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[ V]

—— Abstract

We show that every connected Multiplicative Exponential Linear Logic (MELL) proof-structure
(with or without cuts) is uniquely determined by a well-chosen element of its Taylor expansion:
the one obtained by taking two copies of the content of each box. As a consequence, the relational
model is injective with respect to connected MELL proof-structures.

1 Introduction

Given a syntax & endowed with some rewrite rules, and given a denotational model D for
S (i.e. a semantics which gives to any term ¢ of S an interpretation [t]p that is invariant
under the rewrite rules), we say that D is injective with respect to S if, for any two normal
terms ¢t and ¢’ of S, [t]p = [t']p implies ¢t = t’. In categorical terms, injectivity corresponds
to faithfulness of the interpretation functor from S to D. Injectivity is a natural and well
studied question for denotational models of A-calculi and term rewriting systems (see [11, 19]).
In the framework of Linear Logic (LL, [12]) this question, addressed in [20], turned out to
be remarkably complex: contrary to what happens in the A-calculus, there exist semantics
of LL proof-nets that are not injective, such as the coherent model which is injective only
with respect to some fragments of LL (see [20]). After the first partial positive results
obtained in [20], it took a long time to obtain some improvements: in [6], the injectivity
of the relational model is proven for MELL (the multiplicative-exponential fragment of LL,
sufficiently expressive to encode the A-calculus) proof-structures that are connected, and
eventually in [4] the first complete positive result is achieved, since the author proves that
the relational model is injective for the all MELL proof-structures.

Ehrhard [7] introduced finiteness spaces, a denotational model of LL (and A-calculus)
which interprets formulas by topological vector spaces and proofs by analytical functions: in
this model the operations of differentiation and the Taylor expansion make sense. Ehrhard and
Regnier [8, 9, 10] internalized these operations in the syntax and thus introduced differential
linear logic DiLLy (which encodes the resource A-calculus, see [9]), where the promotion
rule (the only one in LL which is responsible for introducing the !-modality and hence for
creating resources available at will, marked by boxes in LL proof-structures) is replaced by
three new “finitary” rules introducing !-modality which are perfectly symmetric to the rules
for the 7-modality: this allows a more subtle analysis of the resources consumption during
the cut-elimination process. At the syntactic level, the Taylor expansion decomposes a LL
proof-structure in a (generally infinite) formal sum of DiLLy proof-structures, each of which
contains resources usable only a fixed number of times. Roughly speaking, each element of
the Taylor expansion Tg of a LL proof-structure R is a DiLLy proof-structure obtained from
R by replacing each box B in R with np copies of its content (for any ng € N), recursively.
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Computing connected proof(-structure)s from their Taylor expansion

In the light of the differential approach, it is clear (and well-known) that the proof-
structure of order 1 of the Taylor expansion of a A-term (which is obtained by taking exactly
one copy of the argument of each application) is enough to entirely determine the A-term:
if two A-terms t; and to have the same element of order 1 in their Taylor expansion, then
t1 = to. One can formulate the results of [6] and [4] by saying that, given two proof-structures
R and Rs, if there exists an appropriate DiLLy proof-structure, whose order depends on Ry
and Ry, which occurs in the Taylor expansions of both R; and Rs, then R; = R,. We prove,
in the present paper, for connected MELL, a result which is very much in the style of the
one just mentioned for the A-calculus: if two proof-structures Ry and Ry (with or without
cuts) have the same elements of order 2 in their Taylor expansions (which is obtained by
taking two copies of the content of each box), then Ry = Ry (the element of order 2 of the
Taylor expansion of a connected MELL proof-structure is enough to entirely determine the
proof-structure). Since it is known (see [13]) that the elements of the Taylor expansion of
a A-term/LL proof-structure is essentially an element of its interpretation in the relational
model, we immediately obtain another proof of the injectivity of the relational model for
connected MELL proof-structures.

It is widely acknowledged, in the LL community, that the subsystem of LL corresponding
to the A-calculus enjoys all the possible good properties, while many of them are lost in the
general MELL fragment. Our result seems to suggest the following hierarchy:

1. full MELL, for which there does not seem to be a way to bound “a priori” the complexity of
the element of the Taylor expansion allowing to distinguish two different proof-structures;

2. connected MELL (containing the A-calculus) for which the element of order 2 of the Taylor
expansion of a proof-structure is enough to entirely determine the proof-structure;

3. the A-calculus, for which the element of order 1 of the Taylor expansion of a term is
enough to entirely determine the term.

Outline After laying out precise definitions of proof-structure (§2) and Taylor expansion (§3), in §4 we show

how a connected MELL proof-structure can be univocally computed by the point of order 2 of its Taylor
expansion. Finally, in §5 we infer from this the injectivity of the relational model for connected MELL.

» Notation. We set Lmer = {1, 1, ®,%,!,?, az, cut}. The set Fmerr of MELL formaulas is generated by
the grammar: A,B,C ==X | Xt |1| L|A®B| A% B|!A|?A, where X ranges over an infinite set
of propositional variables. The linear negation is involutive, i.e. At = A, and defined via De Morgan
laws 1t = L, (A® B)T = AL % B+ and (14)1 =74+,

Let A be a set: P(A) is the power set of A, | A is the union of A, A* is the set of finite sequences
over A. If A is ordered by <, for any a € A we set Laa ={b€ A|b < a}. The empty sequence is denoted
by (). If a = (a1,...,an) with n € N, we set |a| = n and, if n > 0, a= = (a1,...,an—1); if moreover
b= (b1,...,bm), we set a-b = (a1,...,an,b1,...,bm). We write a C b if a-c = b for some finite sequence c.
Let f: A — B be a partial function: dom(f) and im(f) are the domain and image of f; the partial function
f: 2(A) — 2(B) is defined by f(A') = {f(a) | a € A’ Ndom(f)} for any A’ C A.

2 A non-inductive syntax for proof structures

It is well-known that for linear logic proof-nets there is no “canonical” representation:
every paper about them introduces its own syntax for proof-nets, and more generally for
proof-structures, depending on the purposes of the paper. (Following [12], a proof-net is
a proof-structure corresponding to a derivation in LL sequent calculus: proof-nets can be
characterized among proof-structures via “geometric” correctness criteria, e.g. [2, 20]). The
first aim of the syntax for proof-structures that we present here is to give a rigorous and
compact definition of the following notions: (1) equality between proof-structures; (2) Taylor
expansion of a proof-structure. The first point naturally leads us to adopt a low-level syntax
with generalized ?- and !-links, similarly to [6]. Surprisingly enough, this choice can be made
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Figure 1 Some examples of pps that are not DiLL-ps. See Def. 1 and 10.

compatible with the second point by giving a completely non-inductive definition of proof-
structures, which is in keeping with the intuition that a proof-structure is a directed graph,
plus further information about the borders of boxes. We have also taken care of minimizing
the information required to identify a proof-structure, especially the borders of its boxes.
We use terminology of interactions nets [14, 9], even if properly speaking our objects are
not interaction nets. So, for instance, our cells corresponds to links in [20]. Our syntax is
inspired by [16, 17, 18, 21, 5, 6]. Our main technical novelties with respect to them are that:

there are no wires (the same port may be auxiliary for some cell and principal for another
cell), so axioms and cuts are cells, and our ports corresponds to edges in [20];

boxes do not have an explicit constructor or cell, hence boxes and depth of a proof-structure
are recovered in a non-inductive way.

As in [16, 17, 18] and unlike [5, 6], our syntactic objects are typed by MELL formulas:
we have opted for a typed version only to keep out immediately the possibility of “vicious
cycles” (see Fact 4). All the results in this paper can be adapted also to the untyped case.

Pre-proof-structures and isomorphisms We define here our basic syntactical object: pre-
proof-structure (pps for short). All other syntactical objects, in particular proof-structures
corresponding to the fragments or extensions of LL that we will consider (DiLL-, MELL- and
DiLLo-proof structures), are some special cases of pps. Essentially, a pps @ is a directed
labelled graph G4 called ground-structure (gs for short), plus a partial function boxg defined
on certain edges (or nodes). The gs of @ represents a “linearised” proof-structure, i.e. @
without the border of its boxes; the partial function boxg marks the borders of the boxes of &.
Examples of pps are in Fig. 1. Unlike [18, 6], our syntactical objects are not necessarily
cut-free (nor with atomic axioms). Cut-elimination is not defined since it is not used here.

» Definition 1 (Pre-proof-structure, ports, cells, ground-structure, fatness). A pre-proof-struc-
ture (pps for short) is a 9-tuple ® = (Pg,Co, tca, PG, P, P tp, CE boxg) such that:
Ps and Cg are finite sets, their elements are resp. the ports and the cells (or links) of @;
tcg is a function from Ce to LmeLr; for every [ € Cg, teg(l) is the label, or type, of I; for
every t,t' € LygLL, we write [:¢ when tcg(l) = ¢, and we set C; = {l € C | [:t} (whose
elements are the t-cells, or t-links, of ) and Cé;t = Chu C’g; _
P%' is a function from Cg to &2 (Pg) such that im(P%') covers Py (that is, Jim(PY') = Pg),
and moreover, for all ,1’ € Cg,
if | # 1’ then PR (1) N PR (1) = 0,
if teap (1) € {1, L,®,%,!1,7} then card(P5'(1)) =1,
if teg (1) = az (resp. tea(l) = cut) then card(P5'(1)) = 2, (resp. card(P% (1)) = 0);
for any [ € Cg, the elements of Pgi(l) are the principal ports, or conclusions, of | in @;
P is a function from Cg to & (Pg) such that, for all I,1’ € Cg,
if I # ' then P3™(1) N P3F*(") = 0,
if teg (1) €{1, L, az} then card(P3*(1))=0; if tce (1) € {®, %, cut} then card(P3™(1))=2;
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for any [ € Cg, the elements of P3*(1) are the auziliary ports, or premises, of l in &;
pleft. ngg — Pg is a function such that Pf(1) € P3**(1) for any I € Cg)’??;

tpg: Po — FmeLL is a function (we write p : A and we say that A is the type of p, when
tpg(p) = A) such that, for any [ € Cp, one has

if tcg(l) = az (resp. tcg(l) = cut) and P2 (1) = {p1,pa} (resp. P3*(I) = {p1,pa}), then
tpg(p1) = A and tpg(ps) = AL, for some A€ Fyery,
if teg(l) = A € {1, L} and PY'(1) = {p}, then tps(p) = A,
if tep(l) = © € {®,3}, PY(1) = {p}, P3() = {p1,pa} and PEt(l) = p;, then
tpy(p) = tPe(p1) © thS(P2)7
if teg (1) = O € {1, 7}, P5' (1) = {p} and P*(I) = {p1,...,pn} (nEN), then tpy(p)=0A
and tpg(p;) = A for all 1<i<n, for some A€ FueLL;
Chox C {1 € Cly | card(P3™(1)) = 1}, the elements of C5° are the box-cells of ®; for any
I € C5% its (unique) premise is denoted by pridgs(l) and called the principal door or
pri-door of the box of | (in R); we set Doorsly = | JP3*(C5);?
boxg is a partial function from |JPa™(CL ") UDoor sk, to C2 such that boxg (pridg (1)) = I
for all [ € C5>*.2

We set: Pa* = |Jim(P3*), whose elements are the auxiliary ports of ®; Piee = Pg \ Pavx,
whose elementb are the free ports of ®; and Cite® = {l € Cg | Pgi( ) C Pfree} whose elements
are the free, or terminal, cells of &.3

For any pps @, the ground-structure (gs for short) of @ is the 7-tuple Gy = (P, Cs, tcs,
PP, A", tpy).

A pps @ is fat (resp. strongly fat) if card(P3**(1)) >1 (resp. card(P3™(1)) >2) for all I € Cl.

Let us make some comments on Def. 1. Let @ be a pps.

The function P';ft fixes an order on the two premises of any ®- and %-cell of @; the
premises of the other types of cells are unordered, as well as the conclusions of the az-cells.
The conditions | Jim(P%') = Pg and “for all 1,1’ € Cg, if | # I’ then P (1) NPY (1) = ) =
P3*(1) N P3*(l")” mean that every port is conclusion of exactly one cell and premise of at
most one cell; the elements of Pfree are the ports of @ that are not premises of any cell.
No condition is required for card(P%> (1)) when [ € C;’?: [ can have n € N premises since
we use generalized 7- and !-cells for (co-)contraction, (co-)weakening and (co-)dereliction.
The gs G of @ is obtained from @ by forgetting boxg and C5%. In a way, Gg encodes
the “geometric structure” of @ (see below).

For any pps @, the fact that boxg is defined on Doors; simplifies the definition of the
function box3® (Def. 8), an extension of boxg that will be useful in the sequel. Any boz-cell [
of @ is the starting point to compute the box associated with I: the ports in boxg 1 (1) represent
the border of this box. In general, not all !-cells of ¢ with exactly one premise are boz-cells.

