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Effectivity in the Hyperbolicity-related Problems

Ya Deng*

Institut Fourier, Université Grenoble Alpes

Abstract

The aim of this work is to deal with effective questions related to the Kobayashi and
Debarre conjectures, and based on the work of Damian Brotbek and Lionel Darondeau. We
first show that if a line bundle L generates k-jets, the k-th Wronskian ideal sheaf associated
with global sections of L reaches its largest possible value. Then we obtain an effective esti-
mate for a weaker version of a theorem of Nakamaye on certain universal Grassmannians. We
finally derive from this explicit effective bounds for the Kobayashi and Debarre conjectures.

1 Introduction

The celebrated Kobayashi conjecture states that a general hypersurface in P" of sufficient large
degree d > dj is Kobayashi hyperbolic. In the last 15 years, at least three important techniques
were introduced to study this problem: Siu’s slanted vector fields for higher order jet spaces
[10], Demailly’s approach for the study of the Green-Griffiths-Lang conjecture through directed
varieties strongly of general type ( [7]), and Brotbek’s recent construction of families of varieties
which are deformations of Fermat type hypersurfaces [3]. Inspired by their proof of the Debarre
conjecture [2] and by the form of equations used by Masuda and Noguchi, Brotbek [3] gave an
elegant and relatively short proof of the Kobayashi conjecture. Although his proof does not yield
an effective lower bound for the degree dj, he has been able to give a formula for dy which depends
on two constants M and me, appearing in connection with certain Noetherianity arguments.
In this paper we determine these two constants and thus give an effective lower bound for the
degree of general hypersurfaces that are Kobayashi hyperbolic (see Main Theorem 1 below).
The above mentioned constant M, that depends on n, arises in the following theorem of
Nakamaye: Let X be a Kéahler manifold and L a big and nef line bundle on X. Then the null
locus Null(L) of L coincides with the augmented base locus B (L). It we fix an ample divisor
A on X, by the Noetherian property there exists a positive integer mg such that for m > myg
one has Bs(mL — A) = B (L) = Null(L). Now we are led to the following effectivity problem:

Problem 1.1. Can one get an effective bound for mg that depends on some numerical constants
related to L and A?
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In general, this problem is hard to answer. Fortunately, in order to compute M, we only need
to consider some concrete projective manifolds which are universal Grassmannians, and the case
where L is the pull back of the tautological line bundle. Our first main result is Theorem 3.1,
which is an “almost” Nakamaye Theorem. To make things more precise, although we could not
get the effective bound in the original statement of Nakamaye, we can obtain a bound such that
the corresponding base locus is good enough to ensure that the arguments of [3] are still valid.
The method can also be used to study the effective problem for the ampleness of the cotangent
bundles of general complete intersections ( [2]).

The constant m, appears in relation with the Wronskian ideal sheaf attached to the Demailly-
Semple tower. Let L be a very ample line bundle on the Kahler manifold X. Given a collection
of holomorphic sections sq, ..., sp € H(X, L), Brotbek [3] introduced the Wronskian associated
with these sections as

W (s0,81,...,8k) € HO(Xk, OXk(k(kQ—i—l)) ® ﬂ.ak(LkJrl))’

where X}, is the k-stage Demailly-Semple tower for the absolute directed variety (X,Tx). Let

W(Xp, L) := Span{W (s0,-- ., 82)|50; - -, 80 € H'(X, L)} C H(Xp, Ox, (M) @ g (LF L))

be the associated sublinear system of HY(Xj, (’)Xk(k(kjl)) ® w5 (LF1)). One defines to(Xy, L)
to be the base ideal of the linear system W(Xy, L). By Lemma 2.5 in [3] if L is very ample we
have

w(Xg, L) C w(Xy, L*) C ... Crwo(Xy, L™) C....

