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Impulse output rapid stabilization for heat equations

Kim Dang Phung*, Gengsheng Wang', Yashan Xu?

Abstract

In this paper, we study the output rapid stabilization for heat equations with lower terms.
Our controls are active in a subdomain and at discrete time points, while our observations
are made in another subdomain and at discrete time points which are ahead of control time
points. Through studying a kind of minimal norm impulse control problems, we not only build
up, for each decay rate, a feedback law, but also provide bounds for feedback laws in terms of
decay rates. In the studies of the above-mentioned minimal norm impulse control problems, the
unique continuation estimate at one time point, as well as some new observations on it, plays

an important role.

Keywords: Rapid stabilization, impulse control, heat equation.

AMS subject classifications: 34H15, 34K45, 49J20, 93D15.

1 Introduction

Let Q € R% d > 1, be a bounded domain, with a C? boundary 9. Let V be a function in L>(Q)

with its norm || - [|s. Define
AL A -V, with D(A) = H*(Q)N Hy Q).

Write {e*4, ¢t > 0} for the semigroup generated by A on L?(). Tt is well-known that when V = 0,
the semigroup {e4, t > 0} has the exponential decay with the rate oy, which is the first eigenvalue
of —A with the homogeneous Dirichlet boundary condition. The aim of this study is to build up,
for each v > 0, an output feedback law F, so that any solution to the closed-loop controlled heat
equation, associated with A and F,, has an exponential decay with the rate 7. Two requirements
on this aim are as follows: First, our controls are active in a subdomain w C €2 and at discrete time

points 7+ nT (with n = 0,1,...), while our observations are made in another subdomain w; C Q
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and at discrete time points s +n7T (with n =0,1,...). (Here and throughout the paper, T', 7 and
s are arbitrarily fixed three time points with 0 < s < 7 < T'.) Second, at all control time points,
we take the same feedback law. Therefore, the closed-loop controlled equation under consideration
reads:

y'(t) — Ay(t) = 0, teRT\(r+NT),

1.1
y(r+nT) =y((r +nT)-) + 1,F (15,y (s + nT)) for n € N. 4

Here, RT £ (0,00); N 2 NU {0}, with N the set of all natural numbers; y((7 +nT)_) denotes the
left limit of the function: ¢ — y(-) (from R to L?(Q)) at time 7 +nT’; w is an open and nonempty
subset of Q; 1, denotes the zero-extension operator from L?(w) to L?(Q2) (i.e., for each f € L?(w),
1,(f) is defined to be the zero-extension of f over Q); 1 stands for the adjoint operator of 1,,;
F is a linear and bounded operator from L?(w) to L?(w). This operator is what we will build up.

Throughout this paper, we denote by || - || and (-,-) the norm and the inner product of L?(2)
respectively; denote by || - ||, and (-,-),, the norm and the inner product of L?(w); set £(Hy, Hs) be
the space consisting of all bounded linear operators from one Hilbert space Hy to another Hilbert
space Ha; write {A;}52, for the family of all eigenvalues of —A so that

M< A< <A <0< Ay <o+ and lim Aj = oo, (1.2)
J—00

and let {¢; };’;1 be the family of the corresponding normalized eigenfunctions.

The main theorem of this paper will be precisely presented in section 4. It can be simply
stated as follows: For each v > 0, there is F, € £L(L?(w1); L?(w)) so that each solution y-(-) to the
equation (1.1) (with F = F,) satisfies the inequality:

gy (O < Coe™ [ly, ()] for amy ¢ € R (13)

We now give two comments on this result. First, the aforementioned F, has the form:

K"/
Fry(w) = — Z 2% (w, hj>w1fj for any w € L?(wy). (1.4)
j=1

In3

Here, K, € N is the number of all eigenvalues A\; which are less that v + 5= (where 1%3

is not
optimal); h; and f; are vectors in L?(w;) and L?(w) respectively. These vectors are minimal norm
controls for a kind of minimal norm problems which can be given by constructive methods. Second,
the operator norm of F, is bounded by C1e%27, with C; > 0 and Cy > 0 independent of ~.

We next explain our strategy and key points to prove the above-mentioned results. First,
we realize that if a solution y, to the equation (1.1), (with F being replaced by some F, €

L(L?*(w1); L?(w))) the satisfies that
lys ((n + DT)| < e |y, (nT)|| for all n €N,

then this solution satisfies the inequality (1.3). From this and the time translation invariance of



the equation, we can focus our study on the controlled equation:

y'(t) — Ay(t) = 0, t 0,77,
y(r) =y((r)-) +1uf, (1.5)
y(0) € L*(Q),

where f is a control taken from L?(w). Thus, our aim turns to find, for each v > 0, an operator
Fy € L(L*(w1); L*(w)) so that each solution y,7(-) to the equation (1.5) (with f = F, (13, y(s)))
satisfies the inequality:

. (D) < e g,z (0)]]-

Second, we project the equation (1.5) with the null control into subspaces span{¢i,...,{k, } and
span{éx 11,8k, 12, .. } respectively. Write Pg., for the orthogonal projection of L?(2) onto the
first subspace. We only need control the projected equation on the first subspace, since the projected
equation on the second subspace is already stable. (Though the feedback term may cause some
”bad” influence on the second equation, such influence, compared with the natural decay of the
second equation, can be ignored when the feedback law is built up in a right way.) Third, we
consider the special case that w; = 2 and s = 7. In this case, we construct a linear and bounded
operator C from span{{y,...,{k, } to L?(w) in the following manner: C(z) = Zﬁ1<z,£j>fj. Here,
f; is the minimal norm control to a minimal norm control problem. In this minimal norm problem,
the equation is (1.5), with the initial datum &;; the target is a ball in L?(2), centered at the origin
and with a sufficiently small radius. Then the desired feedback law F, reads: C Py, with a suitable
K,. The key to make the above method work is the unique continuation estimate at one time
for heat equations. Such an estimate was built up in [PWZ] (see also [PW] and [PW1]). Indeed,
this estimate is equivalent to the null approximate controllability at one time with a cost. Such
kind of controllability not only ensures the existence of minimal norm controls but also provides a
bound for the minimal norm of the above-mentioned minimal norm problem. Based on these, the
above-mentioned C can be constructed, and furthermore, the bound of its operator norm can be
estimated. Finally, we back to the general case where wy # €2 and s < 7. In this case, with the aid
of the above-mentioned unique continuation estimate at one point, we can approximately recover
Pk, (20) from 17 e54 2 for each zg € L?(2). More precisely, for each £ > 0, we can build up a linear
and bounded operator R : L?(w1) — span{{1, ..., &k, } so that

[R(1F, eAz) — Pr 70| S €llz0| uniformly w.r.t. zo € L*(9).

Furthermore, the bound of R® can be estimated. The construction of R* is based on a kind of

minimal norm control problems which are essentially the same as those used in the construction of

the operator C. Then, the desired feedback law F, reads: CR® with a suitable ¢ depending on .
Several remarks are given in order. (a) Impulse control belongs to a class of important control

and has wide applications. There are many studies on optimal control and controllability for impulse

controlled equations (see, for instance, [BL1], [R], [BL2], [LM], [Z], [LY], [BC], [DS], [MR], [OS],

[Be] and references there in). However, we have not found any published paper on stabilization for

3



impulse controlled equations. From this perspective, the problem studied in the current paper is
new. (b) Stabilization is one of the most important subject in control theory. In most studies of
this subject, the aim of stabilization is to ask for a feedback law so that the closed loop equation
decays exponentially. The current work aims to find, for each decay rate ~, a feedback law so that
the closed loop equation has an exponential decay with rate . Such kind of stabilization is called
the rapid stabilization. About this subject, we would like to mention the works [K], [U], [CCr],
[V], [CCo], [CL2], and [CL1]. (¢) When observation region is not the whole €, the corresponding
stabilization is a kind of output stabilization. Such stabilization is very useful in applications.
Unfortunately, there is no systematic study on this subject, even for the simplest case when the
controlled system is time-invariant linear ODE (see [Br]). Most of publications on this subject
focus on how to construct an output feedback law for a single special equation. (see, for instance,
[I], [Cul, [YY], [Co], [NS] and references therein). Our study also only provides an output feedback
law for a special equation. (d) In most studies on stabilization, the structures of feedback laws
are based on LQ theory or Lyapunov functions (see, for instance, [Ba] and [C] ). In this paper,
we present another way to build up the feedback law. (e) As mentioned above, one of the keys
to build up our feedback law is the use of the unique continuation estimate at one time, built up
in [PWZ] (see also [PW] and [PW1]). Some new observations are made on it in this paper (see
Theorem 2.1, Remark 2.2) and Remark 3.6). (f) The following extensions of the current work
should be interesting: The first case is that V' depends on both x and ¢ variables; The second case
is that the equation is semi-linear; The third case is that the equation is other types of PDEs.
The rest of this paper is organized as follows. Section 2 provides several inequalities which are
equivalent to the unique continuation estimate at one time. Section 3 introduces several impulse
approximately controllability problems, as well as a kind of minimal norm problems. Section 4

presents the main result, as well as its proof.

