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There are infinitely many twin primes
30n+11 and 30n+13, 30n+17 and 30n+19,
30n+29 and 30n+31

By CHRISTIAN BANDRE

Abstract

We proved that liminf(pn+1 — pn) = 2 where p, is the n — th prime
n—-+oo

number. We showed the conditions on which an integer 10X + 1, 10X + 3,
10X + 7 or 10X + 9 can be a prime number. We studied the conditions re-
quired to get some twin primes and proved the twin primes conjecture. First
we showed that some sets of formulas are governing each of the eight sets
of composite integers 30n+11, 30n+31, 30n+13, 30n+23, 30n+7, 30n+17,
30n+19 and 30n+29. Then we showed that there are infinitely many couple
of integers 30n+11 and 30n+13, 30n+17 and 30n+19, 30n+29 and 30n+31
which are not generated by the formulas of the corresponding sets of com-
posite integers respectively. As a side result, it will open a new era for
the study of gaps between primes and leads to the proofs of many open
problems linked to prime numbers.
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2 CHRISTIAN BANDRE

1. Introduction

The issue of distribution of primes and the twin primes conjecture is a
puzzle for mathematicians since the time of Euclid of Alexandria [1, 2]. The
sequence of prime number seems to be random. This messy look of the sequence
of prime numbers requires an explanation. The twin primes conjecture is one
of the oldest mathematics problems [3]. It asserts that ”there exist infinitely
many primes p such that p+2 is a prime”. Recently Yitang Zhang has solved
the Bounded Gap Conjecture [4]. The aim of this work is to give a strong
and elegant proof of the twin primes conjecture and the distribution of prime
numbers. Our method consisted in discovering the formulas of the eight groups
of composite numbers, unveiling the deterministic structure which organizes
the distribution of prime numbers.

THEOREM 1. ligj_nf(pnﬂ—pn) = 2 where p, is the n — th prime number.
n o0

In the following sections we give the proof of the theorem above. First we
showed that some set of formulas are governing each of the eight set of com-
posite integers 30n+31, 30n+11, 30n+13, 30n+23, 30n+7, 30n+17, 30n+19,
30n+29. Then we showed that there are infinitely many integers which are
not generated by the formulas of the sets of composite 30n+11 and 30n+13,
30n+17 and 30n+19, 30n+29 and 30n+31.

2. Notation
X, Y,n,p,q, X,V 1, J, k, a, b, c are all natural integers

ProprosITION 1. X is an integer > 0.

10X + 1 can be a prime if only X =0 (mod 3) or X =1 (mod 3).
10X + 3 can be a prime if only X =1 (mod 3) or X =2 (mod 3).
10X + 7 can be a prime if only X =0 (mod 3) or X =1 (mod 3).
10X +9 can be a prime if only X =1 (mod 3) or X =2 (mod 3).
10X + 1 and 10X + 3 can be twin primes if only X =1 (mod 3).
10X + 7 and 10X + 9 can be twin primes if only X =1 (mod 3).
10X 4+ 9 and 10X + 11 can be twin primes if only X =2 (mod 3).

Table 1. Values of 10X+41, 10X+3,10X+7, 10X+9 and 10X+11
given X

X 10X+1  10X+3  10X+7  10X+9  10X+11
30 30n+1  3(10n+1) 30n+7  3(10n+3) 30n+1l
3n+1 30n+11  30n+13  30n+17  30n+19  3(10n+7)
3n+2 3(10n+7) 300423  3(10n+9) 30n+29  30n+31
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Proof. The table 1 shows that if n > 0 the twin primes can be only :
103n+1)+1and 103n+1)+3
103n+1)+7and 103n+1)+9
10(3n +2) +9 and 10(3n + 2) 4 11.