Then the Noetherian property shows that this increasing sequence stabilizes for some mg :=
Moo(Xk, L), and the asymptotic ideal sheaf is denoted by moo(Xg, L). As was proved in [3],
Moo (Xg, L) does not depend on the very ample line bundle L and is called the asymptotic
Wronskian ideal sheaf, denoted by ms,(X%). Now we have the following natural problem:

Problem 1.2. Determine the constant meo(Xy, L).
The following theorem solves Problem 1.2:

Theorem 1.1. If L generates k-jets at each point of X, then moo(Xy, L) = 1. In particular, if
L is known to be only very ample, we have moo(Xy, L) = k.

By Theorem 1.1 we have mq, = n if we take k = n. By using some further arguments of [3]
we then obtain the following effective lower bound for the degree of general hypersurfaces in the
projective manifold X which are Kobayashi hyperbolic:

Main Theorem 1. Let X be a projective manifold of dimension n and L a very ample line
bundle on X. Then a generic hypersurface in |HO(X, LY)| with d > n™(n 4+ 1)"T2(n? + 2n2 +
2n — 1) + n3 + 3n2 + 3n is Kobayashi hyperbolic.

The technique can also be used to study the corresponding effectivity question in the Debarre
conjecture, and we obtain in this case the following result:

Main Theorem 2. Set ¢ := L%J For all d > 4c(2N —1)20FL 4+ 6N —3, the complete inter-
section of general hypersurfaces Hy, ..., H. with Hy, ..., H., in Opn(d) and other hypersurfaces
(H;)isc, of any degree, has an ample cotangent bundle.



2 Asymptotic Wronskian Ideal Sheaf in the Demailly-Semple
Tower

We denote by (X, Vi) the Demailly-Semple tower for (X, T ), where X is a complex manifold,
and D; = P(TXj_l/Xj_g ). With an abuse of notation in our context, we also identify D; with the

divisor of X}, given formally by the pull-back w;,i(Dj). Let U be an open set with coordinates
(21, .-, 2n) such that 7 ,ﬁ(U ) is a trivial product of U xR, i, where R, i, is the universal rational
variety C"*/G,, [5]. We denote by gi : 75 (U) — U x R, ), the natural biholomorphism. Then

each D; N, L(U) is also a trivial product U x E; under the biholomorphism g, where E;
is a smooth prime divisor in R, . Let p € U be the point corresponding to the origin in the

coordinate (21, ..., 2z,). Therefore, we have the following biholomorphism gxogy : W&]i(p) ND; =
Ej, where g : U X Ry, — Ry is the projection to the second factor. In the paper, we will
make the convention that any germ of holomorphic curve is defined over p, and we will not
distinguish the points in E; and ,i(p) ND;.

For any germ of holomorphic curve v(t) with v(0) = p, its lift to the (k — 1)-th Demailly-
Semple tower vj,_1)(t) induces a section l/[/kil} (t) of the line bundle Vi Ox, (—1). Then by the
definition of the Wronskian, for any fy, ..., fn € Oxp, W(fo, f1,-.., fr) can be seen as a section

of H'(Ry i, Or,, . (m)) with m = HEED oiven by

2
foor(t) ... frov(t)

W(for s f) Wy (O)™) = | : : (2.1)
d* foov(t) d* frov(t)
dtk T dtk t=0

We set
S = Span{W (fo, ..., fa)lfo:- - fn € Oxp} C H'(Ryk, Or,, . (m)),

and denote by Z,, , C Og,, , the base ideal of the linear system S. By the product property (and
the invariance by translation) we find

9k © Gk Tnk = Woo(Xi) (2.2)
at ;(U ), where ms.(X%) is the asymptotic Wronskian ideal sheaf introduced in Section 1.