2 Observation at one time

In this section, we present several equivalent inequalities. One of them is the unique continuation
estimate at one time built up in [PWZ] (see also [PW] and [PW1]).

Theorem 2.1 Let & be an open and nonempty subset of Q). Then the following propositions are
equivalent and are true:

(i) There are two constants C1 > 0 and 5 € (0,1), which depend only on Q and @, so that for all
t>0and &£ € L?(Q),

1-8

w

et e || < Cr (L HIVIHIVIES) g8 || 15,¢t4¢ |

(ii) There is a positive constant Co, depending only on  and w, so that for each A > 0 and each

sequence of real numbers {a;} C R,

S Jayl? < eC(HHIVIE+A) / |3 g an

Aj<A “IA <A
4



(i7i) There is a positive constant C, depending only on Q and @, so that for all § € (0,1), t > 0

and ¢ € L?(Q)
He“‘gH < BC(H%HIIVHOJ“V“%B') Hg”e HlZet‘%H};g

(iv) There is a positive constant C, depending only on Q and &, so that for alle > 0, 6 € (0,1),
t>0 and ¢ € L?(Q),

el <

etV tIVIES) |15 et |? 4 e ).
v w
1—0
v ere 18 a positive consian y epen mg ony on ana w, SO a or att &, > y > an
There i iti tant C, dependi l QO and ¢ that lle,>0,t>0 and
e L*(Q),
1 200+5) 1+ 52 4|V +IVIZ? 2 2
A x tA
et < ( ) 1z el + < e

(vi) There is a positive constant Cs, depending only on Q0 and &, so that for all e,3 € (0,1], s and
T, with0<s<T, and £ € L? (Q)
TA£H 1 a5 IV VIS

56

sl +elelp.

Moreover, constants C in (iii), (v) and (iv) can be chosen as the same number, and Cs in (vi)

can be chosen as 8max{1,C'}.

Proof. We organize the proof by several steps.
Step 1: On the proposition (i)
The conclusion (i) has been proved in [PWZ] (see also [PW] and [PW1]).
Step 2: To prove that (i)= (ii)
Let C1 > 0 and 3 € (0,1) be given by (i). Arbitrarily fix A > 0 and {a;} C R. By applying the
inequality in (i), with £ = Z)\j<>\ aje)‘ftgj, we get that

3 Ja P < 2OV IHIVIES) (Z (a e

Aj<A

B(/w ‘ /\;A ajgjrdxy_ﬁ’

which implies that

2/3 2ﬁ
Z a2 < e ZpC1 A+ IV o HIVIET) At/ ‘ Z ajgj‘ dx for each t > 0. (2.1)
Aj<A Aj<A
Meanwhile, since HVH%Q <1+ HVHgég and € (0,1), we see that

. 1 2/3
o [cla PV VIS + ﬁAt]

C
= %gg [01(1 + ||V||§é3) + 71 + (C1||V||oo + ﬁ)\)t}

= C1(1+ |VI[Z3) + 2/ Ci(C1][V oo + BA) < Ci(1+ |[V]IZ3) +2(1/ O}V ||oo + V/C18)
= O (14 |V|22 + 2[V[|X?) + 2¢/C1v/BA < max{3C1, 2¢/C1}(1 + |V 22 + V).
5



This, along with (2.1), leads to the conclusion (ii), with Cy = max{%, 4@}.

Step 3: To show that (ii)= (iii)
Arbitrarily fix A >0, ¢ >0 and { =35, a;§; with {a;} C 12. Write

=Y ae N+ Y ae N

A< A >\

Then by (ii), we find that

He“‘ﬁH < H Z ajefAjtng + H Z aje*Ajtng
A< A=A
< < ) {aje_w‘z)w +e Mgl
Aj<A
- <602<1+||vu243+ﬁ>/ > aje_Ajtfjfdx)lﬂ+€_>\tH£H'
@A <A

This, along with the triangle inequality for the norm || - ||, yields that

et < (eCUHIVIE / ‘Zaje_)‘jtfjrdx)l/ i
@izl

+(602(1+|IVII?>43+\@/‘ > aje*Ajt@‘de)l/z +e gl
@A >N

Hence, it follows that

Co 2/3 Co 2/3 _ _
lee] e % (HIVI=+VA) 12 etdg]ly, + €7 LHIVI= VRN ]| 4 =M g

IN A

Cy 2/3 * —
20 FOAVIEL ) [z g, + ).

This indicates that for all ¢ € (0, 2),

lete] < 26T AHVIED ez (397 (215t g g + g ). (2:2)

Here, we used the following inequality:
Cs ¢ 1 [Cy\?
ZUN< I+ —(2) .
2\/X_2)\ +2t6<2> or any € > 0

Since A was arbitrarily taken from [0, 00), by (2.2), we deduce that for all € € (0,2) and p € (0,1),
Cy 2/3y 1 (Cayar 1
let4g ] < 2e S HHIVISDente (39 (—|1zetells + mlg])). (2.3)
M —€

Because

et €]l < eWl= (ufl¢]) for each pu € [L,+o00),



we see from (2.3) that for all e € (0,2) and u > 0,
2/3y 1 (C2y2 1 "
HetAé-H < max {26 2 2 (1+||V|1557) e2te ( 2 ) ’et“V”OO}<MTH1¢ZJetA£H@ +MH£H)

2/3y 1 (Cay2 *
< 2o FOHIVIELY) o5 (P) t||V||oo( 7||1®etA£||@+,u||fH>

Iu 2—¢

1 * tA
el + alel). (2.4)

C2 1 1y2(1 HIV oot V][22
< 2e4+)( +|| lloo+IIV 56 )<

Meanwhile, one can directly check that for each ¢ € (0, 2):

s+ lél] = ()(11__)1__H1* gL e

* tA
ell1ge ey 2 el 5.

inf
u>0 M

IN

From this and (2.4), after some simple computations, we get the inequality in (iii).
Step 4: To show that (iii)= (iv)
Let C' > 0 be given by (iii). Arbitrarily fix € (0,1), t > 0 and ¢ € L?*(2). Write

~ 2/3
C & 2C0HattVI=tIVICD o 2 ]l and v 2 [[15e"g]lo. (2.5)

By the Young inequality, we see that for all € > 0,

Ca2€ 2(1-0) (59(126)( —9 2(1 9)
< (69a29)1/9+6’1/(1 ) (6 7 )1/(1 0)
2

— e 4+ OO0 152

This, along with (2.5) and the inequality in (iii), implies that the inequality in (iv) with the same
constant C' as that in (iii).
Step 5: To show that (iv)= (v).

By taking 8 = T

.y in the inequality in (iv), we are led to the inequality in (v) with the same
constant C' as that in (iv).
Step 6: To show that (v)= (vi)

Let C' > 0 be given by (v). Arbitrarily fix s and T so that 0 < s < T. Then fix £ € L*(Q).

Since

le”Ag]] < eIVl [l elT=g,



by taking t = T' — s in the inequality in (v), we find that for all e > 0 and g € (0, 1],

T 4g]? < eV lke (T g 2

2511V lloo iﬁewmﬁ)(1+B§gi)+(T>s>||V||oo+||V||§éS

e

J15e@-4¢|2 4 c)e)?

