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Abstract

We consider in this paper the problem of sampling a high-dimensional probabil-
ity distribution 7 having a density w.r.t. the Lebesgue measure on R¢, known up
to a normalisation factor = e’U(x)/ fRd e~U®dy. Such problem naturally occurs
for example in Bayesian inference and machine learning. Under the assumption
that U is continuously differentiable, VU is globally Lipschitz and U is strongly
convex, we obtain non-asymptotic bounds for the convergence to stationarity in
Wasserstein distance of order 2 and total variation distance of the sampling method
based on the Euler discretization of the Langevin stochastic differential equation,
for both constant and decreasing step sizes. The dependence on the dimension of
the state space of the obtained bounds is studied to demonstrate the applicability
of this method. The convergence of an appropriately weighted empirical measure is
also investigated and bounds for the mean square error and exponential deviation
inequality are reported for functions which are either Lipchitz continuous or mea-
surable and bounded. An illustration to a Bayesian inference for binary regression
is presented.

1 Introduction

There has been recently an increasing interest in Bayesian inference applied to high-
dimensional models often motivated by machine learning applications. Rather than
obtaining a point estimate typical in optimization setting, Bayesian methods attempt to
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sample the full posterior distribution over the parameters and possibly latent variables.
This arguably provides a way to assert uncertainty in the model and prevents from
overfitting [29], [38].

The problem can be formulated as follows. We aim at sampling a posterior distribu-
tion m on R%, d > 1, with density = — e_U(gﬁ)/ fRd e V®dy w.r.t. the Lebesgue measure,
where U is continuously differentiable. The Langevin stochastic differential equation
associated with 7 is defined by:

dY; = —VU(Y,)dt + v2dB; , (1)

where (Bt)¢>0 is a d-dimensional Brownian motion defined on the filtered probability
space (Q, F, (Ft)i>0, P), satisfying the usual conditions. Under mild technical conditions,
the Langevin diffusion admits 7 as its unique invariant distribution.

We consider in this paper the sampling method based on the Euler-Maruyama dis-
cretization of (1). This scheme defines the (possibly) non-homogeneous, discrete-time
Markov chain (Xj)r>0 given by

X1 = X — 1 VU (Xg) + V2412141 (2)

where (Zj)>1 is an i.i.d. sequence of d-dimensional standard Gaussian random variables
and (vx)r>1 is a sequence of step sizes, which can either be held constant or be chosen
to decrease to 0. This algorithm has been first proposed by [14] and [31] for molecular
dynamics applications. Then it has been popularized in machine learning by [17], [18]
and computational statistics by [29] and [33]. Following [33], in the sequel this method
will be refer to as the unadjusted Langevin algorithm (ULA). When the step sizes are held
constant, under appropriate conditions on U, the homogeneous Markov chain (X})x>0
has a unique stationary distribution =, which in most of the cases differs from the
distribution 7. It has been proposed in [34] and [33] to use a Metropolis-Hastings step
at each iteration to enforce reversibility w.r.t. 7. This new algorithm is referred to as
the Metropolis adjusted Langevin algorithm (MALA).

The ULA algorithm has already been studied in depth for constant sequence of step
sizes in [36], [33] and [27]. In particular, [36, Theorem 4] gives an asymptotic expansion
for the weak error between 7 and 7.,. For sequence of step sizes such that limg_, {7z = 0
and Y 77,79, = oo, weak convergence of the weighted empirical distribution of the
scheme have been shown in [23], [24] and [25]. Contrary to the previous cited works,
we focus in this paper on non-asymptotic results. More precisely, we obtain explicit
bounds between the distribution of the n'!' iterate of the Markov chain (Xj)g>0, for
n € N, defined by the Euler discretization and the target distribution 7 in Wasserstein
and total variation distance for nonincreasing step sizes. When the sequence of step
sizes is constant v, = ~ for all k > 0, fixed horizon and fixed precision strategies
are considered. In addition, quantitative estimates between m and m, are obtained.
When limg_, o 7 = 0 decreases to zero and zzozl v, = 00, we show that the marginal
distribution of the non-homogeneous Markov chain (Xj),>0 converges to the target
distribution 7 and provides explicit convergence bounds. A particular attention is paid



to the dependency of the proposed bounds on the dimension. These results complete
and improve the results obtained by [10] and [11].

The paper is organized as follows. In Section 2, we study the convergence in the
Wasserstein distance of order 2 of the Euler discretization for constant and decreas-
ing step sizes. In Section 3 we provide non-asymptotic bounds of convergence of the
weighted empirical measure applied to Lipschitz functions. In Section 4, we give non
asymptotic bounds in total variation distance between the Euler discretization and .
This study is completed in Section 5 by non-asymptotic bounds of convergence of the
weighted empirical measure applied to bounded and measurable functions. Our claims
are supported in a Bayesian inference for a binary regression model in Section 6. The
proofs are given in Section 7. Finally in Section 8, some results of independent interest,
used in some proofs, on functional autoregressive models are gathered. Some technical
proofs and derivations are postponed and carried out in a supplementary paper [12].

