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Abstract

We consider a general multivariate affine stochastic recursion and the associated Markov
chain on R%. We assume a natural geometric condition which implies existence of an un-
bounded stationary solution and we show that the large values of the associated stationary
process follow extreme value properties of classical type, with a non trivial extremal index.
We develop some explicit consequences such as convergence to Fréchet’s law or to an ex-
ponential law, as well as convergence to a stable law. The proof is based on a spectral gap
property for the action of associated positive operators on spaces of regular functions with
slow growth, and on the clustering properties of large values in the recursion.

Keywords : Spectral gap, Extreme value, Affine random recursion, Point process, Extremal
index, Excursion, Ruin, Laplace functional.

1 Introduction

Let V = R? be the d-dimensional Euclidean space and let A be a probability on the affine
group H of V, u the projection of A on the linear group G = GL(V). Let (A,, B,,) be a
sequence of H-valued i.i.d. random variables distributed according to A and let us consider
the affine stochastic recursion on V' defined by
Xy = Aan—l + B,

for n € N. We denote by P the corresponding Markov kernel on V and by P the product
measure AN on HY. Our geometric hypothesis (c-¢) on ) involves contraction and expan-
sion properties and is robust for the relevant weak topology if d > 1; it implies that P has
a unique invariant probability p on V, with unbounded support. In our situation (see [13]),
the quantity p{|v| > t} is asymptotic (t — o0) to a~tc t=* with a > 0, ¢ > 0. More preci-
sely the measure p is multivariate regularly varying, a basic property for the development
of extreme value theory i.e. for the study of exceptionally large values of X;(1 < k < n)
for n large (see [30]), our main goal in this paper. One non trivial aspect of hypothesis
(c-e) is that it implies unboundness of the subsemigroup of G generated by supp(u), hence
multiplicity of large values of |X,,|. Also, from a heuristic point of view, hypothesis (c-e)
allows us, to reduce the d-dimensional linear situation to a 1-dimensional setting.
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In such a situation of weak dependance, spectral gap properties of operators associated to
P play an important role via a multiple mixing condition described in [7] for step functions.
We observe that the same idea has been used in various closely related situations : limit
theorems for the largest coefficient in the continued fraction expansion of a real number (see

[27], [37]), limit theorems for the ergodic sums kil X}, along the above stochastic recursion
(see [15]), geodesic excursions on the modular surface (see [17], [28]), ”shrinking larget”
problem (see [26], [32]). In our setting, spectral gap properties of operators associated
to P allow us to study the path behaviour of the Markov chain defined by P. In the
context of geometric ergodicity (see [31]) for the Markov operator P acting on measurable
functions, assuming a density condition on the law of B,,, partial results were obtained in
[22]. However simple examples show (see below) that, in general, P has no spectral gap
in IL?(p). Here we go further in this direction replacing geometric ergodicity by condition
(c-e). Condition (c-e) implies that the operator P has a spectral gap property in the spaces
of Holder functions with polynomial growth considered below, a fact which allow us to
deduce convergence with exponential speed on Holder functions. A typical example of this
situation occurs if the support of A is finite and generates a dense subsemigroup of the
affine group H.

If Z is the set of non negative integers, we denote by IP, the Markov probability on Vet
defined by the kernel P and the initial probability p. In this paper we establish spectral
gap properties for the action of P on Holder functions and we deduce fundamental extreme
value statements for the point processes defined by the P,-stationary sequence (Xj)i>o0-
Our results are based on the fact that the general conditions of multiple mixing and an-
ticlustering used in extreme value theory of stationary processes (see [2], [7]) are valid for
affine stochastic recursions, under condition (c-e). We observe that, in the context of Lip-
schitz functions, the above mixing property is a consequence of the spectral gap properties
studied below ; it turns out that the use of advanced point process theory allows us to
extend this mixing property to the setting of compactly supported continuous functions
considered in[2]. Using these basic results, we give proofs of a few extreme value properties,
following closely [2].

Then, our framework allow us to develop extreme value theory for a large class of natural
examples in collective risk theory, including the so-called GARCH process as a very special
case (see [9]). In this context, some of our results have natural interpretations as asymptotics
of ruin probabilities or ruin times [6].

In order to sketch our results, we recall that Fréchet’s law ®¢ with positive parameters
a, a is the max-stable probability on Ry defined by the distribution function ®%([0,¢]) =
exp(—at~—%). Also, we consider the associated stochastic linear recursion Y,, = A,Y,,_1, we
denote by @ the corresponding Markov kernel on V' \ {0} and by Q = p®N the product
measure on Q = G : we write S,, = 4,, - - - A; for the product of random matrices Ap(1 <
k < n). Extending previous work of H. Kesten (see [20]), a basic result proved in [13] under
condition (c-e) is that for some a > 0, the probability p is a-homogeneous at infinity,



hence p has an asymptotic tail measure A # 0 which is a a-homogeneous @Q-invariant
Radon measure on V' \ {0}. The multivariate regular variation of p is a direct consequence
of this fact. Also, it follows that, if U; C V is the closed ball of radius ¢ > 0 centered at
0 €V and U/ =V \ Uy, then we have A(U]) = a~tet™ with ¢ > 0. In particular, A(U])
is finite and the projection of p on R;, given by the norm map v — |v| has the same
asymptotic tail as ®5. We write Ag = ¢ !aA hence Ag(U]) = 1 and we denote by A; the
restriction of Ag to Uj. If u,, > 0 satisfies (u,)® = a"len, it follows that the mean number
of exceedances of u, by |Xi| (1 < k < n) converges to one. It will appear below that w,
is an estimate of sup{|Xk|; 1 < k < n} and that normalization by wu, reduces extreme
values for the process X,, to excursions at infinity for the linear random walk S,,(w)v and
the measures Ag, A;.

Then, one of our main results is the convergence in law of the u,-normalized maximum of
the sequence |X1|,|Xa|, ..., |X,| towards Fréchet’s law ®¢ with 6 €]0,1[. A closely related
point process result is the weak convergence of the time exceedances process

n
Nﬁ = k§1 Enflkl{\Xkbun}
towards a compound Poisson process with intensity # and cluster probabilities depending
o
on the occupation measure 7, = ¥ €£g,(,)y Of the associated linear random walk S;(w)v
i=0

and on Aq. The expression ¢, denotes the Dirac mass at x. The significance of the relation
6 < 1 is that, in our situation, values of the sequence (|X|)o<k<n larger than u,, appear
in localized clusters with asymptotic expected cardinality #~' > 1. This reflects the local
dependance of large values in the sequence (Xj)x>0 and is in contrast with the well known
situation of positive i.i.d. random variables with tail also given by ®¢, where the same
convergences with § = 1 is satisfied. If Euclidean norm is replaced by another norm, the
value of the extremal index € is changed but the condition 6 €]0, 1] remains valid. For
affine stochastic recursions in dimension one, if A,, B, are positive and condition (c-e)
is satisfied, convergence to Fréchet’s law and 6 €]0, 1] was proved in [18], using [20]. We
observe that our result is the natural multivariate extension of this fact. Here, our proofs
use the tools of point processes theory and a remarkable formula (see [2]) for the Laplace
functional of a cluster point process C' = EZ ez; on V '\ {0}, which describes in small time
J

the large values of (X,,),>0. As a consequence of Fréchet’s law and in the spirit of [28], we
obtain a logarithm law for affine random walk.

To go further, we consider the linear random walk S, (w)v on V' \ {0}, we observe that
condition (c-e) implies nh_)ngo Sp(w)v = 0, Q—a.e. and we denote by Qp, (resp. Qpa,) the

Markov measure on (V' \ {0})%+ defined by the kernel @ and the initial measure Ag (resp.
Ay). We show below the weak convergence to a limit process N of the sequence of space-time
exceedances processes

n
Nn = .21 E(nfli,uﬁlXi)
1=
on [0, 1] x (V'\ {0}). In restriction to [0, 1] x Ug, with 6 > 0, N can be expressed in terms of



C and of a Poisson component on [0, 1] with intensity #6~%; the expression of the Laplace
functional of C involves the occupation measure 75’ and Q4,. Using the framework and the
results of ([2], [3], [7]), we describe a few consequences of this convergence. In particular we

n
consider also, as in ([7], [8]), the convergence of the normalized partial sums ¥ X; towards
i=1
stable laws, if 0 < a < 2, in the framework of extreme value theory. Also, as observed
in [7], this convergence is closely connected to the convergence of the sequence of space

exceedances point processes on V

N, = é‘l Euslx;
towards a certain infinitely divisible point process N®. Another consequence of this conver-
gence is the description of the asymptotics of the normalized hitting time of any dilated
Borel subset of U{ with positive A-measure, and negligible boundary : weak convergence to
a non trivial exponential law is valid. We observe that convergence of normalized hitting
times to an exponential law is a well studied property in the context of the ”shrinking tar-
get” problem. Here we are concerned with a special "random dynamical system” (see [32])
associated to the affine action on R% and the hitting times of shrinking neighbourhoods
of the sphere at infinity of R? considered as a weakly attractive target. The point process
approach and the use of spectral gap properties allow us to deal with this geometrically
more complex situation which involves a non trivial extremal index.

In these studies we follow closely the approaches previously developed in ([2], [7]) in the
context of extreme value theory for general stationary processes, in particular we make
full use of the concepts of tail and cluster processes introduced in [2]. This allow us to
recover, in a natural setting, the characteristic functions of the above a-stable laws, as
described in [15] if d = 1 and in [10] if d > 1, completing thereby the results of ([1], [2],
[7]). Furthermore, in view of our results we observe that, with respect to the @-invariant
measure Ag, the potential theory of the associated linear random walk enters essentially in
the description of the extreme value asymptotics for the affine random walk X, through
excursions, occupation measures and capacities.

For self containment reasons we have developed anew a few arguments of ([2]) in our
situation. However we have modified somewhat the scheme of ([2], [33]) for the construction
of the tail process, introducing a shift invariant measure Q5, on (V' \ {0})% which governs
the excursions at infinity of the associated linear random walk S, (w)v. This lead us to
an essentially self-contained presentation onr the extremal index and the point process
asymptotics. It is the use of its restriction Qp,, which allows one to express geometrically
the point processes N, N, Nt as in ([2], [3]).

Here is the structure of our paper.

In section 2, we recall a basic result of [13] and we define two processes of probabilistic
significance. This allow us to connect the extreme values of the affine random walk to the
excursions of its associated linear random walk, as in [2]. In view of the results in section



4, it is essential to deal with Z-indexed processes, hence to introduce the shift invariant
measure Q Ao

In section 3 we develop the spectral gap properties for affine random walks. In particular
we deduce the multiple mixing property which plays an essential role in section 4.

In section 4 we describe the new results and give the corresponding proofs.

Section 5 describe briefly new proofs of the convergence to stable laws, in the context of
point processes using the approach of [2], [3], [7].

In section 6 we show that our basic hypothesis (c-e) is ”generic” in the weak topology of
measures on the affine group H.

We refer to ([14], [16]) for surveys of the above results. After submission of this paper
the authors became aware of the content of the book [5], where closely related results are
proved by different methods. We thank the referees for substancial and useful comments.
We thank also J.P. Conze for suggesting the use of dynamical methods in the above context.

2  The tail process and the cluster process

2.1  Homogeneity at infinity of the stationary measure

We recall condition (c-e) from [13], for the probability A on the affine group of V.
A semigroup T of GL(V') = G is said to satisfy i-p if

a) T has no invariant finite family of proper subspaces

b) T contains an element with a dominant eigenvalue which is real and unique.
Condition i-p implies that the action of 1" on the projective space of V' is proximal ; heuris-
tically speaking this means that, T' contracts asymptotically two arbitrary given directions
to a single one, hence the situation could be compared to a 1-dimensional one. Condition
i-p for T is valid if and only if it is valid for the group which is the Zariski closure of T', (see
[25]). We recall that a Zariski closed subset of an algebraic group like G or H is a subset
defined as the set of zeros of a family of polynomials in the coordinates. The corresponding
topology is much weaker that the usual locally compact topology . In particular the Zariski
closure of a subsemigroup is a subgroup which is closed in the usual topology and which
has a finite number of connected components. Hence condition i-p is valid if T" is Zariski
dense in G (see [29]) ; also it is valid for T if it is valid for T~!. Below we will denote by T
the closed subsemigroup generated by supp(u), the support of p.
For g € G we write v(g) = sup(|g|,|g7"|) and we assume [ logy(g)du(g) < oc. For s > 0

we write k(s) = li_>m ([ lgl*du"(g))*™ where ™ denotes the n' convolution power of
n—oo
and we write L(u) for the dominant Lyapunov exponent of the product S, (w) = 4, -+ A;
1
of random matrices Ax(1 < k < n)ie L(u) = li_)rn — /log|g|d,u"(g) = k'(0). We denote
n—oo n

by 7(g) the spectral radius of g € G. We say that T is non arithmetic if (7") contains two
elements with irrational ratio. Condition (c-e) is the following :



1) supp(A) has no fixed point in V.
2) There exists « > 0 such that k(a) = li_)m (E[S,|*)V/™ = 1.
)

3) There exists € > 0 with E(|A|*v*(4) + |B|*™¢) < oo.
4) If d > 1, T satisfies i-p and if d = 1, T' is non arithmetic.

The above conditions imply in particular that L(p) < 0, k(s) is analytic, k(s) < 1 for
s €]0, a] and there exists a unique stationary probability p for A acting by convolution on
V'; the support of p is unbounded. Property 1 guarantees that p has no atom and says
that the action of supp()) is not conjugate to a linear action. Properties 2,3 imply that T
is unbounded and are responsible for the a-homogeneity at infinity of p described below ;
if k(s) is finite on [0, 00| and there exists g € T with r(g) > 1, then Property 2 is satisfied.
Also if d > 1, condition i-p is basic for renewal theory of the linear random walk S, (w)v
and it implies that 7" is non arithmetic.

In the appendix we will show that if d > 1 condition (c-e) is open in the weak topology
of probabilities on the affine group, defined by convergence of moments and of values on
continuous compactly supported functions.

