.12). This condition is in general easier to
verify than the coercivity estimate itself and allows one to prove the orbital stability
of relative equilibria of general Hamiltonian system. As an example of this method
we study in Section 7 the stability of the plane waves of a system of two coupled
nonlinear Schrodinger equations.

2.3. Proof of Proposition 2.2. The general strategy of the proof is identical to
the one of Proposition 5 in [7]. First, we need some simple preliminary results.

Lemma 2.3. Suppose the hypotheses of Proposition 2.2 hold. Then Yu € O, for
all g € Gy, we have
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(a) ®y(Tu0u) = T,0u, @y ((T.0u)") = (1,0u) ",

(b) g(TuXye) =ToXpe, Py ((Tuzus)L) = (Tvzus)L’
where v = Oy (u). In addition, defining W, = span{V,;F(u) | j =1...m}, we have

Wgo =T.5, and E=T,5, ®W,.
Proof. (a), respectively (b), follows from the observation that ®,(0,,) = O,
respectively ®,(2,,) = X, and the fact that ®, preserves the inner product (-, ).

That W, = T,%,, follows from the definitions and the second statement is easily
verified. 0

Proof. (of Proposition 2.2) We start with some preliminaries. It follows from
Lemma 6 in [7] that there exists R > 0 so that, for all u’ € E for which d(u/, 0y, ) <

R, there exists v' € Oy, so that v’ —v" € (TurOug)L. Now, let g € G, so that
®,(v') = u¢ and define v’ = ®4(u'). Then by the previous lemma, u” — ue €

(Tug Oug)J‘. Hence we can write
u' —ug = (u” —ug) + (v — ug)a,
where (u” —ug)r € Ty X, N (Tuﬁ(’)uﬁ)l and (u” — ug)2 € Wy,. Since u”,ue € ¥,
one has
0= F(u") = F(ug) = Dy F((u" — ug)2) + O(||u" — ugl[).

As D, F' is of maximal rank, it has no kernel in W, , and we can conclude there
exists ¢y so that

(" = ug)allp < O(l|u" — ugllg)-
Hence, provided ||u” — ug|| is small enough,

1" —uehillp = Cllu” — el p-

We can then conclude the proof as follows. Let € > 0 be small enough so that the
previous inequalities hold. Then compute

Le(u') — Le(ug) = Le(u”) — Le(ue)

1
= DucLe(u” —ug) + 505 Le(u” — ug, u” — ug)

+o([lu” — uell%)
1
= 5DuLe((u” = ue)y, (u = ug)t) + O([[u” - uel)
+o([Ju” — uell)

1
3 D Le((u” = ue)r, (u” —ugh) + o(||u” — uel%)

v

c
I’ = ue) || %+ olllu” — ugl|%)
> ¢l - u§H2E > 5d2(u”,(9u€) = &d?(u/, Oue)-

Note that, in the first equality above, we used the observation that, for all g € G,
for all u’ € X, one has

Le(Pg(u)) = Le(u).
This follows from the G-invariance of H and from the fact that

§-F(®y(u) =& pg =& F(u)
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since both ®,(u') and u’ belong to X, . O

3. MAIN RESULT: THE HILBERT SPACE SETTING

In this section, we state our main result in the setting where F is a Hilbert
space (Theorem 3.1). This makes for a simpler statement and proof than in the
more general Banach space setting (See Section 6), and allows one to understand
the philosophy of the result more easily. We point out that the result we obtain
in Theorem 3.1 is of interest also in finite dimensional problems (dimFE < 4o0).
Indeed, the usual orbital stability results in the literature on finite dimensional
Hamiltonian dynamical systems reduce the proof to the coercivity estimate (2.12),
which is generally not easy to check directly.

Let (E, D, J) be a symplectic Banach triple and suppose moreover that (E, (-, -))
is a Hilbert space. Here, we will use the norm associated to the scalar product
I-|| = +/{(,") as Banach norm and we drop the subscript F in the notation.

Let H € C?(E,R)NDif(D, J). Let G be a Lie group, and ® a globally Hamilton-
ian action on £ with Ad*-equivariant momentum map F'. Suppose that Ho®, = H
for all g € G.

Let Q be an open set in g ~ R™ and define the following objects

w:QCg—FE
(3.1)
5 — Ug
and .
F:QCg—g-~R™
g9 (3.2)
& F(ug)
with u¢ a family of solutions to the stationary equation:
Dy H—-¢§ D, F =0. (3.3)

As recalled in section 2, if ug is a solution to (3.3), then u¢ is G ,-relative equilibrium
with 4 = pe = F(ug). Suppose that each pi¢ is a regular value of F and @ € C1(Q C
9, F).

So our starting point is equation (3.3), which in PDE applications is often an
elliptic partial differential equation and we suppose we have an m-parameter family
of solutions, indexed by £. One of the major difficulties to apply the theory is of
course to find such families of solutions.

Next, consider the Lyapunov function £¢ defined by (2.10) and remark that each
ug solution to (3.3) is a critical point of L£¢. Moreover, define for all { € Q C g, the
map

W:Qcg—R
(3.4)
§ = W(E) = Le(ug).

Note that .

W(E) = H(ug) — & F(E).
For each £ € Q, the Hessian DEW of W is a bilinear form on R". Hence, we can
consider the following decomposition

R™ =W_® Wy ® Wy,

where Wy is the kernel of DEW and where DEW is positive (negative) definite
on Wy (W_). Let do(DEW), p(DEW),n(DZW) be the dimensions of these spaces.
Note that the decomposition is not unique, but the respective dimensions are. In
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other words, W4 are maximal positive/negative definite spaces for W. Also, in
order not to burden the notation, we have not made the £-dependence of the spaces
Wo, W4 explicit. Recall that, given a symmetric bilinear form B on a Banach space
E, a subspace X of FE is said to be a positive (negative) definite subspace for B
on E if B, . is positive (negative) definite. A subspace is maximally positive
(negative) definite if it is positive (negative) definite and it is not contained in any
other positive (negative) definite subspace.

Similarly, the Hessian D2L¢ of L¢ is a symmetric bilinear form on E. For each
ug solution to (3.3), we define as usual the Morse index n(Dig Le) of ug € E for L
as the dimension of a maximally negative definite subspace for D? . Lein E.

Finally, since E is a Hilbert space, we can define for each u € E a bounded
self-adjoint operator V?L¢(u) by

(v, V2Le(uyw) = D2Le (v,w). (3.5)
As a consequence, we can consider the spectral decomposition of E for VZLe (ug)
E=FE_©OFE ®E, (3.6)

with Ey = KerV?L¢(ug) = KerDj, L¢, and Ex the positive and negative spectral
subspaces of V2L¢(u). Clearly E. are maximally positive/negative subspaces for
Vis L¢ so that n(Dis L¢) =dim E_. We can now state our main result.

Theorem 3.1. Under the previous hypotheses, let £ € ) and suppose
(i) DZW is non-degenerate,
(ZZ) KerDigﬁg - Tugougy
(i4i) inf(o(V2Le(ue)) N (0, +00)) >0,
(iv) p(D?W) = ”(Digﬁf)-
Then there exists § > 0 such that
W0 € Ty Spe N (TueOue) ™ D2Le(v,0) > 80 (3.7)

Since (3.7) is the same as (2.12), it follows that we is orbitally stable. It is
the fourth condition of the above theorem that generalizes the Vakhitov-Kolokolov
slope condition, as we now explain. Suppose the group G is 1-dimensional, so that
m = 1. Then W is a scalar function of £ € R ~ g. We will see below (See (4.12))
that

W(€) = —F'(€).
Hence the proof of orbital stablity for wg reduces to verifying that the spectral
conditions on Vgﬁg are satisfied and notably that dimE_ = 1, and that

F'(€) < 0. (3.8)

This is the Vakhitov-Kolokov slope condition. In applications to the Schrodinger
1

equation, where F'(u) = 3|jul|?, it says that the norm of u¢ decreases as a function
of & In the case m = 1, the above result is proven in [12] (Corollary 3.3.1) and
in [26] (Proposition 5.2).

The setup of the Hamiltonian dynamics with higher dimensional symmetry on
a Hilbert space we used in this section is similar to the one proposed in [13] where
the decomposition (3.6) of the bounded self-adjoint operator Vigﬁi as well as
condition (iii) of Theorem 3.1 are also used to obtain a coercivity result of the

type (3.7). Nevertheless, in [13] a different constraint surface and orbit are used:
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for a complete comparison between Theorem 3.1 and the coercivity results of [13],
we refer to Section 8 below.

