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Effectiveness in Kobayashi Conjecture and Nakamaye
Theorem for Universal Grassmannian

Ya Deng*

Institut Fourier, Université Grenoble Alpes

April 28, 2016

Abstract

Our main goal in this paper is to give an effective bound for the degree of generic hyper-
surfaces in P" which are Kobayashi hyperbolic, based on the recent work of Brotbek [2].

1 Introduction

The famous Kobayashi conjecture stated that a general hypersurface in P" of sufficient large
degree is hyperbolic. Recently there are three methods in studying this problem: Siu’s slanted
vector fields on higher order jet spaces [5], Demailly’s strongly of general type for studying Green-
Griffiths-Lang conjecture [4] and Brotbek’s construction of families of hypersurfaces which are
deformations of Fermat type [2]. In [2] Brotbek has given a formula for the degree bound dy,
which depends on two constants M (n) and me appearing in using noetherianity. In this paper
we will determine these two constants and hence give the effective bound by applying Brotbek’s
formula directly. Since the problems are more or less independent, we will extact them from the
work by Brotbek and suggest the readers who are interested in these connections to refer [2].
Nevertheless we will adopt the same notations in [2] for the reader’s convenience.

For the constant M(n) depending on n, it arises in the Nakamaye theorem: Let X be a
Kéhler manifold and L a big and nef line bundle on X. Then the null loci Null(L) of L coincides
with the augmented base locus B (L). Fix an ample divisor A on X, by noetherian property
there exists a positive integer mg such that for m > mg we have Bs(mL—A) =B (L) = Null(L).
Now we have the following effectiveness problem:

Problem 1.1. Can we get an effective bound for mg which depends on some numerical constants
related to L and A?

In general, this problem is hard to answer. Fortunately, in order to compute M (n), we only
need to consider the concrete projective manifold X which is a universal Grassmannian, and
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L is the pull back of the tautological line bundle. Our first main result is Theorem 2.1, and
we have the constant M(n) = n™(n + 1)". The method can also be used to study the effective
problem for the ampleness of the cotangent bundles of general complete intersections (ref. [1]).

The constant me, appears in the Wronskian ideal sheaf of Demailly-Semple tower. Let L
be an very ample line bundle on the K&hler manifold X, and for any holomorphic sections

50,...,8k € HY(X, L), we have the Wronskian for these sections
k(k+1
w(s0,51,...,s,) € H(X}, OXk(%) ® 7T’Ok7k(Lk+1)),
where X, is the k-stage Demailly-Semple tower for the directed variety (X, Tx). We set
kE(k+1)

W(Xy, L) := Span{w(so, - - -, 5n)|50,- - -, 80 € H(X, L)} € HY(X}, Ox, ( )®7T(’]‘,k(Lk+1)),

2

and (X%, L) is denoted to be the base ideal of the linear system W(Xy, L). By Lemma 2.5
in [2] if L is very ample we have

w(Xy, L) Co(Xy, L) C ... Cwo(Xg, L™) C....

Then the noetherian property shows that this increasing sequence stabilizes for some mgy :=
Moo (X, L), and we have the following problem:

Problem 1.2. Determine the constant meo(Xy, L).
We have the following theorem which solves Problem 1.2:

Theorem 1.1. If L seperates k-jets at each point of X, then moo(Xy, L) = 1. In particular, if
L is known to be only very ample, we have myo( Xy, L) = k.

By Theorem 1.1 we have my, = n if K = n. Hence by the formula in [2] we have the following
effective bound for degree of generic hypersurfaces in P" which are hyperbolic:

Main Theorem. Let X be a projective manifold of dimension n and L is a very ample line
bundle on X. Then a generic hypersurface in |HY(X, LY)| with d > n™+(n + 1)"T2(n3 + 2n2 +
2n — 1) + n3 + 3n? + 3n is Kobayashi hyperbolic. In particular, a generic hypersurface in P of
degree d > n"t1(n + 1)""2(n3 + 2n% + 2n — 1) + n3 + 3n? + 3n is Kobayashi hyperbolic.