Notations and conventions

Denote by B(R?) the Borel o-field of RY, F(R%) the set of all Borel measurable functions
on R? and for f € F(RY), ||f|lcc = Supgegd |f(z)|]. For p a probability measure on
(R4, B(RY)) and f € F(R?) a p-integrable function, denote by u(f) the integral of f
w.r.t. u. We say that ( is a transference plan of p and v if it is a probability measure
on (R? x R, B(R? x R%)) such that for all measurable set A of RY, ¢(A x R%) = u(A)
and ¢(R? x A) = v(A). We denote by II(u,v) the set of transference plans of y and v.
Furthermore, we say that a couple of R%random variables (X,Y) is a coupling of  and
v if there exists ¢ € II(u,v) such that (X,Y) are distributed according to ¢. For two
probability measures p and v, we define the Wasserstein distance of order p > 1 as

1/p
def ; P
W)= (e [ e aPacen)
By [37, Theorem 4.1], for all u,v probability measures on R?, there exists a transfer-
ence plan ¢* € II(u,v) such that for any coupling (X,Y") distributed according to ¢*,
Wy (u,v) = E[||X — Y||P)'/P. This kind of transference plan (respectively coupling) will
be called an optimal transference plan (respectively optimal coupling) associated with
Wp,. We denote by Pp(Rd) the set of probability measures with finite p-moment: for all
1€ Pp(RY), [gallzllP du(z) < +oo. By [37, Theorem 6.16], P,(R?) equipped with the
Wasserstein distance W), of order p is a complete separable metric space.

Let f : RY — R be a Lipschitz function, namely there exists C' > 0 such that for all
z,y € RY |f(z) — f(y)| < C ||z — y||. Then we denote

£l = mf{]f (@) = fF@) e =y | 2.y e Rz # y} .

The Monge-Kantorovich theorem (see [37, Theorem 5.9]) implies that for all u, v prob-
abilities measure on R,

W) =sup{ [ oiauta) — [ j@ante) | 7R SR [l <1}
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Denote by Fy(R?) the set of all bounded Borel measurable functions on R?. For f €
Fy(RY) set osc(f) = sup, yega | f(x) — f(y)|. For two probability measures y and v on
R, the total variation distance distance between p and v is defined by ||u — v||rv =
suppes(rdy |[H(A) —v(A)]. By the Monge-Kantorovich theorem the total variation dis-
tance between u and v can be written on the form:

= vlav = ot [t i),
Cell(p,v) JRdxRd

where D = {(z,y) € R? x R |z = y}. For all z € R% and M > 0, we denote by B(xz, M),
the ball centered at z of radius M. For a subset A C R?, denote by A€ the complementary
of A. Let n € N* and M be a n x n-matrix, then denote by MT the transpose of M
and || M]| the operator norm associated with M defined by [|[M| = supg =y [|[Mz]|.
Define the Frobenius norm associated with M by |[M|Z = Te(MTM). Let n,m € N*
and F : R® — R™ be a twice continuously differentiable function. Denote by VF and
V2F the Jacobian and the Hessian of F respectively. Denote also by AF the vector
Laplacian of F defined by: for all z € R, AF (x) is the vector of R™ such that for all
i € {1,---,m}, the i-th component of AF(z) is equals to 2?21(82E/31‘§)(1‘). In the
sequel, we take the convention that 3 =0 and [[) =1 for n,p € N, n < p.

2 Non-asymptotic bounds in Wasserstein distance of order
2 for ULA

Consider the following assumption on the potential U:

H1. The function U is continuously differentiable on R® and gradient Lipschitz: there
exists L > 0 such that for all x,y € R, |VU(z) — VU (y)|| < Lz — vyl

Under H1, for all 2 € R? by [22, Theorem 2.5, Theorem 2.9 Chapter 5] there exists
a unique strong solution (Y;)¢> to (1) with Yy = x. Denote by (P;):>0 the semi-group
associated with (1). It is well-known that 7 is its (unique) invariant probability. To get
geometric convergence of (P;);>¢ to m in Wasserstein distance of order 2, we make the
following additional assumption on the potential U.

H2. U is strongly convez, i.e. there exists m > 0 such that for all z,y € RY,
U(y) > U(z) + (VU (x),y — z) + (m/2) & — y||* .

Under H2, [30, Theorem 2.1.8] shows that U has a unique minimizer z* € R%. If in
addition H1 holds, then [30, Theorem 2.1.12, Theorem 2.1.9] show that for all z,y € R%:

1

(VU() — VU@)y =) 2 5y — ol + —— VUG - VU@, @)
where ol
Re= (4)



We first give a uniform bound in time on the second moment of the diffusion which
implies a bound on the second moment of 7.

Theorem 1. Assume H1 and H2.

(i) For allt >0 and x € R?,

d
/ Hy—x*HQPt(x’dy) S Hx—x*”zef2mt+_(1_ef2mt) )
R4 m

(i) The stationary distribution T satisfies [gpa ||z — o*||? w(dx) < d/m.
Proof. The proof is postponed to Section 7.1. O

In the next result we provide the geometric rate of convergence to stationarity of the
semi-group in Wasserstein distance. It is worthwhile to note that these bounds do not
depend on the dimension d.

Theorem 2. Assume H1 and H2.
(i) For any v,y € RY and t > 0, Wo (6, Py, 6, ) < e ™ ||z — y||.
(ii) For any x € R and t > 0, Wa (8, P, m) < e ™ {||lz — 2*|| + (d/m)*/?}.

Proof. Most of the statement is well known; see [2] and the references therein. Never-
theless for completeness, we provide the proof in Section 7.2. U

Let (vx)k>1 be a sequence of positive and non-increasing step sizes and for n,¢ € N,
denote by

¢
Pn,écng)’ky I\n:]:\l,n- (5)
k=n
For v > 0, consider the Markov kernel R, given for all A € B(R?Y) and z € R? by

Ry(o.4) = [ (m) 2 exp (~(4) !y = 2+ VU @) dy (6)

The process (X, )n>0 given in (2) is an inhomogeneous Markov chain with respect to the
family of Markov kernels (R, )n>1. For £,n € N*, £ > n, define

6«227z = R’yn o R’w ’ nyyl = Qflym (7)

with the convention that for n,f € N, n < ¢, Qf;’n is the identity operator.
We first derive a Foster-Lyapunov drift condition for QZ’{ lineN* 0 >n.

