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Cooperative scattering has been the subject of intense research in the last years. In this article,
we discuss the concept of cooperative scattering from a broad perspective. We briefly review the
various collective effects that occur when light interacts with an ensemble of atoms. We show that
some effects that have been recently discussed in the context of ‘single-photon superradiance’, or
cooperative scattering in the linear-optics regime, can also be explained by ‘standard optics’, i.e.,
using macroscopic quantities such as the susceptibility or the diffusion coefficient. We explain why
some collective effects depend on the atomic density, and others on the optical depth. In particular,
we show that, for a large and dilute atomic sample driven by a far-detuned laser, the decay of
the fluorescence, which exhibits superradiant and subradiant dynamics, depends only on the on-
resonance optical depth. We also discuss the link between concepts that are independently studied
in the quantum-optics community and in the mesoscopic-physics community. We show that the
coupled-dipole model predicts a departure from Ohm’s law for the diffuse light, that incoherent
multiple scattering can induce a saturation of fluorescence and we also show the similarity between
the weak-localization correction to the diffusion coefficient and the inaccuracy of Lorentz local field
correction to the susceptibility.

I. INTRODUCTION

‘Cooperative scattering’ of light by a collection of two-
level atoms has become a hot topic in the recent years,
with a lot of experimental results on superradiance [1–4],
subradiance [5] and ‘cooperative’ shifts [4, 6–10] in the
‘single-photon superradiance’ regime [11–13], or equiva-
lently in the linear-optics regime. By contrast, the exper-
iments performed in the 1970s-1980s were performed in a
regime where a large number of atoms are excited [14, 15].
Related experiments with multi-level atoms [16] or arti-
ficial atoms [17] illustrate that the phenomena studied in
two-level systems can find their application in other fields
of research. Despite this recent interest, it seems that a
common agreement on what should be called cooperativ-
ity is still lacking. It has recently been suggested that
‘cooperativity’ should be reserved to effects that could
not be explained by ‘the mean-field approach of tradi-
tional optics’ [18], and that such effects would appear for
dense atomic samples only [19]. Here, ‘dense’ means that
the atomic density ρ should not be very small compared
to k3, where λ = 2π/k is the wavelength of the atomic
transition. However, our recent results on sub- and su-
perradiance [20] show that these effects are controlled by
the resonant optical depth of the sample and not by its
density [3, 5]. If one agrees that Dicke sub- and superra-
diance in extended samples [21, 22] deserve being called
‘cooperative’ effects, the restriction to high spatial den-
sities should clearly be dropped.
Although everyone certainly agrees on the physics, ter-

minology confusion does not help in understanding this
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topic. It can also be a real barrier when trying to commu-
nicate with experts from other, neighboring, fields. With
this problematic in mind, in this article, we would like,
first, to discuss the concept of ‘cooperative scattering’,
and, second, to point out the possible link between the
so-called ‘mean-field approach of standard optics’ used
in [18] and what is called the ‘independent scattering’
approximation in mesoscopy [23–25].

Unfortunately, terminology confusion has always been
present in this field. For instance, Bonifacio and Lugiato
proposed the term ‘superfluorescence’ instead of superra-
diance when there is no initial macroscopic dipole in the
atomic system but only uncorrelated excited atoms [26].
As soon as propagation effects are involved, superflu-
orescence can also be seen as the transient regime of
‘amplified spontaneous emission’ [14], a well-known, and
somewhat trivial phenomenon in laser physics, although
a difference does exist and has been studied in Ref. [27].
Dicke himself spoke of a mirrorless ‘coherence brightened
laser’ [28]. Another example is the analogy or confusion
between subradiance [5, 29] and ‘radiation trapping’ [30–
32]. The difference and early confusion between the two
phenomena was pointed out by Cummings [33].

Although we do not pretend to be able to solve all
controversies, we feel that it may be instructive to tackle
these questions from a broader perspective, which could
be, in general, the study of all collective effects in
light-atom interactions, or the transition from micro-
scopic properties of light scattering by atoms to macro-
scopic, optical and transport properties of extended
and/or dense atomic vapors. This subject is even older
than Dicke’s paper, as it was investigated by Rayleigh,
Lorentz, Lorenz, Ewald, Oseen, and many others [34].

We will focus on experiments in which near-resonant
light from a laser is exciting a sample of N two-level
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atoms at rest. The experimental observables that can be
measured include extensive quantities that increase with
the atom number, such as the total amount of scattered
light, or some intensive quantity that could a priori be
independent of the atom number. If an extensive quan-
tity is not simply given by the atom number times the
same quantity for a single-atom, or if an intensive quan-
tity does depend on the atom number, nontrivial collec-
tive effects probably are at work. A first example of an
extensive quantity is the total amount of scattered light,
which, in some limit, is proportional to the atom number.
Another example of an extensive quantity is the dephas-
ing accumulated by the wave crossing the sample, which
is also increasing with the atom number, and the notion
of refractive index, which is a macroscopic (collective)
quantity provides an efficient description. Collective ef-
fects thus take place in most situations, with some effects
depending on the atomic density ρ, and others on the size
L of the medium, as detailed in the following. Note that
as soon as propagation effects or quantities associated
to transient phenomena become relevant, the size of the
sample will play an important role, and the important pa-
rameter turns out to be the optical depth. On the other
side, for quantities that can be defined in steady state for
a bulk medium, the density is the relevant parameter.

II. COLLECTIVE EFFECTS THAT DEPEND ON

THE DENSITY

Obviously, all effects or quantities that can be defined
for an infinite medium depend on the atomic density ρ,
which is the only parameter characterizing the medium.