Below, we use the decomposition of V' \ {0} = S¢~! x Ry ¢ in polar coordinates, where S¢~!
is the unit sphere of V. We consider also the Radon measure ¢* on Ry (o > 0) given by
09(dt) = t=>~1dt. We recall (see [20]) that, if (A, Bp)nen is an i.i.d. sequence of H-valued
random variables with law A and L(u) < 0, then p is the law of the P—a.e. convergent

series X = oi‘: Aj -+ ApBjii1. The following is basic for our analysis.
0

Theorem 2.1 ( see [13], Theorem C)
Assume that X\ satisfies condition (c-e). Then the operator P has a unique stationary pro-
bability p, the support of p is unbounded and we have the following vague convergence on
V\{0} :

lim ¢~%(¢. A=clc®x*

Jim 175 (tp) = A = c(0® © ()
where ¢ > 0 and o® is a probability on S%~1. Furthermore A is a Q-invariant Radon measure
on V \ {0} with unbounded support.

We observe that, for d > 1, if supp()) is compact and has no fixed point in V, L(u) < 0,
T is Zariski dense in G and is unbounded, then condition (c-e) is satisfied. For d = 1, if
supp(\) is compact, the hypothesis of ([18], Theorem 1.1) is equivalent to condition (c-e).
The existence of A stated in the theorem implies multivariate regular variation of p. Since
the convergence stated in the theorem is valid we say that p is homogeneous at infinity ;
below we will make essential use of this property. We note that the fact that supp(A) is
unbounded follows from condition 2 above, hence of the unboundness of T'.

Under condition (c-e), A gives zero mass to any proper affine subspace and ¢ has positive
dimension. We observe that, if the sequence (A, By, )nen is replaced by (A, By, )nen with
t € R*, then the asymptotic tail measure is replaced by t.A, in particular the constant c is



replaced by [t|%c. In subsection 2.2 below, in view of normalisation, it is natural to replace
A by Ag = ¢ laA; this takes into account the magnitude of B,, and implies Ag(U;) = 1.
Also, as shown in [13], the @Q-invariant Radon measure Ag is extremal or can be decomposed
in two extremal measures. Hence, if the action of 7" on S*! has a unique minimal subset,
then Ay is symmetric, supp(c?®) is equal to this minimal subset and the shift invariant
Markov measure Qa, on (V' \ {0})%+ is ergodic. Otherwise Q,, decomposes into at most
two ergodic measures. Hence Ay depends only of u, possibly up to one positive coefficient.
The following is a consequence of vague convergence.

Corollary 2.2 Let f be a bounded Borel function on V \ {0} which has a A-negligible
discontinuity set and such that supp(f) is bounded away from zero. Then we have

Jim t () () = A(F).

2.2 The tail process

We denote Q = GV, 0= G?, and we endow Q with the product probability Q = p®N.
We define the G-valued cocycle Sy, (w) where w = (A ez € Q, n € Z by :

Sp(@) = Ay -+ Ay for n >0, S, (@) = A1y - Ay for n < 0, So(@) = Id
We consider also the random walk S,,(w)v on V' \ {0}, starting from v # 0, w € Q and
we denote by Q4, the Markov measure on (V' \ {0})%+ for the random walk S,,(w)v with
initial measure Ag. This measure is invariant under the shift on (V' \ {0})%+. We recall
that the shift s (resp. 3) on the product space D%+ (resp. D%) is the map defined on
w = (wr)rez, (resp. W = (Wk)rez) by s(w)r = wr1 (resp. 5(W0)y = Wi41. We recall below
Proposition 4 of [12] which extends the construction of the natural extension for a non
invertible transformation (see also [34]); this construction is standard for finite invariant
measures. R
Let A (resp. A) be the shift on  (resp. ), o (resp. o) the map of Q x (V'\ {0}) = E into
itself (resp. Q x (V \ {0}) = E) defined by R

o(w,v) = (Aw, Ag(w)v) (resp. (0(w,v) = (A, Ag(@)v).
We denote by 7 (resp. 7) the shift on (V'\ {0})%+ (resp. (V' \ {0})%) and we note that Q® Ag
is o-invariant we observe that the map (w,v) — (Sk(w)v)rez, defines the dynamical system
(V\{0})%+,7,Qn,) as a measure preserving factor of (E,o,Q ® Ag). The construction of
a natural extension has been detailed in [12] and we state the result.

Proposition 2.3 (see [12])
There exists a unique o-invariant measure Q @ A on E with projection Q @ A en E.

Since the map defined by p(w,v) = (Sk(w)v)rez, (resp. p(&,v) = (Sk(W)v)rez) commutes
with o, 7 (resp. 7,7) and Q ® Ag is o-invariant with projection Q ® Ag on 2 x (V '\ {0}) it
follows, that the push-forward measure p(Q ® Ag) = Qa, on (V' \ {0})%, is T-invariant and



has projection Qa, = p(Q® Ag) on (V' \ {0})%+. The definition of @Ao is used below in the
construction of the tail process (see [2]) of the affine random walk (X )kez.

We define the probability @Al by @A1 = (1U{ o F)@AO where 7 denotes the projection of
(V\ {0})% on V \ {0}. The restriction of Ag to U] is denoted Aj, hence Ay (U]) = t~¢ if
t > 1 and we denote by Qp, the Markov measure defined by ) and the initial measure A;.
We note that the probability Qa, (resp Qy,) extends to VZ+ (resp V%) and its extension
will be still denoted Qy, (resp Qy,).

In order to illustrate the above contruction, we take d = 1, hence V' \ {0} = R*, A =
clz|7* 'dx where a > 0 and pu satisfies [loglaldu(a) < 0. Since [|a|*du(a) = 1, we
can denote by p, the new probability defined by duq(a) = |a|"%dp*(a) and p* is the
push forward of x4 by the map a — a™!'; it follows [loglaldua(a) < 0. We denote by
Q* the Markov kernel defined by convolution with pu, on R* hence Q*A = A. Then it
is easy to verify that @0 = Q! ® Ay ® Q where QF, = ,ug(_N) and F is identifixed
with G™N x V x GN. Also we denote by Q ® e, (resp., ® Q,) the Markov probability on
(V\ {0} ®24) (resp. (V \ {0})®4+) associated to Q* (resp. Q) and the inititial measure
€». Then we have @m = [Q} ®ey ® QudAi(v). If d > 1, such formulae remain valid, with
Q* equal to the adjoint operator to @ in L2(A).

We consider the probability p, the shift-invariant Markov measure P, (resp @p) on VZ+
(resp VZ), where p is the law of X and P, is the projection of @p on V%+. Since p({0}) =0,
we can replace V' by V'\ {0} when working under P,,. For 0 < j < i we write Sji- =A;--Aj
and Sf“ = I. Expectation with respect to P or QQ, will be simply denoted by the symbol
E. If expectation is taken with respect to a Markov measure with initial measure v, we will
write E,. For a family Y;(j € Z) of V-valued random variables and k,¢ in Z U{—o0, 00},
we denote M} (Y) = sup{|Y;| ; k < j < £}. We observe that, if ¢ > 0, condition (c-e)

implies p{|z| > ¢} > 0, hence as in [2], we can consider the new process (Y});cz deduced

~

from ¢~1(X;);ez by conditioning on the set {|Xo| > t}, for ¢ large, under P,. We recall (see
[30]) that a sequence of point processes on a separable locally compact space E is said to
converge weakly to another point process if there is weak convergence of the corresponding
finite dimensional distributions. The following is a detailed form in our case of the general
result for multivariate jointly regularly varying stationary processes in [2]. The tail process
appears here to be closely related to the stationary process (with infinite measure) @AO,
which plays therefore an important geometric role.

Proposition 2.4 a) The family of finite dimensional distributions of the point process
(Y!)iez converges weakly (t — oo) to those of the point process (Y;)iez on V given by
Y; = S;Yy where (Y;)iez has law @AI'A
b) We have Qp, {M®(Y) < 1} = Qu, {M_L(Y) <1},
lim lim P,{ 51k1p | Xkl <t/|Xo| >t} =Qa, {M(Y)<1}:=6
1<k<n

n—oo t—o0o

¢) In particular 0 €]0,1]



Proof a) We observe that, since for any ¢ > 0, X; = 5; Xo+ E SJHB and hm Z 21 S]Jrl
J

Bj =0, P,—a.e, the random vectors (t71X;)o<i<p+q and (¢~ 1S XO)OSZSp+q have the same
asymptotic behaviour in P,-law, conditionally on |Xy| > t. Also by stationarity of I/Esp, for
f continuous and bounded on VP9t we have
Eﬁ{f(t_lX—qv o vt_lXp)/|X0| >t} = Ep{f(t_lXO,t_lev o ’t_lXp—i-q) /1 Xql >t}
From above, using Corollary 2.2, A{|z| = 1} = 0 and the formula A{|z| > 1} = a~'c, we
see that the right hand side converges to : R

o [E{f(x, 812, Spyq)l{s,o>1 A () = Quao (fys1wry)
We observe that Corollary 2.2 can be used here for fixed w € €2 since the condition | X | > ¢
reduces the transformed expression under E, to a bounded function supported in S’ Loy).

Hence, using stationarity of @A, we get the weak convergence of the process (Y;!);cz to
(Y;)iez as stated in a).
b) In view of a) and Corollary 2.2, since the discontinuity sets of the functions 1yy (M7 (Y"))
and 1{1 oo[(Yo) on V" are Qa,-negligible, we have lim P,{ sup X <1/t Xo| > 1) =
t=00 " 1<k<n

Qa, M7 (Y) <1}
Hence § = lim lim ]P’p{ sup | Xk <t/Xo >t} = QAl{sup Y| < 1}.

n—o0 t—o00

We write QAl{M—oo( ) § 1} =1- @Al{M—oo(Y) > 1} and we define the random time
T by T = inf{k > 1; |[Y_g| > 1} if there exists k > 1 with [Y_g| > 1; if such a k does not
exist we take T' = co. We have by definition of T :

QuAMZL(Y) > 1} = £ QT =h),

QAT =k} = Qu IV S L, Yoo S Loy Vo S 15 [You| > 13,
Usmg T-invariance of QA, the definition of Q A, and a), we get
Qu, {T =k} = Qi <1 Ve <15 Vil > 1,
O (ML) > 1= 3, Gy (V1] € Lo [Tl 15 95> 1 = @, (M) > 1)

The formula Q, {M-L (V) <1} = Qa, {M>(Y) < 1} follows.

¢)The formula 6 = Q, {M7°(Y) < 1} and the form of Y;(i > 0) given in a) imply 6 =
E([ Lisup 1Siz| < 1}dA1(x)) < 1. The condition § = 1 would imply for any i > 1 : |S;z| <1,

i>1
Q ® Aj—a.e., hence {0} ¢ supp(S;A1) C Up. This would contradict the fact that supp(A;)
is unbounded, hence we have 6 < 1. The condition § = 0 implies Qp, {M(Y) <1} =0
and, since Y; = S;Yp, we have |Sjy| > 1 Qa, —a.e for some j > 1. Since A is Q-invariant, the
corresponding hitting law of supp(A;) is absolutely continuous with respect to Aj. Then,
using Markov property we see that Si(w)y returns to supp(A;) infinitely often Qa,-a.e.
Since condition (c-e)implies lim |S;y| = 0, Q—a.e. for any y # 0, this is a contradiction. [J
j—o0



2.3 Anticlustering property

We will show in section 2.4 that, asymptotically, the set of large values of X}, consists of a
sequence of localized elementary clusters. An important sufficient condition for localization
(see [7]) is proved in Proposition 2.5 below and will allow us to show the existence of a
cluster process, following [2]. It is called anticlustering and is used in section 4 to decompose
the set of values of X (1 < k < n) into successive quasi-independent blocks. For k < ¢ in
Z we write ,

M{ = sup |Xi| , Rj= % P{|Xi > un/|[Xo| > un},
k<i<t i=k
where u, = (a~*en)/®. For k > 0, we write also M = MF.

4
We observe that M} < %‘, | X;|. Let 7, be any sequence of integers with r,, = o(n), nh_}ngo Ty =

00. Then we have P, {M]" > u,} < r,P,{|Xo| > uy}, hence the homogeneity of p at infinity
gives lim P, {M]™ > u,} = 0. The condition r,, = o(n) allows us to localize the influence of
n—oo

one large value of Xj(1 <k < n). It follows that the event {M]™ > u,} can be considered
as "rare”. The homogeneity at infinity of p and the arbitrariness of r, allow us to restrict
the study to the sequence u,, instead of tu,(t > 0).

The following is based on the homogeneity at infinity of p, the inequality 0 < k(s) < 1 if
0<s<a.

Proposition 2.5 Assume r, < [n®] with 0 < s <1, lim r, = oco. Then lim lim R;" =
n—00 M—00 N—00

0. In particular lim h_)m Pp{sup(M M) > uy /| Xo| > un} = 0, hence the random

m—00 —Tn?

walk X, satisfies anticlustering. Furthermore we have @A1{| l‘im Vi =0} =1.
t|—o0

Proof We observe that :
P, {M® > u,/|Xo| > un} < Ry7, p{ > un/|Xol > uny < RTT = Ryn
where we have used stationarity of Xj in the last equality. Hence 1t sufﬁces to show

lim lim R» = 0. For ¢ > 0 we have X; = 5; Xy + é SZ-jHBj where 5;, X are in-
j=1

m— 00 N—00

dependent, as well as X, 5 ]SZHB]-\. We write Ii = ]IA”p{]Xi\ > up /| Xo| > un},
j=1
T =B {18:Xo0] > 27 un /| Xo| > un}, K, = Pp{ X |77 Bj| > 27 un /| Xo| > un},
]:

hence R]" = E IZ< E JZ—I— E KZ

i=m i=m

We are going to show lim hm E Ji= lim lim E K! =o0.

M—00 N—00 j=m mMm—00 N—00 j—=m

We apply Chebyshev’s inequality to the y-moments of X, with x €]0, a[. We have :

Ji < (25 XE, (S Xol* /| Xo| > wn} < (2uy WE(SIOE(|Xol*/1Xo| > un),
where independance of S; and X has been used in the last formula. Since the law of X
is a-homogeneous at infinity we have :
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lim & XE, (1Xo/|Xo| > ) = a(a =)™, lmsupJ} < 2X(EISMala =)~

It follows lim sup( 3 J) < 2%a(a —x) 7! ( 2 \S |¥), hence lim lim 3 J, =0,

n—oo i=m M—00 N—00 j=m

since lim (E|S;)Y? = k(x) < 1.

1—00

Also, using independence of X, and 5 ]SgHBj\ :
j=1
Ki = Pp{ £ 1877 B > 27wy} < (20 YB3 [T B < (20 VE( S (85185~
i1 i1 =1
From above using independance of S;_; and Bjwe know that Ry = OEO |Sj—1Bj| has finite

x-moment if x < 1. Then by Chebyshev’s inequality : :{‘L K < (2u, )YXr,E(RY).