3. The composite numbers and prime numbers 10X+1

PROPOSITION 2. If X =0 (mod 3) then 10X + 1 = 30n + 1 is a prime
number if only X is not a term of at least one of the following sequences (1)
to (6) :

(1) (AL y) = 3(30zy + = +y) with x >0 and y > 0
(2) (By,) =3(30zy + 11z + 11y + 4)

3)  (Cp,)=3(30zy + Tz + 13y + 3)

(4) (D,.,) = 3(30xy + 17z + 23y + 13)

(5)  (Ey,) =3(30xy + 19z + 19y + 12)

(6)  (Fy,) =3(30zy + 29z + 29y + 28)

The sequences (1) to (6) constitute the set C30" 1,

The sequences (7) to (10) constitute the set C30n+1L,

If X =3n+1 then 10X + 1 = 30n + 11 is a prime number if only X is
not a term of at least one of the following sequences (7) to (10):

(1) (Uy,) =3B0zy +x+11y) + 1 withy >0
1y
(8) (Vaoy) = 3(30zy + Tz + 23y +5) + 1

9  (W,,)=33B0xy+ 17z + 13y +7) +
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(10)  (Z;,) = 3(30zy + 192 + 29y + 18) + 1

Proof. Consider the integers 10X + 1,p,q,x and y. If 10X + 1 is not a
prime number then 10X + 1 has at least two factors such that :

10X +1 = (10p+ 1)(10g + 1) with p >0 and q >0
or
10X +1 = (10p + 3)(10¢ + 7)

or
10X + 1 = (10p + 9)(10g + 9)

It is easy to check that by setting p=3x or 3x+1 or 3x+2 and q=3y or
3y+1 or 3y+2 then we get the previous sequences.
Example : For 10X + 1 = (10p + 1)(10¢ + 1) with p = 3z + 1 and g = 3y
then
10X + 1 = (30x + 11)(30y + 1)
=10(90zy + 3z +33y + 1) +1

or also

X =902y +3x+ 33y + 1
=330zy + 2+ 11y) +1

p > 0 and q > 0 means that y > 0
For 10X + 1 = (10p + 3)(10q + 7) with p = 3z + 1 and ¢ = 3y + 1 then

10X + 1 = (302 + 13) x (30y + 17)
= 900zy + 510z + 390y + 221
= 10(90zy + 51z + 39y + 22) + 1

and
X =90xy + 5lx 4 39y + 22

= 3(30zy + 172+ 13y + 7) + 1

For 10X + 1 = (10p + 3)(10¢ + 7) with p = 3z + 2 and ¢ = 3y then
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X =90zy + 21z + 69y + 16
=3(30zy + Tz +23y +5) + 1

For 10X + 1 = (10p + 9)(10g 4+ 9) with p = 3z + 1 and ¢ = 3y + 2 then
10X + 1 = (302 + 19)(30y + 29)
— 9002y + 870z + 570y + 551
— 10(90zy + 8Tz + 57y + 55) + 1

and

X =902y 4+ 87x 4+ 57y + 55
= 3(30zy + 292 + 19y + 18) + 1

It follows that if X = 3n+ 1 is a term of at least one of the sequences (7)
to (10) then 10X + 1 = 30n + 11 is a composite number. Thus, we conclude
that 10X + 1 = 30n + 11 is a prime number if X is not a term of at least one
of the sequences (7) to (10). QED
11, 41, 71, 101, 131 are primes because 1, 4,7, 10 and 13 are not some terms
of at least one of the sequences (7) to (10)

Similarly, if X = 3n is not a term of at least one of the sequences (1) to (6)
then 30n+1 is prime.QED
31, 61, 151, 181, 211 are primes because 3, 6, 15,18 and 21 are not some terms
of at least one of the sequences (1) to (6)

O

4. The composite numbers and prime numbers 10X+3

ProprosITION 3. If X =3n+1 then 10X+3=30n+13 is a prime number
if only X is not a term of at least one of the following sequences (11) to (14):

3 o .

(11)  (U2,) = 3(30zy + 13z +y) + 1 with 2>0
3y

(12)  (V3,) = 3(30zy + 23z + 11y + 8) + 1
3y _

(13) (W) =3(30zy + 19z + 7y +4) + 1

(14)  (Z2,) =3(30zy + 292 + 17y + 16) + 1
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The sequences (11) to (14) constitute the set C30"+13

If X = 3n+2 then 10X+3=30n+23 is a prime number if only X is not a
term of at least one of the following sequences (15) to (18):

(15)  (A2,) = 3(30zy + 13z + 11y + 3) + 2

(16)  (B3,) =3(30zy + 23z +y) + 2 2>0

(17)  (C2,) =3(30zy + 19z + 17y + 10) + 2

(18)  (D2,) =3(30zy + 29z + Ty +6) + 2

The sequences (15) to (18) constitute the set C39n+23

Proof. Consider the integers 10X+3,p,q, x and y
If 10X+43 is not a prime number then it has at least two factors such that :

10X + 3 = (10p + 1)(10q + 3) with p > 0
or
10X +3 = (10p 4 7)(10q + 9)

It is easy to check that by setting p=3x or 3x+1 or 3x+2 and q=3y or 3y+1
or 3y+2 and using the same method of transformations in 3 then we shall get
the sequences (11) to (14) and (15) to (18)

It follows that if X = 3n + 1 then 10X+43=30n+13 is a prime number if only
X is not a term of at least one of the sequences (11) to (14) QED.