A. At low atomic density

The most simple example is the medium susceptibility
χ. At low density, it is related to the atomic polarizability
α by χ = ρα. For simple two-level atoms and in the linear-
optics regime (low intensity), the polarizability is

α = 6π

k3
× −1
2∆/Γ + i =

6π

k3
× −2∆/Γ + i
1 + 4∆2/Γ2

. (1)

The complex refractive index n is defined from the sus-
ceptibility by n2 = 1 + χ. At low density, χ ≪ 1 and
n ≃ 1+χ/2. Inside the medium, the wavevector is changed
from k to nk. The real part of the refractive index is thus
responsible for the dispersive properties of the material
and its imaginary part for the attenuation of the wave.
One can thus define a characteristic extinction length (or
linear extinction coefficient) for the intensity of the light
propagating in the incident optical mode,

ℓ−1ex = ρkIm(α) = ρσ0

1 + 4∆2/Γ2
, (2)

where σ0 = 6π/k2 = 3λ2/(2π) is the resonant scattering
cross-section.

The susceptibility is not sufficient to describe the be-
havior of the light inside the medium. In particular, it
does not make a difference if the attenuation is due to ab-
sorption, when the electromagnetic energy is transferred
to the medium, or to scattering, when the energy is just
removed from the incident electromagnetic mode to feed
other spatial modes. Scattering is often seen as being
due to impurity, or granularity of matter, and as such,
it is neglected in the susceptibility, which corresponds to
a continuous-medium approximation. It is often stated,
in particular in the recent literature about cooperative
scattering (see, e.g., Refs. [35–37]), that the continuous-
medium approximation is only valid when the density
is high, ρk−3 ≳ 1. However, the continuous-medium ap-
proximation does actually neglect the scattered light and
treats it as if it were absorbed. This can indeed be a
very good approximation when one is interested in the
coherent transmission and not in the scattered light. It
is important to note that this approximation is not re-
stricted to high spatial densities (as in condensed matter
or very high density vapors) but also holds in the di-
lute limit where the interatomic distances are larger than
the optical wavelength. The refractive index is thus very
useful for describing light propagation in dilute atomic
clouds. It has been successfully used to describe subtle
experiments involving nonlinear effects [38] or photonic
band gaps [39, 40]. As discussed below, it turns out
that the continuous-medium approximation for atomic
vapors is in fact more accurate for dilute than for dense
vapors [18, 41].

In order to describe the scattered light, another ap-
proach is necessary, in which one basic quantity is the
mean-free path ℓsc = 1/(ρσsc). If we only consider elas-
tic scattering, which is valid if the incoming light has a
weak intensity [42], the (elastic) scattering cross-section
is related to the polarizability by [23]

σsc = k4

6π
∣α∣2 . (3)

In a large medium of size much larger than the mean-free
path, light will be scattered many times before escaping.
In this case, many observables can be very well described
by a diffusion equation for the electromagnetic energy
density, at the condition to perform an average over the
disorder configurations. This fact is often surprising for
quantum opticians, who expect that light scattered off a
disordered medium produces a speckle pattern. However,
it is well known to people from mesoscopic physics that
after averaging over the disorder, the remaining intensity
distribution, or its temporal dynamics in a pulsed exper-
iment, fits perfectly well the prediction of the diffusion
equation, although this approach neglects all interference
effects [43] [44]. At low density, there is one well-known
exception, which corresponds to an enhanced backscat-
tering [45–47]. The diffusion coefficient is thus another,
important macroscopic quantity, which is governed by
the atomic density, and which allows describing the dif-
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fuse light. In three-dimensional space it reads [48]

D0 = vEℓsc

3
= ℓ2sc
3τtr

, (4)

where vE = ℓsc/τtr is the energy transport velocity inside
the medium and τtr the transport time [23, 24]. Here, we
considered only isotropic scattering such that the trans-
port length equals the mean-free path. For near-resonant
light, a remarkable property of cold atomic vapor is that
τtr = τat, the lifetime of the excited state, independently
of the detuning [23, 32].
In a nonabsorbing passive medium like an atomic va-

por probed by a weak intensity laser, the attenuation of
the coherent propagating wave is only due to elastic scat-
tering. The mean-free path and the extinction length are
thus equal, which leads to the relation

k3

6π
∣α∣2 = Im(α) , (5)

closely related to the so-called optical theorem [23, 49].
There is thus a close link between the diffusion coefficient,
or the mean-free path, governing the transport of the dif-
fuse light, and the susceptibility, governing the transmis-
sion of the coherent light.

B. At high atomic density

When the typical distance between atoms becomes on
the order of the wavelength, i.e., at large density ρk−3 ≳ 1,
several nontrivial effects must be taken into account to
describe the coherent propagation and the transport of
the diffuse light.
First, the relation between the susceptibility and the

polarizability has to be modified to include the Lorentz
local field [34],

χ(ω) = ρα(ω)
1 − ρα(ω)/3 . (6)

This leads to the famous Lorentz-Lorenz shift [50],

∆LL = −πρk−3Γ , (7)

which depends on the density. Here Γ = τ−1at is the
linewidth of the transition. Although the derivation of
Eq. (6) is based on mean-field arguments and uncon-
trolled approximations, it yields correct results in many
situations [51]. With hot atomic vapors, a density-
dependant shift of the resonance line has indeed been
observed [7, 52]. With cold atoms, however, recent re-
sults suggest that correlations between scatterers at high
density are not negligible and the mean-field approxima-
tion breaks down [18, 41]. The difference with the hot
vapor case is probably due to the absence of inhomoge-
neous broadening, which may suppress the correlations
for hot atoms [10, 53]. This argument is also consistent
with the recent experiment reported in Ref. [2].

Closely related to the Lorentz-Lorenz shift is the ‘co-
operative’ Lamb shift [4, 6, 7, 9, 10, 13, 50, 53]. It is also
a density effect but it is influenced by the finite size and
the geometry of the medium. We will discuss this effect
in more detail in Section V.