Also if x € [1, o] we can use Minkowski’s inequality and independance in order to show the
finiteness or E(|Rp|X). Since 0 < s < 1, we can choose X €]0, a[ such that a1y > s, hence

lim r,u,X = 0. Then, for any fixed m : lim E K =0.

n—00 n—00 j=m

From [13] we know that, since 0 < x < «, we have k(x) < 1, hence E(]S;|X) decreases

o0
exponentially fast to zero; then the series E( ¥ |Si]X) converges and
=1

lim E(E |S;|X) =0, lim hm(E J) =0.

m—00 m—00 N—00 j=m,

Hence lgn 11_>m Z‘, I, i — (0 and the result follows.

The anticlustering property li_])rn lim Pp{sup(M__,f: JMI) > uy /| Xo|l > un} = 0 shows
m o0 N— 00
that, given £ > 0, v > 0 and using Proposition 2.4, there exists m € N such that for r > m

we have @m{ sup |Y;| > u} <e. Hence @Al{ lim |Y;| =0} =1.
m<|j|<r ljl—o0

O

2.4 The cluster process

In general, for a stationary V-valued point process with an associated tail process, the
properties of anticlustering and positivity of the extremal index 6 for a sequence r,, = o(n)

with lim 7, = oo, imply the existence of the cluster process (see [2]). For self containment
n—oo
reasons we give in Proposition 2.6 below a proof of this fact, using arguments of [2]; this

gives us also the convergence of 6,, defined by 6,1 = p{E Yoo (I Xk]) /My, > upn} to 0

defined in Proposition 2.4. We note that the condition E Ljup,00[(Xk) > 0 implies M;,, > uy,
1

hence we have 0,1 = 7, (P,{|Xo| > un})(P,{M,, > u,})~'. For later use we include also
in the statement the formula of ([2], Theorem 4.3) giving the Laplace functional for the
cluster process restricted to U{. We recall that the Laplace functional of a random measure
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n on a locally compact separable metric space F, where the space M, (F) of positive Radon
measures on F is endowed with a probability m, is given by

() = [ exp(—(f))dm(v)
with f continuous non negative and supp(f) compact. We recall also that weak convergence
of a sequence of point processes is equivalent to convergence of their Laplace functionals.

We denote by r, a sequence as above and we consider the sequence of point processes
Tn

Cn = X g,-1x,, on &2 =V \ {0} under P, and conditionally on M,, = M{" > u,. In
i=1

particular 6, = E,(C,(U})). Using the tail process (V;,)nez defined in Proposition 2.4
above, we show that C), converges weakly to the point process C'; C' is a basic quantity
for the asymptotics of X,, and is called the cluster process of X,,. As shown in Proposition
2.6 below, the law of C' can be expressed in terms of @Al and depends only of u,A;. By
definition, C' selects the large values of the process X;, and describes the local multiplicity
of large values in a typical cluster for the process X,,. We denote F= = (V\ {02, F.={ve
F; sup lvg| < 1}. Since |llnrn Y; = 0, Proposition 2.5 implies QAl( _) > 0, hence we can

deﬁne the conditional probability Q4, on F_byQ A = (@Al( )1 P Q A,)- Proposition

2.6 below implies that the law of C is Q A,» hence we can define a natural version of C' as

C = X ez, where Z;(v) is defined as the j-projection of v = (vi)rez € F_, where F_
JEZ

endowed with the probability @Ar
We denote by 7% the occupation measure of the random walk S, (w)v on V'\ {0} given by

[e.e]
Ty = %6 S;(w)v- For v fixed, the mean measure of 7 is the potential measure E Q'(v,.) of

the Markov kernel @ ; if L(p) < 0 the asymptotics (Jv] — oo) of this Radon measure are
described in [13]. The formula below for the Laplace functional of C' involves the occupation
measure 7% of the linear random walk S, (w)v and A; ; it plays an essential role below.
With the above notations we have the.

Proposition 2.6 UnderP,, the sequence of point processes Cy, converges weakly to a point
process C'. The law of the point process C' is equal to the Qp,— law of the point process

Y s,z conditional on sup |S;z| < 1. In particular we have for C = ¥ ez, with Z; as
JEZ 7<-1 JEZ

above
@Al{Hl'iglw |1Zi] =0} =1, @Al{igll) 1Zi| > 1} = 1.
Furthermore the sequence 0, defined above converges to the positive number 0 and :
sung{(%”1[Un,oo[|xi|)2/Mrn > up} < oo, 071 = IEAl( < 1y;(2))) < oo.
If sgpe)p(f) C Uj, the Laplace functional of C on f is gwen by
— 07 'En, [(expf(v) — 1)exp(—my (f))]-

Proof Let f be a non negative and continuous function on V'\ {0} which is compactly
supported, hence f(x) =0 if |z| < § with § > 0.

12



We write for k < ¢ with k,¢ € ZU {£oo}, M{(Y) = sup |Y;| with Y; = S;Y;. For k, ¢, f
k<j<t

¢ ¢
as above we write Cf = exp(— % flur X)), CHY) = exp(—%f(Yj)) and we observe that

C’,ﬁ < 1. We fix m > 0 and we take n so large that the sequence r, of the above proposition
satisfies r, > 2m + 1. When convenient we write r, = r, hence E,(CT; M| > u,) =
QEP(CI; Mf_l < u, < X;). We observe that, for r —m > j > m+ 1, we have C] = C]]fgz
1
except if sup(Mf_m_l, Mf,
(r — 2m)IAEp(C7_nm;M__$1_1 < u, < |Xp|) using those j's which satisfy m+1 < j <r—m
and we denote by A, ,, their difference.
If we write ' ‘ ‘

A () = Ep(CF; M{™H <y < X)) = B, (CIT0 M7, <y < |X5)

j—m>’ " j—m—1

) > upd. We are going to compare E,(CT; M{ > u,) and

then we have using stationarity, C’ﬁ < 1 and disjointness of the sets {Mf <y, < | X[}
r—m .
‘An,m‘ = X ‘An,m(])"
m+1

Using stationarity of X,, with respect to I, and the above observation we have
|Anm(5)] < ]P)p{suP(M—_:n_lv My, 1) > und; [ Xol > up}
Also using the formula 6,, = (r,P,{|Xo| > un}) 1P, {|M7| > u,}, we have 0,,E,(C] /M >
un) = 1y 'Ey (O MY > uy)P{|X0| > u,}) ™. Then the use of stationarity and the above
estimations for A, ,(j) and A,, ,, give the basic relation,
|0 (CT /MY > wn) — = (r = 2m)Ep(CT s M~y < g /| Xo| > un)| <
Pp{sup(M__;”_l,M;Hl) > upd /| Xo| > up}.
Using Proposition 2.4, we see that the discontinuity set of the function 1jq (M L (Y)

—m—1

-~

is @Al—ng\gligible, hence using again Proposition 2.4,
Tim By (CT M2,y < g /| Xo| > un) = Ea, (C7,(Y); M2, 4 (V) < 1.
Also lim 7,1 (r, —2m) = 1 since li_>m r, = 00. We observe that, by definition of 6,, and
n—o0 n o
CT < 1, we have 6,E,(C7/M{ > u,) < 6, < 1. The anticlustering property of X,, implies
that the limiting values (n — 00) of P, {sup(M ="', M" . |) > u,/|Xo| > up} are bounded
by &, > 0 with li_n>1 em = 0. Then the above inequality implies
m—00

lim sup [0nE, (C7 /M > ) — B, (CT,(Y); MZ) (V) < 1)| < e
n—oo
Since Tim En, (C7,(V); MZL_ (V) <1) = By, (exp(— 3 f(¥3)) 3 MCL(Y) < 1) =1,

we have li_)rn 0,E,(CT /M| > up) = I. In particular with f = 0 and using Proposition 2.4,
we get li_>m 0, = @AI{M__;O(Y) <1}=60>0.
Then we get li_>m E (C]" /M{™ > up) =071 = Ex, (exp(— 5 F(Y;)/M-L(Y) < 1) hence

the first assertion, using Proposition 2.4. The expression of (Z;);en in terms of F_ and Qq,
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explained above and the relation | l‘im Y, =0, @Al—a.e. stated in Proposition 2.5 gives
n|—oo

Qp, {lim Z; =0} = 1.
1—00
Since the discontinuity set of Ly is Aj1-negligible, using the weak convergence of C), to
C, the continuous mapping theorem (see [30]) and the convergence of 6,1 to 67!, we get

the formula 61 > Ex, ( & 1y;(Z;)). To go further we write W, = b Ly ,00[(Xi) and we
JEZ 1 ’

observe that the stated formula for lim 6, ' is a consequence of the uniform boundedness

n—o0
of E,{W2/M,, > u,}. We have
E{W2/M,, >u,} =0, +2 % P{|Xi| > un, |X;| > un/M,, > upn},

1<i<j<ry
hence using the convergence of 6,1 to §~1, we see that it suffices to bound the second term
in the above formula. Writing j — i = p, stationarity gives
Po{lXil > un, [ X5 > un /My, > un} = Pp{|Xo| > un, [Xp| > un}(Pp{M,, > un})_l-
We know already that 671 = lim (r,P,{|X1| > u,})(|Pp(M,, > u,))~' and we will now
n—oo

use a calculation similar to the one in the proof of Proposition 2.5.
In particular we have :

P .
P,{|Xo| > tn, | Xp| > un} < Po{|Xo| > un, |SpXo| > 27 up} + P, {| Xo| > un,zl:|5g,+1Bj| >

27w, ).
With 0 < x < a we have using independance :
Pp{|Xo| > un, [SpXol > 27 un} < 2Xun XE(|Sp ) E (| Xo X x4 5un})-
Since the law of X is homogeneous at infinity, the right hand side is bounded by
COOPAIXol > wn JE(IS,).
On the other hand we have
Po{1 X0l > e [S] > 27V} = By{ [ Xo| > wa)By{[S,] > 27w} <
(2uy Y(EIS, ) B, {IXo| > un}) < C'( ) B [ Xo| > u,)
It follows that P,{|X,| > u,/|Xo| > uy,} is bounded by C”(x)(un™ + E(]Sp|X)), hence
Y P {X; > un, |Xj| > up/M,>p} is bounded by
1<i<j<rn
DO (S EISp* + 1y ) (Bpf| Xo| > un}) (Bp{ My, > un}) 7t < D' (0rn (S E(Sp1),

since 7, (Pp{|Xo| > wn })(Pp{M,, > u,})~' converges to 671.

Then the uniform boundedness of E,(W2/M,, > u,) will follow if r,u,X is bounded. In
view of the form of ry, uy, this amounts to the boundedness of n®n~X/® with s < 1. Hence
it suffices to choose xy with as < y < « in order to get the result.

The last formula is proved in ([2], Theorem 4.1). A different proof is sketched in section 5.
O
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3 A spectral gap property and multiple mixing

We denote XJ(k € N) the affine random walk on V' governed by A, starting from x € V
and we write Pp(z) = [ o(hx)dA(h) = E(¢(XT)).
In this section we use a spectral gap property for a family of operators associated to the
process Xi(1 < k < n), in order to show the quasi-independance of its successive blocks of
length r,, where 7, is defined in subsection 2.3.

3.1 Spectral gap property

It was proved in ([10], Theorem 1) that, given a probability A on H which satisfies
condition (c-e), the corresponding convolution operator P on V satisfies a ” Doeblin-Fortet”
inequality (see [19]) for suitable Banach spaces C, and H, ., defined below. In particular,
it will be essential here to use that the operator P on H, ., is the direct sum of a 1-
dimensional projection 7 and a contraction U where m and U commute, hence we give also
a short proof of this fact below. In order to obtain the relevant multiple mixing property, we
show a global Doeblin-Fortet inequality for a family of operators closely related to P. For
X,k > 0, we consider the weights w,n on V' defined by w(x) = (1+|z|) X, n(x) = (14]z|)~".
The space Cy is the space of continuous functions ¢ on V' such that ¢(z)w(x) are bounded
and we write |p|, = sup |¢(z)|w(x).

eV

For € €]0, 1] we write :
[@les = Sip lz =yl n(x)n(W)le(x) —eW)l, el = lely + [©lex
Ty

and we denote by H, . . the space of functions ¢ on V such that ||¢| < co. We observe
that C, and #H, ., are Banach spaces with respect to the norms |.|, and ||.|| defined above.
Also Hy e C Cy with compact injection if kK + ¢ < x. We observe that the operator P
acts continuously on C, and H, . .. For a Lipschitz function f on V with non negative
real part we define the Fourier-Laplace operator P/ by P/p(z) = P(pexp(—f)). In [10],
spectral gap properties for Fourier operators were studied for f(v) =i < z,v >,z € V.
Here the calculations are analogous but f will be Lipschitz and bounded. We observe that
for functions fr(1 < k < n) and ¢ as above we have :

Also we note that, for f bounded, with k(f) = sup [z —y|™!|f(2) = f(y)| < oo
TF#Y

o =yl (@) = W)l < Inf @1Flocle — 175 K2 - yI') < 2flo + k(f) = ka(f),
For w, v with non negative real parts we have |exp(—u) — exp(—v)| < |u — v|. In particular,

for f as above, |exp(—f(x)) — exp(—f(y))| < k1(f))lz — y|*.

It follows that multiplication by exp(—f) acts continuously on Cy, Hy ., hence Pl is a
bounded operator on Cy and H, . .. For m,v > 0 we denote by O(m, ) the set of operators
P/ such that |f|o < m and k(f) < 7, hence ki(f) < 2m +~. For p € N let O?(m, ) be
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the set of products of p elements in O(m,~) and O(m,~) = L>JO OP(m, ). We will endow
p

~

O(m,~) with the natural norm from End(#, ). Then we have the

Theorem 3.1 With the above notations and 0 < x < 2k < 2k + € < «, there exists
C(m,vy) > 1 such that for any @ € O(m,~) the norm ||Q| of Q@ on Hyc . is bounded by
C(m,~). Furthermore there ezists r € [0,1], p € N, D > 0 such that for any Q € OP(m,~),
©E€Hyenr :

[Qell < rllell + Dlgly-

In particular 5(m, 7) is a bounded subset of End(Hy ) and C(m,y),r, D depend only
of m,y.