Theorem 3. Assume H1 and H2.



1) Let (vi)p>1 be a nonincreasing sequence with v1 < 2/(m+ L). Let * be the unique
Ve )k> v
minimizer of U. Then for all z € R? and n,l € N*, [o4|ly — a*|? QZ’E(x,dy) <
on¢(), where o, 0(x) is given by

¢ 12 ¢
one(@) = [T —rm) iz —a*|* +2d ) we { IT a- ff%)} ) (8)

k=n k=n 1=k+1
and K is defined in (4).

(it) Let v € (0,2/(m + L)]. R, has a unique stationary distribution 7, and
/ e — 2| (da) < 25 .
R4

Proof. The proof is postponed to Section 7.3. O

We now proceed to establish the contraction property of the sequence (Qg)nzl in
Wy. This result implies the geometric convergence of the sequence (593Rfyl)n21 to my in
W, for all z € R?. Note that the convergence rate is again independent of the dimension.

Theorem 4. Assume HI1 and H2. Then,

(i) Let (ve)r>1 be a nonincreasing sequence with v1 < 2/(m + L). For all z,y € R?
and £ >n>1,

14

1/2
Wi (8,Q5", 6,Q0") < {H(l — k) ||z — y||2} :

k=n

(ii) For any v € (0,2/(m + L)), for all z € R and n > 1,
1/2
Wald, B2, ) < (1= sy)"? {JJo = ¥ + 20712} .

Proof. The proof is straightforward using the synchronous coupling but is postponed to
Section 7.4 for completeness. O

We now proceed to establish explicit bounds for Wy (593Q2, ), with z € R, Since 7
is invariant for P, for all t > 0, it suffices to get some bounds on Wg(émQZ, voPr,), with
vy € Po (Rd) and take vy = w. To do so, we construct a coupling between the diffusion
and the linear interpolation of the Euler discretization. An obvious candidate is the
synchronous coupling (Y, Y¢);>o defined for all n > 0 and ¢ € [T, [y41) by

Yi=Yr, - [{, VU(Y:)ds + V(B - Br,) ©)

¥i = ¥r, — VU(Vr,)(t — D) + V2(B: — Br,)
with Yy is distributed according to vy, Yy = = and (I',,),>1 is given in (5). Therefore since
for all n > 0, Wg(&xQ;‘, v Pr,) < E[||Yr, — Yr,||%], taking 19 = 7, we derive an explicit
bound on the Wasserstein distance between the sequence of distributions (4, Qg)nzo and
the stationary measure 7 of the Langevin diffusion (1).



Theorem 5. Assume H1 and H2. Let (7;)k>1 be a nonincreasing sequence with vy <
1/(m+ L). Then for allx € R andn > 1,

W35:Qm < ud () {le - P + d/m} + uP(y) |
where

H 1— Kkv,/2) (10)
k=1

Kk is defined in (4) and

u?(y) = LQZ[% {r~ +%}{2d+dL Ji %2%2} 11 (1—mk/2)] - (11)

k=i+1
Proof. The proof is postponed to Section 7.5. O

Corollary 6. Assume H 1 and H 2. Let (y;)r>1 be a nonincreasing sequence with
v < 1/(m+ L). Assume that limg_oo v = 0 and lim,, 400 'y, = +00. Then for all
z € R, lim, o0 WQ((S:L-QTYL,T(') =0.

Proof. The proof is postponed to Section 7.6. U

In the case of constant step sizes v, = v for all kK > 1, we can deduce from Theorem 5,
a bound between 7 and the stationary distribution ., of R,.

Corollary 7. Assume H1 and H2. Let (7;)k>1 be a constant sequence vy, =~y for all
k>1 withy<1/(m+L). Then

W3(m,my) <26 L2y {1 + 4} (2d + dL*y/m + dL*4*/6) .
Proof. The proof is postponed to Section 7.7. O

We can improve the bound provided by Theorem 5 under additional regularity as-
sumptions on the potential U.

H3. The potential U is three times continuously differentiable and there exists L such
that for all z,y € R%, ||V2U(z) — V2U(y)|| < Lz — y]|.

Note that under H1 and H3, we have that for all =,y € RY,
. 2 .
VU@ < Lyl |AVU)@)|| < dL?. (12)

Theorem 8. Assume H1, H2 and H3. Let (v;)r>1 be a nonincreasing sequence with
y1 <1/(m + L). Then for all z € R and n > 1,

W3 5,Q5m) < ul () {lle = ¥ + d/m} + uP (3)



where uy) is given by (10), k in (4) and

n

L? 4L4 ;
ul (y) = Z [dﬁ’ {ZL2 + 57t <? + v L+ 3—m> +L* (% + m_l)}

i=1

Proof. The proof is postponed to Section 7.8. O

In the case of constant step sizes v, = v for all k£ > 1, we can deduce from Theorem 8,
a sharper bound between 7 and the stationary distribution 7, of R,.

Corollary 9. Assume H1, H2 and H3. Let (y;)r>1 be a constant sequence v, =y for
all k > 1 with v <1/(m + L). Then

72

L AL
Wi(m,my) < 25 tdy? {QL2 4+ r1 <? +~L* + %> + LA (/6 + ml)} .