» Notation. For any pps @ we set Doorsg = dom(boxg) and Doors;; = DoorseNY P}”X(Cé),
Doorsg = Doorsg N|JPIX(CEH) and CE = CE*U{l € C | 3p € Doorsy NP2*(1)}. From
now on, e ¢ Cg (in particular, e ¢ C5) for any pps .

! Hence7 Doorsy, = {pridg (1) | | € C5}, the set of premises of all boz-cells of &.
2 So, boxg is defined on Doorsy, and maps the (unique) premise of a boz-cell I into [ itself.

3 Thus, a cell [ of a pps @ is in Cfe® iff either [ is a az-cell and both its conclusions are in P, or [ is a
cut-cell, or [ is neither an az- nor a cut-cell and its unique conclusion is in Pfree
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Figure 2 Commutative diagrams for isomorphism of gs (Fig. 2a) and of pps (Fig. 2b). See Def. 5.

With any pps @ are naturally associated a directed labelled graph &(®) whose nodes are
the cells of @, labelled by their type; and whose oriented edges are the ports of @, labelled
by their type; a premise (resp. conclusion) of a cell [ is incoming in (resp. outgoing from) .

Note that in the definition of & (&), C5 and boxg play no role, hence the gs Gg of @
can naturally be seen as a labelled directed graph with a natural top-down orientation.

In the graphical representation of a pps @, a dotted arrow is depicted from a premise ¢
of a 7-cell or cut-cell to the premise of a boz-cell | as soon as g € boxg L(1). The label of a
boz-cell is marked as !p. The names or types of ports and cells can be omitted.

» Definition 2 ((Pre-)order on the ports of a pre-proof-structure). Let @ be a gs. The binary
relation <} on Py is defined by: p < ¢ if there exists [ € Cg such that p € P(‘;i(l) and
q € P2(1). The preorder relation <g on Pg is the reflexive-transitive closure of <%. When
p < q we say that q is above p. We write p <¢ q if p <¢ ¢ and p # q.

In a pps @, the binary relation <g has a geometric meaning (note that C5 and boxg, as
well as tcg, P';ft and tpg, play no role in Def. 2): for any p,q € Ps, if p <g ¢ then in the direc-

ted graph &(®) there is a directed path from ¢ to p that does not cross any az-cell or cut-cell.

» Remark 3 (Predecessor of a port). Let @ be a pps. For all p € Pa¥™ \ P3¥(Cg*), there
is a unique ¢ € Py (denoted by preds(p), the predecessor of p) such that ¢ <} p; moreover
preds(p) # p. Indeed, by hypothesis p is a premise of some cell of @, but the only cells with
more than one conclusion are the az-cells, which have no premises; so, p is a premise of a cell
of @ having just one conclusion g¢; also, tps(g) is a proper subformula of tpg(p), thus p # q.

» Fact 4 (Tree-like order on ports). Let @ be a pps: <g¢ is a tree-like order relation on Pg.

According to Fact 4, a pps @ cannot have “vicious cycles” like for example a cell [ such
that P%' (1) N P3™(1) # 0 (i.e. a port is both a premise and a conclusion of 1).

The names of ports and cells of a pps (ports and cells being nothing but their names) will
be important to define the labelled Taylor expansion (Def. 13), a more informative variant of
the usual Taylor expansion (Def. 17). Nevertheless, a precise answer to the question “When
two pps can be considered equal?” leads naturally to the notion of isomorphism between
pps (Def. 5), inspired by the notion of isomorphism between graphs: intuitively, two pps are
isomorphic if they are identical up to the names of their ports and cells.

» Definition 5 (Isomorphism on ground-structures and pre-proof-structures). Let &, ¥ be pps.

An isomorphism from G to Gy is a pair p = (pp, pc) of bijections pp: Py — Py and
wc: Cy — Cy such that the diagrams in Fig. 2a commute. We write then ¢: Gg ~ Gy.

An isomorphism from @ to W is a pair ¢ = (¢p,pc) of bijections pp: Pg — Py and
¢ : Cg — Cy such that ¢: Gg ~ Gy, im(pc rcgox) = C2, im(¢plDoorse) = Doorsy and the
diagram in Fig. 2b commutes. We write then ¢: @ ~ .

If there is an isomorphism from @ to ¥, we say: @ and ¥ are isomorphic and we write @ ~ V.

The relation ~ is an equivalence on the set of pps. Equivalence classes for ~ share the
same graphical representation up to the order of the premises of their !- and ?-cells: any such
a representation can be seen as a canonical representative of an equivalence class.

Proof at p. 16
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» Remark 6. Let @ and ¥ be some pps with ¢ = (pp,pc): Go ~ Gy. We have:
1. card(P3™*(1)) = card(P3™*(vc(1))) for every I € Cg, in particular @ is fat (resp. strongly

free free

fat) iff ¥ is fat (resp. strongly fat); moreover, Pire¢ = Bp(Phee) and Cfiee = g (Cfree);
2. for every p,q € Psp, p <o q implies op(p) <v pp(q) (¢p is non-decreasing).

DiLL-, DiLLy- and MELL-proof-structures A pps @ is a very “light” structure and in order
to associate with any [ € C5° the sub-pps of @ usually called the box of [, some conditions
need to be satisfied: for example, boxes have to be ordered by a tree-like order (nesting), cut-
and ax-cells cannot cross the border of a box, etc. We introduce here some restrictions to
pps in order to define proof-structures corresponding to some fragments or extension of LL:
MELL, DiLL and DiLLg. Full differential linear logic (DiLL) is an extension of MELL (with the
same language as MELL) provided with both promotion rule (i.e. boxes) and co-structural
rules (the duals of the structural rules handling ?-modality) for the !-modality: DiLLy and
MELL are particular subsystems of DiLL, respectively corresponding to the promotion-free
(i.e. without boxes) fragment of DiLL and the fragment of DiLL without co-structural rules.
Our interest for DiLL is just to have an unitary syntax subsuming MELL and DilLLy: for this
reason, unlike [17, 21], our DilLL-ps are not allowed to contain a set of DiLL-ps inside a box.

» Definition 7 (DiLLg-proof-structure). A DiLLg-proof structure (DiLLg-ps or diffnet for short)
is a pps @ with C5 = (). The set of DiLLo-ps is denoted by PSpiLi,, and p, o, ... range over it.

So, a DiLLo-ps p is a pps without boz-cells: in this case, box, is the empty function. Thus,
any DilLLg-ps p can be identified with its gs G,.

To define the conditions that a pps has to fulfill to be a DiLL-ps, we first extend the partial
function boxg to a function box%; that associates with every port p of @ the “deepest” boz-cell

(if any) whose box contains p; it returns a dummy element e if p is not contained in any box.

» Definition 8 (Extension of boxg). Let @ be a pps. The extension of boxg is a function
ext |

box$": Py — C5* U {e} defined as follows: for any p € Pg,

box2t (p) — boxg (max<, ({p, p N Doorsg)) if |p,p N Doorse #
Pa . otherwise.

ext

For any pps @, the function box, is well-defined since, for all p € Pg, the set |p, pN
Doorsge is finite and totally ordered by <g, according to Fact 4: therefore the greatest
element of |p, p N Doorsg exists as soon as |p, p N Doorsg # 0.

In a pps @, computing box%" from boxg is simple. Given a port p of @, consider the
maximal downwards path starting from p in the directed graph &(Gg): the first time the

ext

path bumps into a port ¢ € Doorsg (if any), we set box3_(p) = boxa(q); if the path does not

ext

bump into any q € Doorsg, then boqus(p) = e,

» Definition 9 (Preorder on box-cells of a pre-proof-structure). Let @ be a pps. The binary
relation gcgox on cg°x is defined by: [ Sc;ox U (say U is above ) iff there are p,p’ € Doorsg
such that p <g p’, boxs(p) = and boxg(p’) =I'. We write [ <o Uifi <cor I"and [ #£1'.

The binary relation <cso 4} 0N Chox U {e} is defined by: I Scvougey U if either I <eoo I
or [ =e. We write | <cooyre) " When I Scoojqy I and I # 1.

In any pps &, gcgox is a preorder on Cg“, since <g is a preorder on Pg. The preorder
Scpou{e} 18 the extension of <cpor obtained by adding e as least element.
In Figure 1d, = is a pps such that Scbso; is not an order on C%le; = is a pps such that

<ebox is an order but not a tree-like order on C%"QX. A condition that a pps @ must fulfill to be
=2
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Figure 3 Some examples of DiLL-ps. In Ry (Fig. 3b) Cb°x = {l} and boxg, is the empty function. In
Rs (Fig. 3¢) Cyx = 0, so boxr, is the empty function. Both S (Fig. 3a) and R; (Fig. 3b) are in two dif-
ferent presentations: the “arrow-like” one (on the left) and the “inductive-like” one (on the right).

a DilLL-ps is just that Scpor i a tree-like order (or equivalently, Scoufe} 15 @ rooted tree-like
order whose root is e): this amounts to the nesting of boxes (see [13] or Appendix B).

» Definition 10 (DiLL-proof-structure and MELL-proof-structure). A DiLL-proof-structure
(DiLL-ps for short) is a pps @ such that:

1. <cboc is a tree-like order on Chox;

boxeXt( )=box$%(q) for all 1€Cy* with PY'(1)={p, ¢} and all [ €Cg" with P3*(1)={p, q};
for all p € Doorsl, UDoors, one has boxg(p) # boxF(predg (p));

for all [ € C2*U{e} and p € Doorsly, if | <cbocufe} boxg (p) then ! Scbocife} boxZ. (predg (p)).
A MELL-proof-structure (MELL-ps for short) is a DiLL-ps @ such that C2> = Cj. The set
of DiLL-ps (resp. MELL-ps) is denoted by PSp; | (resp. PSmeLL) and R, S, ... range over it.

P!-*’!"

In Def. 10, condition 2 means that a cut-cell (resp. az-cell) cannot cross the border of a
box, i.e. its premises (resp. conclusions) belong to the same boxes; the pps @ in Fig. la does
not fulfill condition 2. Condition 3 in Def. 10 entails that two ports on the border of the same
box cannot be above each other (in the sense of <g); the pps ¥; and ¥, in Fig. 1b do not
fulfill condition 3. Condition 4 in Def. 10 implies that the border of a box cannot have more
than one !-cell; the pps X in Fig. 1c does not fulfill condition 4. See [13] for more details.

n [13] (or equivalently Appendix B) we show that the information encoded in a DiLL-ps
R is enough to associate a box R; with any box-cell [ of R. So, as usual for LL, R; can be
graphically depicted (instead of using dotted arrows to pick out boxy'(l)) by a rectangular
frame containing all ports in inboxg(l). Some examples of DiLL-ps are in Fig. 3.

» Definition 11 (Content of the box, depth). Let R be a DiLL-ps.

For any | € C%*, the content of the boz of I is inboxr(l) = {q € Pr | <o box?7(q)}.

The function boxg:: Cr — C3 is defined by: for every | € Cr ~\ CE* (resp. | € CE), we
set box&* (1) = boxext( ) where p € P (1) (resp. p € PA*(1)).*

For every p € Pg and | € Cg, the depths of p and | in R are defined as follows:
depth;(p) = card(lcso (box3,(p))) and depth (1) = card(lcso (boxgy (1))).

We set PY = {p € Pg | depthp(p) = 0}, C% = {I € Cr | depthy(I) = 0} and Co* =
C2* N Y. The depth of R is depth(R) = sup{depthy(p) € N | p € Pg}.

Given a DiLL-ps R, for any boz-cell I in R, inboxg(l) represents the set of ports contained

in the box of [. According to Definition 11, the meaning of boxext is clear: for any port p of

R, | cbo (box3t(p)) = {l € C%* | p € inboxg (1)} is the set of boxes in R containing p, and if

ext (

box%!(p) = e then p has depth 0 (no box in R contains p), otherwise box3(p) is the deepest

4 For every | € Cg, boxg< (1) is well-defined by condition 2 in Def. 10. Note that, for any I € chex, boxg (1)
is the immediate predecessor of [ in the tree-like order <Cb “Ufe}-
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boz-cell in R whose box contains p; the depth of p in R is the number of nested boxes in R
containing p. According to Def. 11, for any boz-cell I, depth(prid (1)) = depth (1) + 1.

3 Computing the Taylor expansion of a DilLL-proof-structure

The Taylor expansion of a MELL-ps, or more generally a DiLL-ps, R is a (usually infinite) set
of DiLLg-ps: roughly speaking, each element of the Taylor expansion of R is obtained from
R by replacing each box B in R with n copies of its content (for any n € N), recursively on
the depth of R. Note that n depends not only on B but also on what “copy” of the contents
of all boxes containing B we are considering. Usually, the Taylor expansion of MELL-ps
[16, 18] is defined globally and inductively: with every MELL-ps R is directly associated its
Taylor expansion (the whole set!) by induction on the depth of R. We adopt an alternative
approach, which is pointwise and non-inductive: visually, it is exemplified by Fig. 4.