The proof depends on the two lemmas given below, and of calculations analogous to those
of [10] for Fourier operators.

Lemma 3.2 O(m,~) is a bounded subset of End(Cy).

Proof Since Re(f) > 0 we have for Q € O%(m,v) with £ € N, ¢ € C, : |Qp|,, <
| P¢| ||y, hence it suffices to show that the set {P*; ¢ € N} is bounded in End(C, ). We have
for ¢ > 0, with M = P’ :

w(@)Me(z) = w(@)E(e(XF)) < [phElw(@)w™ (XF)].

If x <1, using independance and the expression of X7 we get
4

w(@)Mo(x) < |l (1 + E[Se[X + 513(15!55“\")\ (E(| Bk [),
hence sup w(z) Mp(z) < [@ly (1 4 sup E[Se[* + (E(lBllx)(OZl%)ElSelx)-

eV >1

Since x < «, we have Zlim (E]Sg]X)I/Z = k(x) < 1, hence sup w(z)|Me(x)| is bounded by
0 zeV
Cylely with Cy < oo.

If x > 1, we use Minkowski’s inequality in ILX and write :
l
w(@)| M ()| < liel(1+ (B[S + SE(| S5 )X (E( By [¥)'Y)
As above we get

supw(z)|Me(z)| < Cylely with Cy < co. O
zeV

Lemma 3.3 a) For 3 € [0, a] we have supE| X% < co.

b) For 1,8 >0 and B+ 1 < a, we havZ T}LH;O(E(ysnyﬁl\Xg\ﬁ))l/n <1

¢) If x +& < o the quantity C,, = E(% 1S5|5(1 + |Su| + | X9))X) is bounded. Furthermore, if
2k + ¢ < a, then D, = E(|Sp|5(1 + |Sn| + | X2])%%) satisfies nh_?;o(ﬁn)l/n <1.
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Proof a) We write | X0|% = |§]Sﬁ+lBk|ﬁ. If 6 <1 we get :
n—1
E(1X31%) < E(E\Skﬂlﬁ)(E!Bk\ﬁ) (E[B1]7)( 2 E|S;1%)
Since lim (E\Sjlﬁ)l/] < 1if B < a we get supE|X?)P < (E\Bllﬁ)(%OE]Sj\ﬁ) < 0.
J—00 n>0

If 8 > 1, we use Minkowski’s inequality in L? as in the proof of Lemma 3.2.
b) Using Hélder’s inequality we have
B(S [P X0IP) < (BIS, |/ | X051+,
hence the result follows from a) and the fact that hm (IE|S B+ < 1 since B+ 61 < .

c¢) The assertions follows from easy estimations as in b) and the conditions y + ¢ < «,
2k+e<a.

Proof of Theoremn 3.1 We start with a basic observation. For n > 0 we have
XY =hp--hzx= Sna:—k?SﬁHBk, hence | X2 — X3| = |Sn(z —y)| < |Sullz —yl. It follows
for k(f) <~,zand y in V :

[f(X5) = FXD] < ALShllz = yl.

We write M = T\Ty--- Ty, with T; = P/i € O(m,~) 1 < i < n. We have using Markov
property,
Mo(x) — Mo(y) =
In(z,y) = E([exp(-—

In(@,y) = E((exp(—
Since Re(f) > 0 we have :

lexp(— 3 fi(X7)) = exp(~ 3 fi(X1))] <
The basic observation gives :

In(z,y) < (2m + 7)|ely |z — y[*Cn(x) with Cp(z) = E(% 1Sil" (1 + [ Xz )X

In(z,y) < E[p(X7) — o(XR)| < [@leklz — y[*Dn(z,y),

with Dy (z,y) = E(|Sa|"(1 + [XZ))"(1 + | X2)").
Using symmetry of [Mo(x) — M(y)|, x < 2k and | XZ| < |Sul|z] + | X2|, we get [M ). » <
(2m + 7)|<,0|X6’n + [go]eﬁﬁn where Cy,, D,, are as in Lemma 3.3.
Using Lemma 3.3 we can choose p € N such that » = D, < 1, hence for M € OP(m,~),
[Mple s < kl(f)6p|90|x + r[plen
Using Lemma 3.2 we see that there exists Cy > 1 such that M|y, < Cylely for M €
O(m,7), ¢ € Cy. Then for M € OP(m,~), ¢ € Hy . and p as above :

1Mol < 7lloll + (Cx +2m +7)Cylely = rll¢ll + Dlgly with D > 0.

(x,y) + Jn(z,y) szith
fi( X)) — exp(— ?fi(Xf/))ﬂﬁ(Xﬁ)])
fi

(XN (p(X7) = o(XE)))

»—-M: ’—‘M33

~M3

XE) = XD < @m+ ) BIXE - XU
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For the last assertion, assume M € O"(m,v) and write n = pn; + ng with n; € N,
0 <ng <p Wehave M = Q1+ Qn,R1 - Ry, with Q; € OP(m,~) (1 < i < p) and
R; € O(m,7v) (0 < j < ng), hence ||R;]| < Cy(m,~). Finally we get

ny—2
M) < Cy(m,y)" [Tmllsoll + Dlply(rm T + Oy 2 r’“)},
||MH S CX(m77)p [1 + D(l + OX(l — ’I")_l)] = O(m77)’ Wthh giVeS the reSult, |:|

For x €]0, a[ we consider the function WX on V defined by WX(x) = |z|X. In Proposition
3.4 below we show that, due to the inequality 0 < k(x) < 1 for x €]0,«[, P satisfies a
drift condition (see [23]) with respect to WX. The same inequality implies also a spectral
gap property in the Banach space H, . . considered in Proposition 3.4 below. For reader’s
convenience we recall the Doeblin-Fortet spectral gap theorem (see [19]).
Let (F,|.]) be a Banach space, (L, ||.||) another Banach space with a continuous injection
L — F. Let P be a bounded operator on F', which preserves L and satisfies the following
conditions

1) The sequence of operator norms |P"| in is bounded.

2) The injection L — F' is compact.

3) There exists an integer k and r € [0, 1], D > 0 such that for any v in L :

| PRl < rllol] + Dlol

4) If v, € L is a sequence and v € F are such that [jv,]| < 1 and nli_)n;()|v — vp| =0,
there v € L and |jv|| <1
Then in restriction to L, P is the commuting direct sum of a finite dimensional operator 7
with unimodular spectral values and a bounded operator U with spectral radius r(U) < 1.
We observe that, frequently the norm ||.|| on L is given as a sum of a semi-norm [.] and the
norm |.|; then the inequality in condition 3 can be replaced by

[P*v] < r[v] 4+ Dlv|

such an inequality is called Doeblin-Fortet’s inequality.
Our substitute for the strong mixing property (see [30]) uses regularity of functions and is
the following.

Proposition 3.4 For any  €]0,1] there exists £ € N and b > 0 such that P‘WX <
BWX 4+ b forn > L. In particular the sequence of norms |P"™|, is bounded. Furthermore, if
0<k+e<x<2k<2k+e < a, the injection of Hy ¢, into Cy is compact and on Hy e,
the Markov operator P satisfies the direct sum decomposition

P=p®14+U
where r(U) <1 and U(p® 1) = (p@ 1)U =0
Ifa=1and 0<e < x <1, k=0, the same result is valid.

Proof We verify successively the four above conditions. First we observe that for any

rxeV,
X5 — X <|Sullzl, [X5| < X3+ |Sullzl.
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If x <1, it follows
E|XG X < EIXQPX + (E|Sn[X)]2]X.
Using the expression of X and independence we get E|XJ|X < (E]Bl\x)(%oE]Sk\x). Since

X < a, we have E(]X°|X) < b < co. On the other hand we have nh_)n(f)lo(IE(|Sn|X))1/" =k(x) <
1, hence for some € > 0 k(x) +& < 1, and for n > £, |S,|X < B’ < (k(x) + ¢)". It follows,
forn>10:

P"WX(z) = E|XEX < B'WX(z)+b
If x > 1we use Minkowski’s inequality, hence :

E[X5X < 2X(E|XR X + E|Sy[¥|2[X)
As above, using k(x) + & < 1 and n > £ we get

E(|XZX) < 2% + 2X(k(x) + €)"|z[X, PPWX < B"WX + ¥ with 8" < 1, I/ < co.

We take 8 = /' or 5" depending on x < 1 or x > 1. This allow us now to show that |P"|, is
bounded. We observe that [¢(z)| < (14+ W (x))X|p|y, hence the positivity of P and P1 =1
implies for n € N,

[P ol(x) < ol P™ (2% + 2XWX(z)) = [p[3 (2¥ 4 2XP"WX(z)).
From above we get
[P ol(x) < [y [2¥ + 2X(b + BWX(x))].
Then the definition of |P"|, gives |P"|, < 2X(1 4 b+ f3), hence the boundedness of |P"|,.

In order to show that if kK + ¢ < x, the injection of H, . in F' = C, is compact, we use
Ascoli’s argument and consider a large ball U; with ¢ > 0. We consider ¢,, € Hy ., with
llon|| < 1. The definition on ||¢y|| implies for any z,y € Uy

|on(@)] < (1+ X, lon(@) = ealy)] < (1 +8)* | -y
Hence, the restrictions of ¢, to U; are equicontinuous and we can find a convergent sub-
sequence ¢y, . Using the diagonal procedure and a sequence ¢; with lim |t;| = oo, we get a
1—00

convergent subsequence yp; € Hy ¢y with limit a continuous function ¢ on V. From above
we have |¢n; () — ¢, (0)] < (1 + |z])"[2]°. hence for some A, B > 0, since k +¢ < x

|on,; (2) = 0, (0)] < (L +[2)"%, Jp(2)| < A+ B(L+ [z])X.
It follows that ¢ € Cy. The above inequalities for ¢;,; imply

|(n, (2) = ¢, (0)) = ((@) — @(0)] < 2(1 + |z|"*=.
Then the convergence of ¢,,; to ¢, implies with &, = |¢n;(0) — ¢(0)],
9y (2) = P@)] < ny +2(L+ 2%, (L+ [ol) Mo, (2) = pl@)] < e, +2(1 +[a)*He
with anélo en, = 0. Also for t sufficiently large, and |z| > ¢, since x + ¢ < x we have
(1+ |Jx|)“+5_x < &p,. Furthermore, the uniform convergence of ¢, to, ¢ on U; implies

lim (sup{|¢n; () — ¢(x)| ; |z| < t}) = 0. The convergence of |¢n; — ¢y to zero follows.
J—00
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The convergence of ¢, () to ¢(x) for any x € V and the definition of [|¢y,;||, implies
llell < lim [[n,|] <1, hence ¢ € L, and condition 4 is satisfied.
Jj—o00

With f = 0 in Theorem 3.1 we have P/ = P. In particular there exists k& > 0 such
that ||P*o| < r|l¢l + Dlply if ¢ € Hyen Hence from [19], we know that the above
conditions imply that P is the direct sum of a finite rank operator and a bounded operator
U which satisfies r(U) < 1. Now it suffices to show that the equation Py = zp with
|z| =1, ¢ € My implies that ¢ is constant and z = 1. From the convergence in law
of X? to p we know that for any x € V, the sequence of measures P"(x,.) converges

weakly to p. Also we have |p| € Hy ., and the sequence n~1 %Pk\gp\ converges to p(|p]).
1

Since |p(x)| = |2"p(x)] < P™(x,|p|) we get |p(x)| < p(|l¢]), hence |p] is bounded. Since

2"p(x) = E(p(XF)) and X¥ converges in law to p, we get li_}rn 2"p(x) = p(p). This implies
n [e.e]

z=1and p(x) = p(p) for any x € V.

For the last assertion, in view of the above, we have only to verify the contraction condition.

We write [p]. = sup|z — y|”“|¢(x) — ¢(y)|. Then we have
TFY

E(|p(X7) = (X)) < [#lel Xy = X317 < [¢lelz — y[FE(|Sn[7).

Since € < a, we have 0 < k() < r < 1 for some 7, hence [P"¢|. < r[p]. for n large. O

3.2 A mixing property with speed for the system (V% 7,P,).

In general, if the law of B, has no density with respect to Lebesgue measure, the
operator P on IL?(p) doesn’t satisfy spectral gap properties, hence the stationary process
X, is not strongly mixing in the sense of [31] but Proposition 3.4 above shows that it is
still ergodic. A simple example is as follows. Let V' = R and let P be the operator defined
on L%(p) by the formula Po(z) = £[p(£) + ¢(ZH)]. Then P preserves [0,1], p is uniform
measure on [0, 1] and the adjoint P* in I.?(p) of P can be identified with the map = — {2z}
on [0,1] endowed with Lebesgue measure. Then the spectrum of P* in IL?(p) is contained
in {|z| = 1} (and is in fact absolutely continuous). Hence P* has no spectral gap in L%(p) ;
by duality this is true also of P.

Then, using Theorem 3.1 and Proposition 3.4, it is shown below that the system (VZ+, 7, P))
satisfies a multiple mixing condition with respect to Lipschitz functions. For a study of
extreme value properties for random walks on some classes of homogeneous spaces, using
L2-spectral gap methods, we refer to [21]. Since, using Proposition 2.4, the stationary
process (X, )nen satisfies also anticlustering, we see below that extreme value theory can
be developed for (X, )nen following the arguments of ([2] , [3]) which were developed under
mixing conditions involving continuous functions.

However it turns out that the mixing property A’(u,,) of [3] for continuous functions can be
proved, as a consequence of the corresponding convergences involving Lipschitz functions
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and point process theory. This conditon plays an essential role in the study of space-time
convergence (see [3]).

Let f be a bounded continuous function with non negative real part on [0, 1] x (V' \ {0}).
Let 7, be an integer valued sequence with li_)rn 7, = 00, 7, = o(n) and k, = [r; 'n]. For

n o
0<i<mn, OSan,xEV\{O},wGVZ+ we write :
Fa(@) = F(n™15,u0), fin(w) = Fo(X0), f,(w) = Fo(X0).

In view of heavy notations, in some formulae we will write r, = r, k, = k, £, = L.
For f Lipschitz we denote by k(f) the Lipschitz constant of f, and assume supp(f) C

[0,1] x U with 6 > 0. We consider below the quantity E,(exp(— %1 fin)) which is the

n
Laplace functional of the point process ¥ € n—tiun 1 X3 For its analysis we use the classical
Z'Zl 9 n 1

Bernstein method of gaps, i.e. we decompose the interval [1,n] into large subintervals
separated by smaller but still large ones.