2 Effectiveness in the Nakamaye Theorem for Universal Grass-
mannian

We denote by V := H°(PY, Opn (0)), which is the set of homogenous polynomials of degree ¢ in
Clz0,- -, 2n], and for any J C {0,..., N}, set

Py i={[x,....2x] € PV[z; = 01f j € J}.

Given any A € Griy1(V) and [z] € PV we write A([z]) = 0 if P(z) =0 forall P€ A C V. We
then define the family

@ = {(A,[2]) € Gri (V) x PV]A([2]) = 0},



and for any J C {0,..., N}, set
Wy =% N (Grk+1(V) xPy)Cc#n Grk+1(V) x PV,

Let k+1 > N, then q; : % — Gri41(V) is a generic finite to one morphism. We also define
q2 : % — PV to be the projection on the second factor. Let .# be the very ample line bundle on
Gri41(V) which is the pull back of O(1) under the Pliicker embedding. Then ¢}.Z|#, is a big
and nef line bundle on % for any J. For any J C {0,..., N} we denote by p; : #; — Gri,1(V),
and py: %5 — Py the second projection. Similarly we set

Ej:={y € #|dimy(p; ' (ps(y))) > 0}
GT =ps(Ey) C Grpq1(V),

then E; = Null(q}.Z|s;). For J = 0 we have %7 = % and denote by F := Ey and G* := G°.
By the Theorem of Nakamaye we have

Null(gyZ|w,) = B4 (q1<Z 2, )-
By notherierianity there exists m; € N such that
E;= B+(QT$|«0]J) =Bs(q1 L™ @ QSOPJ(_1)|5’/J)

for every m > m . Our goal is to get an effective estimate of m ;. From now on we assume that
k+ 1= N (since this is enough in Brotbek’s work), and thus ¢q; : % — Gry41(V) is an generic
finite to one surjective morphism. First we will work on J = {0,..., N}.

We first find a smooth rational curve C' in Gryy1(V') of degree 1, which is given by

A([th tl]) = Span(zf, Zg’ s Z?V—la 7502?\7 + tlzg),

where [tg,t1] € P'. We will show that A([tg,t1]) : P* — Grjy1(V) is a smooth embedding from
P! to Grjy1(V), and satisfies the degree condition . - C' = 1.

Set T := {I = (ig,...,in)||[I| = 6}. Then {2}/ is a basis for V, and W(pp,....1,) With
Io < I <...< I is a basis for A¥*1V | where I < J is defined by lexicographical order in I.
Now we set J; € I to be z7i := 2 for 0 < < k. Then the curve C defined in P(A¥+1V) given by
the equations wy,, . ) = 0 for all (lp,...,Ix) # (J1,...,Jn) and (Jo, ..., n-1), is of degree 1
with respect to .Z. C is totally contained in the image of the Pliicker embedding of Grr+1(V),
whose inverse image is C.

Now choose a hyperplane D which is given by {[z0,...,2x]|20 + 2y = 0} in PV. Then we
have

Lemma 2.1. The intersection number of the curve ¢iC and the divisor 5D in % is §N~1.
Moreover, qiqsD = 6VN"1.L, where “ =" stands for linear equivalent.

Proof. An easy computation shows that ¢jC' and ¢35 D intersect only at the point Span(z‘f, zg e Z?pr z?v—k

(=1)°+120) x [1,0...,0,—1] € % with multiplicity 6V~1. The first statement follows.
By projection formula we have

3D - C = qi (3D - ¢;C) = 6V L.

Since Pic(Gry,1(V)) ~ Z with the generator .Z, then qi.q3D = V"1 by the factor that
Z-C=1. O



Since ¢]q1+q5 D — ¢5D is an effective divisor of %/, from Lemma 2.1 we know that ¢7.Z Nl g
¢35 Opn (—1) is effective. Moreover, we have

Bs(g;-2°" " ® ¢5Opn(—1)) = E = B4(¢}.2).

