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Abstract— An ultrasonic propagation in cancellous bone is 
considered using the Biot theory modified by the Johnson et al. 
Numerical simulations of reflected waves in the time domain are 
worked out by varying the modified Biot parameters. The sensitivity 
of different mechanical parameters: Young modulus and the Poisson 
ratio of the skeletal frame and physical parameters, porosity, 
tortuosity and viscous characteristic length are studied showing their 
effect on the reflected ultrasonic waves of the bone sample. The 
sensitivity of the modified Biot parameters with respect to the 
reflected wave depends strongly on the coupling between the solid 
and fluid phases of the cancellous bone. We show from these 
simulations that some parameters such as porosity and tortuosity 
play an important role on reflected wave; the remaining parameters 
have low sensitivity compared with the porosity and tortuosity. 
Experimental results for reflected waves by human cancellous bone 
samples are given and compared with theoretical predictions. 

Keywords—Ultrasonic; Reflected waves; Bone concellous 

I.  INTRODUCTION 
Ultrasound can be used to characterize the elastic 

properties of cortical and cancellous bone. Fry and Barger [1] 
considered both types of bone when investigating the human 
skull while Ashman et al. [2] used ultrasound to measure the 
elastic properties of cancellous bone. Since trabecular bone is 
an inhomogeneous porous medium, the interaction between 
ultrasound and bone will be highly complex. Modeling 
ultrasonic propagation through trabecular tissue has been 
considered using porous media theories, such as Biot’s 
theory[3,4,6]. The Biot model treats both individual and 
coupled behavior of the frame and pore fluid. Energy loss is 
considered to be caused by the viscosity of the pore fluid as it 
moves relative to the frame. The model predicts that sound 
velocity and attenuation in a two phase media will depend on 
frequency[7,8], the elastic properties of the constituting 
materials, porosity, permeability, tortuosity, and effective 
stress. This method should allow us to relate the physical 
parameters of our phantom to ultrasonic velocity and 
attenuation. 

The purpose of this article is to study the ultrasonic 
reflected waves by a cancellous bone samples using Biot’s 
theory modified by Johnson et al.[10]. Numerical simulations 
of reflective waves in the time domain of the bone sample are 
worked out by means of a variation in the parameters of a 
porous medium and the sensitivity of each parameter is 
studied. Experimental results for reflected waves through 
samples of human cancellous bone are given and a comparison 
with theoretical predictions is made 

II. MODEL 
       The equations of motion of the frame and fluid are given 
by the Euler equations applied to the Lagrangian density. Here 
ሬ⃗ݑ  and ሬܷሬ⃗  are the displacements of the solid and fluid phases. 
The equations of motion are [9,10] 

ଵଵߩ
డమ௨ሬሬ⃗
డ௧మ

+ ଵଶߩ
డమ௎ሬሬ⃗

డ௧మ
= ܲ∇(∇. ሬ⃗ݑ ) + ܳ∇൫∇. ሬܷሬ⃗ ൯ − ܰ∇ ∧ (∇ ∧ ሬ⃗ݑ ) (1) 

ଵଶߩ
డమ௨ሬሬ⃗
డ௧మ

+ ଶଶߩ
డమ௎ሬሬ⃗

డ௧మ
= ሬ⃗ݑ.∇)∇ܳ ) + ܴ∇൫∇. ሬܷሬ⃗ ൯.            (2) 