We finally note that, when F is infinite dimensional, and the equation under
study a PDE, the Banach space formulation of Section 6 is often more convenient
than the Hilbert space formulation proposed here. Indeed, the operator V2£§
introduced in Theorem 3.1 is not a partial differentiable operator (it is bounded)
making the analysis of its spectrum generally less convenient than for the operator
V2L¢ in Theorem 6.4, which in applications is a self-adjoint partial differential
operator.

4. USEFUL LEMMAS

The following lemmas collect some basic properties of the objects introduced
above, that are essential in the further analysis of the Hessian of the Lyapunov
function. We define, for £ € Q,

U = {n-Veug € E|neR™}, (4.1)
where we used the notation
1 - Veug := Det(n). (4.2)

Lemma 4.1. Let E be a Banach space, Q an open set in g. Leta € C1 (2 C g, E).
Let € € Q and consider the following statements:

(1) F is a local diffeomorphism;

(2) Det is injective.

(3) Us N KerD,, F = {0}.

(4) There is a neighbourhood of ue where the moment map F is regular (i.e.

Dy F has mazimal rank).
(5)
Us © KerD, F = E; (4.3)

Then (1) < ((2) and (3)) < ((4) and (5)).

Note that the lemma does not use the fact that the ug are solutions to the
stationary equation: 4 takes values in F, without further condition. The lemma
therefore strings together some useful facts on compositions of maps.

It is easy to see that, whenever u¢ is a solution to (3.3) for every { € Q, the map
% is injective provided the u¢ are regular relative equilibria. Indeed, if ue, = ug,
are both solutions of (3.3), then

(61— &2) - Dy F =0.
Hence, if the u¢ are regular relative equilibria, one has {; = &;. It is natural in that
context to assume it is in fact an immersion, meaning that its derivative is injective,

as in condition (2) of Lemma 4.1. One can then think of @(2) as an m-parameter
surface in E.

Proof. First note that, for all n;,ns € g,

De(nz - F)(m) = Dug(n2 - F)(m - Veue). (4.4)
(1) = ((2)and (3)) Let 11 € g and suppose 11 - Veue = 0. It follows from the
above that DfF (m) = 0. But since F'is a local diffeomorphism at &, this implies
1 = 0. Hence D¢ is injectif, which shows (2). To show (3), let 71 € g and suppose
m - Veug € KerD,,. F. Then, by definition, Dy, (12 F)(n1 - Veue) = 0 for all 9o € g.
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It follows from the previous equation that 7; € Keerﬁ so that, by (1), n = 0.
This proves (3).

((2)and (3)) = (1) Let 71 € KerD¢F. Then according to the above equality,
m - Veug € KerDy F'. So, by (3), m - Veug = 0 and by (2), n1 = 0. This proves
DEF is injectif, hence surjectif, which proves (1).

((2) and (3)) = ((4) and (5)) According to (3), the map

Dy F:Us — g" ~R™

is injective. But since by (2), D¢@ is injectif, the dimension of Ue is m. Hence
this map is a bijection. The rank of D, F is therefore maximal. By continuity
of D, F in u, this remains true in a neighhourhood of we, which proves (4). It
follows from (4) that locally, ¥, is a co-dimension m submanifold of E. Since, by
definition, T, ¥, = KerD, F, we know from (3) that U N Ty, %,, = {0}. Since,
by (2), the dimension of U is m, (5) follows.

((4) and (5)) = ((2)and (3)). This is obvious and concludes the proof of the
lemma. (|

We introduce
Ge = {9 € G| Ady =€}, (4.5)
which is the subgroup of G for which ¢ is a fixed point under the adjoint action.
We will write g¢ for its Lie-algebra. We furthermore need

Ze ={Xy(ue) [mege} C E (4.6)
where X, (u¢) is defined in (2.3).

Lemma 4.2. Let E be a Banach space, Q0 an open set in g, and @ defined by (3.1)
and satisfying (3.3). Suppose i € CY(Q C g,E). Let H € C*(E,R). Let G be
a Lie group, and ® a globally Hamiltonian G-action on E with Ad*-equivariant
momentum map F. Suppose that H o @, = H for all g € G. Let £ € Q Then, one
has:

(1) For allm € R™,

n € Wy =Ker DW & n € KerDeF < 1+ Veue € Ker D, F. (4.7)
In particular, DgW is non-degenerate if and only zfﬁ is a local diffeomor-
phism at & .
(2) For all y1,m2 € R™,
D3 Le(m - Veug,nz - Veug) = —DgW (1, 1o). (4.8)
3) For allv € Ker D, F, for alln € g,
¢

Digﬁ(n - Veug,v) = 0. (4.9)

(4) TuOu is a subspace of the kernel of (Digﬁg | Ker Dy F), which is the
restriction of Dgﬁ Le to Ker Dy, F' x Ker D, F' .
(5) Zg C Ker(Disﬁg) C Ker (DugF)

Note that, combining (4.7) with Lemma 4.1, we can conclude that the directions
n-Veuge form a complementary subspace to Ker Dy, F' when D2W is non-degenerate.
Hence, if in addition wu¢ is a regular relative equilibrium, the subspace Ug is com-
plementary to the tangent space T3, .
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Expression (4.8) is of interest since it identifies part of the Hessian of the Lya-
punov function L¢ in terms of the Hessian of the function W. More precisely,
it is useful to determine a subspace of negative directions of D? 5[',5. Indeed, if

ny = p(D?W) and if {n1,...,m,, } is a family of linearly independent elements
of R™ such that span{7ni,...,m,, } is a positive definite subspace for DgW, then
span{n - Veue,...,Mn, - Veue} is a negative definite subspace for Digﬁg. As a
consequence, the dimension of a maximally negative definite subspace for D? . Le in
E is at least p(D?W):
n(Dj Le) = p(DEW).

Expression (4.9) turns out to be crucial in what follows: it expresses the fact

that Ue = {n - Veue | n € R™} is D; Le-orthogonal to Ker D, F.

Proof. First of all, note that, since ug is a solution to the stationary equation (3.3)
for all &' € Q, for all n € R™

DeW(n) = —n - F(ug). (4.10)
Then a straightforward calculation gives, for all 7,7, € R™,
DZW (11,m2) = —Duyem - F(nz - Veug). (4.11)
In other words,
DIW = —D.F. (4.12)

Note that, as Fisa map from R™ ~ g to R™ ~ g*, Dgﬁ is linear from R™ = g to
R™ = g*. It therefore naturally defines a bilinear map on R™ ~ g. In our notation
here, we identify g with g* using an Euclidean structure, but even without the
latter, the above is natural.

The first statement of (4.7) is now obvious and for the second, note that n-Veue €
Ker Dy, F' if and only if, for all n’ € R™, Dy, n" - F(n - Veue) = 0, which yields the
conclusion, thanks to (4.4) and (4.11).

To obtain (4.8), it is sufficient to take the derivative of the stationary equation
with respect to £ € g and to use (4.11). More precisely, by taking the derivative of
(3.3) with respect to £ in the direction 7, we obtain for all n € g,

D Le(n - Veug) = Dy - F € E™. (4.13)
Hence, using (4.11),
D3 Le(m - Veug,nz - Veug) = Dugin - F(nz - Veug) = —DEW (1, m2).

Next, (4.9) follows directly from (4.13). Indeed, for all v € Ker D, F' and for all
neEg, Digﬁg(?’] -Veug,v) = Dy,n - F(v) = 0.
From F = (Fo®,-1)o®, and H = H o ®, one finds, for all uw € E, g € G,

DyF = (Da,uy(F 0 ®,1)) Dyd,, DyH = Dg_() HD,®,.
Hence, by (3.3),
—1
Day(ue)H =&+ Duc I (Du&q)g) = Do, (ue)(§ - F o Py-1)
:D‘Pg(ug)(Adgg : F)

and therefore
Dy, ey (H =& F) = Dg, (ue)((Adg§ = §) - F).



ORBITAL STABILITY VIA THE ENERGY-MOMENTUM METHOD 13

Now let n € g, consider g = exp(tn) and take the derivative at ¢ = 0 in the previous
relation. One finds, for all v € E,

Dy (H — & F)(Xy(ug),v) = Dy [0, €] - F(o). (4.14)
Taking v € Ker D, F, the right hand side above vanishes for any n € g, and one
finds (4) follows.

To prove (5), note that, taking n € g¢ so that [,£] = 0, we see that Z, C
Ker D?L&Eg. Finally, let v € E, then (4.13) yields, for all n € g

Disﬁg(n -Veug,v) =0 - Dy F(v).
Hence, if v € Ker (D, L¢), it follows that v € Ker (D, F). O

Finally, we state some properties of symmetric bilinear forms and their associated
quadratic forms in the form of a short lemma. In what follows, if B is a bilinear
form on some vectorspace E, and Y is a subspace of F, then we write (B | Y) for
the restriction of B to ) x ).