Indeed, for any yo ¢ E, ¢ 1(q1 (yo)) is a finite set, and one can choose a hyperplane D’ €
HO(PN Opn (1)) such that D' N ga2(q; *(q1(y0))) = 0. From the result above we know that the
divisor ¢iqu.q3D’ — 3D’ is effective and lies in the lincar system |¢i.%%" = ® ¢5Opn(—1)| of
%. Now we show that yo ¢ Supp(qiqi.¢5D’ — ¢3D’). Indeed, for any A € Grgyq(V), if we
denote by Int(A) := {[z] € Py|A([2]) = 0}, then ga(q; * (q1(y0))) = Int(Ag), where Ag := q1(yo),
hence the condition D’ N g2(q; ' (q1(y0))) = 0 is equivalent to that Int(Ag) N D’ = (. However,
for any A € q1(g; (D)), we must have Int(A) N D’ # ), therefore Ag ¢ q1(gy '(D’)) and thus

yo & 4y (a1(a; 1 (D)) D Supp(giqigs D' — g5 D).
Thus from the arbitrariness of yy we have

Bs(ai 2" © q3Opn(~1)) C E.
Since .Z is very ample on Gry1(V), we see that for any m > §V-1,
Bs(7 2™ @ q;0pn (—1)) = By (q1L).

Now we work on general J C {0,...,N}. First recall that p;y : %5 — Gri1(V), and
Py % — Py the second projection. The method is repeating the arguments above. For any
yo ¢ Ej, the set p}l(p 7(yo)) is a finite one, and thus one can choose a generic hyperplane D €
HO(PN, Opn (1)) such that DNP;Nps(p; " (ps(y0))) = 0, which means that Int(Ag)NDNP,; = 0,
where Ag := py(yo). However, for any A € p;(p;(DNPy)) we must have Int(A) N D NPy # 0,

and thus Ag ¢ py(p;' (D NP,)), afortiori yo & p; ' (ps(H; (D NPy))) = a1 (a1(az (D)) N ;.
Thus the restriction of the effective divisor ¢fqi.q5D — ¢3D to % is well-defined and yo ¢
¢iq1+¢5D — ¢3D|g,. From the arbitrariness of yp we know that the base locus of the linear

system |72 " ® ¢5Opn (—1)|,| is contained in E;. Thus we have
Bs(¢i2”" " © q30pn (1)) = Ey.
In conclusion, we have the following theorem:
Theorem 2.1. For any J C {0,...,N}, and k+ 1= N, we have
Bs(q1 L™ ® g;0pn (—1)|2,) = By (1L ;)
for any m > N1,

From [2] we can set 6 = n(n + 1) and N =n + 1, then M (n) := 6V~ = n"(n + 1)".



3 Effectiveness For the Complete Intersection

Pursing the methods in 2 we can give an effective estimate for the ampleness of the cotangent
bundles of general complete intersections, based on the results in [1]. This section is an in-
dependent part and the readers can skip if they are only interested in the proof of the Main
Theorem.
We denote by Go(9) := Gra(Vs), where V5 := HO(PY, Opn (), and G := G (1) X. .. Go(d,.).
We set
Vi={(A1,...,A,2) € G x PNV i, Ay([z]) = 0}.

For simplicity we will assume that N is even and ¢ = % Let p1 : Y = G, p2 : Y — PN and

gi : Y — Gy(d;) be the canonical projections to each factor. We denote by L the tautological
ample line bundle

L:= Og,5,)(1) K ... K Og,s,) (1),

and

L(a) := Og,5y)(a1) X... X Og,s.)(ac)

for any c-tuple of positive integers a = (aq,...,a.).
We then define a smooth rational curve C; in G of degree 1, which is given by

A([to, t1]) := Span(z*, 251) x Span(zgl,zil) X ...