We introduce here Taylor-functions: a Taylor-function of a DiLL-ps R ascribes recursively
a number of copies for each box of R. Any element of the Taylor expansion of R can be
built from (at least) one element of the proto-Taylor expansion Tlgmo of R, Tlgmto being the
set of Taylor-functions of R. We build in this way a more informative version of the Taylor
expansion of R, the labelled Taylor-expansion Tg of R: one of the advantages of our pointwise
and non-inductive approach is that it is easy to define the correspondence between ports and
cells of any element p of the Taylor expansion of R and ports and cells of R (an operation
intuitively clear but very awkward to define with the global and inductive approach), and to
differentiate the various copies in p of the content of a same box in R. For this purpose, any
port (or cell) of any DiLLy-ps in the labelled Taylor expansion of R is of the shape (p,a),
where p is the corresponding port (or cell) of R and the finite sequence a has to be intended
as a list of indexes saying in which copy of the content of each box (p,a) is. These indexes
are a syntactic counterpart of the ones used in the definition of k-experiment of PLPS in [6,
Def. 35]. The information encoded in any element of the labelled Taylor expansion will be
useful to prove some fundamental lemmas in §4. The usual Taylor expansion of a DiLL-ps R
(whose elements do not contain this information, Def. 17) is then the quotient of Tz modulo
isomorphism, 7.e. modulo renaming of ports and cells of any DiLLy-ps in Tg.

» Definition 12 (Taylor-function of a DiLL-proof-structure). Let R be a DiLL-ps.
A Taylor-function of R is a function f: C3 U {8} — 2,(N*) such that:

1. (depth compatibility) f(e) = {()} and, for any [ € C%OX and a € f(1), |a| = depthy(pridz(1));
2. (vertical downclosure) for all [,1' € C2 such that <cbo ', with k = depthz(prid z(1)) and
k' = depthz(pridg (1)) (so k <K', if (n1,...,ng,...,ngr) € f(I') then (ny,...,nk) € f(1).

The proto-Taylor expansion of R is the set T2 of Taylor-functions of R.

Note that the notion of Taylor-function of a DiLL-ps R relies only on the tree-like order
on C}}?X, hence we could define the Taylor-function of any tree. By the vertical downclosure
condition, any Taylor-function of a DiLL-ps R can be naturally presented as a tree-like order
which is an “level-by-level expansion” of the tree-like order on C}’fxz see Fig. 4a-4c.

Our approach in defining the elements of the Taylor expansion of a DiLL-ps R separates the
analysis of the number of copies to take for each (copy of) box of R (this information is given
by any Taylor-function of R and is the most important one) from the operation of copying the
content of each box (given by the function 7 defined below). Indeed, with any Taylor-function

of R one can easily associate an element of the (labelled) Taylor expansion of R (Def. 13).

» Definition 13 (Labelled Taylor expansion). Let R be a DiLL-ps.
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The function 75 : T2 — PSpiL, associates with any f € T2 a DiLLo-ps 7r(f) defined
by: CE;X(f) = (), box(f) is the empty function, and

Prrtr) = {(p,a) | p € Pr and a € f(box,(p))}
CTR(f) = {(l,a) |l € Cr and a € f(boxZ* (1))}
tc . r) ((1,a)) = tcg(l) for every (I,a) € Cr )

(
Pii(f)((l,a)) {(p,a)|pe Pp"( )} for every (I,a) € Cr ()
(1)) ={(p,b) | pEPH*(1), a T b € f(boxPy(p))} for any (I,a) €Cppyp)
P ((1,a)) = (PFH(1),a)  for every (I,a) € C2: Z)
)

=tpp(p) for every (p,a) € Py
The labelled Taylor expansion of R is the set of DiLLo-ps Tr = im(7g).

The proof that 7r(f) is a DiLLy-ps for any DiLL-ps R and any Taylor-function f of R, is
left to the reader. The set Tz (as well as 72°°) is infinite iff depth(R) > 0.

Note that when [ € C2 the condition a = b when defining P )((l, a)) in Def. 13 plays
a crucial role: for instance, given the MELL-ps R as in Fig. 4a and the Taylor-function f of
R as in Fig. 4c, the premises of the !-cell (11, (1)) of 7r(f) (whose conclusion is (r1, (1)) in

Fig. 4d) are (p1, (1,1)), (p1,(1,2)), (p1,(1,3)), and not (p1,(2,1)), since (1) Z (2,1).

» Remark 14 (Canonicity). Given a DiLL-ps R and f € T2, we say that f is canonical if

(horizontal downclosure) for every | € C%*, if (n1,...,ny) € f(l) then ny,...,ny, € NT
and (ny,...,nm—1,k) € f(1) for any 1 < k < n,,.
A p € Tr is canonical if p = Tr(f) for some canonical f € 77°. In any canonical DiLLy-ps
of Tr the various copies of the content of a box are numbered sequentially. It can easily be
shown that for any p € Tg, there is a canonical o € T such that p ~ o.

The next example shows how to compute an element p of the labelled Taylor expansion of a
DiLL-ps R starting from R and a Taylor-function of R. It shows also the information encoded
in p with respect to R: the correspondence between ports (and cells) of p and ports (and cells)
of R, and the differentiation of the various copies in p of the content of a same box in R.

» Example 15. Let R be the MELL-ps as in Fig. 4a (the tree-like order on Cb°x is in Fig. 4b)
and f be the Taylor-function of R as in Fig. 4c. The DiLLy-ps 7r(f) € Tr obtained from f by
applying Def. 13 is in Fig. 4d. Note that the ports (po, (1,2)) and (pe, (2,1)) are two ports
of Tr(f) corresponding to the port pe of R: more precisely, (pz, (1,2)) (resp. (p2,(2,1))) is in
the second (resp. first) copy of the content of the box of I; which is in the first (resp. second)
copy of the content of 0. Analogously for the other ports and cells of 7x(f).

» Definition 16 (Forgetful functions). Let R € PSpj and p € Tr. The forgetful functions
forget%’R: P, — Pr and forgetc’R: C, — Cr are defined by: forget%’R((p, a)) = p and
forget? ™ ((1,b)) = I for all (p,a) € P, and (1,b) € C,,.

By forgetting the indexes associated with the ports and cells of p € Tg, the functions
forget%R and forgetg’R make explicit the correspondence (neither injective nor surjective)
between ports and cells of p and ports and cells of R, implicitly given in Def. 13.

It is easy to show that, even if the function 75 for any DiLL-ps R is injective, there may
exist two different Taylor-functions of R whose images via 7p are different but isomorphic:
the labelled Taylor expansion of a DiLL-ps may contain several elements which are isomorphic
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(b) The tree-like order on C5™.

b Sl 0
sp: L s2:111 s3:7L

(a) A MELL-ps R, where o (resp. l1;l2) is the boz-
cell whose conclusion is of type 'l (resp. !L; !1).

(1,1) (1,2) (1,3) (2,1) (2.1) (2,2) (3.1)
N | N \
h ly I by h ly

v— e -
(c) The tree-like presentation of a Taylor-function f of R defined by: f(o) =

{(1),(2), 3} fh) = {(1,1),(1,2),(1,3),(2, 1)} and f(l2) = {(2,1),(2,2),(3, 1)}

PP PP g 7 7 7
(P1.(1.1) @1,(1,2) @1.(1,3) (1.(2.1) (2, R @1:(2:1) @2:(20) @s.21)__@1:(2:2)  @2.(22)  @3:(2:2) __@1,(3.1) @2.(3.1) @3.(3.1)
y " @gj G

@1+(2.2)) @a,(3,1))

3)

s1:71L

(55:0) '
(s2,())
(d) A DiLLo-ps Tr(f) € Tr (types of the ports are omitted).

Figure 4 From a MELL-ps R (Figure 4a) to an element of the labelled Taylor expansion of R
(Figure 4d), via a Taylor-function of R (Figure 4c). See also Example 15.

and differ from each other only by the name of their ports and cells. Moreover, the Taylor
expansion is not closed by isomorphism: from p € Tg for some DiLL-ps R and o >~ p, it
does not follow that o € T (and there might even exist a DiLL-ps S # R with ¢ € Tg).
This means that, although p and ¢ are isomorphic as DiLLy-ps, all the information about R
available in p thanks to the names of its ports and cells is lost in o.

The definition of Taylor expansion of a MELL-ps coming from [10] and used in [16, Def. 9]
and [18, Def. 5] forgets all the information encoded in our labelled Taylor expansion.

» Definition 17 (Taylor expansion of a DiLL-proof-structure). Let R be a DiLL-ps. The Taylor
expansion of R is T = {{r € PSpiL, | 7~ p} | p € Tr}.

Let R be a DiLL-ps: the binary relation ~g on PSp; |, defined by “r ~pg 7’ iff there
is p € Tg such that 7 ~ p ~ 7'
{7 € PSpiLL, | T ~ p} is a partial equivalence class on PSp; |, modulo ~r. Morally, 75" is

is a partial equivalence relation, and, for any p € Tg,

the quotient of Tz modulo isomorphism, i.e. modulo renaming of ports and cells of each
element of Tr: any element of 75 can be seen as an element of Tz where all the information
encoded in the names of its ports and cells is forgotten. Clearly, if R ~ S then 75 = T§".

Let us stress the differences between Tz and T of a DiLL-ps R. Given a (co-)contraction
celllof pe Tg (ie. l € Cp!’? and card(P3*(l)) > 2), it is possible to distinguish if / is a “real”
(co-)contraction (i.e. the corresponding !- or ?-cell I’ of R has at least 2 premises) or not (and
then I’ is in the border of some box and has only one premise which is in Doors’, U Doorskh):
only in the first case there are two premises (p,a) and (q,b) of I with p # q. We can make
this distinction via the information encoded in the names of ports and cells of p € Tg, but in
general we are not able to do that in (any representative of) an element of 75 .
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n @ O @
N/ \

o

Yo¥
(3 (1) (3. (2) (. (1) (2.2)) (7 (1) ((2)

(c) f € TE°NTE defined
by: £(1) ={(1),(2)} = (o).

sl wll

(s,0)) 0) (u, ()

(a) R € PSwew. (b) S € PSuewr. (d) 7€ TrNTs.

Figure 5 Two non-isomorphic MELL-ps R (Fig. 5a) and S (Fig. 5b), where C%> = {l, 0} = C2>.

The DilLLo-ps 7 € Tr N Ts (Fig. 5d) is generated by the Taylor-function f of R and S (Fig. 5¢).

Nevertheless, the information encoded in the labelled Taylor expansion of a DiLL-ps has
some limitations: in general, a DiLL-ps R is not completely characterized by any p € Tg
(even if p is R-fat or strongly R-fat, see Def. 18 below), i.e. the fact that p € T N Tg for
some DiLL-ps R and S does not imply R ~ S. For instance, the DiLLy-ps 7 in Fig. 5d is an
element of both 7 and Tg, where R and S are as in Fig. 5a and 5b, respectively.

Elements of special interest of the labelled Taylor expansion of a DiLL proof-structure

» Definition 18 (R-fatness, k-diffnet of a DiLL-ps). Let R € PSpj, p € Tr and k € N.
p is R-fat (resp. strongly R-fat) if, for every (I,b) € C!p such that | € C2%, one has
card(P3™((1,0))) > 1 (resp. card(P3™((1,0))) > 2);
p is a k-diffnet of R if card(P3*™(({,b))) = k for any (I, b) GC; such that [ €CB.

Given a DiLL-ps R and p € Tg: p is R-fat (resp. strongly R-fat) when p is obtained by
taking at least one (resp. two) copies of the content of any box in R; p is a k-diffnet of R
when p is obtained by taking exactly k copies of the content of any box in R. Any k-diffnet
of R with k£ > 1 (resp. k > 2) is R-fat (resp. strongly R-fat). Given k € N, all k-diffnets of R
are isomorphic, and there is a unique canonical k-diffnet of R. Following [6, Def. 16], it can
be shown that the LPS of R is univocally determined by any R-fat p € Tg.

» Fact 19 (Isomorphism of gs). Let R, S€PSpiL and p (resp. o) be a 1-diffnet of R (resp. S).

1. The functions forgeté’,’R and forgetZ’R are bijective, and (forget%R,forgetg’R): G, ~ Gpg.
2. Suppose p1: p~o. Let pp: Pr — Ps and ¢c: Cr — Cs be functions defined by (for all
p€Pr, leCr and a,beN* with (p,a)€P, and (I,b)€C,): pp(p) = forget%s(<plp((p,a)))

and pe(l) = forgetg’s(golc((l, b))). Then, pp and pc are bijective and (¢p,pc): Gr ~ Gg.