Theorem 2.1. Let fy € m’;“,fl, oo Jw € Oxp, then W(fo,...,fr) = 0 as a section of
H%R, 1, Or,, . (m)).
Proof. For any w € R, j, by a theorem in [5], there exists a germ of curve v : (C,0) — (X,p)
such that v};)(0) = w and I/fk_l](O) # 0. Since l/[’k_u (0) € Og,, ,(=1)|w, then if we can show that
W{(fo,---, fk)(V[/k,l](O)m) = 0 and take w to be arbitrary, we infer the theorem.

Since fy € m];“, then the multiplicity of fyov(t) at 0 must be no less than k + 1, and thus

M is still holomorphic for ¢ =0, ..., k. Thus

for® . frou(t)
W(fO""’fk;)(V[/k,_l}(O)m) :t. E ._. E :0‘
1. & foor() d* frov(t)
t atk . A 0



O

Since the Wronskian operator W : Ox X ... X Oxp = HY(Ry 1, O, (m)) is bilinear, we
get

Theorem 1.1bis. If L generates k-jets at each point of X, then meo(Xg, L) = 1, where
Moo(Xk, L) = 1 is the positive integer defined in Section 1. In particular, if L is known to
be only very ample, we have moo(Xy, L) = k.

3 Effectivity of a “good” base locus for universal Grassmannians

In this section we study Problem 1.1 for some specific manifolds. First we begin with some
definitions. For the reader’s convenience, we adopt the same notations as in [3].

We consider V := HO(PY, Opn (9)), that is, the space of homogenous polynomials of degree
d in Clzg, ..., 2y], and for any J C {0,..., N}, we set

By i={[z0,....2n] € PV|z; = 0f j € J}.

Given any A € Gry1(V) and [2] € PV, we write A([z]) =0if P(z) =0 for all P€ A C V. We
then define the family

Y = {(A[2]) € Gri (V) x PMA([2]) = 0},
and for any J C {0,..., N}, set
;=% N (GrkJrl(V) X PJ) C %N GrkJrl(V) x PV,

Let k+1> N, then ¢ : % — Gryy1(V) is a generically finite to one morphism. We also define
q2 : % — PV to be the projection on the second factor. Let .# be the very ample line bundle on
Gri41(V) which is the pull back of O(1) under the Pliicker embedding. Then ¢.Z|#, is a big
and nef line bundle on % for any J. For any J C {0,..., N} we denote by p; : #; — Gri1(V),
and py: %5 — Py the second projection. Similarly we set

Ej = {y € #|dimy(p; " (ps(y))) > 0}

GT =ps(Es) C Gris1(V),
then E; = Null(q].Z|s;). For J = () we have % = # and denote by E := Ey and G* := G*.
By the theorem of Nakamaye we have

Null(¢7-Z|z;) = B1(¢1Z|2;)-

Since ¢7.Z ® ¢3O0pn(1)|#, is an ample line bundle on %, by Noetherianity there exists mj € N
such that
E;= BJr(QTgL@J) =Bs(g1 L™ @ QSOPJ(_1)|“JJ)

for every m > my.



From now on we assume that &+ 1 = N (since this is enough in Brotbek’s work), and thus
q1: % — Griy1(V) is a generically finite-to-one surjective morphism. We first deal with the
case J = ().

Let us pick a smooth rational curve C' in Grgy1(V) of degree 1, namely the curve given by

A(lto, t1]) == Span(2], 23, ... 23—y, tozky + 1120),
where [tg,t1] € P!. We are going to show that A([to,#1]) : P — Gryy1(V) is a smooth embedding
from P! to Gry1(V), and that the corresponding line C' satisfies the degree condition . -C = 1.
Set T := {I = (ig,...,in)| [I| = 6}. Then {z'};c is a basis for V, and the collection
of multivectors w(z, . 1,), lo < I1 < ... < I, is a basis for AV where I < J is defined
by lexicographical order in I. Now we set J; € I to be 2l = z? for 0 < ¢4 < k. Then
the curve C' defined in P(A¥+1V) given by the equations W,y = 0 for all (lo,..., Iy) #

(Ji,...,Jn) and (Jo,...,J n—1), is of degree 1 with respect to Z. C is totally contained in
the image of the Pliicker embedding of Gry1(V'), whose inverse image is C. Now consider the
hyperplane D in PV given by {[z0,...,2n]|20 + 25y = 0}. We have

Lemma 3.1. The intersection number of the curve ¢iC and the divisor ¢5D in % is §N~1.
Moreover, qiqsD ~ 6V =1L, where “~" stands for linear equivalence.