On the mesoscopic side, the diffusion coefficient should
also be corrected at high density, this is the so-called
“weak localization” (WL) correction [25],

D ∼D0 (1 − 1

(kℓsc)2 ) . (8)

Note that short-path diagrams not captured by the diffu-
sion approximation are expected to yield supplementary
1/kℓsc corrections to the transport [54, 55]. Weak local-
ization corresponds to a slowing down of diffusion due
to the constructive interference between reversed-paths
of closed loops, which increases the probability of re-
turning to the original point. The parameter 1/(kℓsc)
quantifies the amount of ‘disorder’. On resonance, since
σsc = σ0 = 6π/k2, 1/(kℓsc) ∼ 6πρk−3.
Weak localization is thought to be a precursor of An-

derson (or strong) localization [56, 57], in particular in
the self-consistent theory of localization [58]. Anderson
localization is expected when kℓsc ∼ 1 (Ioffe-Regel cri-
terion [59]) and corresponds to the complete absence of
diffusion. Although weak localization has been observed
for light in different systems, including cold atoms using
the coherent back-scattering effect [60–63], Anderson lo-
calization of light in 3D has still not been observed in
any experiment [64, 65], and cold atoms may provide a
route towards this goal [66].

Beyond transport properties, other subtle effects ap-
pear in the correlations and fluctuations of scattered
light, such as universal conductance fluctuations [24, 25].
These correlations come from common scatterers in-
volved in different paths. If the so-called C1 correlation
is short-range and corresponds to the standard speckle
grain of traditional statistical optics [67], the long-range
C2 and C3 correlations are highly nontrivial effects, which
become nonnegligible when the Thouless conductance g
is small, i.e., near the strong localization regime. These
effects have not been studied yet using multiple scatter-
ing of light in cold atoms.

III. COLLECTIVE EFFECTS THAT DEPEND

ON THE OPTICAL DEPTH

As soon as propagation effects are important, the
macroscopic local quantities (susceptibility, diffusion co-
efficient) are not sufficient to describe experimental ob-
servables, but should be combined with the size of the
medium. The relevant quantity then turns out to be the
optical depth.
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A. Coherent and diffuse transmission

The complex susceptibility of an atomic medium is
measured by the attenuation or the dephasing of a probe
wave crossing the sample. It is then obvious that the fi-
nite size L of the medium enters the problem. The phase
shift induced by the sample will be

ϕ = [Re(n) − 1]kL = Re(χ)kL/2 , (9)

and the transmitted intensity will be T =
exp[−Im(χ)kL]. The above relation is called the
Beer’s or Beer-Lambert law. The argument of the
exponential is called the optical depth (or thickness) b,
i.e.,

b = − ln(T ) = Im(χ)kL = ρσscL = L/ℓsc . (10)

Although this seems completely trivial, it is interesting to
note that a consequence of this exponential attenuation is
the nonlinear evolution of the total fluorescence (or ‘off-
axis scattering’) with the atom number. The total fluo-
rescence F corresponds indeed to what is not transmitted
in the incident mode. We thus get F ∝ 1 − e−b, which
is linear only for low b and saturates for high b. This
saturation can be intuitively understood as a ‘shadow ef-
fect’: atoms at the back of the sample do not radiate be-
cause they are not illuminated by the incoming laser. For
the same reason, if we sweep the detuning of the probe
beam and measure the fluorescence spectrum, it will be
a Lorentzian of width Γ at low optical thickness only,
and deviate from a Lorentzian line shape at larger op-
tical thickness, even though the scattering cross-section
for single-atoms σsc = σ0/(1+4∆2/Γ2) is still Lorentzian.
More precisely, it induces an effective broadening and
a strong directional dependence of the fluorescence, as
shown experimentally in [68]. As a consequence, such
behaviors are not unique to cooperative effects, even if
they are also consistent with a full coupled-dipole model
including those effects [69, 70]. The shadow effect can
also explain the reduction of the radiation pressure force
reported in [71, 72], first interpreted as a signature of co-
operativity [71]. The different collective effects contribut-
ing to a modification of the radiation pressure force will
be discussed in detail in a forthcoming publication [73].
To illustrate the broadening and saturation effects in-

duced by Beer’s law, we show in Fig. 1(a) the behavior of
the fluorescence of an atomic cloud as a function of the
detuning and the optical depth. Considering a Gaussian
atomic density distribution profile, the total scattering
cross-section of the cloud according to Beer-Lambert law,
reads [72, 73]

Σsc = Nσsc × Ein(b)
b

, (11)

where Ein is the integer function [74]

Ein(b) = ∫ b

0

1 − e−x
x

dx = b [1 + ∞∑
n=1

(−b)n
(n + 1)(n + 1)!] .

(12)

Here, b =√2πρ0σscRz is the optical depth that would be
measured using a small beam crossing the cloud through
its center, ρ0 is the peak density and Rz the rms radius
along the propagation axis. Although Beer’s law neglects
diffraction and refraction effects inside the sample, which
are a priori not negligible at high b and small nonzero
detuning or for very small sample, it appears that such a
simplified model is sufficient to qualitatively explain the
results of [69].
The angular dependence is, however, not possible to

compute analytically, and numerical simulations based
on a random walk process can be used. For an isotropic
cloud illuminated by a plane wave, the anisotropy of the
emission diagram results from the multiple scattering of
light before escaping the sample [73]. We illustrate this
anisotropy in Fig. 1(b). It should be noted that it can
lead to nonintuitive behaviors. For instance, if light is
detected near the forward direction, the measured fluo-
rescence can decrease as the atom number increases or as
the detuning is reduced (‘self-absorption’) [68]. Although
a simple random walk model completely neglects all wave
or coherence effects, it has been shown in Ref. [72] that,
for a large and dilute cloud of two-level systems, the cor-
responding emission diagram agrees very well with the
emission diagram computed from a full coupled-dipole
model after averaging over the disorder configurations,
except in narrow angular ranges around the forward and
backward directions. The forward lobe [2, 11, 20, 22],
absent in an incoherent random walk model, can be ex-
plained by diffraction/refraction of light by a continuous
index distribution [75]. Around backward direction, a
narrow cone is visible, which can be explained neither
by a random walk model nor by a homogeneous index of
refraction. This is a signature of interference in a disor-
dered systems, robust against configuration average and
well studied in mesoscopic physics (coherent backscat-
tering) [45–47, 60–63]. For a Gaussian cloud geometry,
analytical expressions for the lobe and cone shapes have
been obtained in the double scattering limit [76].
Multiple scattering obviously depends on the optical

thickness. Although the diffusion coefficient depends on
the density, light should first escape the sample before
being detected. In steady state, the main consequence
of multiple scattering is the complex emission diagram
discussed above. Note that for a slab geometry (homoge-
neous medium of infinite transverse size and finite width
L), space can be divided into two parts and we can speak
of diffuse transmission and diffuse reflection. A well-
known result is the asymptotic decrease of the diffuse
transmission scaling as 1/L, which corresponds to Ohm’s
law for photons [Fig. 2],