0; di d; 0; 0;
xSpan(zy; 1, t129; 4 tazy') x Span(z,ty, 2o h) X ...
xSpan(zp; 1, 255).

where [tg,t1] € PL. It is easy to check that Alty,ts] is an smooth embedding from P! to G, and

satisfies the degree condition L(a) - C; = a; for each i. Choose a hyperplane D; which is given

by {[20,---,2n]|22i + 20 = 0} in PV, Then we have

Lemma 3.1. The intersection number of the curve piC; and the divisor p5D; in Y is b; =
¢ 52

ngijj. Moreover, p1.p50pn (1) = Z(b), where b = (by,...,b.).

Proof. 1t is easy to show that pjC; and p5D; intersect only at one point with multiplicity b;.
By projection formula we have

103 D; - Ci = p1.(p3D; - p1C;) = b;.

Since £(a) : a € Z¢ = Pic(G) is an isomorphism, then p1.p3D; = p1.p3Opn (1) = L(b), due to
the fact that £ - C; = 1. O

Thus the line bundle £(b) ® p3Opn (—1) is effective, and the similar arguments in the section
above we also have
Bs(£(b) @ p5Opy (—1)) = B (£).

Hence we can get the effective estimate needed in [1].



4 Wronskian Ideal Sheaf in the Demailly-Semple Tower

We denote by (X, Vi) the Demailly-Semple tower for (X, Tx), where X is a complex manifold,
and D; := P(TXJ 1 /X;_o) (by an abuse of notation, in our context Dj is the divisor in X}, given

by 7 ik (D )). We would like to build the following parametrizing theorem.

Theorem 4.1. Let U be an open set with coordinates (z1,. .., z,) such that 71'077,11(U) is a trivial
product of U X Ry, i, where Ry}, s the universal rational homogeneous variety (C"k/Gn [3].1If
w € DN 7T0_771L(U) such that w ¢ D; for any other i € {2,...,k}. Then there exists an open
set W C U x C=DE=1 gnd o holomorphic family of germs of holomorphic curves f(t,a) with
a € W, such that the lift of these curves to the k-th Demailly-Semple tower fi;)(0,a) gives a
biholomorphism between W and an open set in D;\{U;x;D;} containing w, and fy(t,a) is also
a local biholomorphism to some open set in W&é(U), with {t = 0} defining the divisor D; locally.
The multiplicity of f(t,a) is always 2 at t = 0.

Proof. Since X; = P(Tx), let Uy C mo1(U) be the affine coordinate U x C"~! such that for
(zl, ooy Znsta, . tn) € U x C?L it will corresponds to the point (z1, . . ., 2, [aizl —i—tg(%Q +..+
tna ]) in P(Tx). We denote by V; := Wf,li(Ul)'

To make the theorem look more intuitive, we first prove the theorem for j = k. For any
w € Dy, such that w ¢ D; for any j € {2,...,k — 1}, we can assume that w € V;. Then the
following germs of holomorphic curves

f(t,a) :=ag + a;t* + ast* + ... +ap 1t 2 4 at? (4.1)
where a; are n-tuple in C" satisfying that agl) =...= ag) =0, agl) =1 and a; # (0,...,0),

whose lift to the k-th stage of Demailly-Semple tower fi)(0,a) represents all points in Vi N Dy \

{Ua<j<iD;} when ag varies in U and ay, ... ,a; varies in (C("_l) Without loss of generality we

assume that for the curve f(¢,b) such that f[k (0,b) = w, b 75 0. Then we can take an affine

coordinate U x C—DFk for o ,ﬁ(U) containing the point w such that fi)(0,a) corresponds to
3) al

2 (n) 2 (n) ay ay
(ag,a;”’,..., & ,...,ak_l,...,ak_l,O,p,..., (2))

i a
in this affine coordinate, where the coordinate 0 corresponds to the divisor Dj. Thus if we