Proof. An easy computation shows that ¢jC and ¢35 D intersect only at the point
Span(z9, 29, ... 2% 1, 2% + (—=1)°*128) x [1,0...,0,-1] € &
with multiplicity 6V ~!. The first statement follows. By the projection formula we have
G50 - C = q(g5D - ¢iC) = 61

Since Pic(Gryy1(V)) ~ Z with the generator .Z, then we get qi.q3D ~ 6™ ~1.% by the fact that
Z-C=1. O

We first observe that ¢7q1.q5D — ¢5D is an effective divisor of %/, and by Lemma 3.1 we
conclude that ¢7.Z e ¢35 Opn (—1) is effective. We also have a good control of the base locus
as follows:

Claim:

Bs(¢1 L™ ® ¢;0pn (—1)) C qfl(Goo) for any m > oV, (3.1)

Proof: Indeed, for any yo ¢ q; ' (G™), if we denote by Ag := q1(yo), then ¢; ' (Ap) is a finite set,
and one can choose a hyperplane D' € H*(PN, Opn (1)) such that D’ M g2(g; '(Ag)) = 0. From
the result above we know that the divisor ¢} q1.q3 D’ —g¢5 D’ is effective and lies in the linear system
|q1‘$‘SN71 ®q3O0pn (—1)] of #. Now we show that yo ¢ Supp(¢iq1+¢3 D’ — g3 D’). Indeed, for any
A € Gry41(V), if we denote by Int(A) := {[z] € Px|A([z]) = 0}, then g2(g; '(Ag)) = Int(Ay).
Hence the condition D' N ¢2(g; '(Ag)) = @ is equivalent to that Int(Ag) N D’ = (). However,



for any A € q1(gy *(D')), we must have Int(A) N D’ # ), therefore Ag ¢ q1(g; ' (D’)) and thus
yo & q; " (q1 (qz_l(D’))) D Supp(¢iqi+q5 D" — ¢3D"). As yo was arbitrary, we conclude that

Bs(¢;-2"" " @ g5Opn (—1)) C g7 H(G™).

Since .Z is very ample on Grgy1(V), and ¢; is finite to one morphism outside ql_l(Goo), we
conclude that for any m > V1,

Bs(q1-2™ ® ¢5Opn (—1)) C q; ' (G™).

|
Now we deal with the general case J C {0,...,N}. First recall our previous notation
py %5 — Gri1(V), and let py : %5 — P; be the second projection. Our method consists
of repeating the above arguments. For any yo ¢ p}l(Ggo), if we denote by Ag := ps(yo), then
the set p;'(Ag) is finite. Thus one can choose a generic hyperplane D € H(PY, Opn (1)) such
that D NPy Npy (p}l(Ao)) = (), which means that Int(Ag) N D NPy = (. However, for any
A€ pJ(ﬁjl(D NPs)) we must have Int(A) N D NPy # 0, and thus Ay ¢ pJ(ﬁjl(D NPy)),
a fortiori yo ¢ p}l (pJ(]ﬁ;l(D N IP’J))> = q1_1<q1 (qgl(D))> N %;. Thus the restriction of the
effective divisor ¢iq1+¢5D — g3D to % is well-defined and yo ¢ Supp(¢iqi«g3D — ¢3D|#,). As
yo was arbitrary, we know that the base locus of the linear system |¢7.Z N ¢ Opn (—1)|2, |
is contained in p}l(G?]o). Thus by the same argument we have