The fact that p € Tg for some DiLL-ps R and o ~ p do not imply that ¢ € T (and there
may exist a DiLL-ps S % R such that o € Tg), so all the information about R available in p
thanks to the names of its ports and cells is lost in ¢, though p and ¢ “morally” represent
the same object: in general looking at o one is not able to recognize where the border of the
boxes in R are. Fact 19.2 only says that if R, S are DiLL-ps and p (resp. o) is the 1-diffnet
of R (resp. S) with ¢1: p ~ o, then ¢; induces an isomorphism ¢ from the gs Gg of R to
the gs Gg of S, but in general ¢ does not make diagram in Fig. 2b (Def. 5) commute. This
is not surprising, since a 1-diffnet of a DiLL-ps R is essentially the gs of R (Fact 19.1), i.e. R
having forgotten the border of boxes in R.

4 Connected case: computing a MELL-ps from its Taylor expansion

We show here our main result (Thm. 26): a connected (in the sense of Def. 22) MELL-ps R
is completely characterized by any v € 75 strongly fat (according to Def. 1, (strong) fatness
is not defined for a set of pps, but this notion can be extended to a set of isomorphic pps
thanks to Remark 6.1). The idea is that, by means of the “geometry” of v (the same in all

11

Proof at p. 18
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elements of ~, since they are isomorphic), we can recover the information about R encoded
in the names of ports and cells of some suitable p € Tr N~y: in particular, we can identify
the “real” contraction cells from the “fake” ones. A key-tool for this approach is the notion
of 7-accessibility (Def. 20): it allows to separate the different copies of the content of a box,
so it plays at a syntactic level the same role played by bridges in [6, Def. 73]. Intuitively, ¢ is
a 7-accessible port from p if there is a path in &(P) seen as undirected graph (see page 5)
starting upward (since py # py, in rules (iii)-(iv) of Def. 20) from p and ending in ¢, paying
attention that, when crossing downward a cell | with type ? (here “upward” and “downward”
are in the sense of the order relation <g of Def. 2), we require that all the premises of [ are
reachable by a path starting upward from p.

» Definition 20 (?-path, 7-accessibility). Let @ be a pps. A ?-path on @ (from pgy to p,) is a
finite sequence (py, ..., pn) of ports of @ defined by induction as follows:

(i) (p) is a ?-path for any p € Pg;
(ii) if = (po, - ,Pn) is a ?-path where p,, € Pfgi(l) for some [ € Cg, then p-q is a 7-path, for
any q € (Pg' (1) UPZ™(1)) ~ {pn};
(iii) if p'= (po,--.,pn) is a ?-path with p,, € P§*(I)\{po} for some | € Cg such that tca(l) # ?,
then p-q is a ?-path, for any ¢ € (P5'(1) UP3F*(1)) ~ {pn};
(iv) if o= (po, . .., pn) is a ?-path with p, € P3*(I)~{po} for somel € C;_, if for any r € P3™(1l)
there is a ?-path from pg to r, then p-q is a ?-path, for any ¢ € (P% (1) UP3*(1)) ~ {pn}.
For every p € Pg, the set of the ?-accessible ports from p in @ is defined as accesz5 (p) =
{q € Pg | there is a ?-path in @ from p to ¢}.

According to Def. 20, given a pps @ and p € Pg, the set of ?-accessible ports from p in &

is upward-closed (rule (ii)): if ¢ € accesy(p) and g <g ¢’ then ¢’ € acces}(p);

is “often” downward-closed (rules (iii)-(iv)): if ¢ € acces}(p) and ¢’ ¢ acces’,(p) with ¢ €

PauX(1) and ¢’ € PY'(1) for some [ € Cg, then p € P3*(1), or | € Cj and P;“X(l) Z acces}(1);

crosses az-cells and cut-cells (rules (ii)-(iii)): if I € Cg® then either PF'(l) C acces’;(p) or

PE(I)Naccesy (p) = 0 if | € CS* then either P3™(1) C acces}(p) or Pa3(I)Nacces}(p) = 0.

The set C5° and the partial function boxg play no role in Def. 20: in other words, ?-paths
and 7-accessibility can be equivalently defined in the gs Gg of &.

» Remark 21. Recalling Remark 6.2, one can easily see that, if ® and ¥ are pps such that
¢: Gg ~ Gy, then for every p € Py one has: pp(access(p)) = accesy (pp(p)).

We now define the geometric key-notion of box-connectedness: a DilLL-ps is box-connected
if, seen as an undirected graph, what is inside any box is recursively connected, that is
(following [20, 6]), for any two ports p and ¢ on the border of a same box, p and ¢ are
connected by a path crossing only ports with depth at least the depth of p (and ¢). Formally,
our definition relies instead on ?-paths, which are a tool used in the proof of Lemma 23.

» Definition 22 (?-path inside a box, box-connectedness). Given R € PSp; and [ € C}’fx, a
?-path p'= (po,...,pn) in R is inside the box of l if p; € inboxg(l) for all 0 <i < n.

A DiLL-ps R is boz-connected if, for any | € C%* and p € inboxz(l), there is a ?-path in
R from pridz (1) to p inside the box of I.

For example, the DiLL-ps R; and R in Fig. 3b-3c, and R and S in Fig. 6a-6b are box-con-
nected; the DiLL-ps R and S in Fig. 4a and 3a are not box-connected. Clearly, any DilLLy-ps,

or more generally, any DiLL-ps R such that Doorsh = () = Doors&*, is box-connected.
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Figure 6 Two non-isomorphic box-connected MELL-ps R (Fig. 6a) and S (Fig. 6b), having in their
Taylor expansions the same element 71 of order 1 (i.e. the set of DiLLo-ps isomorphic to a 1-diffnet
of R, Fig. 6¢), but two different elements p2 (Fig. 6d) and o2 (Fig. 6¢) of order 2, respectively.

We stress that the box-connectedness condition (a crucial hypothesis in our main result) is
quite general and not ad hoc. Indeed, it can be proven that: any ACC® DiLL-ps (in particular,
any MELL-ps coming from a derivation in MELL sequent calculus without mix-rule) having
neither L-cells nor weakenings (i.e. ?-cells with no premises) inside boxes is box-connected;
any MELL-ps which is the translation of a A-term (according to the call-by-name type identity
o = lo —o 0) is box-connected; box-connectedness is preserved under cut-elimination.

Box-connection and Taylor expansion Given a box-connected DiLL-ps R and a strongly
R-fat p € Tg, all information encoded in the indexes of ports and cells of p can be recovered in
a “geometric” way via 7-accessibility, without looking at the names of ports and cells of p: by
Lemma 23, in p the copy with index a of the content of the box associated with a boz-cell [ of

R is exactly the set of ?-accessible ports from the premise (pridz (1), a) of the l-cell (I,a") of p.

» Lemma 23 (Geometric characterization of the copies of a box in an element of the labelled
Taylor expansion). Let R be a DiLL-ps, p € Tr and (p,a) € P, with p = pridg(l) for some
1€ Cy*b Let Pb* = {(q,a-b) € P, | b € N* and q € inboxg(1)}. If R is box-connected and p

is strongly R-fat, then P}* = acces;((p, a)) and thus inboxg(l) = forget%R(acces?p((p, a))).

In the proof of Lemma 23, the hypothesis of box-connectedness (resp. strong R-fatness)
ensures that the ?-accessible ports from (pridz (1), a) in p contain at least (resp. at most) all
the content of the copy with index a of the content of the box associated with the boz-cell [
of R. In Fig. 5, 7 is a 2-diffnet of both R and S (so is strongly R- and S-fat) but R and S
are not box-connected, and indeed the 7-accessible ports from any premise of a !-cell of p
does not cover all the copy of the content of one of the boxes associated with the boz-cells [
and o of R and S. In Fig. 6, (any representative of) 7y (Fig. 6¢) is a 1-diffnet of S’ (hence 7
is not strongly S-fat) and the ?-accessible ports from the premise of the !-cell of 71 cover
more than the content of the box of boz-cell of S: ounly in oo (Fig. 6e), taking two copies of
the content of the box, the ?-accessible ports correspond exactly to the content of the box.

A consequence of Lemma 23 (and Remark 21) is Cor. 24 below: given two box-connected
MELL-ps R and S, and p € Tr and o € Tg strongly fat, any isomorphism ¢ between p and
o “preserves” the boxes (Cor. 24.2) and the copies of the content of a box (Cor. 24.1).

» Corollary 24 (Boxes and copies preservation). Let R, S € PSueLL, p € Tr and o € Tg with
v = (pp,pc): p~o. If R and S are boz-connected and p and o are strongly fat, then for any
(p,a),(p',d’") € P, and (¢,b), (¢',b") € Py with pp((p,a)) = (¢,b) and pp((p',a")) = (¢',V):

ext ext ext ext

1. (copies preserv.) box%, (p) = box% (p') and a = a’ iff box% (q) = box3 (q') and b= b';

5 See [20, Def. A.6, Rmk. A.7] for the definition of ACC for MELL-ps, which can easily be adapted to
DiLL-ps: ?-cells (resp. !-cells which are not boz-cells) are considered as generalized %§-cells (resp. ®-cells).
5 This implies that (I,a”) € C!p and (p,a) € P3™((l,a7)), according to the definition of box¢? in Def. 11.
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2. (boxes preserv.) box3t(p) = box®(p') iff box3(q) = boxPi(q').

Cor. 24.2 says that if two ports of p correspond to two ports of R in the same boxes, then
their images in o via ¢ corresponds to two ports of S in the same boxes, and conversely.
Cor. 24.1 means that if two ports of p are in the same copy of the content of a box in R or
correspond to ports with depth 0 in R, then their images in ¢ via ¢ are in the same copy of
a box in S or correspond to ports with depth 0 in S, and conversely. The idea of the proof
of Cor. 24.1 is that if two ports of p are in the same copy of a box in R, then (Lemma 23)
they are 7-accessible from the same premise of a !-cell of p and thus, since ?-accessibility is
preserved by isomorphism (Remark 21), their images via ¢ are ?-accessible from the same
premise of a !-cell of o, hence (Lemma 23 again) they are in the same copy of a box in S.

Cor. 24 (together with Fact 19) is crucial in the proof of the next lemma, which shows
how to build an isomorphism ¢ between two box-connected MELL-ps R and S starting from
an isomorphism ¢ between p € Tg and o € Tg strongly fat: roughly speaking, ¢ is just the
restriction of ¢ to only one copy (e.g. the first one) in p of the content of each box of R.

» Lemma 25 (Building isomorphism). Let R, S€PSyeLL, p€Tr and o €Ts. Suppose p and o
are strongly fat and canonical, and ¢ = (pp,pc): p~o. Let pp: Pr — Ps and ¢¢c: Cr — Cg
be functions defined in Eq. (1). If R and S are boz-connected, then ¢ = (¢pp,dc): R~ S.

op(p) = forget%’s(@p((p, a))) for every p € Pr where (p,a) € P, with a € {1}";
oe(l) = forget?s((pc((l,a))) for every l € Cr where (I,a) € C, with a € {1}".

» Theorem 26. Let R and S be some box-connected MELL-ps. Let pg € Ty and o9 € T&
be strongly fat. If po = o¢ then R~ S.

Proof. According to Def. 17, py = og implies that there are p € Tg N pg, 0 € Tg N oy and
o= (pp,c): p=o. By Remark 14, we can suppose without loss of generality that p and o
are canonical. By hypothesis, p and o are strongly fat. By Lemma 25, there is ¢: R ~S. <«

We point out that Thm. 26 holds for any pg € 75 strongly fat, in particular when pg is
the point of order 2 of the Taylor expansion of R, i.e. pg is the equivalence class of DiLLy-ps
isomorphic to a 2-diffnet of R (obtained by taking 2 copies of the content of each box in R).
If R or S is not box-connected, or pg is not strongly fat, then in general R % S, see Fig. 5-6.

5 Conclusion: injectivity of the relational model

Thm. 26 has a semantic counterpart: the injectivity of relational semantics for box-connected
MELL-ps. The relational model is the simplest model of MELL; it can be seen as a degenerate
case of Girard’s coherent semantics [12], where formulas are interpreted as sets and proofs as
relations between them. It is more or less well-known that, given a MELL-ps R, there is a
correspondence between certain equivalence classes on its relational interpretation [R] and
elements of its Taylor expansion 75 (see [13], or equivalently Appendix C, for a detailed
proof): in particular, if two cut-free MELL-ps with atomic axioms have the same relational
semantics, then they have the same Taylor expansion. Thus, from Thm. 26 it follows that:

» Corollary 27 (Injectivity for box-connected MELL). Let R and S be boz-connected, cut-free
MELL-ps with atomic azioms and conclusions of the same type. If [R] = [S], then R~ S.

Using different techniques, De Carvalho [4] proves the following, more general, theorem:

» Theorem 28 (De Carvalho [4], injectivity for full MELL). Let R and S be cut-free MELL-ps
with atomic axioms and conclusions of the same type. If [R] = [S], then R~ S.
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The injectivity proven in [6] is the same as Cor. 27: two different box-connected, cut-free

MELL-ps with atomic axioms have different relational semantics. However, as stressed in §1,
Thm. 26 (and the proof of Cor. 27) differs a lot from the proof of Thm. 28 so as from the
result of [6]: [4, 6] rely on the presence, in the interpretations of MELL-ps, of points with

arbitrarily large complexity, depending on the two MELL-ps one wishes to discriminate. On

the other hand, our result allows to discriminate any two different box-connected, cut-free

MELL-ps with atomic axioms using a point of the relational semantics with fized complexity.
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Technical appendix

A Notations and omitted proofs and remarks

A.1 Preliminaries and notations

Formulze We set Lye = {1, 1, ®,%,!,?, az, cut}.
Let VveLL be a countably infinite set whose elements, denoted by X,Y, Z, ..., are called
propositional variables. The set Fye L of MELL formulas is generated by the grammar:

AB,C:=X|X*|1|L|A®B|AXB|!A|?A.