(2)

normalize a;” = 1 in addition, the map
fi(0,a) : (ao,af), . ,ag n) ag), .. a,gn)l,a,g3), .. ,a,(cn)) e UxCl—Dk-1 _, VisNDp\{Ua<j<rD;}

is a biholomorphism. Here Vj5 is the image of the affine coordinate U x C(*~1¥ above in ury k(U ).
Since fk](() b) # 0, then fj;)(¢,a) is a local biholomorphism to Vi and {t = 0} defines the
divisor Dy, locally.
In general, for any w € D; such that w ¢ D; for any other D;, if we assume that w € V; the
following germs of holomorphic curves

f(t, a) (= ag + a1t2 + a2t4 + ...+ aj,thj_Q + athj_l + athZj + ...+ aktk+j_1, (42)



with agl) =...= a,(cl) =0, agl) =1and aj # (0,...,0), whose lift to the k-th stage of Demailly-
Semple tower fi;(0,a) represents all points in Vi N D; \ {U;2;D;} when ag varies in U and

ai,...,ay varies in C~ D% Without loss of generality we also assume that for the curve f(t,b)

such that fi,)(0,b) = w, b§-2) # 0. Then we can take an affine coordinate U x C»~D¥ for Wo_li(U)
containing the point w such that f[k](O, a) corresponds to

(3) (n)
2 n 2 n a; a; 2 n 2 n
(ao,ag )7,..7a§ )’,..,agjl,...,agjl,o, —azz),...,—a]@) 7Pj(+)1(a)""’Pj(+)1(a)""’PI§ )(a)7...,P]§ )(a))
J J

here we have

Al el yif2<i<k

where ); and Si(l) are both polynomials. Thus we can take a,(f) = 0 in addition such that
fix(0, ) is a local biholomorphism to D; \ {U;x;D;}, and the theorem holds for general j. [

Remark 4.1. The existence of the local biholomorphism induced by f[k}((), a) above can be proved
directly by implicit function theorem.

Now we study the Wronskian ideal defined by W ( fo, ..., fx), with fo,..., fr € O(U). By the

definition of the Wronskian, W (fo, ..., fx) € H’(m; 1(U), Ox, (m)), where m := @ For any

holomorphic curve v(t) which lies on U, its lift to the & — 1-th Demailly-Semple tower vy,_y(t)
induces a section l/[’k_u (t) of the line bundle Vi Ox, (—1), and thus

foov(t) ... frov(t)
Wi SOy ®™ =| & .
d¥ foov(t) d* fhov(t)
dik T dik
Recall that Vy := 7 ,ﬁ(Ul), where Uy C m1(U) be the affine coordinate U x C"~! corresponds
to the points (z1, ..., Zn, [8%1 + tQ% +... 4+ tn%]) in P(Tx). We have the following result:

Theorem 4.2. When W(1,z21,22,...,2F) restrict to Vi we have

k
. k(k+1
Div(W (1,21, 22,...,25)) = E %D]’.
Jj=2

Proof. Choose any w € P,V*8NV; with mg ;,(w) = p, where p is the origin in the local coordinate
(#1,...,2n), then we have a a germ of holomorphic curve

v(t,a) == at + ast® + ... + ayt®, (4.3)
whose lift to k-th stage v)(0,a) is equal to w. By the definition of V1, agl) % 0. Then

WLz, 28, 26 vy (0.2)™) = Cal)* 2 0,



where C is some non zero constant; hence W (1,21, 23, ... ,zf)\w = 0, and we conclude that its
zero locus lies on U< < D;.