IN

HT =)V lloo HIVIIZ?

_ m620(1+5)(1+ g(l%ri
(8628”‘/”00)6

(e IVl ). (2.6)

j Nz e-94g )2

Meanwhile, we have that for all 5 € (0, 1],

2(1 4 B)s[|V]loo +2C(1 + 5)(1 T

B(T —s)
= 2(1+p) [C + % + (s +C(T = 9)) Voo + C||V||§é3]

2 1 ~ 2/3}
21+ 4 max{1, O} |1+ s 4 TV o + VI

< Smax{1,C} [1 SR T uvuzé?’] |
BT —s)

+ (T =)V + IVIZ?)

IN

This, along with (2.6), implies that the inequality in (vi), with C3 = 8 max{1,C'}.
Step 7: to show that (vi)= (i)
Let C3 > 0 be given by (vi). Arbitrarily fix ¢ > 0 and £ € L?(Q2). Write

C 2/3
G (1 AV o HIVIE

Do )1zl (2.7)

Then it follows from the inequality in (vi) (where § =1, s = 0 and T = t) that
tAe2 o L2 2
le"¢]" < inf | D7 +£[[€]]7 ) ,
e>0 \ €
from which, it follows that

C3 (141 2/3
letAe]| < /2D < vze (VI tIVIES) g coag172)gyp1/2,

This, along with (2.7), leads to the inequality in (i).
Finally, we see from Steps 4-5 that the constants C in (iii), (iv) and (v) can be chosen as the
same number, while C5 in (vi) can be taken as 8 max{1,C} (see Step 6). This ends the proof.
O

Remark 2.2 (a) The inequality in (i) of Theorem 2.1 is indeed equivalent to a kind of impulse
controllability, 1.e., the impulse null approrimate controllability, which will be explained in the next
section. Such controllability is the base for our study on the stabilization. (b) In the following studies
of this paper, we will only use the inequality in (v) of Theorem 2.1. However, other inequalities seem

to be interesting independently. For instance, when V = 0, the inequality in (ii) of Theorem 2.1 is

8



exactly the Lebeau-Robbiano spectral inequality (see [LR]). Here, we get, in the case that V # 0,
the same inequality, and find how the constant (on the right hand side of the inequality) depends
on ||V||eo- (¢) It deserves to mention that all constant terms on the right hand side of inequalities
in Theorem 2.1 have explicit expressions in terms of the norm of V and time, but not Q and ©.
(d) It was realized that when V =0, the inequality in (i) of Theorem 2.1 can imply the inequality
(7i) of Theorem 2.1 (see Remark 1 in [AEWZ])

3 Impulse null approximate controllability

The main purposes of this section are to introduce impulse null approximate controllability problems
and to show that such controllability is a consequence of the inequality in (v) of Theorem 2.1.
Throughout this section, we arbitrarily fix numbers T, §and {, with 7> § > ¢ > 0, and fix an

open and non-empty subset @ C 2.

3.1 Several impulse approximate controllability problems

Consider the following two equations:

y'(t) — Ay(t) = 0, t e [t, 17,
y(3) = y((8)-) + Lo f, (3.1)
y(t) =z,

and
¢ (t)+ Ap(t) =0, teltT],

o(T) =¢.
Here, z € L%(Q), f € L*(®), and & € L?*(2). The first equation is an impulse controlled equation

(3.2)

over [, T], while the second one is the dual equation of the first one. Write y(+; f, z) and ¢(+; &) for
the solutions to (3.1) and (3.2), respectively. Then we have that

-0 hen't € [7,) and i <&
e z, when ,§) an 3,
y(t; /s Z) = (t—)A (t—3)A [A ) (33)
e z+ e, f  whent € [8,T],
and
o(t; &) = DA for any t € [, 1. (3.4)

Several concepts on the impulse approximate controllability for Equation (3.1) are given in
order. The first one is the impulse approximate controllability for Equation (3.1), i.e., for each
z € L3(Q),

N II-1
{u@ir.2)| Fer@} =L (3.5)
The second one is the impulse null approximate controllability, i.e., for each z € L?(Q) and each

§ > 0, there is a control f € L%(w) so that y(T; f,z) € B(d|z|,0). Here and in what follows,
B(d]|z]|,0) denotes the closed ball in L?(2), centered at the origin and of radius &/ z||. The third

9



one is the impulse null approximate controllability with a cost, i.e., for each § > 0, there is a constant
C > 0 so that for each z € L2(Q), there is a control f € L?(&) satisfying that y(T’; f, z) € B(d]|z|,0)
and || flle < Cz].

We now introduce two problems and one property related to the above-mentioned impulse null
approximate controllability and impulse null approximate controllability with a cost. The first one
is the following minimal norm impulse control problem (N P)ZTA’f; £o (where z € L?(Q2) \ {0} and
d > 0 are arbitrarily fixed):

N=T) 2 inf {|fll | Ily(T: £,2)]] < ollz11 - (3.6)

This problem is to ask for a control which has the minimal norm among all controls (in L?())
driving solutions of Equation (3.1) from the initial state z to B(d]z||,0) at the ending time 7.

In this problem, N#9(T) is called the minimal norm, while f* € L?(&) is called a minimal norm

control, if
y(T: 5, 2)| < dllzll and || f*|le = N*°(T). (3.7)
The second one is the following problem (N P)%&E,w (where 6 > 0 are arbitrarily fixed):
NO(T) £ sup N*(T) = sup inf {||fllo | ly(Ts £, )] < 2] }. (3.8)
[[zl1<1 ll=11<1
The quantity N°(T') is called the value of the problem (N P)%@E’@. The last one is following

property (C)¢° (where C > 0 and § > 0): For any z € L? (Q), there is a control f € L? (&) so that

1 1 ~
max{a £l 5 Hy(T; £,2)

} < Il (3.9)

We would like to mention that the property (C)©° may not hold for arbitrary C' > 0 and & > 0.

fox)

However, we will see that given 6 > 0, there is C' > 0 so that the property (C)“° is true.

The following lemma gives the impulse approximate controllability for (3.1). This result will
not be used in our study on the stabilization, but for the completeness of the introduction on the
impulse approximate controllability, we present it here. It deserves to mention that such result may

have existed already. Unfortunately, we did not find the exact reference.
Theorem 3.1 FEquation (3.1) is impulse approximate controllable.

Proof. Define a linear and bounded operator G : L?(&) — L?*(Q) in the following manner:

g A 6(T*§)A1 N

&
Then we find that for each z € L?(Q2) and each f € L?(@),

y(T; f,2) = 77042 4 G,
From this and (3.5), we see that Equation (3.1) is impulse approximate controllable if and only if

RGO = 2@, (3.10)
10



It is clear that (3.10) is equivalent to
N(G") = {0}. (3.11)
Because

G* = 15T € L(L2 (), L(@)),

we see that (3.11) is equivalent to the following property:
Xop(8:§) =0=¢=0.

(Here and in what follows, y; denotes the characteristic function of @.) The later is exactly the
unique continuation property of heat equations built up in [L] (see also [EFV]). Hence, Equation

(3.1) is impulse approximate controllable. This ends the proof. O

3.2 Minimal norm impulse control

This subsection presents some properties on the minimal norm impulse control problem (N P);(Ss s

Lemma 3.2 For each z € L*(Q) \ {0} and each 6 > 0, the problem (NP);’(SS ; , has a unique

minimal norm control.
Proof. Arbitrarily fix z € L2(Q2) \ {0} and § > 0. Write
2,0 A
Fi 2{1 € L2@) | Iy(@: £, 2)ll < 8l }

By Theorem 3.1, we see that F #0 # (). Meanwhile, one can easily check that F7; d is weakly closed

in L?(@). From these, it follows that (N P);i ; ., has a minimal norm control.