Lemma 4.3. Let E be a vector space and B a symmetric bilinear form on E.
(i) Let X_ be a mazimally negative definite subspace for B in E. Suppose
Y C E is a subspace of E with the property that X_ N'Y = {0} and such
that B(X_,Y) =0. Then Y is a positive subspace for B.
(i) Let Y1,V be two subspaces of Y, such that B(Y1,Y2) = 0. Then

Ker (B | Y1+ Y2) =Ker (B | )1) + Ker (B | )s). (4.15)

(i1i) Let Y be a positive subspace for B. Suppose u € Y satisfies B(u,u) = 0.
Then u € Ker(B | V).

Note that the B-orthogonality of the subspaces is crucial in parts (i) and (ii).

Proof. (i) Suppose the statement is false, then there exists y € ), so that B(y,y) <
0. Clearly, y # 0 and hence, by assumption, y ¢ X_. Now consider Z =
vect{y, X_}. Let 0 # z € Z. Then, there exist A € R and z_ € X_, not both
zero, so that z = Ay 4+ z_. It follows from the B orthogonality of X_ and ) that

B(z,2) = N*B(y,y) + B(z—,2-) < 0.
Hence B is negative definite on Z. Since dimX_ C Z this is a contradiction.
(ii) Immediate.
(iii) One has, for all v € Y, and for all A € R,
0 < B(Au+ v, Au+v) = 2AB(u,v) + B(v,v).
If B(u,v) # 0, this is a contradiction. O

5. PROOF OF THEOREM 3.1

Let n_ =dim E_ and {n1,...,n,_} C R™ a family of linearly independent ele-
ments of R™ such that D§W(77,77) > 0 for all n € span{ny,...,nn_}. As a conse-
quence of (4.8), X_ := span {771 “Velg, ooy Nn_ VguE} is a negative definite sub-
space for ng L¢ in E. Moreover, since dim X_ = n_, X_ is a maximally negative
definite subspace.

Next, since DEW is non-degenerate by hypothesis, Lemma 4.2 (1) implies that F
is a local diffeomorphism. Hence, thanks to Lemma 4.1, X_ NTy, %, = {0}. More-
over, thanks to (4.9), A_ and T, %, are Disﬁg—orthogonal. As a consequence,
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we can apply Lemma 4.3 (i) and conclude that 7,3, is a positive subspace for
D2 Le.

Furthermore, since by hypothesis (ii) of the theorem, Ey = Ker D? Le =Ty Oy,
it follows from Lemma 4.3 (ii) that

Yi= Tu S N (TueOuc) ™ (5.1)

is a positive definite subspace for D2 . L¢, meaning that

D2 Le(v,0) >0, W0 €Y =TSy N (TuOuc) 0 %0, (5.2)
To obtain the desired coercive bound, we now use the spectral information on
V2 L¢(ug) provided by the hypotheses of the theorem. Note first that, since V2L (ug)
is self-adjoint, Ey = (Tug Oug)L C F is an invariant subspace for VZL¢(ug): it is
the spectral subspace of V2L¢(ug) corresponding to R*.
Let VFj(u¢) € E be defined by Dy F;(v) = (VFj(ug),v), for j = 1,...,m.
Then, since p¢ is a regular value,

and dim (TugEug)L = m. Moreover, since TugOug C Ty Xy, one obtains the
following orthogonal decomposition of E :

1 1
Ed— = (Tugo%) =)Vo (Tuszﬂg) :

Note that V2L¢(ug) does not leave this decomposition invariant: we are interested
in controlling it on ). For that purpose, let P be the projection on J C Eg- and
consider the following decomposition of the restriction of the operator V2L¢(ug) to
E&)
V2Le(ug) gt =PV Le(ug)P + PV Le(ug)(Ip: — P)
+(Ipy = P)V?Le(ug) P+ (Igs — P)V?Le(ug)(Igy — P).

Since (Tug EM)J‘ is finite dimensional, the projector IEOL — P is finite rank. Hence
V2Le(ug) g = PV?Le(ug)P + K with K a compact operator and it follows that
Oess(PV?Le(ug)P) = Oess <V2£5(u§)|EOL). In particular, 0 € Gess(PVZLe (ug)P)
by hypotheses (4i7) and(iv) of Theorem 3.1.

Now, note that KerPV2L¢(ug)P = (TugEﬂg)J— C Ef-. Indeed, let u € E- be
such that PV?L¢(ug)Pu = 0. Then

2 _ 2 _
Dy, L(ug)(Pu, Pu) = (u, PV~ L¢(ug)Pu) = 0.

Since Digﬁ(ui) is strictly positive on Y (see (5.2)), it follows that Pu = 0, which

means that u € (TugZus)l.

We now consider PV?L¢ (ug) P as an operator on ). We have just shown that 0 ¢
O’(PV2EE (UE)P) — Oess (PV2£,§ (UE)P) U (o] (PV2£,§ (UE)P) and that PV2EE (UE)P
is a strictly positive operator on Y (see (5.2)). It therefore has a spectral gap:

(PV2L¢(ug)Pv,v)
veY~{0} (v,v)

J= > 0.
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Finally, for all v € Y, v # 0, one finds
D3 Le(v,v) = (V2Le(ug)v,v) = (PV?Le(ug) Po,v) > dv]?

which is the desired estimate.

6. MAIN RESULT: THE BANACH SPACE SETTING

In this section, we extend the result of Theorem 3.1 to a more general Banach
space setting that we now describe.

Let (E,| - ||g) be a Banach space and (-,-) be a scalar product on E which is
continuous in the sense that

(v, w)| < o]l 2llw]le

for all v,w € E. Let || - || be the norm associated to the scalar product (-,-) and
define by E the closure of E with respect to the || - |-norm, that is £ = Bl Note
that E is a Hilbert space and E C E. Asan example, one can think of £ = H!(R")
and (-,-) = (-,-) L2(rn) SO that E = L%(R™) in that case. This is the typical situation
for the nonlinear Schrédinger equation; we refer to [7] and Section 7 for details and
further examples.

Let (E, D, J) be a symplectic Banach triple and H, G, ® and F as in Section 3.

Let Q be an open set in g ~ R™ and @, F and W defined by (3.1), (3.2) and (3.4)
respectively. As before, for each £ € Q, ug is a solution to (3.3), ue = F(ug) is a
regular value of F and @ € C*(Q C g, E). Define p(DZW), n(DZW) and ”(Digﬁﬁ)
as in Section 3.

To associate to Dig L a self-adjoint operator on E we proceed as follow.

Lemma 6.1. Let (E,| - ||g) be a Banach space and {-,-) be a continuous scalar
product on E. Let || - || = /{--) and E = B Let Digﬁg(v,w) be defined as
above for all v,w € E. If there exist £,C > 0 such that

D Le(v,v) 2 ellollE - Cllv)? (6.1)

for allv € E, then there is a self-adjoint operator V?Le(ug) : D(V2Le(ug)) C E —
E defined by
D(V2Le(ug)) = {2z € E| 3w € E such that Diﬁﬁg(z,v) = (w,v) for all v € E},
V2Le(ug)z = w for all z € D(V?Le(ug)).

(6.2)
Moreover, D(V?L¢(ug)) is a form core for Digﬁg.

Remark 6.2. Note that
(1) E is the form domain of the operator V2L¢(ug),
(2) Since D(V?Le(ug)) is a form core for D} L¢ and condition (6.1) holds,
D(V2Le(ug)) is dense in E.

The existence and the uniqueness of the operator V2L¢(ug) is a consequence of
the First Representation theorem in Kato [15, Theorem 2.1 and 2.6 in Chapter VI].
Condition (6.1) ensures that the hypotheses of the First Representation theorem
are satisfied (see [26, Lemma 3.3]). See also [24, 27] for more details.

We can now state our main result.
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Theorem 6.3. Under the previous hypotheses, in particular those of Lemma 6.1,
suppose

(i) DZW is non-degenerate,
(ZZ) KerDigﬁg = Tugo’tlf)
(iii) inf(o(V2Le(ue)) N (0, +00)) >0,
(iv) p(DFW) = n(Dj, Le),
(v) forallu € Oy, and for all j = 1,...,m, there exists VF;(u) € D(V*Le¢(ug)) C
E such that

D,Fj(w) = (VFj(u),w), YwekE. (6.3)
Then there exists 6 > 0 such that

Y0 € Ty Sue N (TugOue) s D2 Le(v,0) > 8|lvllg (6.4)

with (T Oue)™ = {v € E|(v,w) =0 Yw € Ty Oy, }-

Let us point out that the hypotheses on the bilinear form Dig L¢ in Theorem
6.3 can be re-expressed in terms of spectral hypotheses on the unbounded self-
adjoint operator V?L¢(ug), as shown in the following lemma. This is important
in applications, since it allows one to use the tools of spectral analysis for partial
differential operators to establish those conditions.