Proof. The proof follows the same line as the proof of Corollary 7 and is omitted. [

Note that the bounds provided by Theorem 5 and Theorem 8 scale linearly with
the dimension d. Using Theorem 4-(ii) and Corollary 6 or Corollary 9, given ¢ > 0,
we determine the smallest number of iterations n. and an associated step-size 7. to
approach the stationary distribution in the Wasserstein distance with a precision €. The
dependencies on the dimension d and the precision ¢ of n. based on Theorem 5 and
Theorem 8 are reported in Table 1. Details and further discussions are included in the
supplementary paper [12].

Parameter d €
Theorem 5 and Theorem 4-(ii) | O(dlog(d)) | O(e=2|log(e)])
Theorem 8 and Theorem 4-(ii) | O(dY/?log(d)) | O(e~! |log(e)|)

Table 1: Dependencies of the number of iterations n. to get Wa(dy« R, m) < ¢

Ne
Ye?

For simplicity, consider sequences (7y)g>1 defined for all & > 1 by v, = y1k~¢, for
v < 1/(m+ L) and « € (0,1]. The rate of the bounds provided by Theorem 5 and
Theorem 8 are given in Table 2, see [12] for details.

a€(0,1) a=1
Theorem 5 | dO(n=%) | dO(n~1) for v, > 2k~ see [12, Section 3]
Theorem 8 | dO(n=2%) | dO(n=2) for v > 2k~ ! see [12, Section 2]

Table 2: Order of convergence of W2 (3, QY,m) for v, = k™



3 Mean square error and concentration for Lipschitz func-
tions

Let f : R? — R be a Lipschitz function and (Xj)r>o the Euler discretization of the
Langevin diffusion. In this section we study the approximation of [pa f(y)7(dy) by the
weighted average estimator

N+n
ﬁrjy(f) = Z Wii\,[nf(Xk) ) wljc\,fn = 7k+1]‘1]7\71+2,N+n+1 . (14)
k=N+1
where N > 0 is the length of the burn-in period, n > 1 is the number of samples, and for
n,p € N, Iy, , is given by (5). In all this section, P, and E, denote the probability and
the expectation respectively, induced on ((R%)N, B(R)N) by the Markov chain (X, )n>0

started at € R?. We first compute an explicit bound for the Mean Squared Error
(MSE) of this estimator defined by:

() = m (D] = (Bala (1] = ()} + Var, {72 ()}

We first obtain an elementary bound for the bias. For all k € {N +1,...,N + n}, let
&, be the optimal transference plan between (LCQE/ and 7 for W5. Then by the Jensen
inequality and because f is Lipschitz, we have:

MSEY" = E, [

N+n 2
{Ex[frév(f)]—ﬂ(f)}Q:( > wih, / {f(z)—f(y)}sk(dz,dy)>
k=N11 R4 xR4

) N4+n N )
<15 W |z — y|* €k (dz, dy) .
ka%:—f—l ‘ /RdXRd ’

Let (v%)k>1 be a nonincreasing sequence with y; < 1/(m + L) and recall that z* is the
unique minimizer of U. Using Theorem 5 and Theorem 8, we end up with the following

bound:

N+n
(Bl (1) = 7(DY < Il Yo wila {Ul—a1P + d/m)uf’ (1) +wn()} . (15)
E=N+1

where u,(ll)(v) is given in (10) and wy,(7) is equal to u'?) () defined by (11) if H1-H?2
hold, and to u (7), defined by (13), if H1-H2 and H3 hold.

Consider now the variance term. To control this term, we adapt the proof of [21,
Theorem 2| for homogeneous Markov chain to our inhomogeneous setting, and we have:

Theorem 10. Assume H 1 and H 2. Let (v;)k>1 be a nonincreasing sequence with
y1 < 2/(m+L). Then for all N >0, n > 1 and Lipschitz functions f : R — R, we get
Var, {it) ()} < 8672 |1, Dntyo,nns 19N (7), where

def

v 2 {14+ TR oy (7 +2/(m + D)} (16)



Proof. The proof is postponed to Section 7.9. U

It is worth to observe that the bound for the variance is independent from the
dimension.

We may now discuss the bounds on the MSE (obtained by combining the bounds
for the squared bias (15) and the variance Theorem 10) for step sizes given for k > 1
by vr = 1k~ where a € [0,1] and 3 < 1/(m + L). Details of these calculations are
included in the supplementary paper [12, Section 4.1-4.2]. The order of the bounds (up
to numerical constants) of the MSE are summarized in Table 3 as a function of v, n
and N. Note that in the infinite horizon setting, it is optimal to take o = 1/2 under H
1 and H2, and @ = 1/3 under H1, H2 and H3.

Bound for the MSE
a=0 71+ (1n) " {1 + exp(=r71NV/2)}
a€(0,1/2) | yn= %+ (ynt~)~1 {1 +exp(—ry N1=9/(2(1 — a)))}
a=1/2 y1log(n)n=12 4+ (yynt/?)~t {1 + exp(—ry1 N1 2/4)}
a e (1/2,1) | no 3 [ 47, {1+ exp(—am N /(1 — a))}]
a=1 log(n) " {71+ (1 + N 17/2)}

Table 3: Bound for the MSE for v, = v15£~ for fixed v; and N under H1 and H2

Bound for the MSE
a=0 71+ (nn) {1+ exp(=w1N/2)}
a€(0,1/3) | yin > + (mn' %) {1 +exp(=xnN'"*/(2(1 — a)))}
a=1/3 i log(n)n ™% + (1n/%) "1 4 exp(—w N'/2/4)}
a € (1/3,1) n [+ 9 {1 + exp(—sn NT2/(2(1 — o)) }]
a=1 log(n) ' {7+, (1 + N 1%/2)}

Table 4: Bound for the MSE for v, = vk~ for fixed v; and N under H1, H2 and H3

If the total number of iterations n 4+ N is held fixed (fixed horizon setting), we may
optimize the value of the step size v, but also of the burn-in period N to minimize
the upper bound on the MSE. The order (in n) for different values of o € [0, 1] are
summarized in Table 5 (we display the order in n but not the constants, which are quite
involved).