13, 43, 73, 103, 163 are primes because 1, 4, 7, 10 and 16 are not some
terms of at least one of the sequences (11) to (14)
If X =3n+ 2 then 10X+43=30n+23 is a prime number if only X is not a term
of at least one of the sequences (15) to (18)QED.
23, 53, 83, 113, 173 are primes because 2, 5, 8, 11 and 17 are not some terms
of at least one of the sequences (15) to (18)
O
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5. The twin primes 30n+11 and 30n+13

From (1), (2) and (3) it follows that 10X+1 and 10X+3 are twin primes
if only X=3n+1 and is not a term of at least one of the sequences (7) to (14).

To prove that the twin primes 30n+11 and 30n+13 are infinite we must
prove that the positive integers X=3n+1 which are not terms of at least one
of the sequences (7) to (14)are infinite.

PROPOSITION 4.

Consider the numerical sequence Uy, = 3(an + b) + A

We must have at least a set of (a) numerical sequences

Up,i = 3(an+b+1i)+\ with i taking the values 0 to (a—1) to get all the consecutive

terms of the numerical sequence P, = 3(n + b) + X infinitely

Example The 2 sequences 6n+1 and 6n+4 generates all the integers 3n+1
: 1,4, 7,10, 13,16,... The 3 sequences 9n+1, In+4 and 9n+7 generates all
the integers 3n+1: 1,4, 7,10, 13,16,... The 4 sequences 12n+1, 12n+4 and
12n+7, 12n+10 generates all the integers 3n+1: 1,4, 7, 10, 13,16,19,22...

Proof. Consider the numerical sequence P,, = 3(n + b) + X\ It follows that
P,+1 = P, + 3 and the common difference of P, is 3

Consider the numerical sequence U,, = 3(an-+b)+ A It follows that U,,11 =
Un + 3a

The common difference of U, is 3a.

Thus between U,, and U, + 3a we have the terms U,, + 3i of P, with ¢
taking the values 1 to (a — 1).

Thus if we have the set of numerical sequences U,,,U,, +3,..., U, +3(a—1)
we will get all the terms of P, = 3(n + b) + A infinitely.

if we have the set of (a) sequences U,,,U, + 3,..., U, + 3(a — 1)

we will get all the terms of P, = 3(n + b) + A infinitely.

It follows that if we have a set of ¢ numerical sequences where ¢ < a we
will not get all the terms of P, = 3n + b+ X between U,, and U, 1. O

Given that the set of the sequences (7) to (14)does not satisfy the proved
proposition 4 which is a condition both necessary and sufficient, it follows that
we can find infinitely some terms of the sequence 3n+ 1 that are not generated
by the sequences (7) to (14). We conclude that the twin primes 30n+11 and
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30n+13 are infinite. We also conclude that the number of twin primes p and
p + 2 is infinite. example : 19 = 3% 6 + 1 but 19 is not generated by at least
one of the sequences (7) to (14). this is why 191 and 193 are twin primes.
64 = 3% 21 + 1 but 64 is not generated by at least one of the the sequences (7)
o (14). This is why 641 and 643 are twin primes. 67 = 90(0)(2) + 33(2) + 1
and 671 is not a prime number, this is why 671 and 673 are not twin primes
70 = 90(1)(0) 4+ 57(1) + 21(0) + 13 so 703 is not a prime number,this is why
701 and 703 are not twin primes

6. The composite numbers and prime numbers 10X+7

PROPOSITION 5. If X =0 (mod 3) then 10X+7=30n+T7 is a prime num-
ber if only X is not generated by at least one of the following formulas (19) to
(22) :

7 .