If I' = (Ay,...,Ay) is a finite sequence of MELL formulas (with n € N), then ®I" =
Ay ® - Ay,; in particular, if n =0 then B = 1.

For any A € FueLL, the dual of A, denoted by (A)* or At is inductively defined by:
X)t=XH XHt=X, (H)t=1L (Lt =1,(A®B)*r =A% (B)* (ABB)* =
(At e (B, (1A)*+ =7?(A)* and (7A)*+ = !(A)*. Therefore, A*+ = A for any A € FyerL.

Sequences Let A be a set: A* is the set of finite sequences over A. Elements of A* are
denoted by (aq,...,a,), where n € N and a; € A for any 1 < i < n. The empty sequence is,
in particular, denoted by (); often (a1) € A* is denoted by a;.

Ifa=(ai,...,a,) withn € N, we set |[a] =n and, if n >0, a™ = (a1,...,an-1)-

Let a = (a1,...,a,) and b= (by,...,by) with n,m € N: the concatenation of a and b is
ab=(a1,...,an,b1,...,by). We write a C b if a-¢ = b for some finite sequence c.

Sets and orders Let A be a set: card(A) is the cardinality of A, &?(A) is the power set of
A, Psn(A) is the set of finite subsets of A, |JA is the union of the elements of A.

A preorder on A is a reflexive and transitive binary relation on A. An order < on A is
an antisymmetric preorder; we say then that A is ordered by <.

Let A be ordered by <. For every a € A, we set l<a = {b€ A|b < a}; if no ambiguity
arises, < a is also denoted by | 4a. We say that < is a tree-like order if, for any a € A, | 4a
is a finite subset of A totally ordered by <.

Functions Let A, B be sets and f: A — B be a function (resp. partial function): we set
dom(f) = A (resp. dom(f) = {a € A | f(a) is defined}) the domain of f, and im(f) = {f(a) |
a € dom(f)} the image of f. Given A’ C A, the function (resp. partial function) f[ 4: A" — B
is defined by dom(f[ 4/) = dom(f) N A" and f[ 4/(a) = f(a) for any a € dom(f[ 4/).

The function (resp. partial function) f: Z(A) — 2 (B) (the covariant powerset lifting of
f) is defined by f(A") = {f(a) | @ € A’ Ndom(f)} for any A’ C A.

A.2 Omitted proofs and remarks of Section 2
» Fact 4 (Tree-like order on ports). Let @ be a pps: <g is a tree-like order relation on Pg.

Proof. Let p,q € Pg. By Remark 3, if p <4 ¢ and q¢ <g p then p = q. So, <g is
antisymmetric and thus an order, according to Definition 2.

Let p,q,7 € Py with p <g r and q <¢ 7. If p £g q and q¢ L4 p then there would be
p'.q', 7" € Py such that p' # ¢/, p’ <k r" and ¢’ <} 7/, but this is impossible by Remark 3.
Thus, either p <g g or ¢ <g p. So, for any r € Py, the set |p, r is totally ordered (and finite
since Py is finite). <
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. boxp

Remark 29. Let @ be a pps. It follows directly from Def. 1 and 8 that:

cut

! ? ! ?
. Doorsg = Doorsyg U Doorsg U Doorsg™, where Doorsg, Doorsy, Doorsg™ are pairwise

disjoint; moreover, Doorsg # 0 iff Cg> # 0 iff there is p € Py such that boxZ:(p) # e;
box2:(p) = boxa(p) for any p € Doorsg;
for all | € Cg and p,q € Pg with p € PY'(1) and g € P3*(1), if | ¢ C59 then box3(p) =

boxeXt( ); the converse does not hold in general (see the pps ¥; in Figure 1b: the boz-cell
I € C5 but box3, () =1= boxZ. (@);

for every p € P, 1f boxZ:(p) = e then box e (

q) = e for all ¢ € lp, p;

p) = e for all p € P since the conclusions of @ are minimal elements of Pg with
respect to <g and Pfree N Doorse = 0;

for every p € [JP3*(C5*), boxg"(p) = e if and only if p ¢ Doorsg™.

ext (

Remark 30. Let R a DiLL-ps.

. By condition 3 in Def. 10, the converse of Remark 29.3 holds in R: for all [ € Cr with

p € PP(1) and q € P3X(1), if | € C%" then box$" (p) # box3t(q).

. By conditions 1 and 3-4 in Def. 10, a boz-cell is in the border of exactly one box: for any

I € C%* with PP (1) = {p}, one has box3"(p) <eoy(ey | and there is no I' € Coox U {o}
such that box3(p) <cboruy{e} I <cvoy{ey - This does not hold in general for ?-cells in
Cbord since we use generalized ?-links: a premise of a ?-cell can cross the border of several
boxes, see for instance one of the premises of the ?-cell whose conclusion is of type 7L in

Fig. 3a.

A.3 Omitted proofs and remarks of Section 3

In the original definition by [10] the Taylor expansion of a A-term (of which the Taylor
expansion of DiLL-ps is a generalization) is a (usually infinite) linear combination of resource

A-terms with scalars in some semiring. With respect to this paper scalars play no role, thus
we have defined the Taylor expansion of a DiLL-ps as just a set of DiLLy-ps, as in [16, 18].

>

1.

>

Remark 31. Let R be a DiLL-ps and p € Tj.

According to Remarks 29.3 and 30.1, for any (I, a) €C, one has P3*((l,a)) = {(p,a) | p €
PaX(1)} iff [ ¢ CB°™d This ensures, in particular, that P'e‘ct(f) is well-defined in Def. 13.

. By Remark 30.2 and the definition of box¢® in Def. 11, if I € C5* and (pridg(I),a) € T,

then (I,a”) € C}, and (pridg(l), a) is a premise of (I,a"); if moreover ¢ € inboxg(l), b € N*
and (g,b) € B, then a C b thanks to the vertical downclosure condition of Def. 12.

Remark 32. Let R be a DiLL-ps and f be a Taylor-function of R, with p = 7x(f) € Tr.

These facts follow immediately from Def. 12-13:

1.

Any port or cell of p comes from a port or cell of R, i.e. if ¢ € P, then ¢ = (p, a) where

p € Pr, a € f(box3:(p)) and |a| = depthy(p); in particular, if (p,()) € P, then p € P}.

Analogously for the cells of p. Moreover, the corresponding ports and cells of p and R
“play the same role”: for instance, given a cell (I,a) of p having (p,a) as a conclusion,
then [ is a cell of R having p as a conclusion.

. Ports of R contained in the same boxes have in p same indexes, i.e. for all ¢ € N* and

p.q € Pg such that box3(p) = box3(q), (p,a) € T, iff (¢,a) € P,. Analogously for cells
of R. Also, the indexes of any cell of p and the ones in its conclusions are the same, i.e. if
(1,b) € C, and (p,a) € PP((1,b)) then a = b (see definition of boxgy, in Def. 11).
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(p,%j,l)) (r(2,1)) (p,(2,2) (p, (L) (p.(1,2) (p,(2,1))
(g, (1)) (2,(2)) (a, (1)) (4,(2))
rah (r,()) (r, ()
(a) REPSwmew (b) 7r(f) € Tr (c) 7r(g) € Tr

Figure 7 A MELL-ps R (Fig. 7a, where o and [ are the boz-cells with conclusion of type !1 and
111, respectively), and two different but isomorphic elements 7r(f) (Fig. 7b) and 7r(g) (Fig. 7¢) of
Tr, where f and g are the Taylor-functions of R defined in Example 33.

3. Due to depth compatibility condition of Def. 12, p € PY (resp. | € C%) iff (p,()) € P,
(resp. (I,()) € C,). In particular, there is a one-to-one correspondence between free ports
(resp. terminal cells) of R and free ports (resp. terminal cells) of p.

Given R € PSp;L and f € Tgoto such that p = 7g(f) € Tg, the functions f o box%; and
fo boxz’;; are some kind of “inverses” of forget%R and forgeté’R, respectively: with every port
and cell of R, they associate the set of indexes of their corresponding ports and cells of p. In
other words, for every port p and cell I of R, f(box3(p)) and f(boxg (1)) are the sets of the

“tracking numbers” of the copies of (the content of the boxes containing) p and [ in p.

» Example 33. Let R be the MELL-ps as in Figure 7a and let f and g be the Taylor-functions
of R such that f(I) = {(1),(2)}, f(o) = {(1,1),(2,1),(2,2)}, g(l) = {(1),(2)} and g(o) =
{(17 1)7 (17 2)7 (27 1)} ObViOHSl}@ f 7& g, TR(f) 7é TR(g) (indeed7 (pa (2u 2)) € PTR(f) N PTR(g)7
see Fig. Tb-7¢) but 7r(f) ~ 7r(g) (and 7r(f), 7rR(g) € Tr).

» Definition 34 (Pruning of a Taylor-function). Let R be a DiLL-ps. Given f,g € T2, g is
a pruning of f if g(1) C f(1) for all I € CB.

In the tree-like representation of Taylor-functions (see Fig. 4c), a pruning of a Taylor-
function f of R is obtained from f by removing some branches.

» Remark 35. Let R be a DiLL-ps and f € T2, with p = 75(f) € Tg.

1. If R is a MELL-ps, one has: p is fat (resp. strongly fat) iff p is R-fat (resp. strongly R-fat),
since in a MELL-ps !-cells and boz-cells coincide.

2. If p is R-fat and p € Pr (resp. | € Cg), then there is some a € N* such that (p,a) € B,
(resp. (I,a) € C,); if moreover p is canonical then such a a can be chosen such that a € {1}*.
This is false in general if p is not R-fat: given | € C2 if for all !-cells in p corresponding
to ! one takes 0 copies of the content of the box of I, then (prid(I),a) ¢ P, for all a € N*.

3. By the vertical downclosure condition in Def. 12, 7x(f) is R-fat (resp. strongly R-fat) iff for
any | €C¥*and aef(boxgt (1)), a-nef(l) (resp. a-n,a-mef(l)) for some n €N (resp. n,me
N with n # m). Given k € N, 7x(f) is a k-diffnet of R iff for any | € C% and a €
f(boxge (1)) there are pairwise distinct ny, ..., n, € N such that f(I) = {a-ni,...,a-n}.

4. If 7r(f) is R-fat, then there is a pruning g € Tlgmto of f such that 75(g) is a 1-diffnet of R.

» Fact 19 (Isomorphisms between ground-structures). Let R, S be DiLL-ps, and p (resp. o)

be a 1-diffnet of R (resp. S).

1. forget%’R and forgetg’R are bijections, and (forget%R,forgetg’R): G, ~ Gpg.

2. Suppose p1: p~o. Let pp: Pr — Ps and ¢c: Cr — Cs be functions defined by (for all
p€Pr, leCr and a,be N* with (p,a)€P, and (I,b)€C,): op(p) = forgetgs(cplp((p, a)))
and pe(l) = forgetg’s(golc((l, b))). Then, pp and pc are bijective and (¢p,pc): Gr ~ Gg.
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XL 9x ox
(a) A box-connected MELL-ps R

(b) A non-box-con-
nected MELL-ps S

Figure 8 A box-connected DiLL-ps R (Fig. 8a) and a non-box-connected DiLL-ps S (Fig. 8b).
The port p of R is not 7-accessible from the port ¢ of R, but ¢ is ?-accessible from p.

Proof.

1. Let f € TP be such that p = 7p(f). By Remark 35.3, card(f(I))) = 1 for any
I € Cb%*, thus forget%R and forget’C”R are bijective. By construction (see also Re-
mark 32.1), forget%R and forgetc’R make diagrams in Fig. 2a (see Def. 5) commute,
hence (forget%R, forgetZ’R): G, ~ Grg.

2. By Remark 35.2, the functions ¢p and @¢ are defined for any p € Pr and | € Cg,
respectively, since p is R-fat. From Fact 19.1 and since ¢;: p =~ o, it follows that ¢p and
@c are bijections and make diagram in Fig. 2b (see Def. 5) commute, by composition.
Therefore (pp,pc): Gr ~ Gs. <

» Definition 36 (Order of an element of the Taylor expansion). Let R be a DiLL-ps and k € N.
A pg € T is the element of order k of Tg if p € po for some k-diffnet p of R.

