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K-theory, genotypes, and biset functors

Serge Bouc

Abstract: Let p be an odd prime number. In this paper,
we show that the genome I'(P) of a finite p-group P, de-
fined as the direct product of the genotypes of all rational
irreducible representations of P, can be recovered from the
first group of K-theory K1(QP). It follows that the assign-
ment P +— T'(P) is a p-biset functor. We give an explicit
formula for the action of bisets on I, in terms of generalized
transfers associated to left free bisets. Finally, we show that
I' is a rational p-biset functor, i.e. that I' factors through
the Roquette category of finite p-groups.

AMS Subject Classification: 19B28, 20C05, 18A99.

Keywords: K-theory, genotype, Whitehead group, biset
functor, Roquette category, transfer.

1. Introduction

Let p be a prime number. This article originates in a joint work with Nadia
Romero ([4]), when we started considering the possible applications of genetic
bases to the computation of Whitehead groups of finite p-groups. Indeed,
after the comprehensive book of B. Oliver ([7]), it became clear to N. Romero
that these questions have close links to rational representations of p-groups.
So the idea emerged that possibly genetic bases would be a natural tool in
this context, and a first use of this is made in [8].

In particular, when trying to compute various groups related to the
Whitehead group of a finite p-group P (for odd p), a specific product ap-
pears, defined in terms of the fields of endomorphisms of the irreducible
QP-modules. After some non trivial reformulation using genetic bases, this
product can be viewed as

r(P) = [T (¥e(8)/5) .

SeB

where B is a genetic basis of P. As the groups Np(S)/S are called the types
or genotypes of the irreducible QP-modules, we call I'(P) the genome of P.
It is the main subject of this paper.

The connection of I'(P) with Whitehead groups and K-theory is estab-
lished in Theorem 4.3: the genome of P can be recovered as the p-torsion



part of K;(QP). This induces a structure of p-biset functor on the corre-
spondence P +— I['(P), which we try to make explicit in Section 5, by giving
formulae to compute the action of a (@, P)-biset on I'(P) (Theorem 5.9).
Finally, we show that I' is a rational p-biset functor, hence it factors through
the Roquette category of finite p-groups introduced in [3].

2. Review of K,

2.1. Let A be a ring (with 1). Let GL(A) denote the colimit of the linear
groups GL,(A), for n € N5y, where the inclusion GL,(A) — GL,41(A) is

M e GL,(A) — ( ]\6‘[ (1) ) € GL,1(A) .

The group K (A) is defined as the abelianization of GL(A), namely

Ki(A) = GL(A)® = GL(A)/[GL(A), GL(A)] .

2.2. Remark : In particular there is a canonical group homomorphism
from the group A* = GL,(A) of invertible elements of A to K;(A), which
factors as

AX — A% A% A=K (A)

2.3. There is an alternative definition of K;(A): let P(A) denote the cate-
gory of pairs (P, a) of a finitely generated projective (left) A-module P, and
an automorphism a of P. A morphism (P, a) — (Q,b) in P(A) is a morphism
of A-modules f: P — @ such that bo f = foa.

Let [P, a] denote the isomorphism class of (P, a) in P(A), and let Kyt (A)
denote the Grothendieck group with generators the set of these equivalence
classes, and the relations of the following two forms

e [P,aod]=[Pa]l+[P,d], for any a,a’ € Aut,(P),

e [Q,b] = [P,a] + [R, ¢| whenever there are morphisms f : [P, a] — [Q, D]
and g : [Q,b] = [R,c] in P(A) such that the sequence

0PL05 R0

is an exact sequence of A-modules (in particular, since R is projective,
this sequence splits).



If n € Nyg and m € GL,,(A), one can view m as an automorphism of the

free module A™. Let A(m) = [A", m] € Ki(A).

2.4. Theorem : The assignment m +— A\(m) induces a group isomorphism

Ki(A) = Ky (A).

=

Proof : See [5] Theorem 40.6. O

2.5. Let now A and B be two rings, and let L be a (B, A)-bimodule which
is finitely generated and projective as a left B-module. If P is a finitely
generated projective A-module, then P is a direct summand of some free A-
module A", and then L ®4 P is a direct summand of L ®4 A™ = L" as a left
B-module. Hence L ®4 P is a finitely generated projective left B-module.
Then the functor P — L ®4 P induces a functor 7y, : P(A) — P(B) such
that

TL(<P,CL)) = (L@AP,L®AG) .

One checks easily that the defining relations of Ky (A) are preserved by this
functor, hence there is a well-defined induced group homomorphism

tr : Kdet<A) — Kdet<B)

sending the class [P, a] to the class [L ®4 P, L ® 4 a]. This group homomor-
phism is called the (generalized) transfer associated to the bimodule L.

The properties of the tensor product of bimodules now translate to prop-
erties of this transfer homomorphism:

2.6. Proposition : Let A, B,C be rings. In the following assertions,
assume that the bimodules involved are finitely generated and projective as
left modules. Then:

1. if L= L' as (B, A)-bimodules, then t;, = ty,.