Suppose that fi and fo are two minimal norm controls to (N P);i £ . Then we have that

0 < |fillo = Ifzlle = N**(T) < oc, (3.12)

where N%9(T) is given by (3.6). Meanwhile, one can easily check that (f; + f2)/2 is also a minimal
z,0

norm control to (NP)T cio

This, along with the Parallelogram Law, yields that

(V430)" = 10+ /218 = 5 (U IZ +1012) = 10 — £2)/213. (3.13)

From (3.12) and (3.13), we find that f; = fa. Thus, the minimal norm control to (NP);(SS I is

unique. This ends the proof. O

To characterize the minimal norm control of (N P)Z 0 we introduce its dual problem (DP)

T,5,%,&°
in the following manner (which is inspired by [FPZ]):

f T,3,1,6 14
eng(Q)J(ﬁ 2,0,T,5,t,0), (3.14)
where
. Fazoay oA Ly o2 ‘. 2
& %0, T,5.80) 2 S| eEOIL+(z oEO)HllEl, &€ L@, (3.15)

11

T 8,6,



Lemma 3.3 For each z € L*(Q)\ {0} and each & > 0, the functional J(-; 2,6, T,3,,&) has the
following properties:
(i) It satisfies that
. T s.t.8
hm 1nf J(§7 2757 787t7w)
r—o0 |fj=r 4l

> 52 (3.16)

(i3) It has a unique minimizer over L?().

(iii) Write {;f;i@ for its minimizer. Then

1950y

&% =0 if and only if Hy(T;O,z) < 4|zl (3.17)

Proof. Arbitrarily fix z € L2(Q2) \ {0} and § > 0. We will prove conclusions (i) — (iii) one by one.
(1) By contradiction, suppose that (3.16) was not true. Then there would be an ¢ € (0,6) and

a sequence {n,}°; in L?*(Q) so that
lim HnnH: o0 (3.18)

n—oo

and L
J(nna Z, 55 T, ‘§a tadj)

[77n

From (3.18), we can assume, without loss of generality, that 7, # 0 for all n. Thus we can set

< (0 —¢)|z|| forall neN. (3.19)

b = IIZnII for all n € N. (3.20)

From (3.20), we see that {¢(f; ¢, }52; is bounded in L?(Q). Then, from (3.15), (3.20), (3.18) and
(3.19), we find that

— 1 . .
T = (|15 (3 6013

n—o0o 2
1 J(ns; 2,0,T, 8,1, X
SOy AU E L) S TP B (321)
n=00 ||| 7]l
- — leelf:
n=oo |l nmoo [|ny|

Meanwhile, by (3.20), there is a subsequence of {¢,}, denoted in the same manner, so that
¢n — ¢ weakly in L2(Q),
for some ¢ € L?(Q2). Since the semigroup {eAt} >0 is compact, the above convergence leads to
0(8; 9n) = (8;¢) strongly in L2(Q);  15¢(8;¢n) = 15 0(5;¢) strongly in L*(@).  (3.22)

From (3.21) and the second convergence in (3.22), we find that

17 ¢(5;0) =0,

12



which, along with the unique continuation property of heat equations built up in [L], yields that
¢ = 0. Then by (3.15) and the first convergence in (3.22), we see that

o 2O 20T 0D sy [ o6, )4l

n—o0 HnnH n—o0

= (2 @(:0))+0]2] = 3]

This, along with (3.19), leads to a contradiction. Therefore, (3.16) is true.
(i7) From (3.16), we see that the functional J(-; z,6,T, 3,1,&) is coercive on L2(2). From (3.15),
we find that this functional is continuous and convex on L?(f2). Thus, it has a minimizer on L?().
Next, we show the uniqueness of the minimizer. It suffices to prove that the functional
J(-; 2,0,T,5,1,0) is strictly convex. For this purpose, we arbitrarily fix &,& € L2(Q) \ {0},
with & # &. There are only three possibilities: (a) & # p&o for any u € R; (b) & = —poés for
some 9 > 0; (¢) & = po&2 for some pg > 0. In the cases (a) and (b), one can easily check that

A&+ (1 = M&all < All&a]l + (1 = M|z for all A e (0,1). (3.23)

In the case (¢), we let
H\) 2 I\ 2,0,T,8,4,0), A>0.

Since & # 0 in L?(), it follows by the unique continuation property of heat equations (built

up in [L]) that [[1Z ¢

coefficient. Hence, H(

J(-; z,5,T,§,f,@).
(73i) We first show that

5;&)|, # 0. Thus, H(-) is a quadratic function with a positive leading
-) is strictly convex. This, along with (3.23), yields the strict convexity of

A ,5
Hy(T;O,z)H <ol = &2, , =0 (3.24)

In fact, by (3.3) and (3.4), we see that
<z, o(t; £)> = <y(T;O,z), £> for all z,& € L?(Q).
This, along with (3.15) and the inequality on the left hand side of (3.24), yields that
J(E 2,6,T,8,4,0) 2<y(T;0,z), £>+5||2H||£H >0=J(0; 2,6,T,3,#0) for all €€ L*(Q).

This implies the equality on the right hand side of (3.24). Hence, (3.24) is true.
We next show that

601, = 0= |[u(T:0,2)| <)z (3.25)

By contradiction, suppose that (3.25) were not true. Then we would have that

Hy(T; 0, z)H > 6||z| and €20 . =o. (3.26)

1,580
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Set ¢ £ —y(T';0, z), which clearly belongs to ¢ € L%(Q2) \ {0}. Then we have that

(20 plEw))=(u(T50,2), ¥ )= —[ly(F50,2) -

This, along with the first inequality in (3.26), yields that

(2 w(Bw))+0)2] ] <o.

Thus, there is an € > 0 so that

A . 1 N
J(ev; 2,0,7,5,8,0) = 25 1505 0) 12 + < | (2 @) )+ollzlllvil] <o.

This, along with the second equation in (3.26), indicates that

which leads to a contradiction. So we have proved (3.25).
Finally, (3.17) follows from (3.24) and (3.25) at once. This ends the proof of Lemma 3.3 . O

2,0

Now we will present some properties on the minimal norm control of the problem (NP) 7 sin

Theorem 3.4 Let z € L?(2) \ {0} and § > 0. The following conclusions are true:
(i) The minimal norm control f;’(s i to (NP);"Z ;, Satisfies that

S5ty 3990y

f%v‘s =0 if and only if Hy(T;O,Z)

7,580

< ]l=]l-

2,0

2,0
Feio ., to (DP)2 . . have

g . 5 o 5
(#4) The minimal norm control f;t _to (NP) and the minimizer 5;’ i s
787 7w 787 ) 787 7w

the following connection:
2,0 1% a. ¢7:0
fitie =10 (¢ (3650:0))
Proof. Arbitrarily fix z € L?(Q) \ {0} and § > 0. According to Lemma 3.2 and the conclusion (ii)

. 2,0 3 . o s 2,0 2,0 3 .

in Lemma 3.3, (NP)T,§,E,w has a unique minimal norm control fT,§,£,a; and (DP)T,g,E,@ has a unique
2,0

The first conclusion in this theorem follows from the definition of Problem (N P);(SA . (see (3.6))

S50y

minimizer &

at once.

To show the second conclusion of this theorem, we notice that when |jy(7;0,z)|| < 8|z, it
follows respectively from the first conclusion of this theorem and the conclusion (ii7) of Lemma 3.3
that

f%"s =0 and 5{,5 =0.

T,5,t% 1,8,
Hence, the second of this theorem is true in this case.

We now consider the case where

|v(@30,2)] > sl (3.27)
14



Write

£260 . ad f215 (<p (85)) : (3.28)
We first claim that
P2{F € @) | Iw(@s £ 90 < =1} (320)

In fact, by (3.27) and (iii) of Lemma 3.3, we find that € # 0. Then the Euler-Lagrange equation

associated to é reads:

~

B(ng)AXLDe(T—&)Aé +eT-HA, 4 8| = 0. (3.30)

111
Since 141% = xw, it follows from (3.3), (3.28) and (3.4) that

(T F,2) = T4y (T-9AE | (T-D)A

This, together with (3.30), indicates that

o é
y(T5 f,2) = =ollzll =, (3.31)
€]l
from which, (3.29) follows at once.
We next claim that
1fllo < IIfllo for all f € Fry. (3.32)
To this end, we arbitrarily fix an f € F;f. Then we have that
ly(Ts £, 2)]| < dll=]l. (3.33)
Since 1;1% = xo and xolg = 1y, we find from (3.28), (3.3) and (3.33) that
1le - 1fle > (lof 1af) = (1af, xaeT=94E)
= (T4, 1, &) = (y(T £,2) = 7042, €)
> —ollzllé) - (MDA, €).
This, along with (3.30), yields that
1£1le - 111l
> o)z I1€]l + <€(T_§)A ¢ 4 gl T >
= AN + |[15eT94E + IR
2 .
=\%W”M#;4m& (3.34)

Since é # 0 in this case, we see from (3.28) and the unique continuation estimate at one time (given

by (i) of Theorem 2.1), combined with the classical backward uniqueness for parabolic equations,

that f # 0. This, along with (3.34), leads to (3.32). From (3.29) and (3.32), we find that f is a
15



minimal norm control to (NP);’({tA _. Since the minimal norm control of (N P);(Sﬁ _ is unique, we
787 7w 787 7w
have that f = f;é ‘o So the second conclusion of this theorem is true.
787 7w

In summary, we end the proof of this theorem.