Proposition 3.5 Let f be a compactly supported Lipschitz function on [0,1] x (V '\ {0})
with Ref > 0. Assume that the sequence r, € N satisfies 7, = o(n), lim (logn)~'r, = oo
n—oo

and write | f|oo = m, k(f) =, supp(f) C [0,1] x Us,§ > 0. Then, with the above notations
there exists C(0,m,v) < oo such that,

ITn

n kn ] I — —
In(f) == [Ep{exp(— ¥ fin)}— I Ep{exp(— 3 zj,nn)}’ < C(d,m,) sup(rnl,n 17%)-
=1 Jj=1 (G-1D)rn+1

In particular with r, = [n*/?] we get sup(n=tr,,r; 1) < 2n~1/2

Proof We write [0,n] = [0, kyryp]U]k,rn, n], we decompose the interval [0, k7] into
ky intervals J; = [jry, (j + 1)rp| and we distinguish in J; the subinterval of length ¢,
Ji = (G + D)rn — o, (j + D)7 [; the large integer £, will be specified below.

n k T .

We write for f fixed, I(n) = \Ep(exp(—§f,~7n)) - HlEp(exp(— 3 NI
Jj= i=G—-1)r+1 ~

Then the triangular inequality gives I(n) < I1(n) + Iz2(n) + I3(n) + I4(n) with

1) = [Ep(exp(= 5 fin)) — Bylexp(— S fin))

kr k Jr—t

I(n) = [Ey(exp(— X fin)) — Ep(exp(— ¥ X fin))l
1 Jj=1 i=(G-1)r+1

k jr—Z k r—{ jT

2 Y fin)) —jl;ll Ep(eXP(—El fin))l

Is(n) = [Ep(exp(— % e
i=(j—1)r

J
k r—/ 7 k Togr
Is(n) = | II Ep(exp(— ¥ zn)) — II Ey(exp(— % zn))’
7=1 =1 7=1 =1

where stationarity of PP, has been used in the expressions of I3(n),I4(n). The quantities
Iy, Is, I, are boundary terms; their estimation below is based only on the fact that 7,
(resp. £,,) is small with respect to n (resp. ry,), the form of u,, and f has non negative real
part. On the other hand, estimation of I35 depends on Theorem 3.1 and Proposition 3.4.
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Using the inequality |exp(—xz) —exp(—y)| < |z —y| for x,y with non negative real parts we
get I1(n) < 5 E,(fin). Let 6 > 0 be as above such that f(¢,z) =0 for ¢t € [0,1], |z| <4,
kr+1

and observe that n — kr < r. Then the above bound for I;(n) gives :

Li(n) < rol flooPp{uy X1 | > 6}

Since lim n~'r, = 0, the definition of u, and Theorem 2.1 give lim I;(n) = 0. Also
n—oo n—oo

I1(n) is bounded by n~!r,, up to a coefficient depending only on m, §. For I5(n), a similar
argument involving each interval J; and the subinterval JJ/» gives :
I(n) < knlalflocPplu, ' X1] > 6}
Using ky,rp, < n we get lim n~'k,l, < lim r;lﬁn, ie. lim Ir(n) =0if lim r;lﬁn =0.
n—00 n— 00 n—o00 n—00
Also we can bound Iy(n) by r;'4,, up to a coefficient depending only on m, é.
For I4(n), we use the inequality |ﬁzj - ﬁwj| < |zj — wj] if || and |w;| are less than 1.
1 1 1
Hence : i ,
r— - r .
1) < 3 [Epep(="2 1))~ Bylexp(— £ )] < [ lscknlaBy{1X:] > dun)
As above we get lim I4(n) =0 if lim r,'¢, =0, and a bound for I;(n) of the same form
n—oo n—oo
as for Iy(n).
The estimation of I3(n) is more delicate and depends on Lemma 3.6 below. We begin with
the inequality : I3(n) < D(n ) —|— I5( )+ I3(n — ry,) where
k r—t ko ogr—t
D) = [Eyfexp(= £ "% fi)-Eylexp(= 5 f)Eylep(- £ S gl
J=1 (G—-1)r+ i=1 Jj=2 (j—1)r+1
r—/¢ k gr—~£ r—/¢ r
Is(n) = |Ep(eXP(— 2 fi,n)Ep(eXP(— P> > fin)) _Ep(eXP(— by fz,n))
1 J=2 (j-1)r+1 1

k jr—¢

Ep(eXp(_ _2 _ by fz,n))‘y
J=2 (j—-1)r+1

Ed

k jr—t r—t
Is(n—r) = [Ep(exp(— X "2 fin)) = I Ey(exp(— = f7,))].
Jj=2 (j—r)r+1 j=2 1
Using as above the inequality |exp(—z) — exp(—y)| < |z — y|, and Re(f) > 0 we get :

r—{ r—¢
Is(n) < IBp( 3 fim) = Ep (2 fin)l-
Since f is Lipschitz we have, for ¢/, ¢” in [0,1], x € V\{0} : |f(¥',x)— f(t", z)| < k(f)|t'—t"].
Since [n~Yi —n~lr,| < n"lr, we have
Is(n) < (rn — Co)n " trnk(F)Pp{uy | Xa| = 6} < r2n ™ k(f)P{| X1 | = dun}
Using Theorem 2.1 we get I5(n) < Cn~2r2 with a constant C' depending on k(f) and 4.

In order to estimate D(n) we consider the family of operators P;, on the space Hy.
with x, e,k as in Proposition 3.4, defined by P; ,¢o(z) = E((exp(—fin(w)))e(XF)) and the

k r
function 1, defined by ¥, (y) = E{exp(— % ]E fAT)/X® = 4}, Since, u,, > 1, for

=2 i=(j—1)r+1 fin

n large with m = | f|so, v = k(f), the functions f; ,, satisfy |finloo < m, k(fin) <, hence
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the operators P, ,, belong to O(m,~) C EndH, . . With the above notations, the products
of operators F;,, belong to 6(m,’y). Also, using Proposition 3.4 we know that on H, .«
we can write P = p® 1+ U where U has spectral radius r(U) less then 1 and U commutes
with the projection p ® 1. We note also that for f as above and ¥ € H, ., we have :

p(PT)] < p(Ply]) = p(|9]) < [I¥]

Then Lemma 3.6 below implies the convergence of D(n) to zero with speed.

Now, in order to prove the proposition, we are left to show lim I3(n) = 0. We iterate k,
n—oo

times the inequality : I3(n) < D(n) + Is(n) + Is(n — ). We get, using Lemma 3.6 :

Is(n) < I3(n —ryp) + C'(f)(n2r2 + r{"(U)) < C'(f) (knr{"(U) + n71ry),

with C'(f) > 1, depending on m,~. Since r, = o(n), it remains to choose ¢, such that

4y, = o(ry) with lim k Tf"(U ) = 0. These conditions can be written as

hm rote, = O hm T 1m’f”(U) =0.

The ch01ce of 4, Wlth the above properties is possible since :
r(U) <1, lim n~'r, = 0 and lim (logn)'r, = oco.
n—oo n—oo

One can take £, < r, with (logn)~'4, = co. The above estimations of Iy, I, I3, I, I5 give
bounds by sup(n~!r,,r, 1), up to a coefficient depending on §,m,~ only. [J

Lemma 3.6 There exist positive numbers C1(U), m(U) €]r(U),1] and C(f) depending
only of m,~ such that, forn € N and ¢, < r,, D(n), as above :
D(n) = |p(Prn - Pry—t, iU n)] < CLU)C(f)(r1(U) .

Proof We observe that Markov’s property implies E(e=7(XT)g(w)) = P/ (E(g(w)))
where f is as above, g(w) is a function depending on w throught the random variables
X{¥(k >1) and E(g(w)) is a function of x. We apply this property to H, ., with f = fi,
(1<i<r—{)or f=0,g=1, as above, hence writing P* = p® 1 + U’ and

D(TL) = |/0(P1,n T Pr—é,npéwn) - p(Pl,n ce Pr—é,nl)p(wn” = |/0(P1,n ce Pr—Z,nU€¢n)|a
Proposition 3.4 implies the existence of C1(U) < oo, (U) €]r(U), 1] with

[U bl < CLUY{ @) ¢l
On the other hand, since v, is of the form 1, = M1 with M € O(m,~) we have, using Theo-
rem 3.1, |1, || < C(f) with C(f) depending on m, 5. It follows D(n) < C1(U)C(f)(r1(U))*.
O

4 Asymptotics of exceedances processes

4.1 Statements of results

Let E be a complete separable metric space which is locally compact, M, (E) the space
of positive Radon measures on I, M,(E) its subspace of point measures, C{(E) (resp
LS (E)) the space of non negative and compactly supported continuous (resp Lipschitz)
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functions. Then it is well known that the vague topology on My (FE) is given by a metric
and with respect to this metric, M, (F) is a complete separable metric space. Furthermore
this metric is constructed (see [30] Lemma 3.11, Proposition 3.17) using a countable family
(hi)ier of functions in £ (E) and M,(E) is a closed subset of M (F). It follows that, in
various situations with respect to weak convergence of random measures, C{(E) can be
replaced by LG (E).

Below, assuming condition (c-e), we describe the asymptotics of the space-time exceedances

n
process N, = % En-1ius'X,) under the probability P, and we state a few corollaries. The
Z:].. »Un 1

results are formally analogous to results for stationary processes proved in ([2], [3]) under
general conditions. Here however, corresponding conditions have been proved in sections 2,
3 for the affine random walk hence the results described below are new for affine random
walks but the scheme of the proofs is given in [2], [3].

It is convenient to express the Laplace formulae below in terms of the occupation measure

Y = %}os S, (w)v Of the linear random walk Sy, (w)v on V'\{0}. We observe that these formulae

depend only of the linear part of the affine random walk ; this is a consequence of the choice
of the normalization by u,,.
We denote by ¥ ;s the homogeneous point Poisson process on [0, 1] with intensity p(d) =

i>0 i
06~ and by ¥ ez, (i > 0) an i.i.d. collection of copies of the cluster process C' = ¥ ez,
JEL JEZL
described in Proposition 2.6, independant of ¥ e;s. Since we have | X — X}| < |S, ||z —y|
i>0 i

and li_)m |Sn| = 0, P—a.e. it is possible to replace P, by P and X,, by X with z fixed, in

the statements. We give the corresponding proof for the logarithm law only.

n
Theorem 4.1 The sequence of normalized space-time point processes N, = % En-1iurl X))
Z:].. yn 1

on the space [0,1] x (V' \{0}) converges weakly to a point process N. For any § > 0, the law
of the restriction of N to [0,1] x Uy is the same as the law of the point process on [0, 1] x U
given by :
2 B oaiszy) Hzy>1y-
If n denotes the law of N, f € C5([0,1] x Us) and 1)y is the Laplace functional of n, then
—logyy, (f) is equal to
1

1/\

95— / Ea, (1 —exp(— X f(t.0Z;)))dt = / Epq(exp fi(v) — Dexp(—m,'(ft))dt
0 ]GZ 0

where fi(z) = f(t,z)

Assuming the mixing and anticlustering conditions for compactly supported continuous
functions, this statement was proved in [3]. Here we will use Propositions 2.6, 3.4 and point
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process theory. We observe that, due to the normalization by w, the law of N depends only
of I, Ao.

Now as a consequence of Theorem 4.1, the mixing property stated in Proposition 3.5 for
Lipschitz functions can be extended to compactly supported continuous functions. Then,
in particular, the mixing conditions A(u,) and A’(u,) of ([2], [3]) are valid here and the
basic conditions of extreme value theory (see [8]) are satisfied in our context.

Corollary 4.2 With the notation of Proposition 8.5, assume f is a continuous compactly
supported function on [0,1] x (V' \ {0}). Then we have the convergence lim I,(f) = 0.
n—oo

n
Since the space exceedances process N, = ¥ €, -1, is the projection of N,, on V'\ {0} we
i=1 U

have the

Corollary 4.3 The normalized space exceedances process N converges weakly to a point
process N°. The law of the restriction of N°® to U is the same as the law of the point
process

— 79

Q=2 2,02 12151

where T® is a Poisson random variable with mean p(8) = 05~°, independant of Z;i; for
1>0,j€Z.
The Laplace functional of N® is given in logarithmic form by

—Eno[(expf(v) = Dexp(=my(f))]-

Assuming the mixing and anticlustering conditions for continuous functions, this statement
was proved in [2], using the formula for Laplace functionals in Proposition 2.6.

We consider the N-valued random variable ¢ = 7% (U) and we write (,, = Qa,{¢ = k} for
k > 1; in particular we have (1 =0, (x > Cxt1-

Corollary 4.4 The sequence of normalized time exceedances process Nt = 2 anﬂll{‘xlbun}

converges weakly (n — 00) to the homogeneous compound Poisson process N t on [0, 1] with
intensity 0, and cluster probabilities vi(k > 1) where v = 071 (G — Cog1)-

Under special hypotheses, including density of the law of B, with respect to Lebesgue
measure, this statement was proved in [22].

Fréchet’s law for M = sup{|X}|;1 < k < n} is a simple consequence of Corollary 4.4 as
follows.
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Corollary 4.5 For any x € V and t > 0 we have the convergence in law of u, ' MZ to
Fréchet’s law ®Y,
lim P{u,'M? <t} = exp(—0t=%) = ®2([0,1])
n—oo
with 0 = Qp, {sup |Sy(w)v| < 1}. Furthermore the law of the normalized hitting time t~*7}*
n>1

of U] by the prozess | XE| converges to the exponential law with parameter c, i.e.
lim P{t" %7 > u} = exp(—clu).
t—00 t

For d = 1, another proofs of Laplace formulae in 4.3, 4.5 were given in [5] (see 3.1.1, 3.2.1)

It was observed in [28] that Sullivan’s logarithm law for excursions of geodesics around the
cusps of hyperbolic manifolds (see [36]), in the case of the modular surface, is a consequence
of Fréchet’s law for the continuous fraction expansion of a real number uniformly distributed
in [0, 1] (see [27]). Here, in this vein, we have the following logarithm law.

e

Corollary 4.6 For any x € V, we have the P—a.e. convergence

) log|l X2 1 . log MY
limsup ——— = — = limsup ———.
n—ooo  logn « n—oo log n

If x is random, we observe that a logarithm law and a modified Fréchet law have been
obtained in [21] for random walks on some homogeneous spaces of arithmetic character,
using L2-spectral gap methods.

