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In this paper, an enhanced method is proposed for measuring porosity, tortuosity, viscous and thermal 
characteristic length of porous materials having a rigid frame via reflected ultrasonic waves at oblique incidence 
using the equivalent fluid model. The advantage of the proposed method is that the four parameters are 
determined simultaneously just using reflected experimental waves for a porous material saturated by air. The 
inverse problem is solved based on the least-square numerical method using experimental reflected waves in time 
domain. Tests are performed using industrial plastic foams. Experimental and numerical validation results of this 
method are presented.  
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Introduction 
 
In this work, we present a reflectivity method for measuring the physical parameters describing the 

propagation of ultrasonic pulses in air-saturated porous materials. This method is based on a temporal 
model of direct and inverse scattering problems for the propagation of transient ultrasonic waves in a 
homogeneous isotropic slab of porous material with a rigid frame, The principle of this method is to 
measure the wave reflected at oblique incidence by the slab of porous material, and to solve the inverse 
problem in order to estimate the physical parameters (porosity, tortuosity, viscous and thermal 
characteristic lengths). The advantage of this method over classic ultrasonic methods is that all these 
parameters can be determined simultaneously using experimental reflected data. 

 
Model 
 

    In air-saturated porous media, the structure is generally motionless and the waves propagate only in 
the fluid. This case is described by the equivalent fluid model which fluid-structure interactions are 
taken into account in two frequency response factors: dynamic tortuosity of the medium α(ω) given by 
Johnson et al.1 and dynamic compressibility of the air in the porous material β(ω) given by Allard2. The 
ultrasonic regime corresponds to the range of frequencies such that viscous skin thickness                  
휹 = ퟐ휼/흎흆풇  is much small than the radius of the pores r,  휹/풓 ≪ ퟏ. In the high frequency the 
expressions of the responses factors α(ω) and β(ω) are given by1,2: 

 

훼(휔) = 훼∞ 1 +  ,                                                           (1) 

훽(휔) = 1 + ( )
′

/ /
 ,                                                     (2) 

In these equations, ω is the pulsation, Pr is the Prandtl number, η and ρf  are, respectively, the fluid 
viscosity and the fluid density, and γ is the adiabatic constant. The relevant physical parameters of the 
model are the tortuosity of the medium α∞ initially introduced by Zwikker and Kosten10, the viscous and 
the thermal characteristic lengths Λ and Λ’ introduced by Johnson et al.1 and Allard2. 

Direct problem 
 
    The direct scattering problem is that of determining the scattered field as well as the internal field 

that arises when a known incident field impinges on the porous material with known physical properties. 
The geometry of the problem is shown in Fig.1. 
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Fig.1. – Geometry of the problem. 
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A homogeneous porous material occupies the region 0 < x < L. This medium is assumed to be 
isotropic and to have a rigid frame. A short sound pulse impinges at oblique incidence on the medium 
from the left, it gives rise to an acoustic pressure field p(x,z,t) and an acoustic velocity field v(x,z,t) 
within the material, which satisfying the Euler equation and the constitutive equation (along the x axis): 

휌훼(휔)푗휔푣 = ∇푝,                 ( ) 푗휔푝 = ∇. 푣                                       (3) 

where 푗 = −1, ρ is the suturing fluid density, and Ka is the compressibility modulus of the fluid.  
The expression of the acoustic fields and velocity in each medium (1,..,3) are given by The expressions 
of a pressure wave and velocity arriving at oblique incidence in each medium (1,2,3) are given by: 
 

푃 (푥, 푧,휔) = 푒 + 푅(휔)푒 푒 ( ),                       (4) 

      푉 (푥, 푧,휔) = 푒 − 푅(휔)푒 푒 ( ),                   (5) 

 푃 (푥, 푧,휔) = 퐴(휔)푒 + 퐵(휔)푒 푒 ( ),                   (6) 

푉 (푥, 푧,휔) = 퐴(휔)푒 − 퐵(휔)푒 푒 ( ),              (7) 

푃 (푥,휔) = 푇(휔)푒 ( ) 푒 ( ),                                 (8) 

푉 (푥, 푧,휔) = 푇(휔)푒 ( ) 푒 ( ),                           (9) 

Where θ0 is the incident angle, θ2 is the refracted angle in the medium (II), 푅(휔), 푇(휔) are the reflected 
and transmitted coefficients, 퐴(휔) and 퐵(휔) are function of pulsation for determining,                
푧 (휔) = 휌푘 훼 (휔) 훽 (휔)⁄  and 푘 (휔) = 휔 휌훼 (휔)훽 (휔) 푘⁄  are the characteristic impedance and 
the wave number, respectively, of the acoustic wave in each medium (i = 1,2,3).  푘  is the 
compressibility module of the fluid. To derive the reflection coefficient in frequency domain, it is 
assumed that the pressure field and velocity are continuous at the boundary of the medium  