Tdiff = 1 + ξ
b + 2ξ , (13)

where ξ ≃ 0.7104 [24, 77]. This result can be obtained
from the diffusion equation or random walk simulations
[Fig. 2(a)], i.e., a model of light propagation that ignores
coherence and interference effects. We have also per-
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FIG. 1. Collective effects in the fluorescence, which can be explained by Beer-Lambert law or by multiple scattering. (a) Total
fluorescence as a function of the detuning for different atom numbers (N = 1,5,20,50,500, 325, 450 from the bottom to the top)
and a Gaussian cloud of rms transverse size R = 0.6λ [69]. Broadening and saturation effects are well visible. (b) Emission
diagram of a spherical Gaussian cloud illuminated by a plane wave, computed from random walk simulations, for several optical
depths from 0.5 to 100. The emission diagram becomes more backward directed as the optical depth increases.
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FIG. 2. Diffuse transmission Tdiff as a function of the optical depth b, compared to the asymptotic behavior predicted by
the diffusion equation (Ohm’s law, solid line) [Eq. (13)]. (a) Dots are computed by a random walk simulation. (b) Dots are
computed from the coupled-dipole equations in the scalar approximation. Each curve is computed with a given slab depth kLz

and the optical thickness is increased by changing the atom number and thus the density. The driving field is on resonance.
At high density, a clear departure from Ohm’s law is observed.

formed numerical simulations of the diffuse transmission
through a slab of atoms, using the coupled-dipole model,
in the scalar approximation, where only the far-field term
(∝ 1/r) of the dipole-dipole interaction is present. We
clearly observe a departure from Ohm’s law at large den-
sity [Fig. 2(b)]. The precise origin of the deviation is still
under investigation and might be due to cooperativity.
Note that the observed deviation corresponds to a rela-
tive increase compared to Ohm’s law for photons and is
thus not consistent with a decrease of the diffusion co-
efficient due to weak localization. However, it resembles
recent observations made with classical scatterers [78], in
which the increased transport is attributed to near-field
scattering, where evanescent waves open new channels of
transmission. In our model though, the near-field terms

are neglected, and the physical origin of the increased
transmission remains to be explained. Recent numeri-
cal studies on the distribution of excitation inside atomic
samples of different geometries [70] may also be related
to our observation.

The temporal dynamics of the diffuse light is also gov-
erned by the optical thickness. After some time of illumi-
nation, a sudden switch-off of the exciting laser leads to a
slow decrease of the fluorescence due to multiple scatter-
ing. This ‘imprisonment of radiation’ [30], or ‘radiation
trapping’ [31], has been studied in cold atoms [32, 79],
taking also into account subtle effects like the frequency
redistribution induced by the Doppler shift [80, 81] or
the multilevel structure [82]. Neglecting those effects,
one can easily find the scaling of the radiation trapping
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time with the optical depth. For a Gaussian random walk
in 3D, we have ⟨r2⟩ = 6Dt. The average number of scat-
tering events for escaping photons is the ratio between
the time spent in the system and the scattering time τat,

⟨Nsc⟩ = t

τat
∼ ⟨r2⟩
6Dτat

, (14)

with D = ℓ2sc/(3τat). When
√⟨r2⟩ ∼ R = bℓsc/2, the ra-

diation can escape the system, leading to ⟨Nsc⟩ ∼ b2/8.
Radiation trapping times are thus expected to scale as
b2, with a precise numerical prefactor that depends on
the geometry [32].

B. Superradiance and subradiance in extended and

dilute samples

The previous effects all depend on the detuning-
dependent optical depth,

b(∆) = b0

1 + 4∆2/Γ2
, (15)

where b0 is the on-resonance optical depth. For a cloud of
size R, and using σ0 ∼ 1/k2, we have b0 ∼ N/(kR)2, with
a numerical prefactor that depends on the geometry.
We now discuss why the super- and subradiant decay

rates, measured at large detuning such that attenuation
or incoherent multiple scattering are negligible, depend
on b0, independently of the detuning, in the case of an
extended R≫ λ and dilute (ρk−3 ≪ 1) sample.
The physical argument to understand why the cooper-

ativity parameter for super and subradiant decay is b0,
is the following. Consider a sample of finite size ∼ R ra-
diating in free space. Although the number of modes in
free space is infinite, the boundary condition due to the
sample surface (∝ R2) sets limitations on the modes that
are efficiently coupled to the sample. In particular, the
diffraction limit ensures that no mode with a divergence
smaller than θ ∼ 1/(kR) can be emitted from the sam-
ple and, in 3D, the total number of modes M efficiently
coupled to the sample is related to the sample surface,
M ∼ (kR)2. It means that if we choose an arbitrary, in-
finite basis to express the modes in free space, a number
M of those modes are enough to describe the radiation
pattern of the sample. Then, if the number N of atoms
in the sample is larger than the number M of modes, the
emission will be cooperative because, in average, N/M
atoms emit in the same modes: they are thus coupled to
each other via their common coupling to the electromag-
netic mode (Fano coupling). We conclude that the ‘co-
operativity parameter’ in this problem is the ratio N/M ,
which turns out to be the on-resonance optical depth b0,
up to a numerical prefactor. This argument is consistent
with the Dicke limit R ≪ λ, for which the only possible
outgoing mode is a spherical wave, i.e., M = 1, and the
superradiant enhancement factor is N . This reasoning

was given in brief in [5, 83, 84] and is consistent with the
classification of superradiance given in [85].