Lemma 6.4. Under the hypotheses of Lemma 6.1, Ker V2L¢ (ug) = Ker Digﬁf.

If, in addition dim Ker V2L¢ (ug) < 400, the negative spectral subspace of V2 Le (ug)
is finite dimensional, and hypothesis (i1i) of Theorem 6.3 is satisfied then the di-

mension of the negative spectral subspace of V?Le¢(ug) in E s equal to the Morse
index n(DZgﬁg) of ug € E for L.

This lemma constitutes a slight generalization of Lemma 5.4 in [26] and its proof
follows along the same lines. We give it for completeness.

Proof. By definition Ker V2L¢(ug) = {v € D(V3Le(ue)) | V2£5(u5 Ju = 0} a
a straightforward calculation leads to Ker V2L¢(ug) = Ker D2 LeNDV V2Le(u ))
Moreover, using the definition (6.2), it easy to see that Ker D2 Eg C D(V2Le(ug)).
As a consequence, Ker V2L¢ (ug) = Ker D2££5

Now, we know that

dim Ker V?L¢ (ug) = ng < 400
inf(o(V2Le(ug)) N (0, 4+00)) >0

and we denote by 0 < n_ < 400 the dimension of the negative spectral subspace of
V2Le(ug) in E. Tt follows that there exists T' > 0 such that o(V2Le (ue))N(0,T] = .
Let P_o,0) € B (E, E) denote the orthogonal projection onto the finite dimensional
span of all the eigenvectors of V2L (ug) corresponding to the eigenvalues in (—o0, 0],
and let Q = I — P . We have that P, o(E) C D(V2L¢(ug)) and that
Qz € D(V2Le(ue)) if and only if 2 € D(V2Le¢ (ue)). Also dim P_ o ) (E) =no+n_
and (V2L¢(ug)Qz,Qz) > T||Qz|? for all 2 € D(V*Le¢(ug)). Thus, for any z €
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D(V?Le(ug))
D3 Le(z,2) = (V2 Le(ug)z, 2) = (QVZLe(ue)z, 2) + (P—oo,0) Vo Le (ug) 2, 2)
= (V2Le(ue)Qz, Q2) + (P o0.0)V?Le (ug)2, 2)
>T|Qz1” 4 (P—s0,0 VL (ue) 2, 2)
> T[|2]? = T|| P—o0,012]I% + (V> Le (1) P~ 00,012 2)
>T|z]|* + (V2 Le(ug) = IT) P o002, 2)-

As a consequence, using (6.1) and the fact that D(V2L¢(ug)) is dense in E, we
obtain

r el’
(14 5) Dhbele) = (PLelug) - IDP sz} = SN

for all z € E, which implies
C el
D; Le(z,2) — H—C«V%f(us) — IT) P 0)%:2) 2 H—CH'ZHQE
for all z € E. Moreover, for all z € Q(E),

el
D} Le(z,2) > H—CHZH% (6.5)

since P(_ oo 02 = 0. But Q(E) C E'since P_ o 0)(E) C P_oo0)(E) C D(V2Le(ue)) C
E. So we have shown that Q(F) is a positive subspace of F, for Digﬁ. Now consider
the direct sum decomposition of E given by
E = Q(E) ® P_oo0)(E) ®Ker(DLe).
Here P(_ o) is the projector onto the n_-dimensional space spanned by the eigen-
vectors of V2L¢(ug) with strictly negative eigenvalue. Clearly, P_so0)(E) is a
negative definite space for Digﬁg. We now show it is maximal. For that purpose,
suppose 2. € E, z. & P(_s,0)(E£) and suppose span{z., P« 0)(E)} is a negative
definite subspace of E for Dig L of dimension n_ 4+ 1. We can suppose, without
loss of generality, that z, € Ker(D2£§) @ Q(FE). Writing z, = 240 + 2« +, We see
D2 Le(zey2) = D2 Le(zups 2et) 2 0,
where we used (6.5). This contradicts the fact that span{z., P(_«,0)(£)} is negative
definite space for Dig L¢ and shows that P_ )(E) is a maximally negative definite

subspace for D} L¢. Thus n(Dj Le) = n—.
O

For the proof of Theorem 6.3, we will need the following two lemmas.

Lemma 6.5. Let (H,|| - ||) be a Hilbert space and W C K C H with W a closed
subspace of H and IKC a dense subspace of H (K”'” =H). Then

wink = wt (6.6)

Proof. Let u € W+. There exists a sequence k, € K so that k,, — u. Since W is
closed, we can write k,, = wy + v, with w, € W, v, € W=+. Moreover, since k,, € K
and w, € W C K, v, € W+ N K. Clearly both sequences w, and v, converge,
respectively to w € W,v € W. Since v = w+v € W, we find w = 0 and v = w.
Hence v, € KN W+ converges to . [
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We introduce, as before Ey = Ker Vigﬁg. We know from Lemma 6.4 that
KerV;, L¢ = Ker D L¢. Hypothesis (ii) of the theorem then implies
Ey =T, Oy, C D(V>Le(ue)). (6.7)
We define furthermore
V =span{VF}(u¢),j = 1,...m}. (6.8)
Note that, by hypothesis (v) of Theorem 6.3, V. C D(V?L¢(ug)) C E.
Lemma 6.6. Under the hypotheses of Theorem 6.3, we have
(i) B+ N Ty, = B 0T, 5, Il

l-I I
???2)T5§§H5 n D(VQ,Cg (ui)) = Tu52 .
17 efine

V =Ty Y ND(V2Le(ue)) N Ey. (6.9)
Then
Y=Y - glnvt, (6.10)
where V is defined in (6.8). Hence
Ey =Tu Oy, =YVe&.V, E=Ee Yo,V (6.11)

(iv) Let P be the orthogonal projector onto Y. Let u € D(V2Le(ug)) N Ey-. Then
Pue).

We use the notation @ to indicate a direct sum that is orthogonal for the inner
product (-, ).

Proof. (i) Note that Ey C T, %, C TugEﬂg . We now apply Lemma 6.5 with

W = Eo,K = Tue Sy, H = TSy to obtain

—————— 1l
By = Ey° NTy X

Il
)

Here we wrote E 7 for the orthogonal complement to Eg in T3, i.e.

Ey” = Ey NTu Sy, (6.12)

The last two equations imply the result.
(ii) Since V is a closed finite dimensional subspace of E, we have £ = V@, V
with

L={weE|wuw =0VYveV}.
Since by hypothesis (v) of Theorem 6.3, for all w € E, Dy Fj(w) = (VFj(ue), w)
for j =1,...,m, we see that

TueSue =V NE (6.13)

and hence
E="T,%, ®.V. (6.14)
Using Lemma 6.5, and the fact that V C E C E, with E dense in E, (6.13)

=VLNnE " =V! meaning that

implies Tug Y

E=T,%,. &, V. (6.15)
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From (6.14) one concludes
D(V?Le(ue)) = (D(V?Le(ue)) NTue Sy ) SV,

and hence

E=D(V2,e(ug)) TSy, @1V
Comparing this to (6.15), one concludes

TSy = DV L (ug) N T S Il

(6.16)

Tn other words, D(V2Le (ug)) N Ty Sy is dense in Ty 3,. | . This proves (i),

(iii) Note that Fo C D(V2Le(t¢))NTu Sy C TS - Then we can, in view of
part (ii) of the Lemma, apply Lemma 6.5 with W = Eo, K = D(V2L¢ (ue)) N0 Xy »

and H =T, %, = to obtain:

Il :
Eg = Eg N D(V2Le(ue)) N Tuc e = B ND(V2Le(ug)) N Tue S "

= )AJ,
where E; is defined in (6.12). Since
EOl = EOL" ©LV,

part (iii) follows.

(iv) Let u € D(V2Le(ue)) N Eg. Since By =Y ®, V, u = Pu+ v with Pu € Y
and v € V. Moreover, since u € D(V2L¢(ug)) and V' C D(VZLe¢(ug)), it follows
Pu € D(V2Le¢(ug)) NY. To conclude, we observe that

D(V2Le(ug))NY =Y.
Indeed, using (6.10) and (6.13),
D(VZLe(ug)) NY =D(V2Le(ug)) N Ey NVE =D(V2Le(ue)) NEF NVENE
=D(V?Le(ue)) N Ey NTy X = V.
Finally, Pu € ).

We can now proceed with the proof of Theorem 6.3.