Recall that the elements of the Taylor expansion of a DiLL-ps are equivalences classes of
DiLLy-ps modulo isomorphism (Def. 17). According to Remark 6.1, given a DiLL-ps R, if po
is the element of order k of T3, then all p € pg are isomorphic to any k-diffnet of R. Clearly,
for any k € N the element of order k of 73 exists and is unique. Roughly speaking, (any
representative of) the element of order k of 73 is obtained by taking exactly k copies of the
content of each box in R.

A.4 Omitted proofs and remarks of Section 4

Note that L-accessibility cannot be defined as a binary symmetric relation on the ports of a
pps &: in general, ¢ € acces,(p) does not imply that p € acces}(q), as exemplified by the
MELL-ps R in Fig. 8a with £ = {?}.

» Remark 37. For any DiLL-ps R and [ € C%*, if R is box-connected then inboxg(l) C
accesh(pridz(1)). The converse is false: in the non-box-connected MELL-ps S in Fig. 8b, the
only boz-cell [ is such that inboxg(l) C accesy(pridz(1)).

The next lemma shows how, given a box B in a DiLL-ps R, the L-accessible ports in B
from the pri-door p of B are related to the L-accessible ports from a port corresponding to
p in a R-fat p € Tg.

» Lemma 38. Let R € PSp, let p € Tr be R-fat and (p,a) € P,. For anyl € C%"X, if
pridg (1) = p, then acces;((p7 a)) 2 {(q,ab) € P, | b € N* ¢ € inboxg(l) and there is a ?-path
in R from p to q inside the box of 1}.
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Proof. Let (¢,a-b) € P, for some b € N* and g € Pr such that there is a ?-path in R from
p to ¢ inside the box of [. We prove that there is a ?-path in p from (p,a) to (¢,a-b) (and
then (g, a-b) € acces’((p,a))) by induction on the definition of the ?-path 7 in R from p to ¢.
Consider the last rule in the construction of 7 (we follow the enumeration of Def. 20).

(i) ¥ = (p), thus ¢ = p and (by depth compatibility condition (1) in Def. 12) b = (), so
(¢,a-b) = (p,a) and there is a ?-path in p from (p,a) to (g, a-b) according to the rule (i)
of Def. 20.

(ii) 7= (poy -+ -sPn,q) with pg = p and p,, € PpRri(l’) for some I’ € Cgr such that p, # ¢q €
PR (1) U P%*(I'). By Remarks 31.2 and 35.2-3, since p is R-fat and p,,q € inboxg(l),
there is ¢ € N* such that ¢ £ b, (pn,a-c) € PY((I';a-c)) and (q,a-b) € P3*((I',a-c)). By
induction hypothesis, there is a ?-path §in p from (p,a) to (py,, a-c), and hence, according
to the rule (ii) of Def. 20, §-(q,a-b) is a ?-path in p from (p, a) to (g, a-b).

(iti) 7= (po, ..., Pn,q) With po = p and p, € PE*(I) for some I’ € Cg such that tc(l') # ?
and p, # q € PR'(I') UP%*(I'). By Remarks 31.2 and 35.2-3, since p is R-fat and
Pn,q € inboxg(l), one has (I',a-b) € C,, (¢,a-b) € PP ((I',a-b)) and there is ¢ € N* such
that b C c and (py,,a-c) € P3*((I';a-b)). By induction hypothesis, there is a ?-path 5 in
p from (p,a) to (pn,a-c), and hence, by applying the rule (iii) of Def. 20, §-(q,a-b) is a
?-path in p from (p,a) to (g, a-b).

(iv) 7 = (pos---,Pn,q) With po = p and p, € PE*(I') for some I' € C% such that p, #
g € PR(I'") UPE(l') and, for any p’ € P¥*(I'), there is a ?-path from py to p’. By
Remarks 31.2 and 35.2-3, since p is R-fat and p,,, ¢ € inboxg(l), one has (I',a-b) € C,
and, for any p’ € P3*(I’) (in particular for p’ = p,,), there is ¢ € N* such that b C c,
(p',a-c) € P2((I',a-b)) and (q,a-b) € P2((I,a-b)). By induction hypothesis, there is a
?-path in p from (p, a) to (p', ac) for any p’ € P3*(I’). If there where some (¢, d) € P3**(I')
such that a [Z d then I’ € C%and ¢ ¢ inboxg(l), that is impossible. Hence, there is a
?-path in p from (p,a) to (g, a-b) by applying the rule (iv) of Def. 20. <

» Remark 39. Let R be a DiLL-ps and f € T2, with p = 7r(f) € Tz. From Remarks 35.2-
3, it follows that, given | € C2* and p € inboxg(l), if p is R-fat and card(f(l)) > 2, then
there are b,c € N* such that b # ¢, b £ ¢, ¢ £ b and (p,b), (p,c) € Pp; and if moreover
predr(p) € Pr \ inboxg(l) then, for any a € N* such that (pridz (1), a) € P, either a Z b or

alfec.

» Lemma 23 (Geometric characterization of the copies of the content of boxes in an element of
the labelled Taylor expansion). Let R be a DiLL-ps, let p € Tr and (p,a) € P, with p = pridz({)
for some | € Cy*. Let P = {(q,a-b) € B, | b € N* and q € inboxg(l)}. (Recall that
(l,a") € C;) and (p,a) € P3™((l,a")), according to Remark 31.2 above).
x _ . . . . ? 1,

1. If card(P3™((l,a"))) > 2 (in particular, if p is strongly R-fat), then acces,((p,a)) C P, .
2. If p is R-fat and R is box-connected, then P,Ol’“ - acces?p((p, a)).

3. If R is box-connected, and if p is R-fat and card(P3™((l,a"))) > 2 (in particular, if p is

strongly R-fat), then Pl = acces’((p, a)) and thus inbox (1) = forgetss™ (acces’ ((p, a))).

Proof.

1. We prove a stronger statement: if card(P5**((/,a"))) > 2 then any ?-path 7= (ro,...,mn)
in p with g = (p, a) is such that r; € PPZ"I for any 0 < 4 < n. The proof is by induction on
the definition 7. Consider the last rule in the construction of 7 (we follow the enumeration
of Def. 20).

(i) 7= ((p,a)), then n = 0 and ro = (p,a) € P-°.
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(a) R € PSyewL (b) S € PSmeLL () 7eTg NTs

Figure 9 Two non-isomorphic MELL-ps R (Fig. 9a) and S (Fig. 9b), having the same element 7
of order 2 in their Taylor expansions (Fig. 9c, see Def. 36). Note that R is not box-connected.

(i)

(iii)

7= (ro,.--yTn, nt1) with rg = (p,a) and r, € Pg”(l’) for some I’ € C, such that
n # o1 € PPI(I") UP3™(I"). By induction hypothesis, r; € P1* for any 1 <i < n,
in particular r,, = (¢,a-V’) for some ¥’ € N* and ¢’ € inboxg(l). By construction,
Tnt1 = (g, a-b) for some ¢ € inboxg(l) and b € N*, thus r, 1 € ’Ppl’“.

7= (roy. ., nyTn+1) With (p,a) =rg # 1, € Pf)“x(l’) for some I' € C, ~ C; such that
Tn 7# Tnt1 € P"Z'i(l’) U P2(l"). By induction hypothesis, r; € 7)pl7a for any 1 <¢ < n,
in particular r,, = (¢,a-V’) for some ¥’ € N* and ¢’ € inboxg(l). By construction,
"= (1",c) for some ¢ € N* and I"” € Cg: since I’ ¢ C;, then 1" ¢ Ch. Moreover " # I,
otherwise (as card(P%*(1)) = 1 and ro # r,) 7, = (p,d) for some d € N* such that
a [Z d, that is impossible since 7, = (¢, a:b’). Hence, " is not a cell on the border of the
box of I, and so 7,41 = (¢q,a-b) for some ¢ € inboxg(l) and b € N*, thus r,, 41 € P‘f’“.

7= (10, Tn,Tn+1) With (p,a) = 1o # 7, € P3™(I') for some I € C; such that
Tn 7# Tny1 € PPU(IY) UP3™(I’) and, for any ' € P3™(I'), there is a ?-path from ro to
r’. By induction hypothesis, P3*(I') C P14, so for any ' € P3"(l) (in particular, for
r’ =ry,) there are ' € N* and ¢’ € inboxg(!) such that ' = (¢, a-b"). By construction,
I'=(",¢) and rqq = (g,c) for some ¢ € N*, I” € C}, and q € P?(I') UP3*(1"). By
Remark 39, ¢ € inboxg(l) and a C ¢, i.e. ¢ = a-b for some b € N*. Hence, I” is not a
cell on the border of the box of [, and so 7,11 = (¢g,a-b) € Pff’“.

2. By Lemma 38, acces;((p, a)) D {(q,ab) € B, | b € N% ge€inboxg(l) and there is a ?-path
in R from p to ¢ inside the box of I} = Ppl*a, according to the definition of box-connected
(Def. 22).

3. From Lemmas 23.1-2 it follows that P = acces’,((p, a)). Thus, forget?s (acces’ ((p,a))) C
inboxg (1) by definition of P)* and forget%R (Def. 16). Conversely, given ¢ € inboxg(1),
then there exists b € N* such that (¢,b) € P, by Remark 35.2, since p is R-fat; according
to Remark 31.2, a C b and hence (q,b) € P-* = acces!((p,a)), thus ¢ = forget%’R((q, b)) €

forget/s " (acces’ ((p, a))). Therefore, inboxg (1) C forgets™ (acces’((p, a))). <

Given a DiLL-ps R, p € Trg, a boz-cell | of R and a copy with index a (in p) of the content
of the box of I, Lemma 23.1 says that if in p there are at least two copies of the content
of the box of I, then the ?-accessible ports in p from (pridg(1),a) (which is a premise of a
I-cell of p corresponding to 1) are contained in the copy with index a of the content of the
box of I; Lemma 23.2 means that if p is R-fat and R is box-connected, then the ?-accessible

ports in p from (pridz (1), a) contains all the copy with index a of the content of the box of I.

Lemma 23.3 just puts together Lemmas 23.1-23.2. Fig. 6 and 9 give two counterexamples to
Lemma 23.3 if one of its hypotheses does not hold.

» Remark 40 (Box-cells preservation). Let R,S € PSwmeLL, p € Tr and 0 € Tg with ¢ =
(op,pc): p~o. Let a € N* and | € C%: if (prid (1), a) € P, then there are 0€C8™ and be
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EARE S A 4

p;l gl @ () (g,0) (r, (1) (r,(2))

s:11 t:11 (s, () (t.())

(a) R € PSpi.L~PSuewe (b) peTr

Figure 10 A box-connected DiLL-ps R (Fig. 10a, with C% = {I} and Cx ~ C%* = {0}) and a
2-diffnet p (Fig. 10b) of R. See also Remark 40.

ro:1?71 (ro, () s0:171 (s0,())
(a) The MELL-ps R. (b) p € Tr. (c) The MELL-ps S. (d) o €Ts.

Figure 11 Two box-connected and isomorphic MELL-ps R and S (where C2> = {I} and C&* = {0}),
with p € Tr and o € Tg strongly fat.

N* such that pp((pridg(1),a)) = (pridg(0),b) and wc((I,a™)) = (0,b7), as in a MELL-ps !-cells
and boz-cells coincide.” Analogously for any b € N* and o € C2 with (pridg(0),b) € P,.

Remark 40 is false in general if R or S is a DiLL-ps: for instance, if R € PSpi.. ~ PSmeLL
and p € Tg are as in Fig. 10, it is easy to find a ¢ = (pp,¢c): p =~ p with ¢ (1, ())) = (0,()),
i.e. o maps the !-cell of p corresponding to the boz-cell of R into the !-cell of p not corresponding
to the boz-cell of R. For this reason our main result (Thm. 26) is stated only for MELL-ps.

» Fact 41. Let R be a DiLL-ps and p € Tr with (p,a), (p',a’) € B,. Suppose that, for any
I € Cb and c € N* such that (prid (1), c) € P,, one has (p,a) € PPI’C iff (p',a) € Ppl’c, where
Pi¢={(q,d) € B, | ¢cC d, q €inboxg(l)}. Then, boxz(p) = boxz(p') and a = a’.

Proof. By hypothesis, p € inboxg(l) iff p’ € inboxp(l) for any I € C¥*, hence box3:(p) =
boxZ:(p'). In particular, if I = box3'(p) = box3(p') (and hence p,p’ € inboxg(l) and
|a| = depth g (prid (1)) = |a’|), then by hypothesis we have ¢ C a iff ¢ C o’ for any ¢ € N* such

that (pridz (1), c) € P, but for such a ¢ one has |c| = depthz(prid(1)). Therefore, a =a’. <

» Example 42. Let R and S be two box-connected and isomorphic MELL-ps as in Fig. 11a,11c,
let p € Tg and 0 € Tg as in Fig. 11b,11d. Let ¢pp: P, — P, be the function defined by

op((ro,())) = (s0,()) and:

" Recall that (I,a") € C,!J and (0,b") € C}, with (prid(l),a) € P2"((l,a7)) and (pridg(0),b) € P¥*((0,b7)),
according to Remark 31.2.