Let us note that super- and subradiance forN = 2 has a
marked difference with the case of N ≫ 2. First, in order
to obtain large dipole-dipole coupling of two atoms in free
space, these atoms need to be at a distance comparable to
the optical wavelength. When an atomic pair is separated
by many wavelengths, interferences between light emit-
ted by these atoms can still occur [86]. However a mod-
ification of the atomic lifetime requires the interatomic
distance to be smaller than or comparable to the wave-
length [87, 88]. For small atomic distances, near-field
dipole-dipole coupling, scaling as 1/r3, becomes domi-
nant, while super- and subradiance obtained for many
atoms in the dilute limit is relying on the far-field dipole
coupling, scaling as 1/r. This long-range behaviour of
the far-field dipole-dipole coupling is essential for the col-
lective scaling of the Dicke subradiance observed in [5].
Let us also note that the competition between the near
and far-field dipole-dipole coupling has been discussed
in [89, 90] and has been called ‘van der Waals dephasing’
in [15]. It is interesting to note that while for N = 2, the
eigenstates of the near-field part of the interaction Hamil-
tonian HNF are also eigenstates of the far-field interac-
tion HFF (both being proportional to the same σ1 Pauli
matrix), for N > 2, HNF and HFF are not proportional
if the distances between all atoms are not equivalent
(which can be obtained in the particular case of 3 atoms
equally spaced on a ring or four atoms equally spaced on
a sphere). In this caseHNF andHFF do not commute and
have different eigenvectors (see Sec. 4 of [15]). This par-
ticular situation does not prevent the total Hamiltonian
to have eigenvalues corresponding to long-lived (subradi-
ant) and short-lived (superradiant) modes. However the
symmetries of the eigenstates (and potentially their sen-
sitivity to perturbations) will differ from those of HFF.

As explained from the beginning, it is not surprising
that the size of the sample is an important parameter
to take into account, since the superradiant and subradi-
ant decays are transient phenomena, which means that
light must escape the sample. However, from a mathe-
matical point of view, when looking at the coupled-dipole
model [91–95], it is not obvious which combination of the
parameters yields to correct scaling laws for the different
features that can be observed. In this model, once the
geometry of the cloud is fixed (and spherical), there are
three independent parameters: the atom number N , the
size R and the detuning of the driving laser. In the limit
of a very large detuning, after a long enough illumination,
the system reaches a steady state given by the ‘timed-
Dicke state’ [11, 93, 95]. Once the laser is switched off,
the decay of this state could be governed by any combi-
nation of N and R. In particular, it might be considered
more intuitive that the density ρ ∼ N/R3 is the impor-
tant parameter, in particular because the dipole-dipole
coupling terms, which decay as 1/(kr) with the inter-
particle distance r, become very small as the density de-
creases. But even if the coupling terms are small, each
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FIG. 3. Decay of the total scattered power after the switch-off of the driving laser at t = 0 computed from the coupled-dipole
model in the scalar approximation, as in [5], averaged over only two configurations. The time axis is normalized to the lifetime
of the excited state τat and the vertical axis to the steady-state scattered power. The driving laser has a large detuning,
∆ = 50Γ, and has been applied for a duration of 30τat so that the system reaches its steady state. In panel (a), the atom
number N = 4000 is kept constant and the size is varied, b0 = 3N/(kR)

2 is varied from 30 to 2.3. In panel (b), both N and R

are varied such that N/kR is kept constant, b0 is varied from 15 to 3.75. In panel (c), N and R are varied such that b0 = 15,
and in panel (d) N and R are varied such that the density is kept constant, n0k

−3 = 0.01, and b0 is varied from 11 to 17.5.

atom is coupled to N−1 other atoms, and N can be huge,
which, somehow, balances the low density and makes
b0 ∼ N/(kR)2 to be the scaling parameter. Note that
the 1/r term in the dipole-dipole interaction bears all the
relevant ingredient for ‘long-range’ interaction, which, as
in gravitational or Coulomb interactions, yields to well-
known size-dependent effects [96]. This parameter also
appears in the statistical properties of the eigenvalues of
non-Hermitian Euclidean random matrices such as the
one involved in the couple-dipole model [97, 98] and the
early (superradiant) decay of the timed-Dicke state [11],
or ‘phased state’, has been computed analytically by
many authors, Γsup ∝ b0 [21, 22, 35–37, 93, 99, 100].
Numerical and experimental evidence have been given
in [5, 84] that the long time decay is also governed by
b0, Γsub ∝ 1/b0. Here, we show in Fig. 3 that not only
the short and long time limits are both depending on b0,
but the full decay curve is in fact only dependent on b0.
An analytical function for describing this decay curve re-
mains to be found. We have checked that this is neither
a power law, nor a stretched exponential.