Choose any w; € Vi N D;\ {U;jx; D;} still with 7o ,(w) = p, then by Theorem 4.1 there exists
an open set W C U x C~Yk=1 and a holomorphic family of germs of holomorphic curves v(t,a)
with a e W

l/(t, a) ‘= ag + a1t2 + a2t4 + ...+ aj,1t2j72 + ajt2j*1 + aj+1t2j + ...+ akthrjil, (44)

such that vy (t,a) is a local biholomorphism to V1, with {t = 0} defining the divisor D; locally,
and the multiplicity of v(t,a) is always 2 at ¢t = 0. Let b € W such that v;;(0,b) = w, and by
mo,k(w) = p we have by = (0,...,0). Since agl) # 0 for any a € W, we have

k(k+1)

WLz, 22, ) Wy (ta)™) = (@) + Pa)t 2 +oft

ke(k+1)
2

),

where P(a) is the polynomial of a with P(b) = 0. Thus Ordp, (W (1, 21,2{,...,2})) = @
Observe that X = P,V U Dy U ... U Dy, which concludes the proof. O

Theorem 4.2 shows that the invertible sheaf O(Z?ZQ(— k(k; 1)Dj)) is contained in ... Now
we will show that v, is also invertible outside the codimension 2 variety Us<;<i<xD; N D;.

For any point w € D; \ U;;D;, without loss of generality we can assume that w € V; and
p := 7o (w) corresponds to the origin in the local coordinate (z, ..., z,), then by Theorem 4.1
there exists an open set W C U x C»~Dk=1 and a holomorphic family of germs of holomorphic
curves v(t,a) with a € W

l/(t, a) = ag + a1t2 + a2t4 + ...+ aj,1t2j72 + ajt2j*1 + aj+1t2j + ...+ akthrjil, (45)
with agl) = ... = ag) = ag) = 0, agl) = 1 and a§2) # 0, such that vy, (¢,a) is a local
biholomorphism to Vi, with {t = 0} defining the divisor D; locally. Let b € W such that
V) (0,b) = w, then by = 0.

If we define the following Wronskian

' W(l,21,23,...,2. %  ,20,2021,...,222,° ), if k—jis even;
W] = k+j—1 k—j—1 (46)
W(l,21,23,...,2; > ,29,2021,...,222, ° ), if k—jisodd.

We find that in both cases we have

rk %‘9‘17 .tk(k;'l)f(k 2]) 7%(]?7])71 k(k;l)f(k J) 7%(]?7])71)

2

o(t

where C' is some positive constant. Thus at each w € D; \ U;x;D; the inclusion holds

Wi (v (t,2)™) = C(al)

k(k+1 kE—5)? 3 _
O~ EZIE By 1)D)) €
Indeed, by the Puiseux expansion method (ref. [3]) we can prove that 1., = Oth(_(k(k;—l) -

M — 3(k — j) — 1)D;) at these singular points.



We put 7 = t2, and the curve ¢t — v(t,a) becomes a Puiseux expansion

p(r,a) ;==ag+a;T +ast? +... +a; 17 + ajTj_% +...+ amHéil, (4.7)

Hence the derivative p(?) (1,a) may involve negative powers of 7 only when ¢ > j, and the
exponent is always > j — % — 4. Take any fo, f1,...,fr € Oxp, since the Wronskian is an
invariant jet differential, from the relation of invariant jet differential we have

fOOV(taa) fkoy(taa) fOOM(T7a) kaILL(T7a)
: .. : = 2 : . .

d¥ foov(t,a) d* frov(t,a) d* foou(r,a) d¥ frou(r,a)
dtk T dtk drk T drk

Since the multiplicity of

fOO:u'(Taa) kaILL(T7a)
d* foop(r,a) d* fnop(r.a)
drk o drk
. ; i1 ktj—1 _ (k=) +3(k—j)+2
at 7 = 0 is no less than that of W(1,7,7%,..., 777 7772 ... 7 2 ) = Ct 1 ,

where C' is some positive constant. Therefore we have

A2
Ordp, W (fo, ., fu) (_y (t,2)) > k(k;l) _ 23) - g(k:—j) -1,

and this proves as expected that

— )2
Oxul~(FEFD I3y 1)D) = v

for any w € D; \ Uj%;D;. In conclusion, we have

Theorem 4.3. Qutside the codimension 2 subvariety Z := Us<j<i<xDjN Dy, the ideal sheaf v
18 1nwvertible, which is equal to

k . .
=2

J

Moreover, at each point w € X\ Z, W is generated by k-jets OXJ,/mI;H, where p := o p(w).
In particular, if L is an ample line bundle which seperates k-jets, then W (X, L) = ro(Xy, L)
at the place Xy \ Z.