Proof of Theorem 6.3. Let n_ = n(D?L&EE). As in the proof of Theorem 3.1,
X_ = span {7}1 “VeUg,y ooy N ~V£u£} is a maximally negative definite subspace
for Digﬁg, X_NTyX, = {0}, and T,,.%,, is a positive subspace for Digﬁg.
Furthermore, note that by hypothesis Ker Digﬁf = Ty Oy, C Ty X, Hence,
by Lemma 4.3 (ii), Ty, N (Tu5 (’)uﬁ)l is a positive definite subspace for DgE Le,
meaning

D2 Le(v,0) >0, o € Ty Ty, N (TueOu) ™ v # 0. (6.17)

We note for further reference that, by Lemma 6.4, Ker Di5 Le = Ker V2L¢ (ug), so
that Ty, Oy, C D(VZLe(ue)).

Recall that, since Ey is the kernel of V2L¢(ug), Eg is the spectral space as-
sociated to R*, and hence invariant under V2L¢(ug). Now, let P be the projec-
tion on Y and consider the following decomposition of the operator V2L¢(ug) on
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E& - :)> D1 Va
V2Le(ug) gt =PV Le(ug)P + PV Le(ug)(Ip: — P)
+(Igs = P)V2Le(ue) P+ (I — P)V>Le(ug)(Igy — P).

We claim that PV2L¢(ug)P is a self-adjoint operator on Ej with domain Ej N
D(V?Le¢(ug)). Indeed, since V is finite dimensional, we can easily show that
PV2Le(ug)(Igs — P) + (Igs — P)V?Le(ug)P and (Igy — P)V?Le(ue)(Ipy — P)
are bounded self-adjoint operators on Ej. Hence PVZL¢(ug)P is the sum of a
self-adjoint operator with domain Ei- N D(V2L¢(ue)) and a bounded operator
on EOL and, by the Kato-Rellich theorem, it is self-adjoint on Ej with domain
Eg N D(V2Le(ug)). In particular, V2Le(ug) = PV2Le(ue)P + K with K a fi-
nite rank operator and oess(PV2Le(ug)P) = 0ess(V2Le(ue)). As a consequence,
0 ¢ 0ess(PV?Le(ug)P) by hypotheses (i4i) and (iv) of Theorem 6.3.

Now mnote that ker PV2L¢(ug)P =V C E N D(V2Le(ue)). Indeed, let u €
Eg ND(V2L¢(ug)) be such that PV2L¢(ug)Pu = 0. Then

D} Le¢(Pu, Pu) = (u, PV?L¢(ug) Pu) = 0

with Pu € ) by Lemma 6.6. Since Dgﬁ L is strictly positive on Y (see (6.17)), it
follows that Pu = 0, which means that v € V.

We now consider PV2L¢(ug)P on Y. We have just shown that 0 € o(PV2L¢(ug)P) =
Oess(PV? Le(ug) P)Uaq(PV2Le(ug) P) and that PV2L¢(ug)P is strictly positive on
Y (see (6.17)). It therefore has a spectral gap:

(PV?Le¢(ug)Po,v)

5= > 0.
veY~{0} <’U,’U>

Next, using the inequality (6.1), we obtain for all v € Y

5\ € o
<1 + 5) Dy Le(v,0) 2 5||UHE

which implies

)
D2 Le(v,v) > LN
2 Lelon) > =l
Finally, the density of D(V2L¢(ug)) in E for || - || g yields (6.4). O

7. EXAMPLES

7.1. Plane wave solutions of a system of nonlinear Schrédinger equations.
As an application of our main theorem, we investigate the orbital stability of plane
waves of a cubic nonlinear system of coupled nonlinear Schrédinger equations on
the one-dimensional torus, defined by

i0pur (t, ) + BAuy (t, ) + (y1|ui(t, z)[* + yialua(t, 2)|?)ui (t, 2) = 0
i0pua(t, ©) + BAua(t, ) + (yi2ui(t, )| + Yolua(t, ©)|*)ua(t,x) = 0 (7.1)
u(0,2) = u(x)

with u(t, z) = (Zlg’ i;) :Rx T — C2% Here T = T is the one-dimensional torus
2\,

of length L > 0. The constants 1,772,712 € R and 8 € R’ are parameters of the
model.
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The coupled NLSE (7.1) have been used to model nonlinear wave propagation in
a variety of physical systems. In nonlinear optics, they describe light propagation
in birefringent fibers [2]. In the study of ocean waves, they have been proposed
as a model for the generation of rogue waves in crossing sea states : these are
two-component wave systems with different directions of propagation (See [20] and
references therein). They also appear in the study of two-component Bose-Einstein
condensates ([1, 23]). A central topic in each of these situations is the stability
or instability of the plane wave solutions of those equations. Linear instability is
in this context referred to as modulational instability and was studied for various
parameter ranges in [2, 6, 8], among others. We will use the methods exposed in
this paper to show that, in the parameter regimes where linear stability can be
established, orbital stability also holds.

The four-parameter family of plane waves

iky1-x ,—i&1t
_ ale e
gt z) = (a2eik2-zei£2t) (7.2)
with & = (&1,&) € R?, (ky, ko) € %’TZQ and a = (a1, a2) € R? such that
& = Bki — (M +71203) (73)
o = Bk3 — (11207 + 1203). '

are solution to the equation (7.1) and we are interested in study their orbital stabil-
ity. Using Galilean invariance of the equation (see [7]), the stability of these plane
waves is seen to be equivalent to that of

a0 = () (1)
with k = ki = —ko. Furthermore, we can easily remark that @¢(¢,z) can be written
in the form

i) = (7 ) ueltn)
with
ue(t,z) = (Z;ZEZ) (7.5)
a solution to the system of coupled nonlinear Schrédinger equations
i0ur + BAuy + 2BikVuy + (y1|u1|* + yiz|uz|?)ur — BE*u; = 0
i0us + BAuy — 2BikVus + (Yiz|u1|* + y2luz|*)us — Bk us = 0 (7.6)

u(0,2) = u(z)

It is easy to show that the Cauchy problem (7.6) is globally well-posed in
H(T,C?) (since we consider here only the dimension d = 1).
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Let E = H*(T,C?) be viewed as a real Banach space with the usual H!—norm
and let (-, -) be the scalar product on E defined by

(1, v) = Re /0 (ur ()51 () + ua ()7 (2)) da
L
/o (Re(uy(z))Re(vi(x)) + Im(uq (z))Im (v (x))) da (7.7)

+ /0 (Re(uz(z))Re(vz(x)) + Im(uz(z))Im(ve(z))) da. (7.8)

This scalar product is clearly continuous with respect to the H!—norm. In this
case we find that £ = L2 (T, C?), viewed as a real Hilbert space.

Now, equation (7.6) is the Hamiltonian differential equation associated to the
function H defined by

H(u) = g /0 (|(V +ik)uy (x)]? + |(V — Zk)UQ(:L'>|2) dx

1 /L
~1 /O (lur@)[* + 2y12|us (@) luz(2)* +72luz(2)|!) dz. (7.9)
Next, let G = R x R and define its action on F via
_(wm 1 2 ey (z)
vu= () e @) @@= (Conl)). oo
The group G is an invariance group for the dynamics and the quantities
I )
Fi(u) = 3 |ug(z)| de (7.11)
0
1 [* )
Fy(u) = 3 lug(x)|” dz (7.12)
0

are the corresponding constants of the motion.
The two-parameter family of plane waves

ug(x) = <a1> (7.13)

(6]
with € = (£1,&) € R? and g, as € R~ {0} such that
IS ﬁk2 - (’7104% + 712043) (7.14)
& = BE* — (1207 + 1203). -

are solutions to the stationary equation (2.9). As a consequence, ug¢ is G ue-Telative
2
equilibria of (7.6) with pe = F(u¢) = £ (Z%
2
The G, -orbit of the initial condition ug(z) is given by
e~
Ouﬁz{( gy )a(’yla’yQ)EGug}' (715)

OQe*Vm

Our goal is to investigate the orbital stability of these plane wave solutions by
applying Theorem 6.3. From now, assume that 7172 # 7%,. This is the necessary
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and sufficient condition for the map

L L
w= (§|041|2, 5|042|2) = (&1,82)

defined in (7.14) to be invertible. Its inverse is F', which is a diffeomorphism. Note
that this condition corresponds to the case in which the system is not completely

integrable.
By definition (3.4) and by using the dispersion relation (7.14), we have

W(&) = H(ug) — &1 F1(ue) — EaFo(ue)
=~ 203 - 5) + a3l - BR))
L 22 a2 _ pp2  p1.2y2
R TE— [V2(61 — BE?)? = 2712(&1 — BK?) (&2 — BE?) + (&2 — BK?)?]
(7.16)

As a consequence,
I _
DW=—— ( 72 712) 717
¢ 22 —v%H) \=m2 M (7.17)

It is clear that DEW is non-degenerate. Moreover a straightforward calculation
shows that
(1) T y172 —7f2 > 0 and min(y1,72) > 0, then p(DW) = 2;
(2) If 71792 — 772 > 0 and max(y1,72) < 0, then p(DFW) = 0;
(3) If y172 — 73, < 0, then p(D?W) =1.