IV. THE MEAN-FIELD APPROACH OF

TRADITIONAL OPTICS AND THE

INDEPENDENT SCATTERING

APPROXIMATION OF MESOSCOPY

It was pointed out in recent theoretical [18] and exper-
imental studies [41] that Eq. (6), which includes Lorentz
local field correction, is inaccurate for cold atoms at high
density. Indeed, another term, usually not considered,
has the same order of magnitude. Following [41], the
more precise expression is given by

χ(ω) = ρα(ω)
1 − ρα(ω)(1/3 + β(ω)) , (16)

where β(ω) ∼ α(ω)k3 and specifically depends on the
geometry. This term is neglected in the mean-field ap-
proach leading to Eq. (6) even though on resonance,
α(ω) ∼ k−3, and thus β(ω) has the same order of
magnitude than the 1/3 corresponding to the density-
dependent Lorentz local-field correction. To our knowl-
edge, this result has been first obtained by Saunders and
Bullough [101, 102] (see Eq. (22) of [102]) and has been
later rediscovered several times [91, 103]. One hypothe-
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sis for the success of Eq. (6) could be that the mean-field
result is recovered if some mechanism breaks the correla-
tion between scatterers, as it could be the case, e.g., for
hot vapors with the Doppler broadening [10, 53].
At this point, it is interesting to point out the close link

between Eq. (16) and the weak localization correction
of the diffusion coefficient (Eq. 8). First, we note that
Eq. (16) can be rewritten

χ(ω) = ρα(ω)
1 − ρα(ω)/3 − ρα(ω)β(ω) , (17)

which isolates a correcting factor ρα(ω)β(ω) in the usual
Lorentz-Lorenz formula (6). Then, if β(ω) ∼ α(ω)k3, this
correcting factor is ∼ ρk3α(ω)2, which is almost identical
to

1

kℓsc
= ρσsc

k
= ρk3∣α(ω)∣2

6π
, (18)

the disorder parameter used in mesoscopic optics. Given
the close link between the diffusion coefficient and the
susceptibility, there is a strong similitude between the
correction of Eq. (16) and the weak localization correc-
tion to the diffusion coefficient Eq. (8).
This similitude is not surprising. The mean field ap-

proach of traditional optics neglects correlation between
scatterers. When they exist, these correlations are due
to the nonnegligible probability that a photon goes back
to a previous scatterer, a process sometimes called recur-
rent scattering. In the mesoscopy community, neglect-
ing this recurrent scattering and the subsequent correla-
tions is called the ‘independent scattering approximation’
(ISA) [23–25]. Weak localization effects are typical sig-
natures of ‘dependent scattering’. The link between the
ISA and the Lorentz-Lorenz local field theory has been
already briefly discussed in Ref. [51] but is often not dis-
cussed in more recent work.

V. WHAT SHOULD BE CALLED

COOPERATIVE?

Based on the previous discussion, we consider that the
term ‘cooperative scattering’ should not be kept for ef-
fects related to recurrent scattering only, because it is
already called ‘dependent scattering’ in the mesoscopy
community, and several such effects have well-established
names, like weak or strong localization. Moreover, ef-
fects related to Dicke superradiance and subradiance can
appear at low density, as shown in Fig. 3 and in [3–5],
without recurrent scattering, and have been called ‘coop-
erative’ for a very long time (see, e.g., Refs. [21, 22, 26,
89, 90, 102, 104, 105]). Changing the semantics without a
clear distinction of previously studied effects in different
communities is therefore probably not recommendable.
However, we agree that it is questionable to call col-

lective effects ‘cooperative’ if these effects can also be
explained by conceptually more simple models, like wave

propagation in a medium characterized by its suscepti-
bility or standard multiple scattering.

In addition to the examples already mentioned [69, 71],
the coherent forward emission [2, 11, 20, 22] is certainly
such an effect. Even if using a single-photon Gedanken-

experiment requires a quantum formalism to properly
demonstrate that the absorbed photon will be prefer-
entially emitted in the forward direction [11], this ef-
fect is a simple consequence of an N -wave interference,
like in a multiple slit experiment, and it is well-known
that slit experiments produce interference patterns even
with single particles [106]. The interference pattern from
two atoms radiating a single photon has also been ob-
served in [86, 107]. The analogy between N -slit inter-
ference and the directionality character of superradiance
has been further developed, including higher-order corre-
lations, in Ref. [108]. In the CW regime, considering the
phase-matching in the forward direction is also a way
to understand the index of refraction of a polarizable
medium. Thus, the resulting forward lobe is actually the
diffraction/refraction pattern of the sample, like a Mie
scatterer [75].

The ‘cooperative’ Lamb shift is another questionable
example. In the case of macroscopic samples, for which
a susceptibility can be defined, Javanainen and Ru-
ostekoski have shown [18], at least for the slab geometry
that applies to the experiment of Ref. [7], that the ‘co-
operative’ Lamb shift was the result of ‘standard optics’,
i.e., wave propagation in a dielectric medium following
the Helmholtz equation. It would be interesting to know,
using wave propagation simulations, if this also holds for
the cigar-shaped sample used in Ref. [4] or any other ge-
ometry [109]. For example, one of the geometries stud-
ied by Manassah [109] consists of a density-modulated
slab of atoms and a ‘giant cooperative Lamb shift’ was
predicted when the density is modulated at the Bragg
condition [110]. Such an experiment has already been
performed [39], and very asymmetric and shifted Bragg-
reflection spectra have been indeed reported (see, e.g.,
Fig. 2 of [39]). These feature can be explained by the
coupled-dipole model [111], but they can also be very well
described by a standard-optics wave-propagation equa-
tion based on a periodic susceptibility (in that case us-
ing transfer-matrices to exploit the periodicity). Thus, it
seems that in many (or most?) situations, the ‘coopera-
tive Lamb shift’ is in fact a collective shift related to the
shape and finite size of the medium, inducing refraction,
reflection, lensing and waveguide effects [112], etc., which
can be simulated by wave-propagation simulations.

The problem is that such wave-propagation simula-
tions are not simple to perform. In the recent years, the
coupled-dipole model has been widely used [3, 5, 9, 36,
69, 70, 91, 93–95, 113–115]. It is computationally limited
to a few thousand atoms, but it is otherwise very simple
to use. Another strength is its completeness: it includes
all collective effects we have discussed so far. But this
is also a drawback: it is sometimes hard to give simple
interpretation of the numerical results and, when com-
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paring to experimental results, a good agreement does
not help identifying the relevant physical ingredients of
the experiment. As a consequence, it would be wise,
although tedious, to systematically compare the results
with simulations based on a standard-optics calculation
(wave propagation in a dielectric) or with a standard
multiple-scattering computation (random walk), to check
if the observations do not have simple explanations. This
methodology has been used in [5, 41].