2. if L is the (A, A)-bimodule A, then t;, = Idk, ,(a)-

3. if L= Ly ® Ly as (B, A)-bimodules, then t;, =tr, +tr,.

4. if L is a (B, A)-bimodule and M is a (C, B)-bimodule, then

taoty, =tmegr -

It follows in particular from (2) and (4) that if L is a (B, A)-bimodule
inducing a Morita equivalence from A to B, then ¢y is an isomorphism (more
precisely, if M is an (A, B)-bimodule such that M ®@pL = A and L& M = B
as bimodules, then ¢;, and ¢, are inverse to one another).
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2.7. The group K;(A) has been determined for a number of rings A. In
particular:

2.8. Theorem :
1. Let D be a division ring. Then Ki(D) = D*/[D*, D*].
2. Let F be a field. Then the determinant homomorphism

m € GL,(F) — det(m) € F'*

induces an isomorphism Ki(F) = F*.

Proof : See [5] Theorem 38.32. 0

2.9. Proposition : Let F be a field and G be a finite group of order
prime to the characteristic of F. Let Irrp(G) denote a set of representatives
of isomorphism classes of irreducible FG-modules, and for V € Irrp(G), let
Dy = Endpg(V) denote the skew field of endomorphisms of V.

Then'V is an (FG, Di})-bimodule, where the action of g € G and f € Dy
onv €V is given by g-v-f =gf(v) = f(gv). Let V* denote the F-dual
of V, considered as a (D}, FG)-bimodule.

Then the map

TIKl(IFG)—> H Kl(Dg/p)

Velrrg(G)
18 a well defined isomorphism of abelian groups, with inverse

[Itv
T [l Ki(D¥)Y“— K(FG) .

Velrrp(G)

Proof : As |G| is invertible in IF, the group algebra FG is semisimple. More-
over for each V' € Irrp(V), the skew field Dif is also a semisimple F-algebra.
This shows that V' is projective and finitely generated as an FG-module, and
that V* is projective and finitely generated as a D{’-module (that is V* is
a finite dimensional Dy -vector space). Hence the generalized transfer maps
ty : K1(FG) — K1(Dy) and ty- : K1(DyY) — K1 (FG) are well defined.
Now for any two finitely generated FG-modules V' and W, the map

a®@wr (veV i alv)we W)
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extends to an isomorphism (see e.g. [6] (2.32))
V* ®]FG W — HOIH]Fg(V, W)

of ((EndrV)?, (EndreW*))-bimodules, where the bimodule structure on
the right hand side is given by

Vh € (EndFGV)Op, Vi € HOHl]Fg(V, W), Vk € (EndFGW)Op, h-)-k = koiyoh.

In case VW € Irrp(G) and V' # W, this yields V* @p¢ W = 0. And if
V =W, we have an isomorphism V* @ V = D¥ of (D;?, D{¥)-bimodules.
Then by Assertions (2) and (4) of Proposition 2.6

o {0 if V£ W
Ve W= IdKl(Df/p) lf V - W

In other words 7o 7’ is the identity map of [[ K;(Dy). Conversely
Vel (G)

ToT = Z ty oty« =tr, ,
Velrrg(G)

where L is the (FG,FG)-bimodule & (V®@perV*). Foreach V' € Irrp(G),

Velrrp(G)
the bimodule V' ®por V* = EndD;p(V) is isomorphic to the Wedderburn
component of FG corresponding to the simple module V', and the semisimple
algebra FG is equal to the direct sum of its Wedderburn components. Thus
L = TG, and tg, is equal to the identity map of K;(FG). 0

2.10. Corollary : Under the assumptions of Proposition 2.9, there is a
group isomorphism

K\(FG)= [ Dy/[Dy. D]
Vel (G)

Proof : This follows from Proposition 2.9 and Theorem 2.8, since x +— 7~}

is a group isomorphism D* — (D), for any skew field D. 0

2.11. Recall ([2] Chapter 3) that the biset category C of finite groups has all
finite groups as objects, the set of morphisms in C from a group G to a group
H being the Grothendieck group of (finite) (H, G)-bisets, i.e. the Burnside

group B(H, G). The composition of morphisms in C is the linear extension of
the product (V,U) — V x g U, for a (K, H)-biset V' and an (H, G)-biset U.

bt



A biset functor is an additive functor from C to the category Ab of abelian
groups.

For a prime number p, a p-biset functor is an additive functor from the
full subcategory C, of C consisting of p-groups to Ab.

Let 1C denote the (non full) subcategory of C with the same objects, but
where the set of morphisms from a group G to a group H is the Grothendieck
group 1B(H,G) of left free (H,G)-bisets. A deflation biset functor is an
additive functor from ;C to Ab.