Giulio Guerrieri, Luc Pellissier, and Lorenzo Tortora de Falco

Then, there exists a suitable bijection ¢¢: C, — C, such that ¢ = (pp,@c): p ~ o,
but forget%’R(gop((p, (L) =¢ #q= forgeth(cpp((p, (1,2)))). Therefore, the relation
¢p C Pr X Pg defined by:

(p,q) € pp <= for some finite sequences a, b one has pp((p,a)) = (¢,b)

is not a function from Pg to Pg. Similarly, the relation ¢¢ C Cr X Cg defined analogously is
not a function from Cgr to Cg.

Example 42 shows that to build an isomorphism between two box-connected MELL-ps
starting from two isomorphic strongly fat elements of their (labelled) Taylor expansion is a
delicate issue. However, an isomorphism between two strongly fat elements of the (labelled)
Taylor expansion has another preservation property, as stated in the next lemma (a corollary
of Lemma 23, via Remark 21 and Fact 41), that allows the above issue to be overcome.

» Corollary 24 (Boxes and copies preservation). Let R, S € PSueLL, p € Tr and o € Tg with
v = (pp,pc): p~o. If R and S are boz-connected and p and o are strongly fat, then for any
(p,a),(p',a") € Py and (q,b), (¢, V') € Py with op((p,a)) = (¢;b) and op((p',a’)) = (¢, b'):
1. (copies preserv.) box3t(p) = box2(p') and a = a’ iff boxPi(q) = boxPi(¢’) and b=1V';
2. (boxes preserv.) boxeXt( )= boxe“( ') iff boxPi(q) = boxeXt(q ).

Proof.

1. We prove only the left-to-right direction of the equivalence the proof of the other direction
is analogous, by symmetry. Let us suppose a = a’ and box%"(p) = box%*(p').
Let I € C% and ¢ € N* be such that (pridg(1),a) € P, (i.e. ¢ € f(l), where f € T£* is such
that p = 7x(f)). Since box2}(p) = box2;(p'), one has p € inboxg(l) iff p’ € inboxp(1);
hence (p,a) € PPZC iff (p,a) € Pl ¢, where we have set Plc = {(r,c-d) e B, | 1€
inboxgr(l) and ¢ € N*}. By Lemma 23.3 (since R and S are box-connected, while
p and o are strongly fat and hence, respectively, strongly R-fat and strongly S-fat,

according to Remark 35.1), (p,a) € acces?p((pridR(l) c)) iff (p',a) € acces’ ((prldR(l) c)).

Since ¢ is an isomorphism between DiLLg-ps, then (g¢,b) € acceso(gpp((pndR(l) c))) iff
(¢', V') € acces? (op((pridz(1),c))) by Remark 21. According to Remarks 31.2 and 40, there
are 0 € C®% and d € N* such that ¢p((prid (1), c)) = (pridg(0),d) € P, and pc((l,¢)) =
(0,d") € C, with (pridg(0),b) € P2**((0,d")). Therefore, (q,b) € acces’ ((pridg(0),d)) iff
(¢',b') € acces’ ((pridg(0),d)). By Lemma 23.3, (q,b) € P>? iff (¢/,V') € P>, where we
have set P24 = {(r,d-d’') € P, | r € inboxg(0) and d’ € N*}.

Since Remark 40 establishes a one-to-one correspondence between ¢ € N* and [ € C;’fx
such that (pridg (1), c) € P,, and d € N* and o € C2 such that (pridg(0),d) € Py, we can
apply Fact 41 and hence box3%(q) = box3:(¢') and b=1V'.

2. According to Remark 32.2, since box3(p) = box2;,(p') and (p,a) € P, then (p,a) € P,.

Thus, by Corollary 24.1, one has boxm( )= boxeXt(q ). <

» Lemma 25 (Building isomorphism). Let R, S€PSwmeLL, p€Tr and o € Tg. Suppose p and o

are strongly fat and canonical, and o = (pp,pc): p~oc. Let pp: Pr — Pg and ¢c: Cr — Cg

be functions defined in Eq. (2). If R and S are box-connected, then ¢ = (¢p,¢c): R~
op(p) = forgetg,’s(gop((p, a))) for every p € Pr where (p,a) € P, with a € {1}*;
oc(l) = forgetg’s(gac((l,a))) for every l € Cr where (I,a) € C, with a € {1}*.

Proof. First, observe that p is strongly R-fat and S is strongly S-fat according to Remark 35.1.

Besides the functions ¢p and ¢¢ are well-defined: indeed, by Remark 35.2, for every p € F,
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there is a a € {1}* such that (p,a) € F,, since p is canonical; according to the depth
compatibility condition of Def. 12, such a a is unique.

We prove that ¢p: Pr — Pg is bijective. The proof that ¢¢: Cr — Cg is bijective is
perfectly analogous and it is left to the reader.

Injectivity: Let p,p’ € Pr with p # p’. Then, for the unique a,a’ € {1}* such that
(p,a), (p’',a’) € P, one has (p,a) # (p/,a’). Let op(p,a) = (¢,b) € Py and pp(p',d’) =
(¢, V') € P,: by definition of ¢, ¢p(p) = ¢ and ¢p(p’) = ¢'. Since pp is injective,
(¢,b) # (¢',b"). There are only two cases:

either box:(p) = box3:(p') and hence depthy(p) = depth(p’). By the depth compat-
ibility condition of Def. 12, one has |a| = |a’|. Hence, from a,a’ € {1}* it follows that
a =a'. According to copies preservation (Corollary 24.1), boxeXt( ) = box3(¢’) and
b=1V. As (¢,b) # (¢, V), then q # ¢;

or box?(p) # box3:(p') and hence box3:(q) # boxFi(¢’) according to boxes preserva-
tion (Corollary 24.2); so, q # ¢'.

In both cases, ¢pp(p) = ¢ # ¢ = ¢p(p'). Therefore, ¢ is injective.

Surjectivity: Let g € Pg and P2 = {(¢,b) € P, | b € N*} = {(¢,b1),...,(q,b,)} for some
n € N and some pairwise distinct by,...,b, € N*. By Remark 35.2, n > 0. Since
p is bijective, @7;1(7)5) = {(plaal)a"'7(pn,an)} c Pp where (PP((pi,ai)) = (q’bi)
forall 1 < i < n, and p1,...,pn € Pr and aq,...a, € N*. By boxes preservation
(Corollary 24.2) box3:(p;) = box3(p;) for any 1 < i,j < n. By copies preservation
(Corollary 24.1), a4, ..., a, are pairwise distinct since by, ..., b, are so. Therefore, given
f € T such that p = 7x(f), one has f(box$3(p;)) = {ai,...,a,} for any 1 <i < n.
Since p is canonical, there exists 1 < ¢ < n such that a; € {1}*: thus, for such a i,
¢p(p;) = forgetly R(op((pi,as))) = q. Hence, ¢ is surjective.

We now prove that (¢pp,dc): Gr ~ Gg, that is ¢p and ¢¢ make diagrams in Fig. 2a (see
Def. 5) commute. Let f € Tlsmto be such that p = 7g(f). By Remark 35.4, there is a pruning
of f; of f such that 7r(f1) is a 1-diffnet of R. According to Remark 14, we can suppose
without loss of generality that f; is canonical. Let p; = 7g(f1). Note that P, C P, and
Co, € G, therefore we can consider the images @p(7,,) and @¢(Cp, ) of B,, and C,, via pp
and ¢, respectively. By copies preservation (Corollary 24.1), given (q,b) € $p(P,,), for any
(¢,b) € P, such that boxP:(q) = box3L(¢’) one has (¢',b) € $5(P,,) (and analogously for
cells): the whole b copy of the content of the box of box3%(q) is in B5(P,,). This means that
?p(P,,) and Pc(C,,) are generated by some g € T4 as in Def. 13: in other words, if we set
o1 = 75(g) and h € TE* is such that o = 75(h), g is a pruning (not necessarily canonical) of
h such that (pp[p,, ,¢clc, ): p1 = 01 Where o1 € Ts is a 1-diffnet of S (since p; is a 1-diffnet
of R). Since p; is canonical, one has ¢p = forget%’R opplp, and ¢c = forgetC’R opcle,,
therefore (¢p, dc): Gr ~ Gg according to Fact 19.2.

Following Def. 5, we now prove that im(¢c rclj%()x) C2%* and im(¢p [poorsy) = Doorssg.
The first identity follows immediately from Remark 40. The second identity follows from
Corollary 24.2, since Doorsr and Doorsg are entirely characterized by boxeXt and boxe’(t
respectively, according to Remark 29.6 (for Doors$** and Doors§*t) and Remarks 29.3 and
30.1 (for Doorsk, U Doorss, and Doors'y U Doorsy).

We complete the proof that (¢p, dc): R ~ S by showing that ¢p and ¢¢ make diagram
in Fig. 2b (Def. 5) commute. This fact follows from Corollary 24.2, since box3'(p) = boxz(p)
and box3(q) = boxg(q) for any p € Doorsg and q € Doorsg according to Remark 29.2. <
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A.5 Omitted proofs of Section 5

» Corollary 27 (Injectivity for box-connected MELL). Let R and S be cut-free, n-expanded
and box-connected MELL-ps with conclusions of the same type. If [R] = [S], then R~ S.

Proof. Let I" be the type of the conclusions of R and S. From [R] = [S] it follows that

[R]inj/ ~=r = [Slinj/ ~=r (see Def. 61-62 in Appendix C for the meaning of [R]inj/ ~=r)-

By Prop. 64 (see Appendix C), since R and S are cut-free and n-expanded, one has T = 757,
in particular they have the same element of order 2 (which is strongly fat). As R and S are
box-connected, from Thm. 26 it follows that R ~ S. |

B Computing boxes

Unlike usual syntaxes of LL- or DiLL-proof structures (see for example [12, 15, 5, 21]), in our
syntax there is no explicit (inductive) constructor for boxes: a box in a pps @ is defined as a
particular sub(hyper)graph of @. This more “geometric” approach was followed for example
in [3, 20, 16, 6]. In our syntax, the boxes in a DiLL-ps R are reconstructed in a non-inductive
way using some “geometric” informations coming from R. Roughly speaking, given a boz-cell
[ of R, the box associated with [ defined) is all that is above (in the sense of <g) of [ and
the ports in boxj' (1) for any boz-cell I’ above [ (in the sense of §C5,$x). In this subsection we
show how to compute all that. It is worth noting that this section is not necessary to prove
our main results: our goal here is to convince the reader that in a DiLL-ps R we have all the
information to recover the boxes of R, even if there is not an explicit constructor for them.
We start with a lemma which holds for pps.

» Lemma 43 (About minimal elements for box3"). Let @ be a pps and p € Pg. If, for all
q € Py, ¢ <¢ p implies box3"(q) <cboUfe) box3"(p), then p € Doorsg.

Proof. According to Definition 8 and Remark 29.2, either box3"(p) = e or there is q € ¢
ext

p N Doorsg such that boxg"(p) = boxa(q) = box3*(q). It follows from the hypothesis that
q £ p, but ¢ <g p, therefore ¢ = p. <

The converse of Lemma 43 does not hold in general for pps: in the pps ¥; (Figure 1b),
ext ext

p € Doorsy, but boxy (p) = boxy (¢) with ¢ <g, p.
The following fact gives a characterization of SC;OX.

» Fact 44 (Equivalent definition of §Cgox). Let @ be a pps and 1,1' € C8: | <cbor U iff there
are p,p' € Py such that p <¢ p’ and box3:(p) = | and boxF:(p') = 1.

Proof. <=: According to Definition 8, there are ¢ = max<

< obox
MAXL pe (p) = boxg(q) ;nd I' = box3*(p') = boxa(q');
in particular, ¢ <g p and ¢’ <g p’. As p <g p’, one has ¢ <g p’. Since |p,p’ is finite, it
is totally ordered by <g according to Fact 4, so either ¢ <¢ ¢’ or ¢ <¢ q. But ¢’ £4 q
because of the maximality of ¢’, since ¢ € lp, p' N Doorsg. Thus, ¢ <g ¢’ and therefore

I = boxa(q) <cbor boxs(q") =1’ according to Definition 9.
=: According to Definition 9 and Remark 29.2, there are p,p’ € Doorsg such that p <g p’
and | = boxg(p) = box3*(p) and I’ = boxg(p’) = box3"(p). <

(Ips p N Doorsg) and ¢ =

ext

({p, P N Doorsg) with | = boxg

From now on, we will consider DiLL-ps only.

» Definition 45 (Doors of a box). Let R be a DiLL-ps and [ € C2*. We set:
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ext

auxdgr(l) = {q € Doorsy | 1 <o boxgr(q) and box% (predr(q)) <cboxfe) I}, whose
elements are the auz-doors of the box of I (in R),

cutdr(l) = {q € DoorsE* | 1 <o boxg(q)}, whose elements are the cut-doors of the box
of I (in R),

doorsg (1) = {pridg (1)} Uauxdg(l) Ucutdr(l), whose elements are the doors of the box of |
(in R),

Intuitively, given a boz-cell [ in a DiLL-ps R, the doors of the box of [ mark the boundary
of the box of [, and the ports in inboxg (1), which represent the content of the box of [, are
all and only the ports above (in the sense of <pg) the doors of the box of [, as explained in
Fact 47.2 below.