Bs(¢;. L™ @ ¢30pn (—1)|2,) € p; 1 (GT)

for m > oN-L,

For any J C {0,...,N}, set V; := H°(P;,Op,(5)). Then there is a natural inclusion
iyt Greg1(Vy) < Greg1(V), and the pull-back i% : Pic(Grjpq(V)) = Pic(Grg41(Vy)) is an
isomorphism between the Picard groups such that %% is still the tautological line bundle on
Gry11(Vy). Moreover, the inclusion % C Gry1(V) x P factors through Gry1(Vy) x P:

%

I —

17x1
Grk+1(VJ) X PJ L> GrkJrl(V) X ]PJ

and thus our above result (3.1) also holds when &+ 1 > N.
In conclusion, we have the following theorem:

Theorem 3.1. For any J C {0,...,N}, and k+ 1> N, we have
Bs(¢;Z"™ © ¢30pn (=1)]2;,) C py (GT)

for any m > N1,



Since p}l(GSO) may strictly contain the null locus Null(¢f.%|»,) = E;, Theorem 3.1 does
not imply the Nakamaye Theorem used in [3]. However, as was pointed out to us by Brotbek,
this theorem is sufficient to obtain the effective bound appearing in Theorem 3.1 of [3]. Indeed,
the proof given there is still valid under the weaker condition

Bs(¢i-2™ © ¢30pn (—1)|5;) € p; (GT)
for any m > M and any J C {0,...,N}. By Theorem 3.1 we can take the constant M to be
SN,
The above theorem can be generalized to the case of products of Grassmannians. We then
set N = c(k + 1), and denote Gj11(6;) = Gk+1(|HO(PN,OPN(5i))|) and G := Hfiol Grt1(6:)

for simplicity. Let % be the universal Grassmannian defined by
Y = {(A1,...,A,,2) € G x PNV i, Ay([z]) = 0}.

Let p1 : % — G, pa: % — PN and ¢; : % — Gyp,1(6;) be the canonical projections to each

factor; then p; is a generically finite to one morphism. Let £ be the tautological ample line
bundle

L:= OGk+1(51)(1) M. K OG’CH((SC)(l)’
and

E(a) = OGk+l(51)(a1) X...X OGk+1(5c)(aC)

for any c-tuple of positive integers a = (ay,...,a.).
We then define a smooth rational curve C; in G of degree 1, given by

- 0 01 o1 d2 02 P!
A([to, t1]) := Span(z)", 2241 - -+, Zpeyq) X Span(25°, 2009 -+ 2ogg) X -
O 6 0; di
x Span(t12;" +t220", 2045 s Zpegi) X - -
4, 1 1
X Span(z.°, 255, . .., z(;Jrl)c).

where [tg,t1] € PL. It is easy to check that A([t1,s]) is a smooth embedding from P! to G, and

that it satisfies the degree condition L(a) - C; = a; for each i. Consider the hyperplane D; of P"

given by {[z0,...,2n]|2i + 20 = 0}. Then we have

Lemma 3.2. The intersection number of the curve piC; and the divisor p5D; in Y is b; =
c_ oktt

%. Moreover, p1,p50pn (1) = Z(b), where b = (by,...,b.).

Proof. It is easy to show that p]C; and p5D; intersect only at one point with multiplicity b;. By

the projection formula we have

1P Di - Ci = pr(p3D; - p1C;) = b.

Since L(a) : a € Z° = Pic(G) is an isomorphism, we get p1.p3D; = pr.p3Opn (1) = L(b),
thanks to the fact that £-C; = 1. O



Thus the line bundle p;L£(b) ® p5Opn(—1) is effective, and by arguments similar to those of
Section 3 we also find

Bs(piL(b) ® p3Opn (1)) C p1 ' (G%), (3.2)

where G is the set of points in G such that their p;-fiber is not a finite set. We can then apply
the methods already used above to show that the same estimate also holds for all the strata %7

of #%.