Proof. We only need to prove the second part. As is shown above, W(l,zi,z?, . ,Z,k)lgz‘gk
generate the ideal o, at all regular points P, T . The Wronskians in the form (4.6) generate the
ideal at all points in X \ Z, and since the holomorphic functions appearing in these Wronskians
are all belong to k-jets, then we prove the theorem. O



Now we will change a bit our parametrizing theorem to make the following proof simpler. Let
U be an open set with coordinates (z1,. .., z,) such that wa’,ﬁ(U) is a trivial product of U X R, 1,
and we denote by g : m, L(U) = U x R, 1, the biholomorphism. Then each D; N o, L(U) also has
the form U x E; under the map g, where E; is a smooth prime divisor in R, . Let p € U be
the point corresponding to the origin in the coordinate (z1,...,z2y,). Thus the following germs
of holomorphic curves

f(t, a) = a1t2 + a2t4 + ...+ aj_1t2j*2 + athjil + aj+1t2j + ...+ anthrj*l, (4.8)
with a; the n-tuples in C" satisfying that a; # (0,...,0) and a; # (0,...,0), whose lift to k-th

stage fi)(0,a) represents all points in m; i) N Dj \ 7, which is blholomorphlc to E; \ Uiz E;

under the map ¢z 0 g : WOk(U) — Rpk, where qo : U X R, — Ry is the projection to the
second factor. Thus as we have done in Theorem 4.1, we can build the parametrizing theorem
at any w € E; \ U;z; E; as follows:

Theorem 4.1bis. For any w € Ej \ U;£;E;, then there exists a b € C™ with bg) =
b,gl) =0, bgl) =1 for some 1 <1 < n, and bgz) # O,bg) = 0 for some 1 < i < n, such
that gz 0 g o f[k}(O,b) = w. Meanwhile, there exists an open neighborhood W of b in CMk—1-1

(here we treat b as variables in C**~D=1 by the conditions for b above) such that the map
@ogo fiy(0,a) :a€ W — Ej is a biholomorphism from W to some open set in Ej \ Ujx;Ej;.
Moreover, g2 0 go f(t,a) also a local biholomorphism to some open set in Ry, with {t = 0}
defining the divisor Dj locally.

Thus for any fo, ..., fn € Oxp, W(fo, f1,- .-, fr) can be seen as a section in HY(R,, x, Or,,.x(m))

with m = @ We set

S = Span{W(an v afn)|f05 s afn € OX,p} C HO(RnJﬁa O'Rn’k (m))a

and my, r C Og,,, is denoted to be the base ideal of the linear system S. By the homogenous
property we have

g* ° qsmn,k = W (49)
at 7'('0_7]1(U).
Recall again that Vi := 7, (U1), where U; C mo1(U) be the affine coordinate U x C"1
corresponds to the points (z1, ..., zp, [8%1 + tga%Q ot 32-1) in P(Tx). We will denote by
Vic Ry i the open set in R,, ), given by g2 0 g(V1). Then we have a similar theorem as above:

Theorem 4.4. The ideal m,, i, is invertible outside the codimension 2 subvariety 7 = U< j<i<kFiN
E;, which is equal to

k . .

k(k+1)— (k—j+1)(k —j+2)

Or, 022 (- ; Ej).
7j=2
On the Zariski open set Vi in Rogk, WA, 21,... ,28) # 0 at all points in Rk \ Ua<j<iEj,
and we have

1

ME».