Given a Borel subset A of U{ and a real number ¢ > 1, we can also consider the hitting
time 74 of the dilated set tA under by the process X (see [35] p. 290). In the context of
collective risk theory this hitting time can be interpreted as a ruin time associated to the
entrance of X7 in the set tA (see [6]). We observe that, in contrast to the associated linear
random walk, the event of ruin (in infinite time) occurs here with probability 1, due to
the finiteness of the stationary measure p. However, in law, the ruin scenario is the same :
excursion at infinity of the associated linear random walk.

Then the convergence to the point process V¥ stated in Corollary 4.3 gives the

Corollary 4.7 Let A be a Borel subset of V such that A C U, A(A) > 0 A(OA) = 0.
Then for any x € V, the normalized hitting time t~*17, of the set tA converges in law to
the exponential law with parameter cf(A) with

B(4) = (A0(4)~'Qu{¥ 1a(Siy) = 0, y € 4} €]0.6).

We observe that, in the notation of [35], the quantity Q{%}o 14(S;y) =0} is, for y € A, the
escape probability from A for the linear random walk S;y on V' \ {0}. Hence the number
v(A) = QAO{OZE) 14(S;y) =0, y € A} €]0,Ag(A)] is the corresponding capacity with respect
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to the Q-invariant measure Ag. The positivity of §(A) is a simple consequence of the
formula for #(A) and of the dynamical argument used in the proof of Proposition 2.4 for
the inequality 6 > 0.

The inequality 7% > 7/ implies #(A) < 6 < 1. We observe that, in the context of statistics
of hitting times for hyperbolic dynamical systems, convergence to an exponential law is
also valid, but since almost every point is repulsive, the corresponding condition 8 = 1 is
then generically satisfied (see for example [26], [32]). Here the property 6(A) €]0,1[ is a
consequence of the contraction-expansion property, which follows from the unboundness of
the semigroup generated by supp(u). Heuristically speaking, the sphere at infinity of V' is
weakly attractive for the affine random walk.

4.2 Proofs of point process convergences

The proof of Theorem 4.1 will follow of three lemmas.
We denote by (X} j)ren an i.i.d. sequence of copies of the process (X;)jen and we write
j\vrk,n =

krn ~ kn ~

Ep—1 —1 Ny Np = 3 Nk,n
J=l oty Rt X ) k=1

where r,, k, are as in section 2.

For k,, > 0 we denote by Egﬂ”) the expectation corresponding to the product probability
of ky, copies of P,,.
If f is a non negative and compactly supported Lipschitz function on [0,1] x V' \ {0}, we
have, using independance :

S (exp(~Na(H) = T Eplexp(— 5 fn~"kr, ' X))

k=1 j=14+(k=1)rn

This relation and the multiple mixing property in Proposition 3.5 show that, on functions
f as above, the asymptotic behaviour of the Laplace functionals of NV, under E,, and N,

under Egk”), are the same. We begin by considering the convergence of Egk”) (exp(—ﬁn( ).
Lemma 4.8 below is a general statement giving the weak convergence of a sequence of
random measures, using only the convergence of the values of the Laplace functionals on
Lipschitz functions. Lemmas 4.9, 4.10 are reformulations of parts of the proof of Theorem
2.3 in [3], which was considered in a general setting.

Lemma 4.8 Let E be a locally compact separable metric space. Let n, be a sequence of
random measures on E and, for f non negative Lipschitz and compactly supported, assume
that the sequence of Laplace functionals 1y, (f) converges to y(f) and ¥(sf) is continuous
at s = 0; then the sequence 1, converges weakly. A random measure n on E, is well defined
by the values of its Laplace functional on Lipschitz functions.

Proof We begin by the last assertion and we use the family of Lipschitz functions (h;);er
considered in the above subsection. If the random measures 7, 7" satisfy 1, (f) = 1,y (f) for

any f € LS (E) and A, Ag,- -+, \, are non negative numbers then we have wn(lip Aihi) =
i=1

1=
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Uy (E}I; Aih;). It follows that the random vectors (n(hy),---,n(hy)) and (7/'(h1),--- .1 (hy))

have the same Laplace transforms, hence the same laws. Furthermore, for rational numbers
rj < r’ the finite intersections of sets of the form {u € My (E), u(h;) €]rj,ri[)} define a
countable basic U of open subsets in M, (FE) stable under finite intersection, hence a -
system (see [30]). Then from above, 7, ' are equal on U ; since the sigma-field generated
by U coincides with the Borel sigma-field, one has n = 7/

We observe that, if a sequence of random measures 7, is such that for any f € £, (F) the
sequence of real random variables 7, (f) is tight, then the sequence 7, itself is tight. This
follows for a corresponding result in [30] for f € C§ (E) since any such f is dominated by
an element of LS (E).

Assuming the convergence of ¢, (f) to 1,(f) for any f € L (E) and the continuity at
s =0 of ¢, (sf), we get that 1, (sf) is the Laplace transform of the real random variable
n(f), hence the convergence of the sequence 1, (f) to n(f) for any f € LS (F). From above
and the continuity hypothesis of ¢(sf) at s = 0, we get that the sequence 7, is tight. If n,,
is a subsequence converging weakly to the random measure 1 we have the convergence of
the corresponding Laplace functionals for any f € £ (£). Since such a limit is independant
of the subsequence, we get from above that two possible weak limits of random measures
are equal. Hence the sequence 1, converges weakly to n. [

Lemma 4.9 Let f be a non negative and compactly supported continuous function on
[0,1] x Us and let X ez, be the cluster process for the affine random walk (Xy)ren. Then :
JEL

a) nli_)H;O[logEgk”)(exp(—]vn(f))) + :zjl(l - Ep(exp(_ﬁk,n(f))))] =0.

~ 1/\
b) lim % (1— B, (exp(—Nen(f)))) = 057 /O Bau(L—exp(— 3 f(t.07,)dt.

n—00 k=1

Lemma 4.10 Let ¥ eps be a homogeneous Poisson process of intensity p(6) > 0 on [0, 1],
i>0 i
which is independant of the sequence of cluster processes ¥ ez,..
JEZ
Then for any non negative and compactly supported continuous function f on [0,1]x Uy, the

Laplace functional of the point process Q° = ¥ 3 €10 52,,) 1|25 >1} Testricted to [0, 1] x U
i>0jez 107" ¢
satisfies :

logy?(f) = =p(8) Jo By (1 = exp(= 3 f(t.62;)))dt

Proof of Theorem 4.1 Let f be a non negative and compactly supported Lipschitz
function on [0,1] x Uj. Using Proposition 3.5, Lemma 4.9 implies that, on such functions
the Laplace functionals of IV,, and N,, have the same limit, namely

VO(F) = expl=p(0) Jo Eay(1 = exp— 5 f(¢,62;)dt].

28



We observe that, for fixed f as above, the function s — ¢°(sf) is continuous at s = 0.
Since the function s — ¥, (sf) = E,(exp(—sNy(f))) is the Laplace transform of the non
negative random variable N, (f), the continuity theorem for Laplace transforms implies
that the sequence N, (f) converges in law to some random variable. Since the sequence
of Laplace functionals v, (f) converges to ¢5( f), Lemma 4.8 implies that there exists a
unique point process N on [0,1] x (V' \ {0}) such that the sequence N,, converges weakly
to N. As stated in Lemma 4.10, for f as above the restriction of N to [0,1] x Uj is given
by the point process formula in the theorem. A density argument shows that the Laplace
functional of N on the function f € C5([0,1] x Uj is equal to

V0(f) = exp[=p(0) Jy Eny[L —exp(= % f(2,0Z;))dt]

The point process formula for N follows, as well as the first part of the formula giving the
Laplace functional of V. The second part is a consequence of the last formula in Proposition
2.6 applied to the function v — f(t,dv) and of the a~-homogeneity of Ag. [J

Proof of Corollary 4.2 The first term Ep(exp(—glfm)) in I,(f) is the value of
1

the Laplace functional of N, on the continuous function f. Hence the weak convergence in
Theorem 4.1 implies its convergence to the Laplace functional of N on f. The same remark
is valid for the second term in I,(f), if N, is replaced by Nn : the limit of Nn is also NV,
using Lemma 4.8 and Proposition 3.5. Then for any f in C{([0,1] x (V' \ {0}) we have :

lim I,(f) = lim [Ep(exp(~Na(f))) = ES™) (exp(~Na(f)))| = 0 O

Proof of Corollary 4.3 The point process N; is the projection of N, on V' \ {0}.
Since [0, 1] is compact and the projection is continuous, the continuous mapping theorem
implies the required convergence, using the first part of Theorem 4.1. The formula for the
Laplace functional of N® is a direct consequence of the second part in Theorem 4.1 applied
to a function independent of ¢. [J

Proof of Corollary 4.4 For ¢ € C5([0,1]) we have N} (¢) = Np(¢ ® 1y;). Since
the discontinuity set of Ly is A-negligible, Theorem 4.1 gives the convergence of N!(¢)
to Nt(p). With f = p® 1y, the formula for the Laplace functional ty(f) of N gives the
Laplace functional ¢,¢(¢) of N* in the logarithmic form

log e () = =0 [ B, [1 — exp — p(x)y]dt.
The expression of the generating function of the random variable v = % 1y (Z;) follows
JEZL

from the last formula in Proposition 2.6 :
C’;"e—sm =1—(¢f —1)07'Ey, [exp(—s 7<(U)))].

Hence v = 07 (¢ — Crt1)
In view of Theorem 4.1, the point process N can be written as N! = X VRET where
k>0

the random variables v; are i.i.d. with the same law as 7, hence N coincides with the
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compound Poisson process described in the statement. [

Proof of Corollary 4.5 Replacing u,, by du,, (6 > 0) in Corollary 4.4, we see that the
point process on [0, 1] given by Nf“; = % En—1k1{|x,|>6u,} converges to Ng = X VkETS
’ k=1 E>0
where 3 ery is the Poisson process on [0, 1] with intensity 6 6~ and the ~; are i.i.d.
k>0 Tk

random variables as in the proof of Corollary 4.4. It follows that for any ¢ > 0,

lim P,{N} 5(1) = 0} = exp(—0 ).

n—o0 ’
Since P,{N! (1) = 0} = P,{M,, < u,d}, the convergence of u,'M, to Fréchet’s law
follows.
If M, is replaced by M7 with « € V, the same proof as the one given below for the
logarithm law remains valid. The last assertion in the corollary is a direct consequence of
Fréchet’s law. [J

4.3 Proof of logarithm’s law

The proof of logarithm’s law is based on Fréchet’s law and depends on two lemmas as
follows.

Lemma 4.11 We have P,—a.e. :
. log| X, | . logM,,
limsup ——— < limsup ——

n—00 ogn n—oo logn

have | X,,| < nl/ete,

1
< —. Furthermore, for any e > 0, and for n large we
«

Proof Let e > 0, ay(e) = {|X,| > n'/**te} c VZ+, o (¢) = VZ+ \ ay,(e). Stationarity
of X, implies P,{c,(e)} = P,{|Xo| > n'/*F¢}. Since li_>m nttesg(nt/ote o0) = 1, with

(%(dt) = t~*"1dt, Corollary 2.2 gives o%CJ)IP’,){ozn(s)} < 00. Then Borel-Cantelli’s lemma

implies that PP{EJIO jgn ()} = 1, hence P,—a.e. there exists ng(w) such that for n > ng(w),

]Xn(w)] < nl/a—l—s'

log M, 1
Then we deduce that P,—a.e. : limsup 08 n < — 4 ¢. Since ¢ is arbitrary we get :
n—00 logn «
logM, 1
lim sup 08 Mn <-—.0
n—00 ogn «
log| X, 1
Lemma 4.12 We have P,—a.e. : limsup o8| Xo| > —
n—oo  logn a
log| X, 1 log| X ; 1
Proof Lete €]0,1/af, f(e) = {limsupM < —— 6}, Bn(g) = < sup og| .]| < ——
n—oo  logn « j>n  logj «

The sequence (3, (¢) is increasing and S(g) C EJOBH (€). We are going to show P,{f,(¢)} = 0.
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For p >n > 2, p e N, we define 8,,(c) = { sup |X;| < p/*"/2}, hence B,(g) C Buple).
<

n<j<p
Using stationarity we get P, {8 ()} < Pp{p_l/o‘Mp_n+1 < p~¢/2}. Also, using Corollary
4.5, we have lim (sup ]Pp{n_l/O‘Mn <t} —e ""|) = 0 which gives li_>m P,{fnp(e)} = 0.
p [o¢]

n—oo >0
Since By (e) = 0 Bn,p(e) we have for n > 2 :
p>n

P{Bn(e)} < lim P {Bnp(e)} = 0, ie. Pp{f(e)} = 0.

log| X, 1
We see that P,—a.e., lim supM > — — ¢, and, since ¢ is arbitrary we conclude
n—oo logn «
log| X 1
lim sup M > —.
n—oco  logn «

Proof of Corollary 4.6 From Lemmas 4.11, 4.12 we have P,—a.e.,

log M, log| X 1
limsupM > lim sup 08| Xo| = —.
n—oo  10gN n—ooo  logn @
. logM,, 1

On the other hand, for n large and ¢ > 0, Lemma 4.11 gives Togn < o + 2¢, hence
. logM,, 1
lim sup = —.
n—oo logn «a
Then, for a set of p ® P- probability 1 in V x HY we have

1. log| Xy |(w) .. logM,

= = limsup ———= = limsu ,

@ n—00 10gn n—00 logn

log| X
hence for a subsequence ny(w), 1 = klim M.
—00 ogng

On the other hand we have for any z € V : | X,, — XZ| < |S,||Xo — x| and nh_)rrolo |Sn| =0,

P—a.e.

Also [log|X,,| —log| XZ|| < |S,|| X0 — 2| sup(| X, |1, | XZ| 1), hence for any z € V, P,—a.e. :
Jim_[log| Xy, | — log| X5 || = 0.

log| X* 1 log| X* 1
It follows lim M = —, and P—a.e., limsup ol Xy | > —.
k—oo logny « n—ooo  logn «
. . log| X?| 1
A similar argument shows that P—a.e., limsup —— < —.
n—00 logn «

Furthermore, for any n > 1,z € V :
|My; — My| < sup{[Sk|; 1 <k < n}lz — Xo
where the sequence on the right is P—a.e. bounded. Then, it follows that, P—a.e. :
. logMy 1
lim sup = —.
n—00 ogn «

4.4 Proof of the normalized hitting time convergence

The proof depends on the following lemma.
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Lemma 4.13 For any A > 0, we have
logE(exp(—AN?*(4))) = — [(1 - exp(—AlA(y)))E(eXp(—Ao%) 14(Siy)))dA1 (y).
In particular we have
Quu {NV*(4) = 0} = exp(~Qu, (S La(Siy) = 0, y € A)} and Qu, {N*(24) = 0} = 1.