Let us discuss first the bounds based on Theorem 5. This time for any « € [0,1/2),
we can always achieve a MSE of order n~1/2 by choosing appropriately 71 and N (for
o = 1/2 we have only log(n)n~'/2). For a € (1/2,1], the best strategy is to take N =0
and the largest possible value for v; = 1/(m+ L), which leads to a MSE of order n®~! for
a € (0,1/2) and log(n) for a = 1. We now discuss the bounds provided by Theorem 8.
It appears that, for any a € [0,1/3), we can always achieved the order n=2/3 by choosing
appropriately v; and N (for a = 1/3 we have only log1/3(n)n_2/3). The worst case is
for o € (1/3,1], where in fact the best strategy is to take N = 0 and the largest possible
value for v; = 1/(m + L).

10



H1, H2 and H3 | H1, H2 and H3
=0 172 n—2/3
a € (0,1/2) n~1/2 n=2/3
a=1/2 log(n)n~1/? log!/3(n)n=2/3
ae (1/2,1) no=! no1
a=1 log(n) log(n)

Table 5: Optimal bound for the MSE by choosing v;

We can also follow the proof of [21, Theorem 5] to establish an exponential deviation
inequality for 7)Y (f) — E.[#Y (f)] given by (14).

n

Theorem 11. Assume H 1 and H 2. Let (y)r>1 be a nonincreasing sequence with
y1 < 2/(m+ L). Then for all N >0, n>1, r > 0 and Lipschitz functions f : R — R:

N N 1262 N2, N+nt1
]P)ﬂﬂ [ﬂ.n (f) 2 E$[7Tn (f)] + T] S exXp | — 2 ’
16 HfHLip UNn(7)

where v () ts defined by (16).
Proof. The proof is postponed to the supplementary document Section 7.10. ]

If we apply this result to the sequence (y;)r>1 defined for all £ > 1 by v, = 71k~
for a € [0,1], we end up with a concentration of order exp(—Cr?vy;n!=%) for a € [0,1),
for some constant C' > 0 independent of v; and n.

4 Quantitative bounds in total variation distance

We deal in this section with quantitative bounds in total variation distance. For Bayesian
inference application, this kinds of bounds are of utmost interest for computing highest
posterior density (HPD) credible regions and intervals. For computing such bounds we
will use the results of Section 2 combined with the regularizing property of the semigroup
(P)t>0. Under H2, define x,, for all ¢ > 0 by

Xm(t) = v/ (4/m)(e2™ — 1) .
Theorem 12. Assume H1 and H2.

(i) For any z,y € R? and t > 0, it holds

1P:(z,) = Py, )ty < 1=28{~ [lz — yll /xm (1)} ,
where ® is the cumulative distribution function of the standard normal distribution.

(ii) For any p,v € Pi(RY) and t > 0, ||uP; — vP||rv < Wi(p, v)/Xxm(t).

11



(iii) For any x € R and t >0, |7 — 6. P||rv < {(d/m)"/? + ||z — 2*||}/xm ().

Proof. The proof is based on the reflexion coupling introduced in [26] and is given in
Section 7.11. O

Since for all s > 0, s < e® — 1, note that Theorem 12-(ii) implies that for all ¢ > 0
and u,v € P (RY),
[1Ps — vy < (dmt) W () (a7)

For all n,£ > 1, n < £ denote by

4
Amg = /<.3_1 H(l - H’Yj)_l -1 y Ag = Al,g . (18)

j=n
Theorem 13. Assume H1 and H2.

(1) Let (vk)k>1 be a nonincreasing sequence satisfying y1 < 2/(m + L). Then for all
z,y € R and n, 0 € N*, n < ¢, we have

16 Q1 = 6,Q " lrv < 1—28{— ||z — y|| /8 Ane)/*} .
(it) Let (vk)k>1 be a nonincreasing sequence satisfying v1 < 2/(m + L). For all p,v €
PL(RY) and £,n € N*, n < €, ||pQ%" — vQ™" ||l vv < (4nh,,.0) "V 2W (1, v).

(iii) Let v € (0,2/(m + L)]. Then for any x € R? and n > 1,

Iy = 8o By < (4mA) ™2 {flo = | 4 (257" ) /2 }

Proof. The proof is postponed to Section 7.12. O

We can combine this result and Theorem 5 or Theorem 8 to get explicit bounds in
total variation between the Euler-Maruyama discretization and the target distribution 7.
For this we will always use the following decomposition, for all nonincreasing sequence
(V&) k>0, initial point x € R? and n > 0:

|7 — 0.Q% [Ty < |7 — 0P, [Ty + |62 Pr,, — 0.Q% [TV - (19)

The first term is dealt with Theorem 12-(iii). It remains to bound the second term
in (19). Since we will use Theorem 5 and Theorem 8, we have two different results
depending on the assumptions on U again. Define for all z € R% and n,¢ € N,

9\ (@) = L Z 2 H (1= r/2) [{k~" + %} (2d + dL*4}/6) (20)
1=1 k=i+1

+L?%i0ine(x) {71 + i }]