2.12. Proposition :

1. Let R be a commutative ring. The assignment G — K(RG) is a
deflation functor.

2. The assignment G — K1(QG) is a biset functor.

Proof : For Assertion 1, if G and H are finite groups, and if U is a finite left
free (H,G)-biset, then the corresponding permutation (RH, RG)-bimodule
RU is free and finitely generated as a left RH-module. Hence the transfer
try : K1(RG) — Ki(RH) is well defined. If U’ is an (H, G)-biset isomorphic
to U, then RU' = RU as bimodules, hence tpyr = tgy. And if U is the
disjoint unions of two (H, G)-bisets U; and Us, then RU = RU; @ RU,, thus
try = tru, + tgru,. This shows that one can extend linearly this transfer
construction U — tgy to a group homomorphism

u€1B(H,G) — K;(u) € Hom (K, (RG), Ky (RH))

Moreover, if K is a third group, and V is a finite left free (K, H)-biset,
then try o try = trveryrRU = tR(Vxyzu) Since the bimodules RV @gy RU
and R(V xpg U) are isomorphic. Finally, if U is the identity biset at G,
namely the set G acted on by left and right multiplication, then RU = RG
as (RG, RG)-bimodule, thus tgy = Idg, (rg). This completes the proof of
Assertion (1).

The proof of Assertion (2) is the same, except that the transfer tqy :
K,(QG) — K;(QH) is well defined for an arbitrary finite (H, G)-biset U:
indeed QU is always finitely generated and projective as a QH-module. DO

3. Review of genetic subgroups

3.1. Let p be a prime number. A finite p-group is called a Roquette p-group
if it has normal rank 1, i.e. if all its normal abelian subgroups are cyclic. The
Roquette p-groups (see [9]) are the cyclic groups Cpn, for n € N, if p is odd.
The Roquette 2-groups are the cyclic groups Can, for n € N, the generalized
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quaternion groups QQon, for n > 3, the dihedral groups Do, for n > 4, and
the semidihedral groups S Dan, for n > 4.

If P is a Roquette p-group, then P admits a unique faithful irreducible
rational representation ®p ([2] Proposition 9.3.5).

3.2. If S is a subgroup of a finite p-group P, denote by Zp(S) the subgroup
of Np(S) defined by Zp(S)/S = Z(Np(S)/S). The subgroup S is called
genetic if it fulfills the following two conditions:

1. if z € P, then S*NZp(S) < S if and only if S* = S.
2. the group Np(S5)/S is a Roquette p-group.

When S is a genetic subgroup of P, let V(S) = Indinfﬁp(s)/sq)]vp(g)/s de-
note the QP-module obtained by inflation of ®y,(s)/s to Np(S) followed by
induction to P.

Two genetic subgroups S and 7' of P are said to be linked modulo P
(notation S =, T) if there exists an element x € P such that S*NZp(T) < T
and *T'N Zp(S) < S (where as usual S* = 27 1Sz and °T = 2Tz71).

3.3. Theorem : Let p be a prime number and P be a finite p-group.

1. If V is a simple QP-module, then there exists a genetic subgroup S of
P such that V= V(95).

2. If S is a genetic subgroup of P, then there is an isomorphism of Q-

algebras
EndgpV(S) = Endgn,(s)/sPnp(s)/s

induced by the induction-inflation functor from QNp(S)/S-modules to
QP-modules.

3. If S and T are genetic subgroups of P, then V(S) = V(T) if and
only if S ==, T. In this case, the groups Np(S)/S and Np(T)/T are
1somorphic.

Proof : See Theorem 9.4.1, Lemma 9.4.3, Definition 9.4.4, Corollary 9.4.5,
Theorem 9.5.6 and Theorem 9.6.1 of [2]. D

It follows in particular that the relation =, is an equivalence relation
on the set of genetic subgroups of P. A genetic basis of P is by definition a
set of representatives of genetic subgroups of P for this equivalence.

It also follows that if V' is a simple QP-module, and if S is a genetic
subgroup of P such that V' = V(.S), then the group Np(S)/S does not depend
on the choice of such a genetic subgroup S. This factor group is called the
type of V' ([2] Definition 9.6.8). Laurence Barker ([1]) has introduced the

word genotype instead of type, and we will follow this terminology.
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3.4. Definition : Let p be a prime number and P be a finite p-group. The
genome I'(P) of P is the product group

r(P) = [T (Ve(5)/5) .
SeB

where B is a genetic basis of P. It is well defined up to isomorphism.

More precisely, suppose that B and B’ are genetic bases of a p-group P.
Then for S € B, there exists a unique S’ € B’ such that there exists some
r € P with

(3.5) ST Zp(S') < S and *S' N Zp(S) < S |

and the correspondence S +— S’ is a bijection from B to B’. Moreover, for
each S € B corresponding to S” € B, the set D of elements z satisfying (3.5)
is a single (Np(S), Np(S’))-double coset in P ([2], Proposition 9.6.9).

Let x € D. Then for each n € Np(S)/S, there is a unique element
n’ € Np(S')/S" such that nSz = xS'n’, and the map n — n' is a group
isomorphism Np(S)/S — Np(S’)/S’, which only depends on x up to interior
automorphism of Np(S)/S. In particular, when p is odd, the group Np(S)/S
is cyclic, so this group isomorphism does not depend on .