Proof Corollary 4.3 says that the above logarithmic formula is valid if 14 is replaced
by an arbitrary function f in C$(U]). We observe that if A C U] is compact, then 14 is the
decreasing limit of a sequence in C§ (U] ), hence dominated convergence implies the validity
of the formula in this case. Also, if A is bounded, A is compact, hence the formula is valid
for 0A. Taking the limit in the formula at A = co we get,

1ogIP>AO{N8(6A) =0} = _QAl{% 194(S;y) =0,y € 0A}.
Since Ag(0A) = 0 we have Qp, —a.e., Oziljlz(Siy) = ozlcl)lA(Siy), hence for A bounded,

log(exp(=AN®(A))) = — [(1 - exp(—AlA(y)))E(exp(—Aog 14(Siy)))dA1 ().

For A unbounded we proceed by exhaustion in U] with the sets Uy N Uj. Using again the
formula for general A as above, we get

Qup{N*(04) = 0} = eXp(_QAl{%O 1oa(Siy), y € DAY).
Since A1(0A) = 0, we have Qp{N*(0A4) =0} =1. O

Proof of Corollary 4.7 We have by definition, with n(t) = [2t] :

P{t=*1}% > 2} = Pp{NS(t) (tA) =0}
and we know the weak convergence of N; to N°. We observe that, for a sequence a,, > 0
converging to a > 0, and for any function ¢ on U{ with N*-negligible discontinuities, the
convergence of N} () = [¢(anv)dN*(v) to [ ¢(av)dN*(v) is valid.
Since Ag(dA) = 0 and lim tn(t)~V/* = 271/ .

t—o00

Tim P, {N3 (t4) = 0} = Qu, {N*(:7/4) = 0}.
Using Lemma 4.13 and the expression of the Laplace transform of N*(A), we get

tlim P,{t" 1y > 2} = exp(—cz0(A)).

—00
In this formula, we can replace P, by IP, since for any x € V, the point process IV;; converges

also weakly to N* under P. This follows from the use of e-Hélder functions for € < inf(1, @),
Lemma 4.8 and the inequality

[e(Snx) = @(Sny)| < [@le]Sn[T|z —yl7,
since ?]Snla < 00, Q—a.e. and [ |y[fdp(y) < .

The proof of positivity for #(A) is the same as in Proposition 2.4 with A instead of supp(A;)
and A(A) instead of §. O
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5 Convergence to stable laws

n
The convergence to stable laws of the normalized sums ¥ X; under (c-e) was shown in
i=1
([10], [15]) where explicit formulae for the corresponding characteristic functions were given
and non degeneracy of the limiting laws was proved. It was observed that these formulae
[e.e]
involved the asymptotic tail A of p, as well as the occupation measure 7 = X eg, ()0
0
A similar situation occured in the dynamical context of [11], where the limiting law was
expressed in terms of an induced transformation. We observe that the connection with
n
convergence to stable laws for ¥ X;, where (X;);en is a stationary process, and point
i=1
process theory had been already developed in [8]. For an analysis of the involved properties
in this setting see [24]. For another approach, not using spectral gap properties, see chapter
4 of the recent book [5]. Here we give new proofs of the results given in ([10], [15]), following

and completing the point process approach of [7] in the case of affine stochastic recursions.
In particular we get also a direct proof of the convergence for the related space point

n

process N® = ¥ ¢ -1, via a detailed analysis of Laplace functionals and without use of
Z:1 n K3

the cluster process.

5.1 On the space exceedances process

We give here a direct proof of the convergence of N;, already shown in Corollary 4.3 above
and we deduce the convergence of the characteristic function for the random variable
Ni(f), for f compactly supported. We make use of the mixing property in Proposition 3.5
for Lipschitz functions depending only on v € V.

Theorem 5.1 Let f be a complex valued compactly supported Lipchitz function on V'\ {0}
which satisfies Re(f) > 0. Then we have

~log lim Eyexp(~Nj(f)) = Eny[(expf(v) — Dexp(— (/)]

The proof depends on two lemmas where notations for r,, k, explained above are used.

For i < j we write Cp,(7,7) = exp(— $ f(u;'Xg)) — 1, and we note the equality
k=i

Co(1,70) = 35 [Coaiy ) — C(i 4 1,7)]
=1

where Cy,(r, + 1,7,) = 0 and r, is a sequence as in Proposition 2.6. We note also that
We are going to compare Cy(1,ry,) to Cy, k(1,7y,) for k large, where

Cooe(1,70) = '%I[Cn(z’,z‘ k) = Culi+ 1,0+ k)],
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we write A, ;, for their difference, e, = r,P,{|X| > u,} and we assume that supp(f) C U
with § > 0.

Using anticlustering we will obtain the approximation of the small quantity C,(1,r,) by
Cy.x(1,75) up to &,,. Then taking k, = [nr,, '] large and using the definition of A, we will get
the limiting form of k,E,[C,, 1 (1,75)], hence of k,E,[Cy(1,7,)]. We need the two following
lemmas.

Lemma 5.2 hm limsupe, 'E,(|Anx]) =0
k—00  n—oo

Proof We observe that
T Gl ) = (14 i+ 1 exp(—f (i X0):
Also Cyfi + 1) = Cali+ 1,0+ 8) = (xp(— 5 f(X))(exp(~ 5 £(X) = 1)
j=t

Jj=i+k+1
Hence we have

Ap = irzﬁl(exp(—f(ungi)) —D[Cr(i+1,m) = Cr(i+ 1,0 + k)] = In,k + A/,;,k

where A/ . (resp. A ) is the above sum with index ¢ restricted to [1,7, — k] (resp.
Jrn—k,7y]). As observed above, the expression under ¥ is bounded by 4 and vanishes unless

| X;| > du,, for some i E (1,75 — k] and M, | > du,. Then we get using stationarity,

E,(|A] k|) < ArpPp{|Xo| > dun, M| > duy}.

Since the process (Xj)rez, satisfies anticlustering, it follows hm limsupe,, p(\A;l wl) =
k—0o0  npooo ’
0. Also, stationarity implies

Tn
Eo(|A7 1) < Y P {|Xi| > dun}t = 4kP,{| X| > oup }.
z—rn—k—l—l
Since p is homogeneous at infinity and lim r, 'k = 0, we get hm limsupe, "E,(|A7 4]) =
n—oo

—0  n—oo
0, hence the required assertion. [

Lemma 5.3 We have the following convergences.
k
1) For any k > 1 li_r)n knE,[Cr (1, mn)] = Enp,[(expf(v) — 1)exp(— 'Eof(Siv))]
2) lim limsup k,E,(|An k) =0 -
k—oo  n—oo
Proof 1) Using stationarity we have
knEp[Cri(1,mn)] = knrnEp[Cn(1,k +1) — Cr(2,k+ 1)) =
k k
FuraBplexp(= % fuy X;)) = exp(= 3 f(uy' X))
The function f*) on (V \ {0})**+! given by

FW a1+ m) = exp(= % f(@)) —expl= 3 f(a;)) = ~(exp( f(wo)) - Dexp(= %, f(z)
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k+1 and lim n~'k,r, = 1. Hence, Proposition

is bounded, uniformly continuous on (Uj)
n—oo

2.4 implies
lim k[ (1,72)] = ~Eny[(expf(2) = Dexp(= 3 F(S0)]

n—oo
2) We have the equality, k,E,(|Ank|) = knrnPo{|X| > unten 'Ey (|1 A k).
Then, using Lemma 5.2, the relation lim n~'k,r, = 1 and the homogeneity at infinity of

n—o0
p, assertion 2 follows. [

Proof of Theorem 5.1 With r, as in Proposition 4.2 above, the multiple mixing
property in Proposition 3.5 for functions depending only of v € Vgives

Tim [Ey(exp(—=N;(f))) = (Ep(L + Cu(1,7)))"] = 0,

hence it suffices to study the sequence (1+E,(Cy,(1,7,)))*. Since Ref > 0 and supp(f) C
U; we have :

E,(ICu(Lm)]) < Ep1-exp(= ¥ Fuz X)) <Ey(3 1£(uz X0I) < ral oo Xo| > dus}

The last inequality implies the L'-convergence to zero of Tﬁ f(u;'X;). Then the first one
i=1
gives nan;oEp(]Cn(l,rn)\) =0.

It follows that the behaviour of the sequence [1+E,(Cy,(1,7,))]*" for n large is determined
by the behaviour of k,E,(C)(1,75,)). We have for k£ > 1,

k‘nEP(Cn(l,T‘n)) = k‘nEp(ka(l,T‘n)) + knEp(An,k)
Since supp(f) C U and lim |Sjv| = 0 Q—a.e., the series Ozcl)lf(Sjv) converges Q—a.e.
j—00 j=
k
Since Ref > 0, it follows klim E(exp(— ¥ f(Sjv))) = exp(—my (f))-

Then dominated convergence and Lemma 5.3 imply

lim  lim kB (Crp(17)) = —Eng[(expf(v) — Dexp(—r2(f))]

k—o0o0 n—00

This equality and the second assertion in Lemma 5.3 give the result. [

Corollary 5.4 Letm >0, >0,y >0, and let f be a R™-valued continuous function on
V\ {0} which satisfies the conditions
1) f is locally Lipschitz
2) f(v) =0 for|v]| <o
3) Sup w7 f(v)] = ¢y <00
Then 111)16 have , for any u € R™,
lognli_{rgoEp(exp(—i <u,N;(f)>) = —Ep,[(exp( i <u, f(v) >) — Dexp(—i < u,m (f) >)]
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Proof We consider the R™-valued random variable Y,, = N3(f). For a > 1, let 6,(v)
be the function from V' \ {0} to [0, 1] defined by

0. (v) =1 for |v| < a, O,(v) =a+1—|v| for |v| € [a,a + 1], O,(v) =0 for |v] > a+ 1.

Then 6, is Lipschitz, hence f6, is Lipschitz and compactly supported. Then Theorem 5.1
gives, in logarithmic form

i Byexp § < u, N3(f00) >) = —En(exp(—i <, f0,(0) >) ~ Dexp(n (i < u, f0,(0) >
)] = @ (u)

Since A(Uj) < oo, the function u — ®,(u) is continuous on R™. It follows that the sequence
of random variables Y, = N;(f6,) converges in law to the random variable Y which has

characteristic function ®,. On the other hand we have lim 6, = 1, hence by dominated
a—r 00

convergence we get in logarithmic form,

lim ®,(u) = —Ep,[(exp(—i < u, f(v) >) — D)exp(i < u, 7y (f) >)] = (u).

a—o0

[o¢]
We recall that, for v fixed, the series ¥ f(S;v) converges Q—a.e. to a finite sum, hence
=0

the function uw — ®(u) is continuous. In other words, Y2 converges in law (a — o) to the
random variable Y with characteristic function ®.

If we choose f €]0, 1], v > 0 such that v €]0, «f, then for any e > 0, Markov’s inequality
gives

n
P {|Yy = Y,| > e} < 5_5Ep[j§1(f(ur_LIXj)1{|Xj\>aun})ﬁ]7
P{|Y;} — Yul > e} < e PebnE,[Juy, X7 1 x> qup)-

Using Corollary 2.2, it follows limsupP,{|Y,’ — Y,| > €} < s_ﬁch(Wml{W>a})), where

n—oo
Since 0 < fy < «, we get le limsupP,{|Y,} = Y,| >¢e} =0

n—o0
Since € > 0 is arbitrary, the convergence in law of Y,, to the random variable Y follows,

hence the corollary. [J
In order to prepare the study of limits for the sums 7, = % X; if 0 < a <2, we write for
j=1
a>01YP,(v) =v(l — pg(v)), where
va(v) = 1if u] < a, pa(v) =2 —a | if a < |v| < 2a, @u(v) = 0 if |v] > 2a.
Hence 0 < ¢4 < 1jgoq and k(p,) < a~'. In particular we will use below the function ¢,
corresponding to @ = 1. Then a consequence of Corollary 5.4, if v = 1 is the following

Corollary 5.5 The sequence of V -valued random variables N (1),) converges in law to the
random variable with characteristic function which logarithm is

Epo[(exp(—i < u,9q(v) >) — L)exp(i < u, 7 (1)q) >)].

36



5.2 Convergence to stable laws for T, = % X;
=1

7

In this subsection we write ¢(v) = v and we study the convergence of N2(¢)) = u !

T,, towards a stable law, relying on the weak convergence of N; studied in the above
subsection. We need here the last part of the spectral gap result in Proposition 3.4 for the
operator P.
We have the

Theorem 5.6 Let 0 < a < 2. Then there exists a sequence d,, in 'V such that the sequence
of random variables n_l/o‘(Tn —d,) converges in law to a non degenerate stable law.

If 0 < a < 1, we have d,, = 0.

If1 <a <2, we have d, = nE,(X)

If a =1, we have d,, = n E,[ X1 (X)].

Explicit expressions for the characteristic functions of the limits are given in the proofs.
Non degeneracy of the limit laws are proved in [10] and [15]. For the proofs, we follow
the approach of [7] and we need two lemmas corresponding to the cases 0 < a < 1 and
1<a<2.

In the proofs below we use the normalization u, = (o~ tcn)
theorem.