Next, we have to compute Dy, L¢(v,v) with L¢(u) = H(u) — & F1(u) — & F2(u).
A straightforward calculation gives

Digﬁg(v,v) :ﬂ/ (—ARe(v1)Re(v1) — ARe(v2)Re(v2)) da
’ L
+ 6/0 (—ATIm(vy)Im(vy) — Alm(ve)Im(ve)) da
+ ﬂ/L (—2kVRe(v1)Im(v1) + 2kRe(v1)VIm(v1)) dz
0
+ 6/0 (2kVRe(v2)Im(v2) — 2kRe(v2)VIm(vy)) da

L
— 2/ ('ylosze(vl)Q + 27v12010Re(v1 ) Re(ve) + ’ygagRe(vg)Q) dzx
0

= (V?Le(ug)v,v) (7.18)
with
—ﬁA — 2’71(1% —2’712CY1042 QBkZV 0
2 _ —2’)/12(11042 —ﬁA — 2’72(1% 0 —QBICV
0 28kV 0 —BA

In particular, in this functional space setting the hypotheses of Lemma 6.1 are
clearly satisfied by DZE Le(-,-).
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7.1.1. Case k = 0. If £ = 0, that is u; and us have the same wave number, by
using Fourier series it is easy to show that the eigenvalues of V2L¢(ug) are of the
form

9 2
pn=p <%n> , neN (7.20)
with purely imaginary eigenvectors, and for all n € N,
o \?
At =P <f”) — (naf +7203) £ \/(7104% +7203)% — datai (1172 — 7ia)
(7.21)

with real eigenvectors. By analyzing the sign of the eigenvalues A4 o, we obtain the
following situation
(1) If y192 — 7> > 0 and min(y1,72) > 0, then n(D} Le) > 2 since A4 and
A_,0 are both negative.
(2) If v172 — v% > 0 and max(y1,v2) < 0, then ”(Digﬁﬁ) = 0 since Ay ¢ and
A_,0 are both positive.
(3) If y172 — 7> < 0, then n(D7 L¢) > 1 since A_o < 0 and Ay > 0. As a
consequence Ay , > 0 for all n € N.
So if we assume that

21\ 2
B <f> — (mad +7203) — \/(’ha% +7203)2 — 4a2a3 (1172 — %) >0 (7.22)

which correspond to A_; > 0 we can conclude that

p(DW) = n(Dj, L)

Moreover, it is clear that
inf(o(V?Le(ug)) N (0,4+00)) > 0.

Finally, since pg is the unique eigenvalue equal to 0, we have that

ker(D2, £¢) = ker(V2Le(ug)) = span { (6) , <3> } = T,.0,..

Hence Theorem 6.3 applies and, together with Proposition 2.2, leads to the
following result.

Proposition 7.1. Let k =0, ai,as € R* and 71, 72,712 € R such that y17y2 # 7122.
If

21\ 2
B <f> — (mad +7203) — \/(7104% +7202)? —4ada3 (e —v3,) >0 (7.23)

then ug = <Zl> is an orbitally stable G, - relative equilibrium.
2

We remark that condition (7.23) is a necessary and sufficient condition for linear

stability. To see this, note that the linearization of (7.6) around us = (Zl) is
2

given by the system
{ 10pv1 + BAv1 + 2B1kVvy + (vla%(vl + 71) + Y1201 2(v2 + T2)) =0

) ) B (7.24)
10y + BAvy — 28ikVva + (1201a2(v1 + 01) + 'yga%(vg +02))=0
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that can be written as

Re(vl) Re(vl)
Re(va) | Re(v2)
Or Im(v?) =L Im(v?)
Tm(vq) Tm(vq)
with
—2BkV 0 —BA 0
0 26kV 0 —BA

L= (7.25)

ﬂA + 2’}/104% 2’7120&10&2 —2ﬂkV 0
2’}/120[10[2 ﬂA + 2720&% 0 2ﬂkV

A solution to (7.6) is said to be linearly stable if all the eigenvalues of L are purely
imaginary. By using Fourier series, the eigenvalues of (7.25) can be seen to be the
zeros of the characteristic polynomial

Po(\) =Xt = 2X26n2 (—fn3 + (11a] + y203) — 48k?) +iA86n3 Bkny (1] — y2a3)
+(Bn2)*(Bng — 2(nad + 1203)) +4(Bnl ) aial (172 — ia)
+ 8601 Bk 0L (= AL, + (naf +9203) + 20k%)
with n, = (22n). So, whenever k = 0, P,()) reduces to
Pu(N) =X = 2)*Bn] (—fn], + (110] +7203))
+(BnL)*(Bn, — 2(y107 + 7203)) +4(Bn] ) i3 (172 — 7ia)-

and, for all n € N the eigenvalues of LL are

AL, =pBn] (ﬂn% + (110 +1203) £ \/(710@ —7203)% + 40@0437122) :

Now it is clear that /N\i1 < 0 if and only if condition (7.23) holds. In that case, for

all n € N*, 5\1" < 5&1 Moreover, X%n < 5\1" for all n € N*. As a consequence,
all the eigenvalues of IL are purely imaginary and the corresponding plane wave is
linearly stable if and only if (7.23) holds.

7.1.2. Case k # 0. If k # 0, using Fourier series, we can show that the eigenvalues
of V2L¢(ug), for all n € N, are of the form

or \* 1
A, =8 (%n) +5 (c+ +4/C% + 165%%%) (7.26)
B or \* 1 O

Oy = —(maf +7203) + \/(7104% +7203)% — datai (1172 — 7ia),

with

C- = (110} +203) — \/(71@% +7203)? — dajod (1172 — 77)-
As before, by analyzing the sign of the eigenvalues for n = 0, we obtain the following
situation

(1) If 192 —v2, > 0 and min(vy;,72) > 0, then )\:O and A~ ; are both negative
and n(Dj, L¢) > 2.
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(2) If 192 —7%5 > 0 and max(y1,72) < 0, then )\170 and A ; are both positive.
This implies AT ,, > 0 and A7 ,, > 0 for all n € N.

(3) If 7172 — 775 < 0, then A=, < 0, ATy > 0 and n(DiEg) > 1. As a
consequence )‘i,n > 0 for all n € N.

In all the cases, the two remaining eigenvalues are both 0 with purely imaginary
eigenvectors.
Next, a straightforward calculation shows that if we assume

2 2
C2 + 1652k> (%) > 1682k (7.28)

then AT is increasing as a function of n for all n € N*. Hence, it enough to

—-n

suppose that )\fl > 0, that is

97\ 2
3 (%) £ Oy > 48K, (7.29)
to conclude that

p(DW) = n(Dj, Le).

Note that condition (7.29) implies condition (7.28). Moreover, since Cy > C_, it
is enough to assume that

or\ ?
B (—) +C_ > 4BK>.
L
Moreover, as before, it is clear that

inf(o(V?Le(ug)) N (0,400)) > 0.
and

ker(D2, £e) = ker(V2Le(ug)) = span { (é) , <3> } = T,.0,..

Hence Theorem 6.3 applies and, together with Proposition 2.2, leads to the
following result.

Proposition 7.2. Let k € Q%Z*, a1, az € R* and 1,7 € R,v12 € R* such that
M2 # iz If

2
8 <2%> +C_ > 4K? (7.30)

then ug = <Zl> is an orbitally stable G, - relative equilibrium.
2

In the particular case y1a? = 202 which is a generalization of the set of param-
eters treated in [6], we can show that condition (7.30) is a necessary and sufficient
condition for linear stability.

Indeed, in this case, P,()) the characteristic polynomial of (7.25) reduces to

P,(\) = P 2)\2671%(—671% + (ma? + vgag) — 4ﬁk2)
+ (Bn1)%(Bn], — 2(n10] + 1203)) + 4(Bni ) afaz (M2 — i2)
+8(Bn7)*BE*(—BnT, + (1103 + 7203) + 28K7)
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and, for all n € N, the eigenvalues are given by
12 2 2 2 2 2
N, =80} | = Bnd + (naf +yp03) — 45k

+ /102032, + 165k2(Bn3, — (mad +1203))].