3.3 Impulse null approximate controllability with a cost

This subsection presents connections among the problem (NP)?, e the property (C)¢° and an

T7 87 K
inequality on solutions of (3.2). The later can be treated as a kind of observability estimate. Such
connections, along with the estimate in (v) of Theorem 2.1, provide a bound for the minimal norm
of (NP)ZTJ{ i With the aid of this bound, we can get a bound of the norm for the desired feedback

»S, LW

law.
Theorem 3.5 Let § > 0 and C > 0. The following statements are equivalent:
(i) Let N°(T) be given by (3.8). Then C > NO(T).
(i) The property (C)°0 (defined by (3.9)) is true.
(iii) The following property (O is true: For each ¢ € L*(Q), the solution ¢(-;€) to (3.2) satisfies

leE O < Clltze(3:)ls + 8 lEll-

Proof. We organize the proof by three steps as follows:

Step 1. To show that (i) < (ii)

We first prove that (i) = (ii). Assume that (i) is true. When z = 0 in L?(Q2), we find that (3.9)
holds for f = 0. Thus, it suffices to show (ii) with an arbitrarily fixed z € L?(Q) \ {0}. For this

purpose, we write 2 = z/||z|. Let f be the solution to (NP);’(SS ;- Then by (3.6), we see that

ly(T5 £, )1 < 6]|2[| = 0.
Setting f = ||z||f in the above leads to that

ly(T5 £, )l = Iy (T £, )1 < 6]l=].

Thus, to show that the above f satisfies (3.9), we only need to prove that || f||s < C||z||. This will
be done in what follows: Since f is the solution to (NP);’i ; » we have that | flle = N#%(T"). This,
along with (3.8), (3.6) and (i), yields that o

1o = =11 flle = 1IN**(T) < [|2IN°(T) < C|=].

Hence, (ii) is true.

We next show that (ii) = (i). Assume that (ii) is true. By contradiction, we suppose that (i)
were false. Then there would be z € B(1,0) so that N*9(T) > C. It is clear that z # 0. Let
zZ =z/||z]|]. Then

5 N 1 ~ N
N&(T) = MNZ"S(T) > N*9(T) > C.

16



From this and (3.6), we see that there is no f € L?() so that
|v@ir2)| <ol and Niflle < € = CJ2).

This contradicts (ii). Hence, (i) stands.

Step 2. To show that (i1) = (iii)

Suppose that (ii) holds. Then, given z € L?(f2), there is f, € L?(f2) so that (3.9), with f = f,,
holds. Meanwhile, it follows by (3.3) and (3.4) that

(4T £2,2), €)= (2 9(1:6))=(1ofer 9(5:€) ) forall 2,€ € L2(Q).

This, along with the inequality (3.9), yields that for each & € L2(2),

IN
)
=1
o

< sup
= Cl1ze(s: o), + ol

which leads to (0)“9. Hence, (iii) is true.

Step 3. To show that (iii) = (ii)

Suppose that (iii) is true. Arbitrarily fix z € L2 (Q). In the case that [|y(T;0,2)| < d]|z|, (3.9)
holds for f = 0. Thus, we only need to consider the case that

ly(T;0,2)|| > 6] |z]|. (3.35)
In this case, we let f, £ 1%p(8;€6*9), where £#9 £ 5;’(;{@ is the solution to (DP);ZE&J' Then

according to (ii) of Theorem 3.4, f* is the minimal norm control to (NP);ZMJ'

and (3.35), we see that €9 # 0. Then using (3.4) and (3.30) (with £ = £*9), and noticing that
Xo = 1@1:5, we find that

By Lemma 3.3

(2 @le0)) = (7042, ¢27)
_ _<6(T—§)AX®6(T—§)A£Z,5+5||Z‘|%, 5z,5>
= — 1503 )2 = all=ll1e).

Since f, = 1%¢(3;£%9), the above equality, along with (3.15), shows that

2 R 1
150560+ (2 0G0y + ol ) = —5 U512 (3.36)

w

P 1
J(E; 2,0,T,5,6,0) = 5 |

17



Meanwhile, it follows from (3.15) and the inequality in (iii) in (O)%° that

z ™A f oA 1*Az2 L. ¢2 z
I 2,6,1,5,1,0) = 5 |50 6| + (2 wEe) +dllzlg)

2 .
z-—ﬁ¢§@W\+wﬁmMH—wm5%Wﬂ
(3.37)
> S|Pzeen)|] +oledle) - [ e e|, +3[le]] 1
> §||f2||czb = C|lfzllsll=]-
From (3.36) and (3.37), it follows that
1f:lle < Cl=]- (3.38)
On the other hand, since f, is the minimal norm control to (NP)ZJ(SL§ ;i ,» it follows from (3.6)
that ||y(T; f-, z)|| < d]|z||. From this and (3.38), we find that (3.9) is true. Hence, (ii) stands.
In summary, we complete the proof. O

Remark 3.6 The value N°(T) (given by by (3.8)) is indeed the optimal coefficient C' so that the
following inequality holds:

@O < ClILEe(3: ), + €Il for any & € L*(Q). (3.39)
Indeed, the above-mentioned optimal coefficient reads:
C* £ inf { C>0 ‘ C satisfies (3.39)}.

We now claim that

C* = N°(T). (3.40)
In fact, if C satisfies (3.39), then it follows from Theorem 3.5 that C > N‘S(T). From this, we find
that

C* > NO(T). (3.41)
On the other hand, if we can prove that the property (C’)N(S(T)"S holds, then by making use of
Theorem 3.5, we see that

C* < NO(T),
which, along with (3.41) leads to (3.40).

Therefore, the remainder is that for each z € L*(Q), there is a control f € L? (@) satisfying
that

aX{N‘S( 7y 1/l 5 Hy (T 1,2 H} < Il (3.42)

When z = 0, we can easily get (3.42) by taking f = 0. So it suffices to prove (3.42) for an arbitrarily
fized z € L*(Q) \ {0}. To this end, we let 2 = z/||z||. It follows from (3.8) that

inf {|1/llo | Iy(T: £, 2)Il < ol2] p< N(D).
18



Because the infimum on the left hand side of the above inequality can be reached, there is f € L2(@)
so that
y(T; f.2)| < dl2] with || flle < N°(T).

From these, we see that (3.42) holds for f = ||z||f. Thus we finish the proof of the claim.