Thus for odd p, this yields a canonical group isomorphism

(3.6) [T (Np(8)/8)2% T1 (Ne(51)/8") -

SeB S'ep’

3.7. Remark : Let p be a prime number, and P be a finite p-group. Since
the Roquette p-groups are all indecomposable (that is, they cannot be written
as a direct product of two non-trivial of their subgroups), the genotypes of
the simple QP-modules are determined by the group I'(P): by the Krull-
Remak-Schmidt theorem, the group I'(P) can be written as a direct product
of indecomposable groups I'y,...,I',, and such a decomposition is unique
(up to permutation and isomorphism of the factors). Then I'y, ..., ', are the
genotypes of the simple QP-modules.

In terms of the Roquette category R, (see Section 7, or [3]), this means
that two finite p-groups P and () become isomorphic in R,, if and only if their
genomes I'(P) and I'(Q) are isomorphic (as groups) (see [3] Proposition 5.14).



4. K-theory and genome

4.1. Lemma : Let p be a prime, and C be a cyclic p-group. Recall that ®¢
15 the unique faithful vrreducible rational representation of C, up to isomor-
phism.

1. If C' =1, then & = Q.

2. If C' # 1, let Z be the unique subgroup of order p of C. Then there is
an ezact sequence

(4.2) 0—>Pc—>QC —-QC/Z)—0 ,

of (QC,QC)-bimodules, where QC' — Q(C/Z) is the canonical sur-
jection.

3. If C has order p", then the algebra Endgc(®c) is isomorphic to the
cyclotomic field Q((yn), and if p > 2, the map sending ¢ € C' to the
endomorphism @ — @c of ®c is a group isomorphism from C' to the
p-torsion part ,Q((ym)* of the multiplicative group Q((pm)™.

Proof : Assertion 1 is trivial. Assertion 2 follows e.g. from [2], Proposi-
tion 9.3.5. A different proof consists in observing that if C' has order p",
then the algebra QC' is isomorphic to Q[X]/(X?" — 1), and the projection
map QC — Q(C/Z) becomes the canonical map

QUX)/(X”" = 1) = QX]/(X*" " —1) .

The kernel of this map is now clearly isomorphic to Q[X]/(7y,»), where 7y, is
the p™-th cyclotomic polynomial, that is, the p"-th cyclotomic field, which is
clearly a simple faithful module for the cyclic group generated by X in the
algebra Q[X]/(X?" — 1). Observe moreover that the exact sequence 4.2 is
indeed a sequence of (QC, QC')-bimodules.

The first part of Assertion 3 follows easily. For the last part, let (,» be a
primitive p"”-th root of unity. Observe that a p-torsion element in Q((,n)* is
a p"-th root of unity. Hence the p-torsion part of Q((,»)* is cyclic of order p”,
generated by (pn. 0

4.3. Theorem : Let p be an odd prime, and P be a finite p-group, and B
be a genetic basis of P. If S is a genetic subgroup of P, and a € Np(S)/S,
view a as an automorphism of ®n,(s)/s, and let a denote the corresponding
automorphism of V(S) = Indinfﬁp(s)q)NP(S)/s.



1. The group homomorphism

L(P) = I (Np(8)/8)— K:(QP)
SeB
sending a € Np(S)/S, for s € B, to the class [V(5),a] in Ki(QP) is
an isomorphism of the genome I'(P) onto the p-torsion part ,K,(QP)
of K1(QP).
2. If B' is another genetic basis of P, and vz p is the canonical isomor-
phism defined in 3.6, then

Vp o8B =VB .

Proof : Since p is odd, the Roquette p-groups are the cyclic p-groups. As-
sertion 1 now follows from Proposition 2.9, Theorem 3.3, and Lemma 4.1.

For Assertion 2, let S € B and let S’ be the unique element of B’ such
that §" =, S. Let ¢ : Np(S)/S — Np(S5')/S’ be the restriction of yg 5 to
Np(S)/S. If a € Np(S)/S, let ¢’ = p(a). Then ¢ induces an isomorphism
of QP-modules ¢ : V(S) — V(') such that the diagram

V(5) V(5)

A b

;> V(S
is commutative. Hence (V(9),a) = (V(S'),a@’) in P(QP), thus [V(S),a] =
[V(8"),d’] in K1(QP), as was to be shown. 0
4.4. Remark : The elements of odd order of Q((»)* are the p"-th roots
of unity. So I'(P) is also the odd-torsion part of K;(QP).

4.5. Corollary : Let p be an odd prime. Then the correspondence sending
a finite p-group P to its genome I'(P) is a p-biset functor.