4 Effectivity in the Kobayashi Conjecture

In this section we give an effective estimate for the Kobayashi conjecture, based mainly on
Theorem 3.1. First, we briefly recall the ideas of [3] describing how Theorem 3.1 can be used to
give an effective bound for the degrees of general hypersurfaces which are Kobayashi hyperbolic.
We try to make our statements self-contained.

Let X be a projective manifold of dimension n and A a very ample line bundle on it. Fix
T0,---,7n € H?(X, A) in general position. Set I := {I = (ig,...,in)||I|] = 6}. Consider the
universal family p : A C X xA— A of hypersurfaces in X given by certain bihomogenous
sections of the form

F(a) := Z apr TR (4.1)
Iel
where for all I € I, a; € H°(X, A°), so that a := (as)rer € A := ©rerHO(X, A). Set H, :=
p~1(a) and we only consider the smooth locus Ag, C A which is the Zariski open subset of
A such that H, is smooth. Then we can construct a rational map given by the collection of
Wronskians

d:Ax X, --» PAFICH
(a,w) =  ([wi,...1.(ary, - an) (W), 1er-
The map ¢ factors through the Pliicker embedding
Pluc : Grjy 1 (C) — P(AFICh.

If we denote by X} the blow-up vy, : X — X, of the asymptotic k-th Wronskian ideal sheaf
oo (X) of the k-th Demailly-Semple tower of X, such that v} (.o (Xx)) = O, (=F) for some
effective divisor F'. Then v}, partially resolves the singularities of ®, under the condition (based
on Proposition 3.8 in [3]) that

€>meo(X,A), dimXy +k < #I,
for any x in X. Here
I, ;= {I €L, |7%(z) # 0}.

Since for any x we have #I, > (Nfg””s), then if

(k+1)n < (N_;”‘S), € > meo(X, A), (%)



there exists a non-empty Zariski open subset Ager C Agm such that the rational map ®|a, ,xx, -—*
Gr41(CY) can be resolved into a regular morphism

(i) : Adef X Xk — GI"]H_l(CH).

For example, we can take N =n + 1,k =n and § = n(n + 1) to satisfy Condition .

Since the blow-up of the Wronskian ideal sheaf behaves well under restriction, i.e. if Y C X
is a smooth subvariety, then vy, : v 1(Yk) — Y}, is also a blow-up of the Wronskian ideal sheaf
W (Y% ), and thus it behaves well in families (ref. Proposition 2.7 in [3]). Therefore, if we denote
by %’fel the relative k-th Demailly-Semple tower of the smooth family 2 C Age X X given by
(4.1), v will induce a morphism 7y, : f?fel C Adet X Xj — %’fel, such that for any a € Ay, if
we denote fI&k = ﬁlzl(H&k), then 7y, : ]-Ala,/zC — Hy 1 is the blow-up of the Wronskian ideal sheaf
moo(Han).

If we introduce the map induced by ®

\if : Adef X Xk — Grk+1(CH) X PN
(a@) = ($aw), [ (@)]),

then when restricted to %irel the morphism U factors through ¢/, which is the universal Grass-
mannian defined in Section 3

% = {(A,[z]) € Grp1(CH x PY|A([z]) = 0}.
By the definition of 0, for any positive integer m we have
V(g2 © g30sx (~1)) = v (Ox, (mk) © s g APFFDEHRD 1) © O (—mF),

where k' := @
Now take k + 1 = N. By Theorem 3.1, for any m > M := §¥~!, we have a good control of

the base locus
Bs(¢1.2™ ® ¢3O0pn (—1)) C g7 (G™),

where G is the set of points in Gry,1(C") such that the inverse image of ¢; is not finite.
If we can find a non-empty Zariski open subset A, C Ager such that