3.4 Bound of minimal norm

The next theorem provides a bound of the minimal norm for (NP);5 ; o defined by (3.6). Its proof
is based on Theorem 3.5 and (v) of Theorem 2.1. o

Theorem 3.7 Lett, 5 and T be so that 0 <t < § <T. Let § >0, z € L*(Q) and & be a nonempty
open subset of Q). Then the minimal norm control f;’ét . to Problem (NP)Z(S e satisfies the

»S,0,wW W

following estimate:

s C(B:&A’H o T4/ 1220 )
o PN E (3.43)

where C > 1 is a constant (depending only on Q and &), In(1/6)]* £ max{In $,0} and

1 -
El4 —+ (T =DV + VI (3.44)

BT,é,tA,”V”oo T _

Va8

Proof. Arbitrarily fix £, §, T, z and & TSth
function of § € (0,00), is decreasing. Thus, it suffices to show (3 43) in the case when 6 € (0,1).
To this end, we arbitrarily fix § € (0,1) and ¢ € L?(9). Since

Va+b<a+Vb forall a,b>0, (3.45)

by taking t =7 — § in (v) of Theorem 2.1, we see that for all e > 0 and 8 > 0,

s L 200148) (14 552+ (=9 V| HIVIES) | o s s
ey < [0 el + el

L 0049 (14 2 B9V I HIVIEL) | o 904y 4 g

Ve o

where C' 2 1+ C and C is given by (v) of Theorem 2.1. From this, we find that

He(T—t)Agn < =DV lloo ||6(T—§)A5||

A*E \%4 oo A ™A / ~ ~
DIV C(1+5)(1+ﬁ(1;r_6§)+(T*S)||V||oo+||v||?>03)”12€(T—§)A§Hw DIVl g

(ve)?

)

2
m) in the above inequality and

Since & was arbitrarily taken from L?(Q2), by taking e = <
then using (3.4), we see that for each § > 0,

leE O < Casllize(3:)llo +dlg]l for all €€ L*(Q), (3.46)
19



where

L (8) =01Vl (COH8) (150725 + @IV oo HIVIEE)

Cps = 5¢ B(T—3) (3.47)

By (3.46), we see that for each 3 > 0, the property (0)¢#4° (given in (i) of Theorem 3.5) is true.
Then we can apply Theorem 3.5 to find that (i) of Theorem 3.5 holds. Thus, the minimal norm
control f; ; , to Problem (NP)Z ,0 ., Satisties

Hf;ith < Cgellz|| for each B> 0. (3.48)
Next, we will prove that
. o (In(1/0)]*
éf;% 05,5 < exp |:4C <BT,§,1§,||V||O<, + Ti_g)], (349)

where By oy IS given by (3.44). In fact, since C' > 1, we find from (3.47) that for all 8 > 0,

Cos < cCOMBE=DIVIoe LOHD (1 ZEGH TRV It IVI)
58 ¢

s —=

A 2/3
o0 18, CO+0) (14 5025+ (T=D IV oo+ VIEL)

A ¢ i
= e |(CBp vy +105 )ﬁ s C(Brazmn + T - sﬂ
which, along with (3.45), yields that
C? BT p Clnt . 1
- SilVI | CI .
ér;fOCg(s = exp {2\/ T 3 C( T8 ElV]ee T T — g)}

< exp {20 T s,t,||V||oo 24 / —|— C T 87t,||V||oo — §> } (3.50)

Meanwhile, we have that

BT7§7£7||V||00 < EBA . + 1#
T _ § - 2 T7§7t7”V”00 2 T — §

This, together with (3.50), indicates that

inf Cy5 < exp {26(B 1y, g, [Chng
ér>10 B0 = eXP{ ( T7§7£7||V||oo + T _ §) + = }
Since €' > 1, the above inequality, as well as (3.44), implies that

N lnl
4C<BT,§,£,V||OO+ T_6>
inf Cgs<e .
£>0

This leads to (3.49) (in the case that 6 € (0,1)). Now, (3.43), with § € (0,1), follows from (3.48)
and (3.49). This ends the proof. O
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Remark 3.8 From Theorem 3.7, we see that the bound of the minimal norm control depends on
several quantities, such as time, domains, potential and § (radius of the target ball). Among these
quantities, 6 may be the most important. The way how it depends on § is as: eCV/In(1/8)+ for some
C>0 independent of 6. Meanwhile, from the proof of Theorem 3.7, we find that this bound is from
the minimization of Cgs with respect to 3. (Here, Cg s is given by (3.47).) Thus, it follows by
(3.46) that

lp(E; )| < CeCVIUPIT| 12 o(3: ) + [|E]| for all € € LA(S). (3.51)

Meanwhile, in the special case when V=0 and 0 <t =5 < T, the following property is true: there
exists Co > 0, {n,} € L*(Q2)\ {0} and {5,} C (0,1), with lim,,_, &, = 0, so that

(8 )| = Coe VI 1 0(8; 1)l + S| for all n. (3.52)
From (3.51) and (3.52), we see that when V =0 and 0 < { = § < T, the quantity \/[In(1/8)]* is
optimal in the following sense: For any function § — a(6), 6 > 0, with lims_,o+ ﬁ 0, the

following inequality is not true:
105 )]l < a(8)e™@ 1505 )l + €]l for all € € L3 and 6 > 0.

We now prove (3.52). According to Proposition 5.5 in [LL], there exists Cj > 0 and ng > 0 so
that for each n > no, there is {an ;}52; C 12\ {0} satisfying that

I > angéill > CoeV 15 D ansjla- (3.53)
A;j<n Aj<n
Define, for each n € N,
L 1 L
£ Z N T=9q, & and 5, 2 56_"(T_5). (3.54)
Aji<n

From (3.54) and (3.53), we find that for each n > nyg,

leGsma)ll = 1D ang&ill = (1= 62N> an &l + 6ne™ ™ > an 4]
)‘J'Sn )\jgn )\jgn
1 e
= D ang&l 46l Y T a5
Aj<n Aj<n
1, o
> 506600ﬁ!!1@ > angéjlle + onllnall (3.55)
)\an

Meanwhile, it follows from (3.54) that for each n € N,

VIn(1/6,) = \/In2 4 n(T — 3) <1+ /n\/T — 3. (3.56)

By (3.55) and (3.56), we see that

. R V(o) .,
le(m)| > 5Coe VT—ie V= 112D ani&illo + Sallmall,
Aj<n
21



which leads to (3.52).
Next, we would like to mention the following fact: The order \/[In(1/e)]* is also optimal in the
inequality in (v) of Theorem 2.1 (with V =0 and t = §) in the the above-mentioned sense. Then

according to Theorem 8.5, the following conclusion is not true: For each function a(-) over RT,

with Tim, o+ % =0, each § > 0 and each z € L*(Y), the minimal norm control f;isw to
(NP)Z © ., (with V' =0) satisfies the following estimate:
6
172 o < @],
Finally, it deserves mentioning that for any 8 > 0,
1
/0] < —  when § >0 is small. (3.57)

= §8°
Indeed, we have that
= P00 forall B>0 and § > 0

and
n(1/6)] <In(1/6), when & >0 is small.

From these, (3.57) follows at once.

4 Main result

This section presents the main result of this paper, as well as its proof. We first recall that s,
7 and T, with 0 < s < 7 < T, are three arbitrarily fixed time points and that w; and w are
two arbitrarily fixed open and non-empty subsets of Q. we next recall that {);}32; is the family
of all eigenvalues of —A so that (1.2) holds, and that {¢;}32; is the family of the corresponding

normalized eigenfunctions. For each v > 0, we define a natural number K, in the following manner:
In3
Kfyécard{jEN, )\j<7+n7}. (4.1)

Then we define numbers €, and €, ,, with 1 < 7 < K., as follows:

1 1
A e T A —2)js —(vHIVIIo)T (4.2)
€y = 9 €4, e € : ’
gl 3F,'1/2 I 6K$/2

Write respectively érjféw and 552’;{’0”:% for the solutions to problems (DP)%’:ZM nd (DP)g’S’?OWw1
(These two problems are defined by (3.14), with (z, 0, 1,8, t, ) being replaced by (&, ey, T,7,0,w)
and (&5, €5,,2s,5,0,wp) respectively.) Then from (ii) of Theorem 3.4, we find that for each v > 0

and each 1 < j < K,

67 T—1)A 6'7 67 A 6'7 Iy
fio 2 I = 16 (eTT7AG ) and hyp 2 f200, = 10, (eME0.,)  (43)
are respectively the minimal norm controls to problems (NP)%Z’:Z)W nd (NP)gjs’Z](; w- (These

two problems are defined by (3.6), with (2,5,T,§,f,<2)) being replaced by (&;,€ey,T,7,0,w) and
22



(&5, €j,4,25,5,0,w1) respectively.) Now for each v > 0, we define a linear bounded operator F., from
L? (wy) into L? (w) in the following manner:

K’V
Fy(v) = — 262)‘js<1wlv, Lo hjn ) fjn for each v € L*(w). (4.4)
j=1

The closed-loop equation under consideration reads:

y'(t) — Ay(t) =0 in R\ (7 +NT) ,
y(r+nT) = y((r + nT)-) + 1 Fy (1}, y (s +nT)) forneN, (4.5)
y(0) € L3(Q).