wherein ߩ௜௝  (i=1,2 and j=1,2) are the “mass coefficients” 
which are related to the densities of solid ߩ௦ and fluid ߩ௙ 
phases by ߩଵଵ = (1− ௦ߩ(߶ − ଶଶߩ ଵଶ,  andߩ = ௙ߩ߶ −  ଵଶ,. Theߩ
coefficient ߩଵଶ represents the mass coupling parameter 
between the fluid and solid phases and is always negative 
ଵଶߩ = (߱)ߙ)௙ߩ− − 1), α(ω) function of frequency, called the 
dynamic tortuosity [10,11,12,]. To express the viscous 
exchanges between the fluid and the structure which play an 
important role in damping the acoustic wave in porous 
material. The parts of the fluid affected by this exchange can 
be estimated by the ratio of a microscopic characteristic length 
of the medium, for example pore size, to the viscous skin 
depth thickness ߜ = ඥ2ߩ߱/ߟ௙ (η: fluid viscosity, ω: angular 
frequency). At high frequencies, the viscous skin thickness is 
very thin near the radius of the pore r. The viscous effects are 
concentrated in a small volume near the surface of the frame  
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ݎ/ߜ ≪ 1. In this case, the expression of the dynamic tortuosity 
α(ω) is given by[11]       

(߱)ߙ = ஶߙ ቆ1 + ଶ
ஃ
൬ ఎ
௝ఠఘ೑

൰
ଵ/ଶ
ቇ                      (3) 

wherein ߙஶ is the tortuosity and Λ is the viscous characteristic 
length[11]. P, Q, and R are generalized elastic constants which 
are related to other, measurable quantities, namely φ 
(porosity), Kf (bulk modulus of the pore fluid), Ks (bulk 
modulus of the elastic solid), and Kb (bulk modulus of the 
porous skeletal frame). N is the shear modulus of the 
composite as well as that of the skeletal frame. The equations 
which relate P, Q, and R to φ, Kf, Ks, Kb, and N are given by 

ܲ =
(ଵିఝ)ቀଵିఝି
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ቇ
,        ܳ =

ቀଵିఝି
಼್
಼ೞ
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ቀଵି
಼್
಼ೞ
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ቇ
. 

ܴ = ఝమ௄ೞ

ቀଵି
಼್
಼ೞ
ቁିఝቆଵି಼ೞ಼೑

ቇ
.                         (4) 

The Young modulus and the Poisson ratio of the solid Es, υs 
and of the skeletal frame Eb, νb depend on the generalized 
elastic constant P, Q, and R via the relations 

௦ܭ = ாೞ
ଷ(ଵିଶజೞ) ௕ܭ    , = ா್

ଷ(ଵିଶజ್)   and   ܰ = ா್
ଶ(ଵାଶజ್).      (5) 

 
 
 
 
 

Fig 1. Geometry of the problem 
                                                                 

For a slab of cancellous bone occupying the region 0 ≤ x ≤ L 
(Fig. 1), the general expression of reflected coefficient ℛ(߱) 
is given by [5,10]: 
 

 ℛ(߱) = ிరమିଵିிయమ

ிయమି(ଵିிర)మ
                                   (6) 

with,   
ସܨ = ෍ܨ௜  ܿℎ௜

௜

ଷܨ         , = ෍ܨ௜
௜

,      

௜ܨ    = ଶ௞೔ట೔
௞ట௦௛೔

൫1−߶(1 − ݅       ,ଶݏ௙ߩ௜)൯ߤ = 1,2      (7) 
 

In these equations, k is the propagation constant in the 
medium (I) and (III) with  k = ω / c0 (c0 is the sound 
propagation velocity in these areas (I) and (III)). 
݇௜ are the constants of  propagation of the two waves fast and 
slow, where: 

݇௜ଶ = ఠమ

ଶ(௉ோିொమ)
ଶଶߩܲ)ൣ + ଵଵߩܴ − (ଵଶߩ2ܳ + (−1)௜√Δ൧,   (8) 

with, 
Δ = ଶଶߩܲ) + ଵଵߩܴ − ଵଶ)ଶߩ2ܳ − 4(ܴܲ − ܳଶ)(ߩଵଵߩଶଶ− ଵଶଶߩ )                   

(9) 

µ1 and µ2 are the ratios of amplitudes of the displacements for 
each of these waves fast and slow given by 