=

Proof : Indeed by Proposition 2.12, the assignment P — K;(QP) is a p-biset
functor. So its p-torsion part is also a p-biset functor. 0

5. Explicit transfer maps

We begin with a slight generalization of the transfer homomorphism, associ-
ated to a left-free biset:
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5.1. Lemma and Definition : Let G and H be finite groups, and let )
be a left free (H,G)-biset. Let [H\Q)] be a set of representatives of H-orbits
on Q. Forge G, andx € Q, let h,, € H and o,(x) € [H\Q] be the elements
defined by xg = hy ,04(x).

1. The map g € G — [] hgs (in any order) induces a well defined
x€[H\Q]
group homomorphism

Verqg : G/|G,G] — H/[H, H|

called the (generalized) transfer associated to €.
2. If O = Q as (H,G)-bisets, then Vergr = Verq.
3. If Q=0 UQy as (H,G)-bisets, then Verg = Verg, + Verq,.

4. If K is another finite group, and Y is a finite left free (K, H)-biset,
then Q' x gy Q is a finite left free K-set, and

Vergs o Verg = Vergry a0 -

The notation and terminology comes from the classical transfer from
G/|G,G] to H/[H, H], when H is a subgroup of G: the corresponding biset
Q) is the set G itself, in this case.

Proof : Changing the set of representatives [H\()] amounts to replacing
each z € [H\Q] by n,x, for some n, € H. This changes the element h,,
in hy, = 'r]mhwnaj(x), so the product over x € [H\Q)] of the elements h; ,
is equal to the product of the elements h,, in the abelianization H/[H, H].
Hence Verg does not depend on the choice of a set of representatives.

It follows moreover from the definition that for g,¢' € G and = € [H\{],
we have hyg o = hg hy o). Hence

H hg' o = H g, H hy og(x) = H hg,a H hg

x€[H\Q) x€[H\Q) x€[H\Q) x€[H\Q) x€[H\Q)

in H/[H, H], so Verg is a group homomorphism. This proves Assertion 1.

For Assertion 2, let f : 2 — Q' be an isomorphism of (H, G)-bisets. Then
the set f ([H \Q]) is a set of representatives of the H-orbits on €. Moreover
for x € [H\Q] and g € G,

f($)g = f($g) - f(hg,xo'g(x)) - hg,mf(o'g(x)) >

11



so Verg/(g) = [] hy. = Vera(g), which proves Assertion 2.
z€eQ

Assertion 3 is clear, since [H\Q] = [H\Q] U [H\s].

For Assertion 4, it is straightforward to check that Q' x g € is left free.
Moreover, the set of pairs (2/,z) € Q' x g, for 2’ € [K\Q'] and = € [H\],
is a set of representatives of K orbits on Q' Xy Q. Then for 2/ € [K\§Y'] and
r € [H\Q],and g € G

(xlv .T})g = (xlv .T}g) = (x/a hg,:vo'g<x))
(2'hgz, 04(2)) = (kny o aTh,.. (2), 04(x))
= khg,ac7$, (Thg,x(x/)aag(x)) )

where ky s € K and 7,(2") € [K\] are defined by 2'h = kj, 1 (2"), for
h € H and 2’ € [K\{].
It follows that

Vergy ,a(g) = H Eny oo VGI‘Q/ H hg «) = Verq o Verg(g)

z€[H\Q] TE[H\Q)
z'€[K\Q]

which completes the proof. 0

5.2. Corollary 4.5 shows that there exists a p-biset functor structure on the
assignment P +— I['(P) for p-groups, when p is odd. This raises the following
question: suppose that P and @) are finite p-groups, that Bp is a genetic
basis of P, and By is a genetic basis of (). When U is a finite (@, P)-biset,
how can we compute the map

L)L) = [ (Ne(s)/5) = T(@) = [] (No(T)/T)

SeBp TGBQ

giving the action of the biset U?
This amounts to finding the map

L(U)r,s : Np(S) = Np(S)/S — No(T) = No(T)/T

for each pair (T, S) of a genetic subgroup T of ) and a genetic subgroup S
of P, defined as follows: if a € N p(S), then a can be viewed as an automor-
phism of the QN p(S)-module P§, (), viewed as an ideal of QNp(S) asin4.2.
Then a = Indinf%P(S)a is an automorphism of V(S) = Indinfk (52N H ()
hence an element a = [V (S),a] of K1(QP). This element is mapped by tou
to the element

tou(a) = [QU ®@qp V(5), QU ®qp d
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of K1(QQ). This in turn is mapped to the element ty (1)« o tou(a) of the

direct summand K (Fr) of K1(QQ) corresponding to the simple Q@Q-module

V(T) as in Proposition 2.9, where Fr is the field Dy ) = EndgoV (T).
Thus to find I'(U)r s(a), we have to compute the element

V(T)" ®qq QU ®@qp V(S), V(T)" ®qq QU ®qp d

of Ki(Fr) = F), and identify it as an element of Ng(T).