DiV(W(l,Zl,Z%,---,Z]f)) = 2 J

M-

<
[|
N
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In particular, the ideal sheaf O(Z?ZZ(—k(k;l)Ej)) is contained in my .
Theorem 4.5. Let fy € m’;,fl, .., Jx € Oxp. Then on Vi, we have
5 k(k + b,
Div(W (fo, f1s---, fi)) Z
7j=2

Proof. For any point w € V; N E; \ Uiz E;, by Theorem 4.1bis there exists an open set W C
C(=Dk=1 4nd a holomorphic family of germs of holomorphic curves v(t,a) with a € W

l/(t, a) = a1t2 + a2t4 4+ ...+ aj,1t2j*2 + ajt2j*1 + aj+1t2j + ...+ akthrjil, (410)
with agl) = ... = a,(:) = a,(f) = 0, agl) 1 and a 75 0 for some 2 < i < k, such that
q209(vp (t,a)) is a local biholomorphism to an open set in Vi, with {t = 0} defining the divisor
E; locally.

We put 7 = t2, and the curve t — v(t,a) becomes a Puiseux expansion

2 i1 i1 kt+j—1
p(r,a) ==aiT+asr +...+a; 77 +a; 774+ far 2,

Since fy € m’; , thus the multiplicity of fo o (7, a) for 7 is k. Thus the multiplicity of

foou(r,a) ... frou(r,a)
dkaOM(Tya) dkanM(T7a)
drk e drk
at 7 = 0 is no less than that of W (1, 7,72, ... ,ijl,Tj_%, o ,T%_l,Tk) — o Thus
by the relation
fooult,a) ... frou(ta) foou(r,a) ... fropu(r.a)
. . . k(k+1) . . .
W(fo,...,fn)(l/[lkfl}(t,a)) = : .. : =t 2 - : .. : ,
d* foov(t,a) d* frov(t,a) d* foou(r,a) d* fnou(T,a)
dtk e dtk drk e drk
which implies
k(k+1
Ordg, W (fo, .- 7f7L)(ka—1] (t,a)) > %
and the theorem is proved. O

By Theorem 4.5, for any fy € m’;,fl,...,fk € Ox,p, on Vi we have H e O(W),
212

which means that on V; the linear system
Sy = Span{W (fo, ..., fa)lfo, -, fu € Oxp/mpt'} € S € H (R, O, (m)),

is enough to generate m,, . Namley, the base ideal of Sy is m,, , on V4. Since we can take other
affine coordinates U; for X; = P(Tx), such that U1 U...U, = P(Tx), and W (1, 2;,..., 2] 2F) plays

11



the same role in go 0 g(m; L(U;)) as W (1, 21, ..., 2%) in V} := ga 0 g(n[ 1 (U1)). Then Sy generates
my, ;. at each point in R, ;. Since
g" 0 qamy, | = s (4.11)

at g L(U), then we have the following theorem

Theorem 1.1bis. If L seperates k-jets at each point of X, then moo(Xk,L) = 1, where
Moo(Xk, L) = 1 is the positive integer defined in Section 1. In particular, if L is known to
be only very ample, we have moo(Xy, L) = k.

5 Effectiveness in the Kobayashi Conjecture

We will use the notations in [2]. Let X be a projective manifold of dimension n and L is a
very ample line bundle on X. Then L" separates n jets at each point of X. We now take
N=n+1,k=n,d=n(n+1),u=1,v=1. By Theorem 1.1 we have

moo(Xm L) = m(Xna Ln)’

which implies that my, = n. By Theorem 2.1 we can take M = M (n) = (n(n + 1))". Thus by
the definition in [2] we have

r(u,v, M, N, k,¢,6) = (n(n+1))"(n +1)(e + n*(n + 1)) + 1.
Since R := max{r(u,v, M, N,k ,€,0)|ms < € < Mmoo + d}, thus we have
R=mm+1)"(n+D(n+nn+1)—1+n*n+1)) +1
and the degree bound should be
do := u(Meo + v8) + (R + k)vd = n" T (n +1)""2(n® 4+ 2n + 2n — 1) + n® + 3n? + 3n.

Thus we prove the Main Theorem 1.
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