The main result of this paper is the following theorem:

Theorem 4.1 For each v > 0, let Fy be given by (4.4). Then the following conclusions are true:
(i) Each solution y-(-) to the equation (4.5) satisfies that

ly, @) < TOHIVIIs) (1 + ||FV\|£(L2(W1)7L2(W))) e |y, (0)||  for all t > 0.
(i1) The operator F, satisfies the estimate:

H’F’YHZ:(LQ(wl),LQ(UJ)) S 0160277

where Cy and Co are two positive constants depending on T, T, s, d (dimension of the space),
Voo, 2, w and w1, but independent of v. Moreover, the manner how it depends on T, T, s, d

(dimension of the space), ||V |« is explicitly given.

Proof. For each k € N, let Vi 2 span{¢1,...,&} and let Py be the orthogonal projection of L?(Q)
onto Vj. Arbitrarily fix v > 0. We organize the proof by several steps.
In Step 1, we will show that if any solution y.(-) to the equation (4.5) satisfies that

Iy ((n+1)T)| < e flyy (nT)|| for any n €N, (4.6)

then the conclusion (i) in the theorem stands.
To prove this, we arbitrarily fix a solution y,(-) to the equation (4.5). Then by (4.6), we see
that
lyy (W) < e |y, (0)]|  for all N. (4.7)
Arbitrarily fix an n € N. From (4.5) and (4.7), we find that

gy DN < =DV e [y, (nT)|| < e DIVlce=mT |y (0)]
< e WVlloeem T |y, (0)]] < " OHIVIse)e |y (0)]], when t € [nT,7 +nT],

and

lyy (O < e W oo ||y, (7 + 0T

=DV leo ||y, (7 +nT)_) || + et DIVl || F, (12, y (s + nT)) |

=DV ly (nT)|| + H]:“/HZZ(L2(W1),L2(w)) e(t=m=nT) [Vl o8IV oo llyy (nT)||

¢TIV loc) <1 + Hf’YHl:(LQ(wl),LQ(w))) e "y, (0)[], when t € [r +nT, (n+1)T].
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From these, we see that the conclusion (i) in the theorem is true.
In Step 2, we will prove that for each ¢ > 0 and each £ € N with k£ > m, the linear operator

C5* : Vi — L?(w), constructed in the following manner:

k
CF(2) = (= &) f5, 2 €W, (4.8)

Jj=1

with f7 = f%fo ., the minimal norm control to (N P)g{f,o, .» satisfies that for each zy € L?(9),
HeTAzo + e<T—T>A1wC€v’“(szo)H < eVE || Pyzol| + e+ T || 20 — Pz - (4.9)

To prove this, we first consider the following controlled equation:

y'(t) — Ay(t) =0 in [nT, (n+ 1)T\(7 +nT) ,
y(r +nT) = y((r +nT)-) + 1o f (4.10)
y (nT) = 2o,

where zg € L?(Q), f € L*(w) and n € N. Write y,(-; f,20) for the solution of (4.10). The
relationship between y,(-; f, z0) and the solution y(-; f, zg) to the equation (3.1), where

(3,8, T,&,2) = (r,nT, (n+ )T, w, ),
is as follows:
yn(t; fy20) = y(t — nT; f,29) for each t € [nT,(n+ 1)T]. (4.11)

Arbitrarily fix € > 0, k € N with k > m, and 2y € L?(Q). Since [f5 1s the minimal norm control to

(NP)%Zwa, from (3.7), where

we find that
(T £7,€5) I <€ forall 1 <j<k.

This, along with (4.11), yields that

lyn((n+ 1)T; f;,fj)H <e forall 1<j<Ek. (4.12)
Define i
SREN a0, G) 5, (4.13)
j=1
Since

[yn((n + 1)T;0, 20 — Przo)|| < e 1720 — Pyzo|,
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it follows by (4.12) and (4.13) that

lyn((n + 1)T5 55, 20)
= lyn((n + T3 /55, Pezo) | + g ((n + 1)T50, 20 — Pizo)|

k
< 2 [Ke0 ) llyn((n + DT 7,611 + e~ 1T 20 — Pizol (4.14)
iz

k
< e 3 {20, &) + e T 20 — Prao|
j=1

< eVE|Pezo| + e 17T 29 — Ppzol|.

Meanwhile, we have from (4.10) and (4.13) that

k
yn((n + 1) fzo ) ) eTAzO + e(T_T)Alw Z<207 §j>fje7
j=1

while, we see from (4.8) that

K
C"(Prz0) = ) (20, &) 15

Mw

j=1
These, along with (4.14), leads to (4.9).
It deserves mentioning what follows: From (4.9), one can easily check that when w; = Q and
s = T, we can suitably choose ¢ and k in terms of v and N, so that ]:-v £ c&k Py, plays the role of
such a feedback law that each solution g, (-) to the equation (4.5), where

(whs?fv) = (977—7]:;)7

satisfies that
3,1l < Coe 3, 0)]], when ¢ >0,

for some positive constant CA'V. However, in the current case, w; may not be 2 and s < 7. Thus we
need recover approximately Przg from lzleSAzo. This is the job in the next step.

In Step 3, we will construct, for each £ > m and € > 0, a linear and bounded operator
RE* . L% (wy) — Vj so that

HRé’k (12168’420) — szoHLz(Q) < kéHzOHLz(Q) for any zg € LQ(Q). (4.15)
To this end, we arbitrarily fix kK > m and € > 0. Write
g 2T =1,k (4.16)

Let
h Af&]fJ 1§]§k

2s,5,0,w1?

Then each h is the minimal norm control to (NP)@ o Write y(-; ﬁj, &;) for the solution to the

2s,5,0,w1 "

equation (3.1), with

(T t f) :(2878,0,W17§j,ﬁj)-
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Then by (3.7), it follows that
15(253 7y, &)l < ™%

Meanwhile, one can easily check that for each j with 1 < j <k,

U(2s;hj, &) = e 2% + 541, .
From these and (4.16), we see that the vector ¢; (with 1 < j < k), defined by
Cj £ 6_2>\j8£j + BSAlwl iLj, (417)

satisfies that
IS < &511&51) = e~>A%e. (4.18)
Define a linear and bounded operator R* : L?(w;) — V}, in the following manner:

Rk (n) = — Z <1w1n, 1w1ﬁj> e?is¢;  for any n € L*(wy). (4.19)

J=1

By a direct calculation, we see that

Ré’k (1:168A20) — PkZO = —

] =

<Zo, 62)‘jscj‘> §j. (4.20)
j=1
Now, (4.15) follows from (4.20) and (4.18) at once.
In Step 4, we prove each solution y,(-) to (4.5) satisfies (4.6).
To this end, we first let

1
k=K, c=¢y and é = e~ OHIVI)T, (4.21)
Y Y 6Kq1//2

where K, and e, are given by (4.1) and (4.2) respectively. From (4.4), (4.8), (4.19) and (4.21), one
can directly check that
F, =CoF o REF, (4.22)

Next, we arbitrarily fix n € N and fix a solution y,(-) to (4.5). Then from (4.22), (4.8) and
(4.19), we find that
Yy ((n + 1)T) = My, (nT) + T DA, CHFREF (1L ey, (nT))
= A [Py, (nT) — REH(13, ey, (nT)]

e (yv(nT) — Py (nT) + R (15, QSA%(“T))> +6(T7T)A1wce’kRé’k(1zleSAyv(nT))
é Zl,n + Z2,n
(4.23)
On one hand, we see from (4.15), (4.21) and (4.1) that
e 1
| Py () = REE (15, ey, (n) | < e TOHIVI|jy, () (4:24)
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From (4.24), we find that
N 1
1Z0all < WVl | Py(nT) — R ey, D)) | < 2Ty, 0D (4.25)
On the other hand, we let
20 2 y,(nT) — Py, (nT) + REF(1% 54y, (nT)). (4.26)

Because

Ré’k(lzle“’Ayw(nT)) eV,

we have that
Pyzo = REF(1%, ey, (nT)) € Vi (4.27)

From (4.26), (4.27) and (4.9), it follows that

| Zomll = [|eT420 + e T~ AL,CEFREF P A |
< eVk||REF(1E ey, (nT))|| + e M1 T ly(nT) — Peyy(nT)||
< vk HPkyw(nT)HJrﬁf | Pryy (nT) — REF(17, €34y, (nT))|| + e 26017 ||y, (nT) |

< (eVE+ e T) |y, ()| + VR Py, (nT) = REH(1Z, e84y, (nD))|

This, along with (4.24), (4.21) and (4.2), yields that

122l < (3 + 55 ) € I (1.25)

Now, (4.6) follows from (4.23), (4.25) and (4.28). Then by the conclusion in Step 1, we see that
the conclusion (i) of the theorem holds.