Now, a tedious but straightforward calculation shows that /N\in < Oforalln € N*
if and only if condition (7.30) holds. Moreover, 5\2771 < 5\1" for all n € N*. As a
consequence, all the eigenvalues of I are purely imaginary and the corresponding
plane wave is linearly stable if and only if (7.30) holds.

7.1.3. Phystcal interpretation. To sum up, we can conclude that, given k = k1 —ko €
257, a1, as € R* and v1, 792, 712 € R* such that y172 # 3y, if

21 2
6 (f) - ('Yla% + '72(1%) - \/(71(1% + ’72&%)2 — 4@%@%(7172 _ 7%2) > 461{72
(7.31)

then the plane waves
a eikl-zefiflt
ug(t,x) = (a;eikz-zei&t)
are orbitally stable G/, - relative equilibria. Moreover, for k£ = 0, if this condition is
not satisfied the plane wave is unstable (at least linearly). For k # 0 this remains
true whenever v;a% = 7202,

We know from [7] that plane waves solutions to a cubic defocusing nonlinear
Schrédinger equation on the one-dimensional torus are orbitally stable. This means
that whenever, v12 = 0, 13 < 0 and v, < 0, all the plane waves of the form

a eikl‘me—iflt
ug(t, ) = (a;eikwe—igzt)
are orbitally stable. It is natural to ask what happens if |y12] # 0. We have two
different situations : k = 0 (i.e. the plane waves have the same wave number
ki = ko) and k # 0. If k = 0 and v2, < 7172, which means that the coupling is
weak, then C_ > 0 and condition (7.31) remains true. This means that the plane
waves with k& = 0 then remain stable. If k = 0 and v3, > 7172, which means that
the coupling is strong, then C_ < 0 and condition (7.31) fails at least if L is large
enough. Then the plane waves considered become unstable.

In the case k # 0, note that condition (7.31) can be satisfied only in the case (2)
above, namely when 172 — 7%, > 0, and max(7y1,v2) < 0, since otherwise C_ < 0.
This corresponds to a relatively small perturbation of two uncoupled defocusing
Schrodinger equations with orbitally stable plane wave solutions. Condition (7.31)
can then be satisfied for a finite number of values of k, provided C_ is large enough,
but it fails for larger ones. The size of C_ depends in particular on the “power” of
the plane wave, determined by |a;| and |as|. For larger values of k, the plane wave
becomes linearly unstable, on the other hand, even at weak coupling. In other
words, high k plane waves show modulational instability, even at arbitrarily low
Y12-
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8. ON THE LINK WITH GRILLAKIS-SHATAH-STRAUSS

8.1. The main coercivity estimate of Grillakis-Shatah-Strauss. We will now
compare the results in this paper to the work of [13]. Since in [13] the phase space
FE on which the dynamics takes place is taken to be a Hilbert space, we place
ourselves for this discussion in the Hilbert space setting of Section 3 and consider
the situation described by (3.1)-(3.6).

To state the coercivity estimate of [13] which is the analog of our Theorem 3.1,
we need some additional notation. We define

W:Qﬂgg%ﬁf(%) eR, (8.1)

which is the restriction of the W-function (3.4) to the sub-Lie-algebra g of g,
defined in (4.5). Also

Oy, = Pg (ug), (8.2)
is the G¢ orbit through ug. Since a priori G¢ differs from G, , one should not confuse
@ug with Oug, which is the Gug—orbit through u¢. We introduce furthermore

Ye={veEE|n F)=n-pue(ue),Vn <€ ge}. (8.3)
In other words, f]g is the constraint surface corresponding to the constants of the
motion 7 - F' for n € g¢. Note that 3, C ¥¢. In fact, when the moment map is
regular at pg, then f]g is a submanifold of E of co-dimension dimge which contains

the submanifold %, itself of codimension dimg. The following theorem, which is
the analog of Theorem 3.1, can be inferred from [13].

Theorem 8.1. Under the previous hypotheses, let £ € Q and suppose
(i) DEVNV is non-degenerate, i.e. Ker (D§V~V) = {0},
. 9 _
(it) KerDy Le = Z,
(iii) inf(o(V2Le(ue)) N (0,+00)) > 0,
(iv) p(DFW) = n(D} Le).
Then there exists § > 0 such that

~ ~ 1
Yo € Ty S N (Tuﬁoug) , D Le(v,0) > 8]0 (8.4)

It is clear that, when the invariance group G is one-dimensional, i.e. dim g = 1,
this theorem is identical to Theorem 3.1. Indeed, then G = G¢ = G, and hence
W = W so that both the assumptions and the conclusions of both theorems are
identical. This is the situation studied in [12] and [26]. The same conclusions
hold true more generally when the group G is abelian, since then again, G¢ =
G, = G. In general, however, the groups G¢ and G, may be distinct, and so
may therefore be the orbits @ug and O,,. Hence, a priori, the two approaches
could yield different coercivity estimates and hence different stability results. Their
comparison therefore needs to be done with care, a task we turn to in the next
subsection.

Remark 8.2. A proof of Theorem 8.1 can be given along the same lines as the proof
of Theorem 3.1 and we don’t reproduce it here. We point out that in fact only the
bound D2 Le(v,v) > 0 is shown in [13]; the argument leading from that bound
to (8.4) is the same as in the proof of Theorem 3.1 above.
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8.2. Comparing Theorem 3.1 to Theorem 8.1. Let us first compare the re-
spective conclusions (3.7) and (8.4) as follows. Writing

_ 2
C-={ueE|D, L(u,u) <0} (8.5)

for the negative cone of D? . L¢, we see that they imply that
TuXu NC- =0, respectively T, YeNC. =9, (8.6)

meaning that Ty, %, respectively Ty, 535 are non-negative subspaces of E for D2 ﬁﬁ.

Since Ty 3y, C T, 535 the second of these statements implies the first and should
in general be harder to obtain. Indeed, the cone C_ may avoid 7,3, but have a
non-trivial intersection with T, S¢. This is further reflected in the fact that (8.6)
implies that

codim(T, %, ) > n(Diﬁﬁg) respectively —codim(T),, X¢) > ”(Disﬁi)-

When wug is a regular relative equilibrium, one has dimg = codim(7,.%,.) >
dimg,,, = codim(T,, X).

To understand how the stronger conclusion comes about, one may note that
condition (iv) of Theorem 8.1 has a more limited range of applicability than con-
dition (iv) of Theorem 3.1 since in general

p(DEW) < p(DFW) < n(D3_Le). (8.7)

In particular, condition (iv) of Theorem 8.1 cannot be satisfied when p(DgW) <
p(DZW). Below, we will give an example where

p(DEW) < p(D2W) = (D2, £o),

so that Theorem 3.1 applies, but Theorem 8.1 does not.
The following corollary further clarifies the link between the two results.

Corollary 8.3. Suppose the hypotheses of Theorem 8.1 are satisfied. Then
Tug Oug = Tug Oug
so that there exists § > 0 such that
< 1
Vo € Ty X N (TuOue )™, Dy Le(v,0) > 8], (8.8)

Moreover hypotheses (i), (i) and (i) of Theorem 8.1 are satisfied. One has
9¢ C 9 and if, in addition, ug is a reqular relative equilibrium, then g, = ge.

We can conclude from the previous discussion and the corollary that, under the
non-degeneracy hypothesis Ker (DEW) = {0}, Theorem 3.1 provides the desired
coercivity estimate (3.7) under weaker conditions than Theorem 8.1. As a result,
to find a situation where Theorem 8.1 does apply, whereas Theorem 3.1 does not,
one has to suppose Ker (DEW) # {0}, whereas Ker (DEW) = {0}. We did not find

an example of such a situation.

Proof. We know from Lemma 4.2 (5) that Ker (Di5 Le) C Ty %y, so that hypothe-
sis (ii) of the theorem implies 77, @ug C Ty Xy, - Since @ug N¥u C Palug)NX,, =
Oy, it follows that Tus(’N)uE C TuO¢. Now, we know from Lemma 4.2 (4) that



30 S. DE BIEVRE AND S. ROTA NODARI

Ty Oue C Ker (D2, Le | Ty Sy). So, if v € Ty Oup C Ty Spe C TucXe, then
D?Agﬁ‘f (v,v) = 0. Writing

’U:’UH+’UJ_, V)| GTugéuga ’UJ_ETugéi_&
we have,
0 = Digﬁ(v,v):Digﬁg(v”,vn)+Di££§(vj_,1u_)+2Di££§(v”,m_)
= Digﬁf(vJ-7’UJ-)5

since v € Ker (Digﬁg). It follows from (8.4) that v, = 0 so that v € Tu£@u5.
We conclude that T, @ug = T4 Oy, and hence (8.8) follows from (8.4). It also
follows that hypothesis (ii) of Theorem 3.1 is satisfied. Hypothesis (iii) is the same
in both theorems and hypothesis (iv) of Theorem 8.1, together with (8.7), implies
hypothesis (iv) of Theorem 3.1 .