12



9%@) =373 T (1 = w9/2) [L40ime(@) (4571 /3 + 7s) (21)
=1 k=i+1

+d {2L2 Ak YL /12 + ya LA/4) + fngL‘*/GH ,
where o, () is given by (8) and
Sime(x) = e_QmFi—lgn,g(x) +(1- e_QmFi—l)(d/m) ,

Theorem 14. Assume H 1 and H 2. Let (y)r>1 be a nonincreasing sequence with
1 < 1/(m+ L). Then for all x € R? and £,n € N*, £ > n,

162 Pr, — 6:Q% |ty < (9n(2)/ (40T s1,0)) >

. 1/2
2732 < > {ORL/3)o1k-1(x) +d7/3}> - (22)
k=n+1

2

n,

where p1 () is defined by (8), ¥, (x) is equal to V¥ 2](56) given by (21), if H3 holds, and

to 79511)0(1') given by (20) otherwise.
Proof. The proof is postponed to Section 7.13. O

Consider the case of decreasing step sizes defined: v, = vk~ for £k > 1 and o €
(0,1]. Under H1 and H2 , choosing n = ¢ — |£*] in the bound given by Theorem 14 and
using Table 2 implies that ||5;,¢Q€ — 7||lpv = dY20(£~2/?). Note that for a = 1, this
rate is true only for v, > 2x~!. If in addition H3 holds, choosing n = ¢ — LKQ/QJ in the
bound given by (22) and using Table 2, (19) and Theorem 12-(iii) implies that ||0; Qf; -
7|ty = dY20(=G/4) These conclusions and the dependency on the dimension are
summarized in Table 6.

Hi,H2 | HI, H2 and H3
e =mk™Y ac (0,1] | dY20=2) | d2O(e—3e/)

Table 6: Order of convergence of |0, Qg —7||rv for v = y1k~% based on Theorem 14

When v, = v € (0,1/(m+ L)) for all k > 1, under H1 and H2, for £ > [y7!]
choosing n = £ — H_W implies that (see the supplementary document [12, Section 1.1])

_ 1/2
H(Sme/ _6$P£’y”TV < (475) 1/2 [WDl(’Yad) +’}/3D2(’7)D3(’Y,d,$)] / + D4(’7,d,£ﬂ) ) (23)
where

Di(7y,d) = 2L%k ™1 (/-;_1 + 7) (2d + L272/6) ,Dy(y) =L* (/-;_1 + 7) (24)
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Ds(v,d,z) = {(6 - h*lw )e_mV(g_ []-1) |z — x*Hz + 2d(/£'ym)*1}
Dy(v,d,z) = 2732L[d(1 4 7)

HE23) {7 =) T =2 4 201+ )]

Using this bound and Theorem 12-(iii), the minimal number of iterations ¢, > 0 for a
target precision € > 0 to get H(Sx*Rf;EE — 7||rv < e is of order dlog(d)O(|log(e)|€?) (the
proper choice of the step size . is given in Table 8). In addition, letting ¢ go to infinity
in (23) we get the following result.

Corollary 15. Assume H1 and H2. Let vy € (0,1/(m + L)]. Then it holds

Iy = wllry < 27%2L [d(1 4 7) + 2L /31 + ) ") 7
+ (41) /2 [1D1 (. d) + 25" Da(y) () 1]V
where D1(y) and Da(7y) are given in (24).

Note that the bound provided by Corollary 15 is of order d1/2(9(71/2).
If in addition H3 holds, for constant step sizes, we can improve the bounds given by
Corollary 15.

Theorem 16. Assume H1, H2 and H3. Let v € (0,1/(m + L)]. Then it holds

Imy — wlloy < (4m) 72 {72Ey (v, d) + 2d7Ea () / (km) } /*
+ (4m) "2 Jlog (v71) /10g(2)] {+*E1(7,d) + ¥*E2(7) (267 d + d/m)}
+ 2732, {2d73L2/(3/£) + d72}1/2 ,

1/2

where E1(7y,d) and Es(vy) are defined by

Ei(v,d) = 2dk~" {2L2 4w (L2/12 + yL4/4) + A2L1 /6}
Ea(y) = L'(4s™1/347) .
Proof. The proof is postponed to Section 7.14. U

Note that the bound provided by Theorem 16 is of order d*/2O(~ |log(7)|) and this
result is sharp up to a logarithmic factor. Indeed, if 7 is the d-dimensional standard
Gaussian distribution, then ., is also a d-dimensional standard Gaussian distribution
with zero-mean and covariance matrix 03/ I4, with 03/ = (1—~/2)~!. Therefore using the
Pinsker inequality, we get ||7 — m|[pv < 273/2yd'/2.

We can also for a precision target £ > 0 choose 7. > 0 and the number of iterations
ne > 0to get [|0, Ry —|Tv < e. By Theorem 12-(iii), Theorem 13-(iii) and Theorem 16,
the minimal number of iterations £, is of order d'/?log?(d)O(s'log?(¢)) for a well
chosen step size .. The discussions on the bounds for constant sequences of step sizes
are summarized in Table 7 and Table 8.
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HI, H2 | HI, H2 and H3
|7 — myllrv | d2O('72) | d2O0(y [log()])

Table 7: Order of the bound between 7 and =, in total variation function of the step
size v > 0 and the dimension d.

Hi, H? H1, H2 and H3
| 0@ [ d g (@0G]log @)
ne | dlog(d)O(e=?|log(e)|) dt/? logQ(d)(’)(ef] logZ(E))

Table 8: Order of the step size 7. > 0 and the number of iterations n. € N* to get
|02+ RYe — 7|lTv < € for & > 0.