In Step 5, we will prove the conclusion (ii) of the theorem. To this end, we let k, ¢ and & be
given by (4.21); let £; be given by (4.16) (with aforementioned €). From (4.22), (4.8) and (4.19),
we find that

F < ‘ cok ’ HREk ’ , 4.29
allew .o = LW, L?(w)) L(L2(w1). ) (429)
e . 4.30
[ _Zuf o (4:30)
and
1/2
REK ‘ 4\js <k 2)\ks 431
H (L2 (w1), Vk) Z ¢ ke ( )
Since f; and ﬁj are the minimal norm controls to (NP)%’TO » and (NP)gJS’ 0., Tespectively, accord-
ing to Theorem 3.7, there is a constant C' > 1, depending only on €2, w and w1, so that
C(B 0. Viioo T W)
1f5 Nl < o ’ (4.32)
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and

[In(1/&;)]+
Bas,s,0,|Vilsot\ — 55— >

) o
17lley < e : (4.33)

where Br .o |v|e. and Bas o v|. are given by (3.44), with (T,é,f, IV]|s) being replaced by
(T, 7,0,]|V]|s) and (2s,,0, ||V ||~) respectively. (Here, we would like to mention that the constant
C' in (4.32) only depends on Q and w, while the constant C' in (4.33) only depends on Q and w;.)

We next estimate the terms on the right hand sides of (4.32) and (4.33). By (4.21), (4.2) and
(4.16), it follows that

1 1 1 1 1

= =3K2e and — = 2?98 = 6K 20T IVIe)T 2258,

£ £ €&
J

From these and (4.1), we can apply Weyl’s asymptotic formula (see [SV]) to find a constant C > 0
(depending only on ) so that

dja dja
9 9

By using the inequality: Ina < a for all a > 0, we can derive from (4.34) that
In(1/e) < (nC+d) + dTL—T +(1+d)Ty
and
In(1/¢;) < (InC +d) + d% + |V looT + 4%_7 + (1 +d)(T + s)y.
Because (a + b)T < a™ +b" for all a, b € R, the above two inequalities imply that
In(1/e)]t < [InC +d" + d% +(1+d)Ty (4.35)
and that
In(1/¢;)]" <[mC +d*t + d% + [V ]|ooT + 4% + (1 +d)(T + ). (4.36)

Since vVa + b < \/a+ Vb and 2y/a < 1 +a for all a, b > 0, we can get from (4.35) and (4.36), after

some simple computations, that

nC +dt +Vd T

+ (Lt d)y [ V7 (4.37)

and

[ln(l/séj)]-F “oy [ln5+i]+ +Vd HVHOO\/§+ 1T+_\/TE Ot T:—Sﬁ' (4:38)

Since it follows by (3.44) (with (T, 3,%, ||V ||s) being replaced by (T, 7,0, ||V ||s) and (2s, 5,0, ||V ]|o)

respectively) that
1 1
77 S Brroie and =< Basso v
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we find from (4.37) and (4.38) that

n ll_ + \/E
C(B i (/<) ) C’(B . 1 Ted e ) 7
. T,7,0,| Voo — . 7,70,V lloo T—r LD 7=V

<
— T
< C(2HITHA* V) Brp o v o0 LCO+DY 757V (4.39)
and that
In(1/é;)]T
C<st,s,o,voo+ M)
e
c lnC+d++\/E (Bss VIV s 1+#) T+s
< e (2+ 25,5.0,][V | VE+ L)/ TE
c [InC+d] ++\/E (325,5,0, Voo TV Voo €+BT,T,0, \% oo) 1 T+s
< e (2+ IViiso+V \F IVlise ) CO+d)y/ T2 /7 (4.40)
Write

& O 2+ O} +d) (BT,T,O,HVHoo+st,s,o,Hvuoo+ Voo y/ %)
1 € )

eC(Hd)(V Tty Ti) (4.41)

From (4.32), (4.33), (4.39), (4.40) and (4.41), it follows that

lI>

lI>

C

/5l < Cre®VT and iy, < Cre®>v™. (4.42)

We now back to estimate HCE’kHﬁ(Vk L2(w)) and HR kHL L2 (@) V)" To deal with HC57k

we see from (4.30), the first estimate in (4.42) and (4.21) that

Meanwhile, from (4.1), Weyl’s asymptotic formula (see [SV]) and the inequality:

ln\/a—i—ng/a—i—bg\/a—i—\/g for all a, b >0,

_ / 1
nK, < ln( HT > InC +2In 7—{—n—3
< lnC—|—2\/7—|——<lnC—|—2 \/

< InC+2~7+ ;
=0 VI VI —T1

where C' > 0 is a constant depending only on . We can take two C' > 0 in (4.44) and (4.34),
respectively, to be the same number. By (4.43) and (4.44), it follows that

[t

Hl)(Vk,LQ(w))’

k
ook Z 15l < RC1eOVT = K CreCavT = Gl eCav, (4.43)

cohion

we deduce that

(4.44)

e,k

< 10 VT e(CtVT < (1 Tevi= o(CatD1+7), (4.45)

‘ll(VmLQ(w))
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To estimate HRé’kHE(LQ(M) V) We find from (4.31), (4.21), (4.1) and the second estimate in (4.42)
that

e

A In3 A A
’ < VEeP max || by, < E,e20T T30 02V
L(L2(w1),Vk) J<k

— (pexnKye? 33 257,027 < Cle? In Ky 473 257 ,Ca /7
This, along with (4.44), yields that

R « — _ 2 s A
HRE’k < Cl\/EeVT*T AT o257 (C2t VY

‘l:(LQ(wl),Vk)
< OV TeTT= bt 27 (Gt (1)
_ él\/Ee@ﬁle\/%ez;%e(ézwsﬂ)w_ (4.46)

Finally, by (4.29), (4.45) and (4.46), we get that

|"F'YH,C(L2(W1)7L2(W)) S 0160277

with
A y— A 4s 6 ~
Oy 2 G2 PRI TAT= and Oy 2 20, + 25 + 3.
In summary, we finish the proof of this theorem. O

Remark 4.2 The feedback law F. constructed by (4.4) is robust with respective to V. Indeed, for
each V¢ € L>®(Q), we let A* 2 A —V + V. Define an operator LV from L%(Q) to L*(Q) in the
following manner:

£V =T 4 eAE(T*T)]-Z,lZ}l A5 for any VE € L®(Q). (4.47)

Then by (4.6), we see that
1L 2r2). 2 < €77 (4.48)
From (4.47) and (4.48), one can easily check that for any 1 < 7y, there is g > 0 so that

1LY oo, 2@y <€, when [Vl < e (4.49)
Meanwhile, any solution y () to the equation (4.5), where A is replaced by A%, satisfies that
Yye((n+1)T) = LYy, (nT) for all n € N.
This, along with (4.49), yields that when |V¢||o < eq,
9.2 ((n + DT < ey e(nT)|| for all n € N. (4.50)

From (4.50), we can use the same way as that used in Step 1 of the proof of Theorem 4.1 to prove
that when ||Vl < €0,

lyre @ < Crre™ Ty, (0 for all >0,

where C,,, is a positive constant depending on ~y1. This proves the desired robust property of the

feedback law F,.
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