It seems to us that less ambiguous signatures of coop-
erativity can be found in the transient response of the
system, as initially envisioned by Dicke for the superra-
diant emission of a fully inverted system [14, 15, 20] and
its subradiant counterpart [29]. In the single-photon or
linear-optics regime, superradiant decay rates have been
observed recently in the forward direction [4] and also
off-axis [3].

In the forward-direction case, the measured light is the
diffracted/refracted light by the cloud. Its dynamics is
thus related to the dynamics of the refractive index. The
imaginary part of the refractive index is also what gov-
erns the transmission, and its dynamics at the switch-
on or -off of the incident laser is what gives rise to op-
tical precursors [116, 117] or ‘flashs’ [118–120]. It has
been shown experimentally and theoretically, using only
Beer-Lambert law including the dephasing, that dynam-
ics faster than Γ can appear at large on-resonance optical
thickness [120]. This is somehow the counterpart of the
spectral broadening induced by Beer’s law at high b0.

Since this broadening is also present for the light scat-
tered off-axis (see Fig. 1a), one can wonder if similar
arguments also explains off-axis superradiance. Off axis,
though, the field arriving on the detector emitted by dif-
ferent atoms have random phases (no phase-matching).
There is thus no straightforward calculation similar to the
one of [120], at least to our knowledge, that could relate
the spectral broadening of the system response to the
temporal dynamics observed on the fluorescence. This
is, we think, the nontrivial feature of cooperativity and
superradiance in the linear regime that this accelerated
decay is still preserved despite the absence of any obvious
phase-matching condition. Thus, the most efficient way
to understand this result is to invoke the collective (coop-
erative) modes of the atomic excitation in the cloud, some
of them decaying fast (superradiant modes), and some
decaying slowly (subradiant modes). In other words, we
trace over the photon degrees of freedom and look at the
collective (cooperative) atomic behavior. The reverse ap-
proach, looking at the light, scattered by all atoms and
interfering, is certainly possible and might provide an al-
ternative view on the light-matter interaction for many
atoms and at low intensities.

Subradiant decay, as the counterpart of superradiance,
is also a good signature of cooperativity. However, a
particular care is necessary to distinguish between differ-
ent effects that could lead to a slow decay of the scat-
tered light. In a dense sample with sharp boundaries,
for example, long-lived cavity-like modes (or ‘polaritonic

modes’ [121]) may exist, and may also give rise to high-Q
Mie-like resonances [75]. If the optical thickness b(∆) is
large (near resonance), multiple scattering may trap the
light in the sample for a long time (radiation trapping,
see Sec. III A and ref. [32]), and even strong localiza-
tion might need to be considered [122]. In that case, the
qualitative difference between those various effects can
be seen in their different scalings with the experimental
parameters. The radiation trapping time scales as b(∆)2
whereas the subradiant time scales as b0 [5], indepen-
dently of the detuning. Here again, Mie resonances or
radiation trapping are well understood by looking at the
light, whereas subradiance is well understood by looking
at the collective modes of the atomic excitation. If we
want to explain subradiance with a physical picture using
light, we can say that coherence and interference effect
modifies multiple scattering such that some ‘lucky pho-
tons’ are trapped in the sample, even at large detuning.
If we neglect coherence and interference effects (diffusion
or random walk model), we find, on the contrary, that
multiple scattering vanishes far from resonance. The in-
terplay between this incoherent radiation trapping and
subradiance for intermediate detuning, and the way to
distinguish between them, is the subject of our current
investigation.

VI. CONCLUSION

In this article, we have tried to discuss the meaning
of ‘cooperative scattering’ from a broad perspective, by
studying various collective effects in atom-light interac-
tion. We conclude that what should be called coopera-
tive is often mainly a question of perspective. When we
describe collective effects by looking at the atoms, with
a microscopic modeling (based on Dicke states, coupled
dipoles, etc.), most features appear to be of cooperative
nature. Nevertheless, one can also understand many of
these effects using the point of view of light, undergoing
multiple scattering or propagating through a macroscopic
sample, without using the concept of cooperativity at all.
The temporal decay of the light emitted off-axis seems

to be the best example so far of a situation where a
cooperative-scattering approach is the most efficient, nu-
merically as well as conceptually, to describe the physics.
We have shown that, at large detuning, the full decay
curve only depends on the on-resonance optical thickness
of the sample (and of its precise shape), but an analytical
description of this result is still missing.
Finally, we emphasize that most, if not all, of the ef-

fects that we discussed in this article, are already known,
but not always in the same fields. Superradiance and sub-
radiance are hardly known in the mesoscopy community,
and the same can be said for effects related to multi-
ple scattering with the quantum-optics community. Es-
tablishing a bridge between those communities and their
concepts seems very important to us. In particular, we
have pointed out the similarity between the recurrent-
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scattering corrections to the susceptibility recently dis-
cussed in the quantum-optics community [18, 41] and
the weak-localization corrections, which are well-known
in the mesoscopy community. We have also presented
new results on the deviation from Ohm’s law predicted by
the coupled-dipole model. The physical origin of this de-
viation remains to be understood, but this is an attempt
to relate cooperativity to transport properties [123]. This
connection may be fruitful for the question of Ander-

son localization of light in 3D [66, 122] or in relation
with other topics, like superconductivity [124] or light-
harvesting systems [125, 126].
We thank Antoine Browaeys, Yvan Sortais and Mark

Havey for fruitful discussions at the PQE conference and
Joachim von Zanthier for his invitation. This work was
supported by the Agence National pour la Recherche
under grant No. ANR-14-CE26-0032 (project LOVE).
M.T.R. was supported by an Averroès exchange program.

[1] A. Goban, C.-L. Hung, J. D. Hood, S.-P. Yu, J. A. Mu-
niz, O. Painter, and H. J. Kimble, Phys. Rev. Lett. 115,
063601 (2015).