ଵߤ = ఠమఘభభି௉௞భమ

ఠమఘభమିொ௞భమ
ଶߤ                , = ఠమఘభభି௉௞మమ

ఠమఘభమିொ௞మమ
            (10) 

and,  
 ߰ଵ = ଶݖ߮ − (1 ସ,    ߰ଶݖ(߮− = (1− ଷݖ(߮   .ଵݖ߮−

        Ψ = ସݖଵݖ)2  −  ଷ)                           (11)ݖଶݖ
with, 

ଵݖ = (ܲ + ଶݖ        ,ଵܳ) ݇ଵଶߤ = (ܲ +  ,ଶܳ) ݇ଶଶߤ

ଷݖ  = (ܳ + ସݖ        ,ଵܴ) ݇ଵଶߤ = (ܳ +  ଶܴ) ݇ଶଶ        (12)ߤ

The incident ݌௜(ݐ) and reflected ݌௥(ݐ) fields are related in 
time domain by the reflection  scattering operator ܴ(ݐ), 

,ݔ)௥݌ (ݐ = ∫ ܴ(߬)௧
଴ ௜݌ ቀݐ − ߬ + ௫

௖బ
ቁ݀߬  

= (ݐ)ܴ ∗ (ݐ)௜݌ ∗ ߜ ቀݐ + ௫
௖బ
ቁ                (13) 

In (13) c0 is the velocity outside the porous material, * denotes 
the time convolution operation, and (ݐ)ߜ is the delta function. 
The temporal operator kernel ܴ(ݐ) is independent of the 
incident field used in the scattering experiment, its expression  
is calculated by taking the inverse Fourier transform of the 
reflection coefficient  (6) for slab of cancellous bone. The 
scattering operator ܴ(ݐ) is then calculated numerically from 
ℛ(ω) and its convolution with the incident signal gives us the 
reflected signal in the time domain. 

 

III. SENSITIVITY OF PHYSICAL AND MECANICAL 
PARAMETERS ON THE REFLECTED WAVES 

 Numerical simulations of reflected waves (13) are run by 
varying the parameters of a cancellous bone described 
acoustically using the modified Biot’s theory. The variation is 
applied to the governing parameters and is between ±10% and 
±20%. The numerical values chosen for the physical 
parameters are those taken from sample M1 (table 1.). The 
incident signal is given in figure 3. 

Among the important parameter that appears in theory of 
sound propagation in porous materials is porosity. Porosity φ 
is the relative fraction, by volume, of the fluid contained 
within the material. According to the figure 2(a), a strong 
influence of variation of porosity on the reflected signal is 
observed. For a 10% increase of this parameter, the amplitude 
decreases to about 70%, and for a decrease of 10%, the 
amplitude increases by approximately 78.6%. Therefore 
influence of the porosity φ is marked over the entire 
waveform. So, porosity plays a very important role in the 
reflected signal.  

Another important parameter in describing ultrasonic 
propagation in a porous medium is the tortuosity α∞. The 
tortuosity expresses the sinuosity and change in diameter of 
the pores. The reader can see the sensitivity of tortuosity in 
reflected mode for a ±10% change. An important change 
occurs at the amplitudes of the wave. From figure 2(b), a 10% 
increase tortuosity produces an 80.10% increase in the 

     Pi 
         Pt 
     Pr 
  x=0        x=L 
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amplitude of the reflected wave and a decrease of 10% 
produces an attenuation of about 24.9% on the amplitude of 
reflected wave. It is deduced that the effect of tortuosity is also 
important on the reflected waves.  

Figure 2(c) shows the sensitivity of viscous characteristic 
length  Λ introduced by Johnson et al.[11] to describe viscous 
exchanges between fluid and structure. According to this 
figure, we see that this parameter has little influence on the 
reflected signal, we note that for a variation of 50%, we get an 
increase of 3.10% of the amplitude of the wave reflected, and 
as the numerical simulation shows, Λ plays a less important 
role in reflection than does porosity φ and tortuosity α∞. 