Now let n € g¢. Since Ty, @ug = Ty, O, there exists 1’ € g, so that X, (u¢) =
X,y (ue). Hence there exists 7" € g, (which is the Lie-algebra of the isotropy group
Gue of ug) so that n = n' +n"”. Since g,, C g,,, it follows that n € g,.. Hence
g¢ C gy~ Finally, recall that X, (uge) = 0 is equivalent to " - D, F' = 0 and hence,
if ug is a regular relative equilibrium, then g, = {0}; by the same argument, one
then shows that g, C g¢, so that the result follows. O

To complete our comparative analysis of those two theorems, we further analyse
the conditions on the kernel of D? . L¢ they impose. Similarly to the non-degeneracy
condition (i), those conditions are also not in a clear logical relation, in particular
because they refer to two a priori different subgroups of G, namely G¢ and G,.
The following lemma sheds further light on the situation.

Lemma 8.4. Suppose the hypotheses of Lemma 4.2 are satisfied. Let £ € Q) and
suppose Ker (DgW) = {0}. Then

Ker (D L¢) = Ker (Dy;_L¢ | Ker Dy, F). (8.9)
In addition, the following two statements are equivalent:

(i) Ker (D}, L¢) = T O;
(ii) Ker (D}, Le) = Ty, O¢ and ge = g -

The lemma shows that, if u¢ is a regular and non-degenerate relative equilibrium,
then the condition on the kernel of Dig L¢ of Theorem 8.1 implies not only the
kernel condition in Theorem 3.1, but in addition that g¢ = g,,. This statement is
independent of the other spectral conditons of these theorems on D? . Le.

Proof. It follows from Ker (DgW) = {0}, together with Lemma 4.2 (1) and Lemma 4.1
that F = Ue © Ty X, . Hence (4.9) implies that

Ker (D, Le) = Ker (D} Le | Ug) ® Ker (Dj, Le | Ker Dy, F) (8.10)
On the other hand, it follows from (4.8) that
Ker (D}, Le | Ug) = Det(Ker (DFW)) = {0},

so that the first statement of the Lemma follows.
(i) = (i) From Lemma 4.2 (4), together with (8.9) and hypothesis (i), we conclude
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that
TueOu, C Ker (D, Le | Ker Dy F) = Ker (D}, Le) = Ty Oue C TSy

On the other hand, as in the proof of Corollary 8.3, we have T, @ug C Tue O,
Hence T, @ug = Ty, Oy, and the first statement of (ii) follows. The second state-

ment is now proven as in the proof of Corollary 8.3.
(#4) = (i) This is obvious. O

8.3. Proving orbital stability. The above coercivity estimate (8.4) (or, equiva-
lently (8.8)) is used in [13] as an essential input to show the Ge¢-orbital stability of
u¢. Note that this distinguishes their approach from the rest of the literature on
orbital stability, including this paper and [7], where instead G, -stability is proven.
The argument given in [13] leading from the above coercivity estimate to G¢-orbital
stability of u¢ is based on an implicit assumption on F, referred to as Hypothesis F
in [7]. Tt was explained in that last paper that it is typically not satisfied when
F takes values in R™, with m > 1. As explained in Section 2 above, it is instead
possible to use arguments provided in [7] to prove G, -relative stability, using (3.7)
(or, a fortiori (8.8)) as a starting point. One may wonder if it would be possible
to prove G¢-relative stability as well, which is potentially stronger, since according
the corollary it is possible that @ug C Oy, since g¢ C g, We consider first the
case where G, is commutative. Then g¢ is commutative and both for G¢ and G,
the exponential map is surjective, so that G¢ C G .. On the other hand, when G,
is commutative, the definition of G¢ implies that G, C Gg, so that then G¢ = G,
and hence @ug = Oy, So (’N)u5 C Oy, is only possible under the hypotheses of The-
orem 8.1 provided G/, is not commutative. In addition, note that if (’N)u5 and Oy,
are submanifolds of E, then the corollary furthermore implies they have the same
dimension, so that (’N)u5 is an open subset of O,,. In conclusion, we are not aware
of a situation where the conditions of Theorem 8.1 hold, and where @ug C O In
addition, should such a situation exist, it is not clear that the arguments provided
in the cited works would yield G¢-orbital stability.

It remains to see if there exist circumstances where the conditions of Theorem 8.1
are satisfied, while those of Theorem 3.1 are not. Note that, according to the
corollary, conditions (ii), (iii) and (iv) of Theorem 3.1 are implied by the hypotheses
of Theorem 8.1. Concerning the non-degeneracy conditions (i), it is clear that one
has neither that Ker (DZW) = {0} implies Ker (DEW) = {0}, nor the opposite. It
is therefore possible that the latter holds while the former is violated, but we are
not aware of such a situation.

8.4. An example. We end this section with a simple example in £ = R® where
Theorem 3.1 applies, but Theorem 8.1 does not. As already pointed out, G must
be non-commutative for this to happen. Consider the SO(3)-invariant Hamiltonian

2
Ho(q,p) = Ho(q,p) — aF?(q,p), with Ho(q,p)=@+V(HQH), (8.11)

and F(q,p) = ¢ A p. Note that Hy is the Hamiltonian of a particle in a central
potential V' and that the components of the angular momentum vector F' generate
rotations. Since Hy Poisson commutes with F2? and since F? generates rotations
about g A p, it is easy to see that the circular orbits of Hy are also flow lines of H,,
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and that they are relative equilibria. These are the ones whose orbital stability we
shall study. Consider for that purpose the stationary equation, with ¢ € R? ~ s0(3),

DugHoz -&- DugF =0,

where ug = (g¢,pe). A simple computation shows that any solution ue is of the
form ue = (qe, pe) = (pede, o¢Pe) With

oz =pV'(pe), Ge - pe = 0.

Here pe > 0,0¢ > 0 and we write @ = a/||a|| for each a € R3. We have

. L 1- 204/’5
pe = Fug) = qe Npe = peoele N Pe, With § = naefie, Nae = 7
3
Clearly, in this situation G¢ = G, ~ SO(2). One has
n £ 3/2 1/2 2
() = peoct = p¢* [V/ (o)) €
11— 2apf| 3/2 12 11 = 2apf| — 1/2
€]l = peoe———= = p*[V/(pe))" T5 [ v (pg)} 11— 2ap].
3

For illustrative purposes, it is sufficient to consider V(p¢) = %wpg. Then it is clear

that, provided 2a > ng, Fis a local diffeomorphism and
€]l = w'/?(2apg — 1).
A simple computation then yields
W(E) = Halug) — € Flug) = awpt = 12 (14 L1
£ 4a Ny
and furthermore that

DEW(U,U)

2
w - v
£ P R
€] 20/ &l 20
which is positive definite so that p(DgW) = 3. Hence, n(D?L¢) > 3. A further
lengthy but straightforward computation shows that

n(D*L¢) =

and that Ker (Digﬁg) = Tu;Oy,. Hence Theorem 3.1 implies that the circular
orbits are orbitally stable.

On the other hand the assumptions of [13] are too strong to apply in this simple
example. Indeed, in [13] the authors consider the Hessian of function W restricted to
g¢. The main hypothesis of their stability theorem is that p(D?VV) = n(Dig Log)-
In the present situation this condition is not satisfied. Indeed, since g¢ = so(2),
p(DgW) < 1. In fact, it is easy to see it is equal to 1. As a consequence, p(DgVV) <
n(Disﬁa,f) = 3 and so the hypothesis of Theorem 8.1 are not satisfied.
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8.5. Conclusions. In this paper we studied the stability of relative equilibria u,
meaning solutions of (2.9). Those can be classified as follows: regular equilibria
are those for which D, F has maximal rank. Relative equilibria that are not
regular are called singular. Non-degenerate relative equilibria are those for which
Ker (DgW) = {0}. We have seen that non-degenerate equilibria are regular. Our
main results, Theorem 3.1 and Theorem 6.3, give sufficient conditions for non-
degenerate relative equilibria to be G, stable. They are stated in terms of the
hessian DEW, and as such seem to be novel even in finite dimensional systems,
where sufficient conditions for orbital stability are usually given directly in terms of
D? Le itself. We have further analysed the link between our results and the ones
of Grillakis-Shatah-Strauss in [13], thereby clarifying the latter.

It would be of interest to extend our results to degenerate but regular equilibria.
Results in that direction can be found in [13]. Singular equilibria are known to be
more difficult to deal with, even in finite dimensional systems, where their stability
has been studied in [17, 19].
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