We set L(U)r,s = V(T)*®qoQU®gpV (S) for simplicity. First we observe
that the induction-inflation functor Indinf%P( s) is isomorphic to the functor
Q(P/S) @y, (s) (—), where Q(P/S) is endowed with its natural structure of

(QP, Q(Np(9)) ) -bimodule. Hence

QU @gp V(S) = QU @gp Indinff ()P Fp(s)
QU @qr Q(P/S) ®gxp(s) Pwp(s)
= QU/S) ®gnp(s) Pps)

I

where Q(U/S) is given its natural structure of <@P, Q(NP(S)))-bimodule.

Tensoring on the left with V' (7)*, an using a similar argument, we get
that

LU)rs = P, 1) Qangm QT\U/S) Qonps) Prpes)
where Q(T\U/S) is the permutation (QN¢q(T), QN p(S))-bimodule associ-
ated to the (Nq(T), Np(S))-biset T\U/S. Moreover P, () is self dual,

since it is the unique faithful rational irreducible representation of Ng(T),
so we can replace (I)*NQ ) by (I)NQ(T) in the right hand side of the previous

isomorphism.
Now the biset T\U/S splits as a disjoint union

T\U/S = | ] T\w/S

wENQ(T)\U/Np(S)

of transitive (Ng(T), Np(S))-bisets, where No(T)\U/Np(S) is the set of
(Ng(T), Np(S))-orbits on U. This yields a decomposition

(5.3) QTI\U/S) =2 P Q(I\w/S)

wGNQ (T)\U/NP (S)

as (QNq(T),QN p(T))-bimodules.
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5.4. Lemma : Let C and D be cyclic p-groups, and let Q) be a transitive
(D, C)-biset. Then ®p®qgp Q2 = 0 unless §2 is left free, and QQRgc Pe =0

unless € is right free.

Proof : Suppose that the action of C' is not free. This means that C' is
non-trivial, and that the unique subgroup Z of order p of C' acts trivially
on €2: indeed since ) is a transitive biset, the stabilizers in C' of the points
of €2 are conjugate in C, hence equal since C' is abelian. So these stabilizers
all contain Z if one of them is non trivial. Then (2 is inflated from a (C/Z)-
set Q, and then QO = QQ ®Ro(c/z) QC/Z). But Q(C/Z) ®gc Pc is the
module of Z-coinvariants on @, hence it is zero, since ®. is faithful. Hence
QN ®gc P = 0 in this case. Similarly, if the action of D is not free, then
Op ®op QN2 = 0. 0

5.5. It follows from Lemma 5.4 that to compute

q)%Q(T) ®@1VQ(T) Q(T\U/S) QN p(5) q)NP(S)

using decomposition 5.3, we can restrict to orbits w = No(T)uNp(S), where
u € U, for which the (Ng(T), Np(S))-biset T\w/S is left and right free.
The left stabilizer of the element TuS of this biset is equal to

{2T € Ng(T) | 3s € S, zu = us} ,
hence T\w/S is left free if and only if
(5.6) “SANQT) < T ,

where “S = {zx € Q | Is € S, zu = us} ([2] Notation 2.3.16).
Similarly T\w/S is right free if and only if

TN Np(S)< S,

where T ={x € P |3t €T, tu = ux}.
Finally, the bimodule L(U)r s is isomorphic to

& Do) Qanor) QT\N(T)uNp(5)/S) @gxpisy Prp(s)s
u€[NQ(T)\U/Np(9)]
“SANG(T)<T
TUANp(S)<S

where [Ng(T))\U/Np(S)] is a set of representatives of (Ngo(T'), Np(S))-
orbits on U.
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5.7. Lemma : Let p be an odd prime, and let C' and D be cyclic p-groups.
Let moreover Q be a left and right free finite (D, C)-biset. Let a € C, viewed
as an automorphism of the QC-module ®c. Then the image of [Pc,al in
K1(QD) by the transfer associated to the bimodule L = ®p ®qgp QS2 is equal
to the image of Verg(a) € D = D/[D, D] by the map agp of Remark 2.2.

Proof : By Lemma 5.1 and Proposition 2.6, we can assume that ) is a
transitive biset, of the form (D x C')/B for some subgroup B of D x C'. Then
Q2 is left and right free if and only if there exists a subgroup F of C' and an
injective group homomorphism ¢ : E — D such that B = {(¢(e),e) |€ E}.
There are two cases:

e cither £/ = 1: in this case 2 = D x C, so Q2 = QD ®q QC, and
D pRop QNRgePe = Pp®oPe. As a vector space over the cyclotomic
field F' of endomorphisms of ®p, it is isomorphic to F'®q®Pc. The action
of a € C on this vector space is given by the matrix of a acting on ®¢.

Suppose that a is a generator of C', of order p™. Then this action is
the action by multiplication of a primitive p"-th root of unity ¢ on the
field Q(¢). As an element of K;(F'), it is equal to the determinant of
the matrix representing this multiplication, i.e. to the norm Ng¢)/o(¢),
which is equal to 1, as the p"-th cyclotomic polynomial has even degree
p" H(p—1) and value 1 at 0. It follows that [®¢,a] is mapped to the
identity element of K (QD) in this case. Since this holds for a generator
a of C, the same is true for any element a of C.