5 Mean square error and concentration for bounded mea-
surable functions

The result of the previous section allows us to study the approximation of [p4 f(y)7(dy)
by the weighted average estimator 72 (f) defined by (14) for a measurable and bounded
function f : R — R. We use the same notation as in Section 3. We first obtain an
elementary bound for the bias term in the MSE. By the Jensen inequality and because
f is bounded, we have:

N+n

E[aY ()] — ()" <ose()? 3w llde@t — w3y ;

k=N+1

Using the results of Section 4, we can deduce different bounds for the bias, depending
on the assumptions on U and the sequence of step sizes (Vx)g>1-
The following result gives a bound on the variance term.

Theorem 17. Assume H1 and H2. Let (v;)r>1 be a nonincreasing sequence with vy <
2/(m +L). Then for all N >0, n>1, z € R? and f € Fy(R?), we get Var {7 (f)} <
_ 4

205¢(f){T Ny nampr + ugv?n(w)}, where

W N4n—1 N+n iy 2 N+n W 2

Uy, (7) =2 Vi1 e e s

i kzN i;“ (A g2,) 1/ Z-:%l (RAN+1,:)1/2
for ni,ny € N, Ay, 5, is given by (18).
Proof. The proof is postponed to Section 7.15. O

We now establish an exponential deviation inequality for #2(f) — E.[#Y (f)] given

by (14) for a bounded measurable function f.
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Theorem 18. Assume H 1 and H 2. Let (y;)k>1 be a nonincreasing sequence with
1 < 2/(m+L). Let (X,,)n>0 be given by (2) and started at x € RY. Then for all N > 0,
n>1, 7 >0, and functions f € Fy(RY):

P [ () 2 Eala (D] + 7] < o IrmoseOvaivinsn) 1P 2000, 0}

n

where
) Eel AL AR Y (RO A
uN,n(’Y) = ;;v Vk+1 {Z:Zk;2 (nAk+2,@')1/2} + K {i:%l (TCAN+1,i)1/2} .
Proof. The proof is postponed in the supplementary document to Section 7.16. ]

6 Numerical experiments

Consider a binary regression set-up in which the binary observations (responses) {Y;}\_;

are conditionally independent Bernoulli random variables with success probability {o(87 X;)}!_;,
where g is the logistic function defined for z € R by p(z) = e*/(1+€*) and {X;}}_, and

B are d dimensional vectors of known covariates and unknown regression coeflicients,
respectively. The prior distribution for the parameter 8 is a zero-mean Gaussian distri-

bution with covariance matrix ¥g. The density of the posterior distribution of B is up

to a proportionality constant given by

p
(B (X, Y3)}ioy) o< exp (Z {YzﬂTXi —log(1 + eﬂTXi)} - 21ﬂnglﬂ> .

i=1

Bayesian inference for the logistic regression model has long been recognized as a numer-
ically involved problem, due to the analytically inconvenient form of the likelihood func-
tion. Several algorithms have been proposed, trying to mimick the data-augmentation
(DA) approach of [1] for probit regression; see [20], [15] and [16]. Recently, a very
promising DA algorithm has been proposed in [32], using the Polya-Gamma distribution
in the DA part. This algorithm has been shown to be uniformly ergodic for the total
variation by [8, Proposition 1], which provides an explicit expression for the ergodicity
constant. This constant is exponentially small in the dimension of the parameter space
and the number of samples. Moreover, the complexity of the augmentation step is cubic
in the dimension, which prevents from using this algorithm when the dimension of the
regressor is large.

We apply ULA to sample from the posterior distribution mg(-|[{(X;,¥;)}_;). The
gradient of its log-density may be expressed as

P .
Viog (Bl Y} = Y {¥iXs - e | - 558,

=1
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Therefore — log mg(-|{X;, Yi}!_;) is strongly convex H2 with m = AL, (Xg) and satis-

max
fies H1 with L = (1/4) 30, XX, + A1 (Zp), where Apin(Xg) and Amax(Xg) denote
the minimal and maximal eigenvalues of ¥g, respectively. We first compare the his-
tograms produced by ULA and the Polya-Gamma Gibbs sampling from [32]. For that
purpose, we take d = 5, p = 100, generate synthetic data (Y;)1<i<p and (X;)i<i<p, and
set Elgl = (dp) 1 (X%, X' X;)1;. We produce 10° samples from the Pélya-Gamma
sampler using the R package BayesLogit [39]. Next, we make 10 runs of the Euler ap-
proximation scheme with n = 10 effective iterations, with a constant sequence (V) k>1,
v, = 10(kn'/?)~t for all £ > 0 and a burn-in period N = n!/2. The histogram of
the Pdlya-Gamma Gibbs sampler for first component, the corresponding mean of the
obtained histograms for ULA and the 0.95 quantiles are displayed in Figure 1. The
same procedure is also applied with the decreasing step size sequence (7Vx)x>1 defined by
vk = 1k~ Y2, with v; = 10(klog(n)/?)~! and for the burn in period N = log(n), see also
Figure 1. In addition, we also compare MALA and ULA on five real data sets, which are

1.4F i
[Jquantile at 95% 14k [Jquantile at 95%
—— Mean of ULA
1.2} —Mean of ULA
— Polya—Gamma 1.2F
8 —Polya-Gamma
1k
1k
0.8 0.8
0.6 0.6
0.4r 0.4r
0.2 0.2r
I I I I I I
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 0.4 0.6 0.8 1 12 14 16 18