(19)  (Az,) = 3(30zy + Tz +y) with x > 0
7Ty

(20)  (BI,) = 3(30zy + 172 + 11y + 6)
7Ty _

(21)  (CI,) = 3(30zy + 19z + 13y + 8)

(22)  (D],) =3(30zy + 29z + 23y + 22)

If X =1 (mod 3) then 10X 4+ 7 = 30n + 17is a prime number if only X
is not generated by at least one of the following sequences (23) to (26):

7 —

(23)  (Up,) =3(30zy + 7o + 11y +2) + 1
7T\

(24) (V) =3(30zy + 17z +y) + 1,2 >0
7 _

(25)  (W;,) = 3(30zy + 192 + 23y + 14) + 1

(26)  (ZI,) =3(30zy + 292 + 13y + 12) + 1

The sequences (19) to (22) constitute the set C30n+7
The sequences (23) to (26) constitute the set C307+17

Proof. Consider the integers 10X + 7, p, ¢, xandy
If 10X + 7 is not a prime number then it has at least two factors such that

10X + 7 = (10p + 1)(10q + 7) with p > 0
or
10X +7 = (10p 4 3)(10g + 9)
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It is easy to check that by setting p =3z or p=3x+ 1 or p =3z + 2 and
qg=3yorq=3y+1orqg=3y-+2 and using the same method of transforma-
tions in 3 then we shall get the sequences (19) to (22):
and (23) to (26):

7,37, 67,97, 127,157 are primes because 0, 3, 6, 9,12 and 15 are not some
terms of at least one of the sequences (19) to (22)

17, 47,107,137, 167,197,227,257 are primes because 1, 4,10, 13,16,19,22 and 25
are not some terms of at least one of the sequences (23) to (26)

O

7. The composite numbers and prime numbers 10X+9

PrOPOSITION 6. If X = 1 (mod 3) then 10X+9=30n+19 is a prime
number if only X is not generated by at least one of the following sequences
(27) to (32):

27)  (UJ,) =3(30zy + 192 + y) + 1 2>0
(28)  (V;,) = 3(30zy + 29z + 11y + 10) + 1
(29)  (W},) =3(30zy + 13z + 13y + 5) + 1
(30)  (XJ,)=3(30zy + 23z + 23y + 17) + 1
(31)  (V,),)=3@B0zy+Tz+Ty+1)+1

(32)  (Z),) =3(30xy + 17z + 17Ty + 9) + 1
If X =2 (mod 3) then 10X+9=30n+29 is a prime number if only X is
not a generated by at least one of the following formulas (37) to (40):

(33)  (A},) =3(30zy 4 19z + 11y + 6) + 2

(34)  (BY,) =3(30zy + 29z +y) + 2 >0
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(35)  (CJ,) =3(30zy + 13z + 23y + 9) + 2

(36) (D),) =3(30xy + Tz + 1Ty + 3) + 2

The sequences (27) to (32) constitute the set C39+19

The sequences (37) to (40) constitute the set C39+29

Proof. Consider the integers 10X +9, p, ¢, zandy If 10X +9 is not a prime
number then it has at least two factors such that :

10X +9 = (10p + 1)(10g + 9) with p > 0
or
10X +9 = (10p + 3)(10g + 3)
or
10X +9 = (10p + 7)(10g + 7)

It is easy to check that by setting p = 3x or p =3z + 1 or p = 3 + 2
and ¢ = 3y or ¢ = 3y + 1 or ¢ = 3y + 2 and using the same method of
transformations in 3 then we shall get the sequences (27) to (32) and (37) to
(40):

19, 79, 109, 139, 199, 229 are primes because 1, 7, 10, 13, 19 and 22 are
not some terms of at least one of the sequences (27) to (32)

29, 59, 89, 149, 179, 239 are primes because 2, 5, 8, 14, 17 and 23 are not
some terms of at least one of the sequences (37) to (40) O

8. The twin primes 30n+17 and 30n-+19

From theorem (1), propositions (5) and (6) it follows that if X=3n+1 is
not a generated by the set the set C39"+17 C30n+19 then 30n+17 and 30n+19
are twin primes.

To prove that the twin primes 30n+17 and 30n+19 are infinite we must
prove that the numbers X=3n+1 which are not a generated by at least one of
the following formulas (23) to (32) are infinite.