(i)il(Goo) N (Anef X Xk) = (Da (42)
then we can prove that

VZ(OX]C (mk/) ® Wék,kAm(k?-f-l)(E-i-k‘é)_T) R OXk (_mF) ’Ha’k (43)

is nef on ﬁa,k for any a € Aye. If one applies the Fundamental Vanishing Theorem (ref. [5])
to constrain all entire curves in the base locus, the bundles in (4.3) need to be twisted by the
opposite of an ample divisor, i.e. we must have

m(k+1)(e + kd) < r. (4)



In order to avoid the positive dimensional fibers, as expressed by condition (4.2), and as was
proved in Lemma 3.8 of [3], J needs to satisfy the following condition:

§+1>dim(X,) =n+ (n—1)k. (4.4)
If we fix N=k+1=n+1, J only needs to satisfy
§ > n?. (M)
Let X, be the n-th Demailly-Semple tower for X. By Theorem 1.1 we have
Woo (X, A) = w0(X,, A"),
which implies mqo (X, A) = n. By the constructions of H,, we see that
Hy € HO(X,Ox (e +6(r + k) A).

By Conditions %, # and #, for any n > 2, we can take N =k+1=n+1and 6 =n(n+1), to
conclude that:

Theorem 4.1. Let X be a projective manifold endowed with a very ample line bundle, for any
degree d € N satisfying

Je>n, r>6""Hk+1)(e+kd) =n"(n+1)"" (e +n*(n+1)):
d=n(n+1)(r+n)+e, (4.5)

the general hypersurfaces in |HY(X,Ox (dA))| is Kobayashi hyperbolic.

In particular, for any d > do := n"*1(n 4+ 1)"2(n3 4 2n2 + 2n — 1) + n3 + 3n? + 3n, there
exists a pair (r,¢) € N? satisfying Condition 4.5 in Theorem 4.1. This proves our Main Theorem
1.

Remark 4.1. By using Siu’s technique of slanted vector fields on higher jet spaces and combin-
ing it with techniques of Demuailly, the first effective lower bound for the degree of the general
hypersurface which is weakly hyperbolic was given by Diverio, Merker and Rousseau [8], where
they confirmed the Green-Griffiths-Lang conjecture for gemeric hypersurfaces in P™ of degree
d > 20=D°  Later on, by means of a very elegant combination of the holomorphic Morse in-
equalities and a probabilistic interpretation of higher order jets, Demailly was able to improve the

lower bound to d > L”; <n log (n log(24n))>nJ [6]. The latest best known bound was d > (5n)?n"
by Darondeau [4].

5 Effectivity for the Ampleness of the Complete Intersection

Let M be a projective manifold of dimension N and A a very ample line bundle on it. For any
integer ¢ > &, by the work [2] and [12] we know that when m is large enough, the complete
intersection X := Hy N...N H. of general hypersurfaces in H°(X, mA) has ample cotangent
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bundle. In [12] Songyan Xie gave an effective bound NV * for m. Our goal in this section is to
obtain a better estimate, based on the work [2].

To start with, we will outline the stategy of [2] to prove that the general complete intersection
has an ample cotangent bundle, and show what is involved in order to obtain the effectivity.
The general ideas are similar to those used in the proof of Kobayashi hyperbolicity. Howvever,
in that case, one does not encounter the intrinsic singularities related with the Demailly-Semple
towers, since the Wronskian ideal sheaf arises only for jets of order 2 and higher.

First consider a family p : X — S of complete intersection subvarieties in M cut out by

certain c-bihomogenous sections, depending on two c-tuples of positive integers € := (e1,...,€.)
and 6 := (61,...,0.), and a positive integer r fixed later. Then for general A € S, the fiber X :=
p~ () is a compete intersection of ¢ smooth hypersurfaces Hy € |H?(M, Oy (diA))|, ..., He €

|H°(M, O (deA))|, where dp, := €, + (r + 1), for each p = 1,...,c. Now we can define a
rational map ¥ from S x P(y) to Ga(61) x ... Ga(6.) x P?*. As was proved in Proposition
2.4 in [2], as soon as ¢, > 2 for any 1 < p < ¢, after shrinking the parameter space S to some
non-empty Zariski open set Ujer, when restricted to Uger X P(237), the rational map ¥ is a
regular morphism.