[2] S. L. Bromley, B. Zhu, M. Bishof, X. Zhang, T. Both-
well, J. Schachenmayer, T. L. Nicholson, R. Kaiser, S. F.
Yelin, M. D. Lukin, A. M. Rey, and J. Ye, Nat. Com-
mun. 7, 11039 (2016).
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[81] R. Pierrat, B. Grémaud, and D. Delande, Phys. Rev. A
80, 013831 (2009).

[82] Q. Baudouin, N. Mercadier, and R. Kaiser, Phys. Rev.
A 87, 013412 (2013).

[83] E. Akkermans, A. Gero, and R. Kaiser, Phys. Rev. Lett.
101, 103602 (2008).
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[95] T. Bienaimé, M. Petruzzo, D. Bigerni, N. Piovella, and
R. Kaiser, J. Mod. Opt. 58, 1942 (2011).

[96] Long-Range Interacting Systems, Vol. 90 of Lecture

Notes of the Les Houches Summer School, edited by
T. Dauxois, S. Ruffo, and L. F. Cugliandolo (Oxford



12

University Press, Oxford, 2010).
[97] S. E. Skipetrov and A. Goetschy, J. Phys. A: Math.

Theor. 44, 065102 (2011).
[98] A. Goetschy and S. E. Skipetrov, Phys. Rev. E 84,

011150 (2011).
[99] I. E. Mazets and G. Kurizki, J. Phys. B: At. Mol. Opt.

Phys. 40, F105 (2007).
[100] R. Friedberg and J. T. Manassah, Phys. Lett. A 374,

1648 (2010).
[101] R. Saunders and R. K. Bullough, J. Phys. A: Math.,

Nucl. Gen. 6, 1348 (1973).
[102] R. Saunders and R. K. Bullough, J. Phys. A: Math.,

Nucl. Gen. 6, 1360 (1973).
[103] O. Morice, Y. Castin, and J. Dalibard, Phys. Rev. A

51, 3896 (1995).
[104] F. Haake and R. J. Glauber, Phys. Rev. A 5, 1457

(1972).
[105] C. R. Stroud, Jr., J. H. Eberly, W. L. Lama, and L.

Mandel, Phys. Rev. A 5, 1094 (1972).
[106] A. Tonomura, J. Endo, T. Matsuda, T. Kawasaki, and

H. Ezawa, Am. J. Phys. 57, 117 (1989).
[107] U. Eichmann, J. C. Bergquist, J. J. Bollinger, J. M.

Gilligan, W. M. Itano, D. J. Wineland, and M. G.
Raizen, Phys. Rev. Lett. 70, 2359 (1993).

[108] S. Oppel, R. Wiegner, G. S. Agarwal, and J. von Zan-
thier, Phys. Rev. Lett. 113, 263606 (2014).

[109] J. T. Manassah, Adv. Opt. Photon. 4, 108 (2012).
[110] J. T. Manassah, Phys. Lett. A 374, 1985 (2010).
[111] M. Samoylova, N. Piovella, R. Bachelard, and P. W.

Courteille, Opt. Commun. 312, 94 (2014).
[112] S. J. Roof, K. J. Kemp, M. D. Havey, I. M. Sokolov, and

D. V. Kupriyanov, Opt. Lett. 40, 1137–1140 (2015).
[113] L. Chomaz, L. Corman, T. Yefsah, R. Desbuquois, and

J. Dalibard, New. J. Phys. 14, 055001 (2012).
[114] Y. Miroshnychenko, U. V. Poulsen, and K. Mølmer,

Phys. Rev. A 87, 023821 (2013).

[115] W. Feng, Y. Li, and S.-Y. Zhu, Phys. Rev. A 89, 013816
(2014).

[116] H. Jeong, A. M. C. Dawes, and D. J. Gauthier, Phys.
Rev. Lett. 96, 143901 (2006).

[117] J. F. Chen, S. Wang, D. Wei, M. M. T. Loy, G. K. L.
Wong, and S. Du, Phys. Rev. A 81, 033844 (2010).

[118] M. Chalony, R. Pierrat, D. Delande, and D. Wilkowski,
Phys. Rev. A 84, 011401(R) (2011).

[119] C. C. Kwong, T. Yang, M. S. Pramod, K. Pandey, D.
Delande, R. Pierrat, and D. Wilkowski, Phys. Rev. Lett.
113, 223601 (2014).

[120] C. C. Kwong, T. Yang, , D. Delande, R. Pierrat, and
D. Wilkowski, Phys. Rev. Lett. 115, 223601 (2015).

[121] N. J. Schilder, C. Sauvan, J. Hugonin, S. Jennewein,
Y. R. P. Sortais, A. Browaeys, and J. Greffet, Phys.
Rev. A 93, 063835 (2016).

[122] S. E. Skipetrov and J. H. Page, New. J. Phys. 18, 021001
(2016).

[123] A. Gero and E. Akkermans, Phys. Rev. Lett. 96, 093601
(2006).

[124] G. Baskaran, arXiv:1211.4567 (2012).
[125] R. Monshouwer, M. Abrahamsson, F. van Mourik, and

R. van Grondelle, J. Phys. Chem. B 101, 7241 (1997).
[126] G. L. Celardo, G. G. Giusteri, and F. Borgonovi, Phys.

Rev. B 90, 075113 (2014).
[127] A. Ishimaru, Wave Propagation and scattering in ran-

dom media (IEEE Press, New York, 1999).
[128] N. Mercadier, W. Guerin, M. Chevrollier, and R. Kaiser,

Nature Phys. 5, 602 (2009).
[129] N. Mercadier, M. Chevrollier, W. Guerin, and R. Kaiser,

Phys. Rev. A 87, 063837 (2013).
[130] Q. Baudouin, R. Pierrat, A. Eloy, E. J. Nunes-Pereira,

P. Cuniasse, N. Mercadier, and R. Kaiser, Phys. Rev. A
90, 052114 (2014).