푝 (0 ,휔) = 푝 (0 ,휔),     푝 (퐿 ,휔) = 푝 (퐿 ,휔), 
 푣 (0 ,휔) = 휙푣 (0 ,휔),   휙푣 (퐿 ,휔) = 푣 (퐿 ,휔)                             (10) 

where ϕ is the porosity of the medium and the ± superscript denotes the limit from right and left, 
respectively. Using boundary and initial condition (10), reflection coefficient can be derived: 

푅(휔) = ( ( )) ( ( ) )
( ) ( ( ) ) ( ) ( ( ) )

                                   (11)                        

 
with, 

 퐸(휔) = 휙 ( )
( )

  , 푘(휔) = 휔 ( ) ( ) 푐표푠휃   and   푐표푠휃 = 1 −
( ) ( )

             (12) 

 
The incident and scattered fields are related by the reflection operators by: 

푝 (푥, 푡) = ∫ 푅(휏)푝 푡 − 휏 + 푑휏 = 푅(푡) ∗ 푝 (푡) ∗ 훿 푡 +                       (13) 



 

 

In Eq. (15) * denotes the convolution operation, 푅(푡)  is the reflection kernel, its temporal 
expression is calculated numerically by taking the inverse Fourier transform of Eq.(11), 푝 (푡) is the 
incident field and δ is the Delta function.  

Inverse problem 

    A basic inverse problem associated with the slab may be stated as follows: by measuring reflected 
signal by the slab, find the values of the medium’s parameters. So, our objective is to find values of ϕ, 
α∞, Λ and Λ’ knowing the reflection coefficient for different values of the incidence angle θ0. The 
inverse problem is solved numerical by minimize the cost function 푈(ϕ, α∞, Λ, Λ’) defined by 
푈(ϕ, α∞, Λ, Λ’) = ∑ 푝 (푥, 푡 ) − 푝 (푥, 푡 ) ^2 where 푝 (푥, 푡 ) is the discrete set of values of the 
experimental reflected signal and 푝 (푥, 푡 ) is the discrete set of values of the simulated reflected signal. 
The parameters of the first investigated plastic foam M1 are: thickness 4.1 cm, The value of the porosity 
given by the porosimeter 9 is ϕ = 0.9±0.05, and the values of the tortuosity α∞ , viscous and thermal 
characteristic length Λ, Λ’ given by classical method 3-9 are α∞ = 1.06±0.08,  Λ = 230±50 μm and  the 
ratio between Λ and Λ’ is fixed at 3 (Λ’/Λ = 3). Fig.2 shows the incident signal generated by the 
transducer (solid line) and the reflected signal by the plastic foam M1 (dashed line) and their spectra for 
an incidence angle θ = 17°. The optimized values of these parameters are given in table 1. We present in 
Fig. 3 the variation in the minimization function U given in with porosity, tortuosity, viscous and 
thermal characteristic length, respectively. In Fig.4 we show a comparison of an experimental reflected 
signal and a simulated signal obtained by optimization from the inverse problem. The correlation of 
theoretical prediction and experimental data is good. 

 

  
Fig.2. Experimental incident signal (dashed line) and experimental reflected signal (solid line) at left and their 

spectrum at right (휃 =17°). 

Table1. Values of the parameters obtained by optimization from the inverse problem. 

Angle (°) ϕ α∞ Λ(μm) Λ’/Λ Λ’(μm) 
0 0.86 1.06 257.14 1.6 404.08 
17 0.86 1.06 257.14 1.6 404.08 
23 0.86 1.05 257.14 1.6 404.08 
35 0.83 1.05 257.14 1.6 404.08 



 

 

  
 
 
 
 
 
 
 
 
 
 

 

 

 
 
 
 
 
 
 
 
 
 

 

Fig.3.- Variation of the minimization function U with porosity, tortuosity, viscous characteristic length and the ratio 
Λ’/Λ at 휃 = 17° 

 
 

Fig.5- Comparison between experimental reflected signal (dashed line) And simulated reflected signal (solid line) 
of the sample M1. 

 

Conclusion 
 
    In this paper, a method for measuring transport parameters in porous materials simultaneously, 

using measurements of ultrasonic waves reflected at incidence oblique has been proposed. This method 
is based on a temporal model of direct and inverse problems affecting the propagation of transient waves 
in a homogeneous isotropic slab of porous material with a rigid frame. The advantage of the proposed 
method is that all the parameters can be determined by reflected waves at oblique incidence. An 
experimental validation of the theoretical expression of the reflection coefficient illustrates the high 
level of correspondence between numerical and experimental results and show that this model is well 
suited for the characterization of porous media via acoustic wave propagation. This method is an 
alternative to the usual method involving the use of transmitted waves. 
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