In this case also, a set of representatives of [D\Q] is the set 1 x C,
which is invariant by right multiplication by C. It follows that the
elements d, , € D defined for @ € C and = € [D\Q] by za = d, ', for
2’ € [D\Q)], are all equal to 1. So the transfer Verg is also the trivial
homomorphism in this case.

e or F # 1: let Z denote the unique subgroup of order p of C. Tensoring
over QC' the exact sequence of (QC, QC')-bimodules

0—=Pc—>QC —-Q(C/Z) =0
with ®p ®@gp QN2 gives the exact sequence
0= ®p ®op Q0 ®qgce Pe = Pp ®gp QL — Pp ®op Q(/Z) =0 .

But /7 is not free as a left D-set, since the unique subgroup ¢(Z) of
order p of D stabilizes BZ € Q/Z, as for z € Z and e € E

o(2)(i(e),€) = (ilze). €) = (plze). 2¢) = .
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By Lemma 5.4, it follows that ®p ®gp Q(2/Z) = 0, hence
®p ®op QN ®gc Po = Pp ®gop QN2 .

As a vector space over the cyclotomic field F' of endomorphisms of ®p,
this is isomorphic to F ®g Q[D\]. The action of a € C' on this vector
space is given for x € [D\Q] and A € F' by

A@x)a=AR@2a =A® dy,0,(x) = Adaz @ 0a(x)

where d,, € D and o,(z) € [D\Q] are defined by za = d,,0.(x).
In other words, the matrix of the action of a is the product of the
permutation matrix of o, with a diagonal matrix of coefficients d, ,,
for x € [D\Q]. In K;(F'), this matrix is equal to its determinant, that
is the signature of o,, which is equal to 1 as o, is a product of cycles
of odd length (equal to some power of p), multiplied by the product of
the elements d, ., that is the image in K;(QD) of Verg(a), as was to
be shown. 0

5.8. Remark : Recall that if () is a central subgroup of finite index n in
a group G, then the transfer G/[G, G] — @ is induced by the map g — ¢"
from G to @ (see [10] Theorem 7.47). It follows easily that in the situation
of Lemma 5.7, if Q@ = (D x C)/B, where B = {(g(e),e) | e € E} for a
subgroup E of C' and an injective homomorphism ¢ : £ — D, the transfer
Verg : C — D is given by a — ¢(al“Fl). Moreover |C : E| = |D\().

5.9. Theorem : Let p be an odd prime. Let P and Q) be finite p-groups,
and let U be a finite (Q, P)-biset.

1. Let S be a genetic subgroup of P and T be a genetic subgroup of Q).
Let D(U)r,s be the set of orbits No(T)uNp(S) of those u € U for
which T* N Np(S) < S and “S N No(T) < T (see 5.6 for nota-
tion). Then for w € D(U)rs, the set T\w/S is a left and right free
(No(T)/T, Np(S)/S)-biset, and the map

F(U)T,S : Np(S)/S — NQ(T)/T

sending a € Np(S)/S to

H Verp./s(a)

wED(U)T,S

1s a well defined group homomorphism.
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2. Let Bp and By be genetic bases of P and @), respectively. Then the
map I'(U) : T'(P) — IT'(Q) giving the biset functor structure of I' is the
map

L) =11 We(s)/8) = [ (Na(T)/T) =T(Q)

SeBp TeBg

with component (T, S) equal to I'(U)r.s.

Proof : This results from Paragraph 5.2, Lemma 5.4, Paragraph 5.5, and
Lemma 5.7. 0

6. Examples

6.1. Proposition : Let P be a finite p-group, for p odd, and let B be a
genetic basis of P. Let N <P, and P = P/N. Let By be the subset of B
defined by
By={SeB|S>N} .
Then:
1. The set B={S = S/N | S € By} is a genetic basis of P.

2. Up to the identification of N5(S) with Np(S)/S, for S € By, the
inflation morphism

Infp)y : D(P/N) = [T (N5(5)/8) = T(P) = [ ] (Ne(5)/5)
SeB SeB
is the embedding in the product of the factors of I'(P) corresponding to
genetic subgroups S containing N.
3. Similarly, the deflation morphism
Defpy : T(P) = [ (Np(8)/S) = T'(P/N) = [ (Np(5)/5)

SeB SeB

is the projection onto the product of the factors of I'(P) corresponding
to genetic subgroups S containing N .

Proof : Assertion 1 is clear from the definitions: if N < S < P, then S is
genetic in P if and only if S/N is genetic in P/N. Moreover the relation
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=p/N gives the relation =, by inflation.
Now the inflation morphism Infllz/N is defined by the (P, P)-biset U =
P/N, with natural actions of P and P. Let u = xN be an element of U, for

somezr € P. Let T e Band S € B.