Figures 2(d), (e), (f) and (g) show a comparison between 
simulated reflected signals corresponding to mechanical 
parameters; the Young modulus and the Poisson ratio of the 
solid Es, υs and of the skeletal frame Eb, νb. No major 
changes were observed in wave amplitude. In this case the 
sensitivity of mechanical parameters is not very important for 
a ±20% change in amplitude of reflected waves. 

 
Fig.2 (a) -  Influence of the porosity ߮  on the reflected signal 

 
Fig.2 (b) -  Influence of the tortuosity  ߙ∞  on the reflected signal 

 
Fig.2(c) -  Influence of  viscous characteristic length Λ on the reflected 

signal 

 
Fig.2(d) -  Influence of  Young modulus of the solid Es on the reflected 

signal 

 
Fig.2(e) - Influence of  Young modulus of the frame Eb on the reflected 

signal 

 
Fig. 2(f) -  Influence of the Poison ratio of the solid ߥs  on the reflected 

signal 

 
 

Fig. 2(g) - Influence of the ratio modulus of the fluid ߥb on the reflected 
signal  

As an application of this model, some numerical simulations 
are compared with experimental results. Experiments are 
performed in water using two broadband Panametrics A 306S 
piezoelectric transducers with a central frequency of 2.25 
MHz in water. 400 V pulses are provided by a 5058PR 
Panametrics pulser/receiver. The signals received are 
amplified to 90 dB and filtered above 10 MHz to avoid high 
frequency noise (energy is totally filtered by the sample in this 
upper frequency domain). Electronic interference is removed 
by 1000 acquisition averages. The parallel-faced cubic 
samples M1 and M2 of thickness L1= 0.7 cm and L2 = 0.9cm 
were machined from human cancellous bone in femoral heads. 
Samples characteristics are measured using standard Methods 
[11,12] and given in Table I. Fig. 3 shows the incident and 
reflected signals (at left) (pulse wave form traveling in water), 
and their spectrums (at right) of the two samples M1 and M2. 

Figures 4(a) and (b) show the comparison between 
experimental reflected signal (solid line) and simulated signal 
(dashed line) given by (13) for both bone samples M1 and M2. 
The experimental data and theoretical prediction are seen to 
match closely, which allowed us to conclude that the modified 
Biot theory using the Johnson et al. model is quite suitable for 



describing the propagation of ultrasonic wave in cancellous 
bone. 
 

TABLE1. VALUES OF THE PHYSICAL AND MECHANICLA 
PARAMETERS OF THE SAMPLE M1 AND M2 

Sample  φ α∞ Λ(µm) Es(GPa) Eb(GPa) νs, νb ρs(kg.m-3) 
M1 0.9 1.03 90.0 20.0 1.1 0.3 1990 
M2 0.9 1.01 15.5 20.0 8.5 0.3 1990 

Fluid Ρf (Kg.m-3) Kf (GPa) η (Pas)  
1000 2.3 0.001 

 
 

Fig. 3 – Incident (dashed blue line) and reflected waves (solid green line) 
of the sample bone M1 and M2 (at right) and their spectrums (at left). 

 

 
Fig. 4(a) -  Comparison between experimental reflected signal (dashed 

line) and simulated signal (solid line) 

 
Fig. 4 (b) -  Comparison between experimental reflected signal (dashed 

line) and simulated signal (solid line) 

IV. CONCLUSION 
 

In this paper, experimental validation of Biot’s theory 
modified by the Johnson et al. using reflected waves by 
samples of human cancellous bone was performed. Numerical 
simulations of reflected waves in the time domain were run by 
varying the parameters of a porous medium. The variation 
applied to the governing parameters was between ±10% and 
±20%, the sensitivity of each parameter was studied, showing 
the importance of the values of these parameters in reflected 
wave forms. Finally, experimental validation of this model 
using reflected waves by samples of human cancellous bone 
was performed and found to produce excellent agreement 
between theory and experiment. This leads to the conclusion 
that the expressions of scattering operators obtained are 
correct. One future hope is to solve the inverse problem and 
return to the physical parameters, porosity and tortuosity of 
the medium, from reflected experimental data. 
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