» Remark 46. It follows from Definition 45 and Remarks 29.1-2 that, given a DiLL-ps R
and | € Cb*, if p € doorsg(l) then p € Doorsp and 1 <cbor box$* (p) # e.

Since we use generalized 7-cells, the same premise of a 7-cell might be an auz-door of
several boxes of box-cells, i.e. in a DiLL-ps R there might be p € ’Doors}% and [,1’ € C}’fx such
that p € auxdg(l) Nauxdg(l’) and [ # I’. Analogously, the same premise of a cut-cell might
be a cut-door of several boxes of box-cells.

Fact 47.1 below gives a criterion to find the doors of the box of a box-cell.

» Fact 47 (Geometric description of the content of a box). Let R be a DilLL-ps.
1. Uyecper doorsg(l) = Doorsg.

2. For any | € C%*, one has inboxg(l) = {q € Pr | Ip € doorsg(l) : p <r q}.
3. For all p,q € Pr and 1 € C%, if p <g q and q € doorsg(l), then p ¢ inboxg(l); in
particular, p ¢ doorsg(l).

So, to compute the content of the box associated with a boz-cell [ of a DiLL-ps R, first
one has to identify the doors of the box of [ and then one has to take all and only the ports
above (in the sense of <g) such doors (Fact 47.2). Moreover, Fact 47.3 says that two doors
of the box of [ cannot be above each other and hence all the ports below a door of the box of
[ are outside the box of I. Facts 47.2-3 mean that the minimal elements (with respect to
Scll)_gx) of inboxg (1) are the doors of the box of [, in particular the premise of [ is the unique
such minimal element that is the premise of a !-cell, all other such minimal elements being
premises of cut-cells or ?-cells. More precisely, condition 3 (resp. 4) in Definition 10 plays a
crucial role in the proof that among such minimal elements there is at least (resp. at most)
one premise of a !-cell.

It is worth noting that Fact 47.2 does not imply Fact 47.3.

» Proposition 48 (Nesting condition). Let R be a DiLL-ps and I,1' € Co*.

1. If I <gvox I then inboxg(I") C inboxg(1).

2. Ifl Levo I' and " Levoc 1, then inboxp(l) Ninboxg(l') = 0.

3. If 1 #£1 then either inboxg(l) Ninboxr(l") = 0, or inboxg (1) C inboxg(l') or inboxg(l’)
inbox(1).

Proof. 1. First, we show that inboxg(l) # inboxg(I’). Let p = pridz (1) and p’ = pridz(I').
By Remark 29.2, box%*(p) = [ and I’ = box%"(p’), hence p € inboxg(l) and p’ € inboxg(’).
One has {p,p’'} € inboxg(l) Ninboxg(l"), otherwise [ <cbox box% (p') = I’ and I’ <cbor
box%*(p) = I according to Definition 45, and hence | = I’ by condition 1 in Definition 10,
but this is impossible since [ # I’. Therefore, either p € inboxg(l) ~\ inboxgr(l') or
p’ € inboxgr (") \ inboxg(1): this proves that inboxg(l) # inboxg(l').
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We now show that inboxg(I") C inboxg(l). If ¢ € inboxg(l’) then, according to Defini-
tion 45, I’ < box box%*(q). By hypothesis, < cbox I'. Therefore, [ < chox box%*(q) and thus
q € inboxg(l).

2. If p € inboxg(I)Ninboxg(1') then, by Definition 45, p € dom(box%") and [, I’ < cbor box%* (p).
By condition 1 in Definition 10 and since C5* is finite, beper box$*(g) is totally ordered
by §Cn},€x, so either [ Scnl,:?x U orl’ gc?%ox l.

3. Suppose that inboxg(I) Ninboxg(I") # 0. By Proposition 48.2, either / < cpox Uorl <cpor |
(because | # I’ by hypothesis). By Proposition 48.1, either inboxg(I’) € inboxg(l) or

inboxg (1) C inboxg(I'). <

Now we are able to define the box associated with every boz-cell of a DiLL-ps and prove
that it is a DiLL-ps (Proposition 50).

» Definition 49 (Box of a boz-cell). Let R be a DiLL-ps and [ € C2*. The box of I in R is
the 9-tuple R; = (Pr,,Cr,, tcr,, P, , P, P'f%flt,tpRl,C%‘?X, boxg,) where:
Pr, = inboxz(1) U [J P2 (CE);
Cr,={l' €eCr| (P%I(l/) U P?—;X(Zl)) Ninboxg () # 0} and tcg, = tCRfCRl;
PR = PRlcs,, PR*(l)) = P#*(I') N Pg, for all I' € Cg,, Pt = Pt leg» and tpp, =
tPR[PRlé
C%‘;’( = C}’fx N Cr, and boxgr, = boxXginboxx (1)-

» Proposition 50. Let R be a DiLL-ps (resp. MELL-ps). For every l € C2, the box R; of |
in R is a DiLL-ps (resp. MELL-ps), with Pg’fe = predp ({pridz (1)} Uauxdgr(l)) C P%i(C%md).

Proof. Left to the reader. <

C Relational semantics

Relational Experiments The relational model is the simplest and maybe the most canonical
model of LL It can be seen as a degenerate case of Girard’s coherent semantics [12], and as
such, fomula are interpreted as sets and proofs as relations between them.

» Definition 51 (Web of a MELL formula). Let At be a countably infinite set such that
At N (Lmew U {()}) = 0; the elements of At are called atoms. By induction, we define a
function |-| on MELL formule by, for A € FueL:

|XL| = |X| = At, for any X € VvieLL; 1| =|L] ={0};
|A® B| =|A% B| = [A] x |B; ['Al = |7A] = A5 (|A]),

For a formula A, the set |A| is called the web of A, whose elements are the points of A.

So |At| = |A| for any A € FyeLL: relational semantics is a degenerate model of MELL.

Following the interpretation of MELL proofs (in sequent calculus) in [1, Appendix] and
the notion of multiplicative experiment [12, Definition 3.17], we first define experiments on
DilLLg-ps.

» Definition 52 (Experiment of a DiLLy-ps). Let @ be a DilLLy-ps.
An experiment e of ¢ is a function associating with every p € Pg an element of |tpg(p)|
verifying the following conditions:

if 1 € Cg7 with P2(1) = {p,q}, then e(p) = e(q):
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if 1 € Cg“ with P3(l) = {p, ¢}, then e(p) = e(q);

if | € Cy™t with PP(1) = {¢}, then e(q) = ();

ifl e Cgf’?? with P2(1) = {p1,p2}, PE(1) = {p1}, P%'(1) = {q} and e(p;) = a; for any
i € {1,2}, then e(q) = (a1, a2);

ifle Cél;?7 P2(1) = {p1,...,pn} for some n € N and P% (1) = {¢}, then

n

ela) = Y le(p))].-

i=1
A partial experiment is a partial function satisfying the same conditions.
Experiments are well-defined on equivalence classes of DiLLg-proof structures. Precisely,

» Fact 53. Let @ be a DiLLy-ps, and e an experiment of ®. Let W be a DiLLy-ps so that
o = (¢p,pc) : @ =~ W. The isomorphism ¢ transports naturally e to an experiment of ¥,

noted p.e, defined by, for all p € Py, p.e(p) = e(pp' (p)).

» Remark 54. As a consequence of Fact 53, an isomorphism ¢: & ~ ¥ of DiLLg-ps induces
a bijection @, between the set of experiments of ¢ and the set of experiments of V.

Relational Semantics In order to define the interpretation of a DiLLy-ps @ in the relational
model, we have to fix an order on the conclusions of @, engendering indexed DilLLy-ps. The
notion of isomorphism extends to indexed DiLLg-ps: an isomorphism between two indexed
DiLLg-ps is an isomorphism between DilLLy-ps preserving the order of the conclusions.

» Definition 55 (Indexed DilLLg-proof structure). An indexed DilLLy-ps is a pair R =
(PR, concly) where Pp is a DiLLg-ps and conclg: {1,...,n} — Pg;e is a bijection (for
n € N).

The type of the conclusions of R is the tuple (Ay,...,A,) where n = card(Pg;e) and
tpg, (conclr(i)) = A; for any 1 < i <n.

The set of indexed DilLLy-ps is denoted by PSBid,_,_O.

» Definition 56 (Result of an experiment and interpretation of an indexed DilLLgy-ps). Let
R = (&g, conclg) be an indexed DilLg-ps with card(Pje) = n € N.
Let e be an experiment of @r: the result of e with respect to conclg is

lelconcl, = (e(conclr(1)),...,e(conclr(n))).
The relational interpretation of R is: [R] = {|e|concl | € is an experiment of $r}.

The relational interpretation is actually defined on equivalence classes of indexed DiLLg-ps.

A crucial property of the relational interpretation of indexed DilLLy-ps introduced in
Definition 56 is that it is invariant under cut-elimination [1]. It is also possible to check that
it is invariant under n-expansion too.

On a cut-free indexed DilLLg-ps, all the information of an experiment is in its conclusion:
two experiments have the same conclusion if and only if they are equal.

Semantics of DiLL The Taylor expansion associates a set of DiLLg-ps with a DiLL-ps. We
have defined an interpretation of indexed DiLLg-ps, the relational interpretation [-]. In order
to extend these interpretations to the whole of PSp; |, we need to extend Definition 55 to
the context of DiLL-ps (which is straightforward) and to remark that an indexed DilL-ps
induces an indexation on the elements of its Taylor expansion.
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» Fact 57. Let R = (Pg,conclgr) be an indexed DiLL-ps. Let p be a DiLLg-ps in the Taylor
expansion of Pg.

The forgetful function forget%R on ports from p to R induces a bijection forget(’:’(fcI between
conclusions of p and conclusions of R.

p,R

—1
Cond) o conclg) is an indexed DiLLy-ps.

The pair (p, (forget

We still write 7: PSP, — ,@(PSiD”id,_,_o) the function that maps an indexed DiLL-ps R to
its indexed Taylor expansion, that is, the set of indexed DilLLy-ps whose underlying DiLLy-ps
is in the Taylor expansion of the underlying DiLL-ps of R endowed with the indexation of R,
and 7= the quotiented Taylor expansion function.

We define the interpretation of an indexed DiLL-ps through the interpretation of its Taylor
expansion.

» Definition 58 (Interpretation of a DiLL-ps). The relational interpretation (or semantics) of
an indexed DiLL-ps R is the set [R] = e [p]-

» Remark 59 (Experiment of a DilLL-proof structure). The definition of an experiment for
MLL-proof structures is very straightforward [12]. The presence of exponentials in the full
MELL engenders complications when tackled directly (see for instance [20, 6]).

The Taylor expansion acts as a bridge in our definition, hiding all the complexity of the
definition of experiments. It allows to retain the simplicity of the MLL framework while
being usable for the whole of DiLL.

Injective Semantics The relational interpretation of an indexed DilLLy-ps is determined
by the interpretation of its axioms. In a cut-free indexed DilLLy-ps, all the axioms can be
interpreted by pairwise different atoms, which yields points of the relational interpretation
that are more informative than others. We now define semantically such elements, called
injective.

» Definition 60 (Injective elements). Let A be a MELL formula.

An element a € |A] is injective if every atom occuring in a occurs exactly twice.
If X C|A]|, we set Xinj = {a € X | a is injective}.

For example, [] € |!Alinj = |?Alinj for any formula A.

» Definition 61 (Injective interpretation). Let R be an indexed DilLLg-proof structure. We
define its injective interpretation as the set of injective points of its semantics:

[Rlinj = [R] N | BT |in;
where I is the type of the conclusions of R.

» Definition 62. Let A be a MELL formula. We define ~ 4 as the equivalence relation on
|A| defined by: a ~4 o' iff there exists a bijection o : At — At such that a = o 4(a’).

» Remark 63. Let A € Fuel. If a € |Alinj and o : At — At, then o4(a) € |Alinj-

Given a MELL formula A , the equivalence relation ~ 4 on | Alin; identifies any two injective
points of A that are equal up to renaming of their atoms.

» Proposition 64. Let R be an indexed cut-free and n-expanded DiLL-ps with conclusions of

type I'. The quotient of the identity [R]inj = Uzer=[Pliny through the equivalence ~=xr is a
R

bijection [Rlinj/ ~zr~Tg
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We can thus say that the injective elements of [R] are the elements of the Taylor expansion
of R, up to the renaming of the atoms.

This is folklore, as relational experiments and differential nets inside the Taylor expansion
are variations around the idea that a box enshrines a subnet that can be copied an arbitrary
number of time. We nonetheless decide to emphasize its precise formulation.
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