T“NNp(S) = {§=yN e N5(S)|3teT, tu=uy}
= {g§=yN € Np(S) |3t €T, taN = 2yN}
= {7=yN € Np(S) |yN € T* N}
= (T*NNNp(S))/N = (T*NNp(S))N/N ,

where the last two equalities hold because S > N. Hence T“N N5(S) < S if
and only if 7% N Np(S) < S.
On the other hand

“SNNp(T) = {ye€ Np(T)|3I5=5sN €S, yu=us}
= {ye Np(T)|3Is €S, yrN = xzNs}
— {ye Np(T) | y €75}

Hence “S N Np(T) C T if and only if *S N Np(T) < T.

If moreover T"NNp(S) < S, ie. T*"NNp(S) < S, it follows that T =, S,
hence T' = S since T" and S belong to the same genetic basis B. Moreover
x € Np(S), and the induced group homomorphism N5(S)/S — Np(T)/T is
the canonical isomorphism Nz(S)/S — Np(S)/S. This completes the proof
of Assertion 2.

For Assertion 3, we consider the deflation map Defg/N :I'(P) — I'(P/N).
It corresponds to the biset V = P/N, with left action of P and right action
of P. Forv=yN €V, for T € Band S € B, and with the same notation
as above, the computation is similar: we have 7% N N5(S) < S if and only
if TN Np(S) < S, and *S N Np(T) < T if and only if ¥S N Np(T) < T.
These two conditions are fulfilled if and only if S =T and y € Np(S). This
completes the proof. 0

Recall that the faithful part OF (P) of the evaluation of a biset functor F
at a group P is the set of faithful elements of F'(P), introduced in [2] Defini-
tion 6.3.1: it is the set of elements u € F'(P) such that Def]P;/Nu = 0 for any
non trivial normal subgroup N of P. Equivalently Def5 /7w =0 for any non
trivial central subgroup Z of P. The following is now clear:
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6.2. Corollary : Let p be an odd prime and P be a finite p-group. Let B
be a genetic basis of P. Then the faithful part OT'(P) of T'(P) is equal to

e =TI (Ve(S)s) -

SeB
SnZ(P)=1

7. Genome and Roquette category

7.1. Let F be a p-biset functor. It is shown in [2] Theorem 10.1.1 that if P
is a finite p-group and B is a genetic basis of P, then the map

Iy = @ Indinf}y 55 : @ OF (Np(S)/S) — F(P)
seB seB

is always split injective. When Zp is an isomorphism for one particular genetic
basis B of P, then Zz is an isomorphism for any other genetic basis B’ of P.

The functors for which Zg is an isomorphism for any finite p-group P and
any genetic basis B of P are called rational p-biset functors. It has been shown
further ([3]) that these rational p-biset functors are exactly those p-biset
functors which factorize through the Roquette category R, of p-groups: more
precisely ([3], Definition 3.3), the category R, is defined as the idempotent
additive completion of a specific quotient Rlﬁ) of the category C,, so there
is a canonical additive functor m, : C, — R,, equal to the composition of
the projection functor C, — R and the inclusion functor R% — R,. The
rational p-biset functors are the additive functors F' : C, — Ab for which
there exists an additive functor F' : R, — Ab such that F' = F o m,. In this
case, the functor F is unique.

7.2. Proposition : Let p be an odd prime. Then the genome p-biset
functor I' is rational.

S

Proof : Let P be a p-group, and B be a genetic basis of P. If S € B, then
Q) = Np(S)/S is cyclic, so the trivial subgroup S/S of @ is the only one
intersecting trivially the center of (), and it is a genetic subgroup of (). By
Corollary 6.2, we have that

T (Np(S)/S) = Np(5)/S .
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Now the induction-inflation map Indinfﬁp(s)/s is given by the (P, Np(S)/S)-
biset U = P/S. Let T € B, and let uw = xS € U such that

T“N No(S/S)<S/S and “(S/S)NNp(T)<T .
The first inclusion means that
{yS € Np(S)/S |3t €T, tecS =2xSy} =95/S .
In other words 7% N Np(S) < S. The second inclusion means similarly that
{y € Np(T') | 3s € §/S, taS =2Ss} <T |,

that is Np(T)N*S < T. Hence T'=, §, thus T' = S since T" and S both
belong to a genetic basis of P. Moreover # € Np(S), and the morphism we
get from Np(S)/S to Np(T')/T is the identity map.

In other words, the map

Indinfy g5 : O (Np(S)/S) = Np(S)/S — T'(P)

is the canonical embedding of Np(S)/S in I'(P). It clearly follows that the
map Zp is an isomorphism, hence I' is rational. 0

7.3. Corollary : Let p be an odd prime. Then there exists a unique
additive functor T from the Roquette category R, to Ab such thatT' = Tom,.
Moreover T(OP) = OU(P) for any finite p-group P, where OP is the edge
of P in R,. In particular T(0C) = C for any cyclic p-group C.

Proof : This follows from the definition and properties of the category R,
(for the definition of the edge OP of a p-group P in the Roquette category,
see [3] Definition 3.7). 0
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