Along P(Qyx/5) N (Udef X P(QM)), the map W factors through the universal Grassmannian
% defined by

W = {(A1,..., A, 2) € Ga(01) X ... Ga(6.) x PV i, Ay([2]) = 0}.

Here we use the notations in Section 3. By the definition of W, for any c-tuple of positive integers
a, we have

\I}’P(QX/S)H(UdefXP(QJM)) (g(a)@(’)pzc(—l)) - OP(Q‘Y/S)(; a) & OX<(2pZ;(Ep+5p)ap_T)A>’
where 7 : P(€2x/5) — X is the projection map, and L(a) := Og,5,)(a1) X ... X Og,s,)(ac).

Observe that if we take

C
2 Z(ep + 0p)bp <1, (@)
p=1
then the above bundle becomes the symmetric differential forms with a negative twist. By (3.2),
¢ §2%¢
if we set b; := HZ:(S#, then we have

Bs(piL(b) ® p5Op2e(—1)) C G, (5.1)

where G*° to be the set of points in G := Ga(d1) X ... Ga(d.) such that the fiber of projection
map p1 : % — G is not a finite set. Thus if we can shrink Uges to some non-empty Zariski open
subset Uper C Uger such that

U (P(Q/5) O (Uner x B(Qar)) ) Np7H(G™) = 0, (5.2)
then the bundle

[

(Z(b) K Op2 (1)) |P(QXA) = Op(ay,) (Y ai) @ 7°Ox (- q(e, 8,)A)

=1

\II *
‘P(QX/sm(Unefo(ﬂM))

(5.3)
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is nef when restricted to P(Qx, ) for any A € Uyer. Here we set q(€,0,7) :=r—23 "7, (ep+0p)b.
Thus if Condition © is fulfilled, for any A € Uyer, X has an ample cotangent bundle.

In order to avoid the exceptional locus on which Condition 5.2 holds, as was shown in the
proof of Lemma 2.6 in [2], § needs to satisfy

min 5 +1> dim (P(Qar)) = 2N — 1. ()
i=1,...c

In conclusion, combining Condition © and <) together, we have a more refined result com-
pared to Corollary 2.8 in [2]:

Corollary 5.1. On a N-dimensional smooth projective variety M, equipped with a very ample
line bundle A, for any degrees (dy,...,d.) € (N)¢ satisfying

c c € Hc'—l 62
30(5,>2N—1), €, >1), Ir > 20H5,2 +QZ$, s.t.
i=1 i=1 ¢

dy =6p(r+1)+¢ (p=1,...,¢),

the complete intersection X := Hy N ... H. of general hypersurfaces Hy € |A%|,... H. € |A%|
has an ample cotangent bundle.

Since any subvariety of a variety with ample cotangent bundle also has ample cotangent
bundle, we only need to deal with the case ¢ := L%J If we take 01 = ... = 0., = 2N — 1,
then any d > 4co(2N — 1)20+! 4 6N — 3, can be decomposed as

d=2N—-1)(r+1)+e€

with 1 < € < 2N and r > 4¢y(2N — 1)%%, satisfying the conditions in Corollary 5.1. In
particular, if M is taken to be PV, then we can take A to be Opn (1), and thus for all d >
4cg(2N — 1)%20FL + 6N — 3, the complete intersection of general hypersurfaces Hy, ..., H. with
Hi,...,H. in Opn(d) and other hypersurfaces (H;);>¢, of any degree has an ample cotangent
bundle. Our Main Theorem 2 is proved.
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