1/a a

instead of n'/® as in the

Lemma 5.7 Assume 0 < a < 1. Then for any u € V' and with the notation of Corollary
5.5, T* = N*(1,) converges in law (a — 0) to T with characteristic function ®(u) given

by
—log®(u) = ¢ E, [(exp(—i < u,v >) — 1)exp(i < u, 'OZOO Sjv >)].
‘7:
Also, for any d > 0 we have
lim limsuplP, {\ 5 un X oa(un P X5)| > 5} =0.
j=1

a—0  poo

Proof Using dominated convergence, the first part follows from Corollary 5.5.
On the other hand, Markov’s inequality gives

n
Po {1 8, Xl X)) > 6 < 007 B X114 <)

The homogeneity at infinity of p and Karamata’s lemma (see [30] p.26) gives that the right
hand side is equivalent to

s inl=o (1 — )71 (2au,)P{| X]| > 2au,},
i.e. to 671 a'~, up to a coefficient independant of n. Since 1 — a > 0 the result follows. [J

Lemma 5.8 Assume 1 < a < 2 and write 1,(v) = v, (v) where p, is defined in the proof
of Corollary 5.4. Then we have the convergence

lim Tim sup B, (|N;: (1) — B (N5 (,)[) = 0.

a—

n—oo
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Proof It suffices to show that for any v € S :

lim limsupE,(| < u, Ni(1h,) > —E,(< u, Ni(,) > |*) =

a—0  nooo

We write fa,n( ) = E (uy, ) Ean fan — P(fa,n)-
Hence ’fam( )‘ < Uy, ‘U‘l{\v\<2aun}7 (fa,n) < 3“;1’ We have the equality
Eo(| <4, Nu($a) > —E,p(< u, No(¥,) >)P) = Anya +2Bna
with " B B
An,a = nEP(‘ < U7Ea,n(X0) > ’2)7 Bnﬂ = jgl(n _j)EP(< u7wa,n(X0) >< u7wa,n(Xj))‘

Now the proof splits into two parts a) and b) corresponding to the studies of Ay, 4, By q.
a) We have, using the above estimation of f, ,,

nE,(| < u, g, (X0) > *) < nEy(] fan(Xo)[*) < nEy(uy,? 1 Xol*1{ x0<2aun})-

Then Karamata’s lemma implies that, for n large, the right hand side is equivalent to

n'=207" (2au,,)%((2a)*n) "L, i.e. to a2~ Hence, since a €0, 2[, we get hn% limsup A4, , =0
n—oo

uniformly in u € S,

b) Markov property for the process (X;);>o implies for ¢ > 1,

EP(< uvwa,n(XO) >< u7wa,n(Xi) >) = EP(< u7wa,n(X0) >< uvplwa,n(XO) >)'
First we consider the case o €]1,2[ and we apply Proposition 3.4 to P acting on the Banach
space H = Hy ., with x €]1,af, ¢ = 1 and « choosen according to Proposition 3.4. We
observe that for h € H we have |h(v)| < ||A]|(1 + |v]). Since ¥, ,, € H, we have

EP(< u7¢a,n(X0) >< u7pi¢a,n(X0) >) = EP(< u{fa,n(XO) >< u, Uiftlm(XO) >)7
where we have used the decomposition P* = p®1+4U". The Schwarz inequality allows us to
bound the right hand side by the square root of E,(| fo.n(X0) |2)Ep(|Uifa,n(X0)|21{|X0|<2an}).
Since |U* fan(v)] < (1+|0D||U*| || fan|l, the quantity E,(< u, fon(Xo) >< u, U* fon(Xo) >)
is bounded by [[U*[| || fanll[un *Ep(1 X0 * 11 x| <20u, )12 [Ep(1 4 [Xo])? 14 x50/ <2au,})] >
Then Karamata’s lemma implies that, up to a coefficient independant of n, the above
expression is bounded by U || fanl[n~2a'=/2] 1 + ne ' —1/2g1-a/2],
Since || fanl < nuy?, it follows that B, 4, uniformly in u € S¥= and up to a coefficient, is
bounded by

a3 Uil 2 a1 g = § T a2 a2l e
=0

Since r(U) < 1 we have E 1T < oo, hence hmsuana is bounded by a?~%, up to a

coefficient independant Of n. Since 1 < a < 2, and m view of the two above convergences
the lemma follows.

If « = 1, we need to use the Banach space H' = Hy ., with 0 < e < x <1, K = 0,
considered in Proposition 3.4. We use also the inequality || f|la.n < c1a'™Xn™¢ with ¢; > 0,
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shown below. We note that for h € H', we have |h(v)| < ||h]|(1 + |v|®) in particular and up
to a constant independant of n and a, we have

U fan(@)] < U] | famll (X + 0F) < U°[l(a"Xn75) (1 + Jof).

Hence we can bound E,(< u, fon(Xo) >< u, U, ,(Xo) >) by
261U (a'Xn=%) [n 2B, (1X0]*) 1 0| <2na) Y 2B (1 + | X0[*%) 11 x4 <2003/
which can be estimated using Karamata’s lemma, for e > 1/2, by
202”Ui”(al—xn—s)(an—l)1/2(na)s—1/2 — czal_X+€n_1.
It follows that B, , can be estimated by 2cz 5 |U?||a*~XT¢. Since using Proposition 3.4
i=0

we have r(U) < 1,if 1/2 < e < x < 1, it follows lim limsup By, , = 0. O
a—0  noeco

Proof of Theorem 5.6 For a €]0, 1] the proof follows from Lemma 5.7. We observe
that dominated convergence implies the continuity of ® at zero, hence ® is a characteristic
function. From Lemma 5.7 we know that if ¥, = Nj3(1), V¢ = N3 (1 — ¢q),

1) For any a > 0, Y,* converges in law (n — oo) to T

2) T® converges in law (a — 0) to T

3) For any € > 0, we have Clbgr% limsup P{|Y,, — Y;}| > ¢} = 0.

n—oo

n

It follows that the sequence Y, = ¥ u,'X; converges in law (n — oo) to the random
i=1

variable T with characteristic function ®.

For 1 < a < 2, we write
Yo = N;(¢) —Ep(N;(¥) = ugljgl Xj —Ep(X), Y =Ni(va) — Ep(Ny(va)),
so that Y, — Yy, = Nj3(¥,.,) — Eo(N3(¥,.,,)). Then, for any £ > 0, Lemma 5.8 gives,

lim limsupP,{|Y, —Y,| >¢e} =0
a—0  nooo

Furthermore, the sequence N;i(1),) converges in law (n — oo) to T and E,(N;;(,)) =
nE,[u,t X (1—q) (u, X)) converges to the value b(a) of A on the function v — v(1—¢,(v)),
as follows from o > 1 and the homogeneity at infinity of p. Hence the sequence Y,* converges
in law (n — o0) to T* — b(a) = Y. Finally Y converges in law (¢ — 0) to the random
variable T with characteristic function ® defined in logarithmic form by

—®(u) = Epy[(exp(—i < u,v >) =1+ < u,v >)exp(i < u, 'OZOO Sjv >)]
J:

+iEp, [< u,v > (exp(i < u, 'OEC])O Sjv>) —1)].
]:

This follows of Theorem 5.1, of dominated convergence (¢ — 0) and of the following
inequalities
lexp(—i < u,¥a(v) >) — 1 +i < u, g (v) > | < inf(2 + |u |v],4]|v|*|ul?),
o o
| <, a(v) > E(exp(i <u, 3 ¢a(Sjv) >) —1)| < inf(Jul ], 2uf?|v]? > E[S;),
j= j=
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o0
where o > 1 gives ¥ E|S;| < oo. Continuity of ® at zero follows also from the above
i=1

inequalities.
Then, as in [7], we deduce the convergence in law of the sequence Y,, to T

If o =1, we write Y,, = 5 n ' X; —E,(p1(n ' X)) and
j=1

Yi= 3 Xl = ga(n™' X)) = ba(@) = Ni(Wa) = bnla)
where by, (a) = E,[X (¢1 — pq)(n~1X)]. With the new notations, the above inequalities are
still valid. The homogeneity at infinity of p gives now

1im by(a) = ¢ Eag(v(p1 — pa)) = bla).
It follows that the sequence Y,¢ converges in law (n — o0) to the random variable T} with
characteristic function given in logarithmic form by

—Ep,[(exp(—i < u, q(v) >) — 1)(exp(i(< u, 7 (Ya) >) — i < u,b(a) >)]

We insert the expression i < u,v > (p1 — ¢q(v)) with the adequate sign in each of the
above factors inside the expectation E,. Then dominated convergence (a — 0) shows that
T — b(a) converges in law to the random variable T with characteristic function given in
logarithmic form by
P (u) = —Ep,[A(u,v) + B(u,v)]

with A(u,v) = (exp(—i < u,v >) — 1 +1i < u,v >)p1(v),

B(u,v) =1 < u,v > ¢i(v)(exp(i < u, '0201 Sijv >) —1).

‘7:

As in ([10], [15]), the stability of the limiting laws follow from the formula for ®(u). If
0 < a < 2, @ # 1 the formula for ®(u) shows that for any n € N we have ®"(u) = ®(n!/%u),
hence T has a stable law of index a.

If a = 1, we have with v, = ¢ Ex,[v(p1(n™ ) — 1 (v))], @*(u) = ®(n u)exp(—in < u, vy, >

).

This implies that T follows a stable law with index 1. [J

Remark 1 The idea used above in the proof of the limiting form of N; can be used in
other similar situations, using only anticlustering and the definition of A. This is the case
for the Laplace functional of the cluster process C' stated in Proposition 2.6.

There we write, as in the proof of Theorem 5.1

4
C;’L(k7€) = exp(— %f(ungi))l{Mkyg>un})
C?”L(]‘7 T'n = eXp(— %nf(u?’_Lle))]‘{Mrn>Un})

(L) = exp(= S[CH (6, + k) = Ch(i + i + k)

Then the approzimation of C'(1,ry) by CI (1,7y) up to ey is still valid. Furthermore, the
definition of Ao shows that for ky, large k,E,[C) (1,1,)] is close to
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I'= —Epo(lexp (=5 () (exp(f () Lisup (8,0 > 11) ~ Lisup |Sp0] > 1})]
>0 >0

To conclude we write using the notation of 2./
Elexp(~Col = B, {CL (L) /My, > wn} = (2B, [CL(L ra))) (s
From above the first factor converges to I. The second factor is asymptotic to
(OnP,{| Xo| > un})™! since 0,1 = r,Py{| Xo| > un/M,, > un} converges to 671
If supp(f) C Uj,0711 is the sum of

—07'Ey, [exp(—%;f(Siv))(l{sup 1S;0] < 1})] =1 and of the last expression in Proposi-
i>1 o

tion 2.6.

6 Appendix : Condition (c-e) is open if d > 1

We denote by T}, the closed subsemigroup of G' generated by supp(u), where p is a
probability on G. We consider weak topologies for probability measures on G and on H.
We denote by M(G) (resp.M'(H)) the set of probabilities on G(resp. H). We denote by
W(H) the weak topology on M!(H) defined by the convergence on continuous compactly
supported functions as well as of the moments [(v*(g) + [b|*(h))dA(h) for any k € N. An
element v € G is said to be proximal if it has a unique simple dominant real eigenvalue.

Theorem 6.1 If d > 1, condition (c-e) is open in the weak topology W(H) on M*(H).

We will need the Proposition
Proposition 6.2 Condition i-p is open for the weak topology on M*(G).

Proof Assume p € MY(G), satisfies i-p and let u, € M'(G) be a sequence which
converges weakly to p. Then supp(y,) and T}, are closed subsets of G which converges to
supp(u) and T), respectively. If v is a proximal element of T},, then by perturbation theory
there exists a neighbourhood of v in G which consists of proximal elements. Hence there
exists v, € T}, which is also proximal.

On the other hand T}, is irreducible for large n. Otherwise there exists a proper subspace
W™ C V with T, (W") = W". Let W C V be the limit of a subsequence of W". Then,
clearly T,,(W) = W, which contradicts the irreducibility of T),.

In order to show the strong irreducibility of T),, for n large, we show the irreducibility of
Zco(Ty, ), the connected component of the Zariski closure Ze(T),,) of T, (see [25]). Since

1), is irreducible, the Lie group Zco(T),,) is reductive and has finite index in Z¢(T,,).

We decompose V' as the direct sum of its isotypic components Vi(")(l < i < pp) under

the action of Zc¢o(Ty,) : V = @ Vi(n). Since Zc¢o(T),,) has finite index in Z¢(T),,) we can
i=1

assume, by taking a suitable power, that v, € Zco(T), ). The uniqueness of the above
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decomposition of V' and the relation v,v = A\v, v = %’]1 vi, Vi € Vi("), with A, a simple
dominant eigenvalue of ~, implies v,v; = A\,v;; hence Zt:hle proximality of ~, implies that
v belongs to a unique Vi(n), to Vl(n) say. Also the irreducibility of T),, implies that T},,
permutes the subspaces Vi(")(l < i < pp). Since Vl(") is isotypic and +, is proximal, the
subspace Vl(n) is T},,,-irreducible. The same is valid for any VZ-(") = g(Vl(")) since gy,g~ " is

also proximal, for g € T),,. Assume Zcy(7},,) is not irreducible for n large; then it follows
that p,, €]|1,d] and r,, = dim Vl(") € [1,d[. It follows that we can assume p,, = p and r,, =7

for n large with p > 1, r < d. Hence, taking convergent subsequences of Vi(")(l <i<p)
we obtain proper subspaces V;(1 < i < p) which are permuted by T}, ; the irreducibility

D
of T}, implies that their sum is V, hence we have V' = ? V;, which contradicts the strong

irreducibility of T},. Hence T}, satisfies condition i-p for n large. [

Proof of Theorem 6.1
Let A\, € M'(H) be a sequence which converges to A\ € M*(H) in the weak topology W(H)
and let us denote by u, the projection of A\, on G. We verify the stability of conditions
1, 2 in (c-e) if d > 1, since condition 3 follows of the definition of W(H) and condition
4 is a direct consequence of Proposition 6.2. We denote by S%-! the sphere at infinity of
V and we observe that the group H acts continuously on the compactification (V) U SZ!
endowed with the visual topology.

1) Assume that supp(\,) has a fixed point z,, € V for n large. Since the closed subset
supp(Ay,) converges to supp(A), we can find a convergent subsequence of z,, to a point x
in (V) U (S41), such that z is supp(\)-invariant. If z € V' we have a contradiction since
supp(\) has no fixed point in V. If = € Sglgl, we have also a contradiction since condition
i-p implies that the projective action of supp(u) has no fixed point, if d > 1.

2) Using Lemma 6.4, since finiteness of moments for p, is valid, we get that for p, and
for any s > 0, the corresponding operator P° has a spectral gap on the relevant Holder
space on S%-1 (see [13]). The moment condition implies that perturbation theory is valid
for the operators P®. Hence the spectral radius k(s) varies continuously. In particular, since
we have k(s) > 1 for g and s > «, and L(u) < 0, the same is valid for u, with n large.
Hence there exists oy, > 0 close to a such that k(a,) =1 and L(py,) < 0. O
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