It is easy to check that the set of sequences (23) to (32) cannot be converted
to a set of sequences

Upi=3(an+b+1i)+ A

with i taking the values 0 to (a — 1), to get all the consecutive terms of the
numerical sequence P,, = 3(n + b) + A infinitely.
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Given that the set of formulas (23) to (32)does not satisfy the proved
proposition 4 which is a condition both necessary and sufficient, it follows
that we can find infinitely some terms of the sequence 3n + 1 that are not
generated by the sequences (23) to (32).

It follows that the sequences (23) to (32) will never generates infinitely
all the consecutive terms of the numerical sequence 3n + 1 after a given term
3b + 1. The number of natural integers X = 3n + 1 that are not generated by
at least one of the formulas (23) to (32) is infinite. It follows that the number
of twin primes 10X + 7 = 30n + 17 and 10X 4+ 9 = 30n + 19 is infinite.

We conclude that the twin primes 30n + 17 and 30n + 19 are infinite.
example : 1,10,13,19,22 are not generated by at least one of the sequences
(23) to (32). This is why (17,19), (107,109), (137 139), (197,199), (227,229)
are twin primes.

9. The twin primes 30n+29 and 30n+31

We set 10X + 9 = 30n + 29 and 10X + 11 = 30n + 31 with X = 3n + 2.
We set Y = 3n + 3 then 10X +11 =10Y +1and YV —1 = X. If 10Y +1
is not a prime number and ¥ = 0 (mod 3)then Y is a term of at least one of
the numerical sequences (1) to (6). By subtracting 1 to each of the numerical
sequences (1) to (6) we get the following numerical sequences :

330zy+x+y—1)+2,z>0and y >0
3(30zy + 11z + 11y + 3) + 2

3(30zy + Tz + 13y + 2) + 2

3(30xy + 17z + 23y + 12) + 2

3(

3(

30xy + 19z + 19y + 11) + 2
30zy + 29z + 29y + 27) + 2

if X =3n+ 2 and is not a term of the following numerical sequences then
10X +9 and 10X + 11 are twin primes :

(37)  (A},) =3(30zy + 19z + 11y + 6) + 2

9 _

(38)  (B:,) = 3(30xy + 29z + y) + 2x>0
9 —

(39)  (Cy,) = 3(30xy + 13z + 23y +9) + 2
9 _

(40)  (Dy,) = 3(30zy + Tx 4 17y + 3) + 2

(41)  (U,),) =3(30zy + x + y — 1) + 2with x>0 and y>0



12 CHRISTIAN BANDRE

(42) (V) =3(30zy + 11z + 11y + 3) 42
(43)  (W,)) =3(30zy + Tz + 13y + 2) + 2
(44)  (X})) =3(302y + 172 + 23y + 12) + 2
(45)  (Y,},) =3(30zy + 192 + 19y + 11) + 2

(46)  (Z,,) = 3(30zy + 29z + 29y + 27) + 2

To prove that the twin primes 30n + 29 and 30n + 31 are infinite we must
prove that the numbers X = 3n + 2 which are not generated by at least one
of the formulas (37) to (46) are infinite.

Given that the set of formulas (37) to (46)does not satisfy the proved
proposition 4 which is a condition both necessary and sufficient, it follows
that we can find infinitely some terms of the sequence 3n + 2 that are not
generated by the formulas (37) to (46). We conclude that the twin primes
30n + 29 and 30n + 31 are infinite. example : 14 = 3 x4 + 2 but 14 is not
generated by at least one of the formulas (37) to (46).This is why 149 and 151
are twin primes. 17 = 3 x5+ 2 but 17 is not generated by at least one of the
formulas (37) to (46).This is why 179 and 181 are twin primes. 23 =3 %7+ 2
but 23 is not generated by at least one of the formulas (37) to (46).This is why
239 and 241 are twin primes.

It follows that the set of numerical sequences (37) to (46) will not generates
infinitely all the consecutive terms of the numerical sequence 3n + 2 after a
given term 3b + 2. The number of natural integers X = 3n + 2 that are
not some terms of at least one of the numerical sequences ((37) to (46) is
infinite. It follows that the number of twin primes 10X + 9 = 30n + 29 and
10X +9+2 = 30n+ 31 is infinite. We conclude that the number of twin primes
p and p + 2 are infinite.
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