Figure 1: Empirical distribution comparison between the Polya-Gamma Gibbs Sampler
and ULA. Left panel: constant step size v, = 1 for all k£ > 1; right panel: decreasing
step size v, = ik~ Y2 for all k > 1

summarized in Table 9. Note that for the Australian credit data set, the ordinal covari-
ates have been stratified by dummy variables. Furthermore, we normalized the data sets
and consider the Zellner prior setting ¥ 7! = (n2d/3)%3! where Xx = p~ 1 30| X; X[
; see [35], [19] and the references therein. Also, we apply a pre-conditioned version of
MALA and ULA, targeting the probability density 7g(-) o 7713(2;/2-). Then, we ob-
tain samples from mg by post-multiplying the obtained draws by 2;/2. We compare
MALA and ULA for each data sets by estimating for each component i € {1,...,d} the
marginal accuracy between their d marginal empirical distributions and the d marginal

posterior distributions, where the marginal accuracy between two probability measure
w,v on (R, B(R)) is defined by

MA(1,v) = 1= (1/2)l|u — vl -

This quantity has already been considered in [6] and [9] to compare approximate sam-
plers. To estimate the d marginal posterior distributions, we run 2 - 107 iterations of
the Polya-Gamma Gibbs sampler. Then 100 runs of MALA and ULA (10° iterations
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Dimensions . .
Data sot Observations p | Covariates d
German credit ! 1000 25
Heart disease 2 270 14
Australian credit? 690 35
Pima indian diabetes? 768 9
Musk® 476 167
Table 9: Dimension of the data sets
— 0.97 ; B
0.98 Ef?fﬂ . 0.96" - :
- 0.95 ’
0.975¢ ULA MALA ULA MALA
0.98f i—:‘—li
0.97t ; 0.98" —
00l . - 0.97
005 EE ol ==
ULA MALA 0.95% ULA MALA

0.98 T

0.96) EE?EE EE;E}

0.94 i

0.92]
ULA MALA

Figure 2: Marginal accuracy across all the dimensions.

Upper left: German credit data set. Upper right: Australian credit data set. Lower left:
Heart disease data set. Lower right: Pima Indian diabetes data set. At the bottom:
Musk data set

per run) have been performed. For MALA, the step-size is chosen so that the accep-
tance probability at stationarity is approximately equal to 0.5 for all the data sets. For
ULA, we choose the same constant step-size than MALA. We display the boxplots of the
mean of the estimated marginal accuracy across all the dimensions in Figure 2. These
results all imply that ULA is an alternative to the Polya-Gibbs sampler and the MALA
algorithm.

"http://archive.ics.uci.edu/ml/datasets/Statlog+(German+Credit+Data)
2http://archive.ics.uci.edu/ml/datasets/Statlog+(Heart)
3http://archive.ics.uci.edu/ml/datasets/Statlog+(Australian+Credit+Approval)
*http://archive.ics.uci.edu/ml/datasets/Pima+Indians+Diabetes
Shttps://archive.ics.uci.edu/ml/datasets/Musk+(Version+1)

18


http://archive.ics.uci.edu/ml/datasets/Statlog+(German+Credit+Data)
http://archive.ics.uci.edu/ml/datasets/Statlog+(Heart)
http://archive.ics.uci.edu/ml/datasets/Statlog+(Australian+Credit+Approval)
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7 Proofs

7.1 Proof of Theorem 1

(i) The generator .« associated with (P;);>0 is given, for all f € C?(R%) and y € R,
by:

A fy) == (VU(y), V) +Af(y) . (25)
Denote for all y € R% by V(y) = Hy H Let x € R? and (Y;)¢>0 be a solution of (1)
started at . Under H1 supy¢p, [||Y;|| | < 400 for all T' > 0. Therefore, the process

(vm) V) - [ o) N

is a (F})i>o-martingale. Denote for all + > 0 and 2 € R? by v(t,x) = P,V (x). Then we
have, Ov(t,x)/0t = PV (x).

Since VU (2*) = 0 and by H2, (VU (z) — VU (2*), 2 — *) > m/ || — 2*||*, we have
GV (x) =2(—(VU(z) = VU(z"),x —2*) +d) < 2(—mV(z) +d) . (26)
Therefore, we get

ov(t,x)
ot

and the proof follows from the Gronwall inequality.

= PV (x) < —2mP,V(z) 4+ 2d = —2mu(t,x) + 2d ,

(ii) Set V(z) = ||z — 2*||>. By Jensen’s inequality and Lemma 19-(i), for all ¢ > 0
and t > 0, we get

T(VAc)=nP(V Ac) <m(PV Ac)
d

m(dz)c A {Hx —z*|Pe™ ™ 4 —(1 - eth)}
m

<7V Ae)e™™ (1 —e ?™Yd/m .

N
\

Taking the limit as ¢ — 400, we get (V' A ¢) < d/m. Using the monotone convergence
theorem and taking the limit as ¢ — +o0o concludes the proof.

7.2 Proof of Theorem 2
Let 2,y € R Consider the following SDE in R? x R

dy; = —-VU(Y;)dt + v2dB; ,
dY; = -VU(Y;)dt + v2dB; ,
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where (Yy,Yy) = (z,y). Since VU is Lipschitz, then by 22, Theorem 2.5, Theorem 2.9,
Chapter 5], this SDE has a unique strong solution (Y3, Y;)i>0 associated with (By)i>o.
Moreover since (Y;, Y;);>0 is a solution of (27),

~ 2 ~ 12 t - -
[vi-i|| = v - %[ - 2/ (VU(Y,) = VUV, Y, - Vi) ds,
0
which implies using H2 and Gronwall’s inequality that
Y, - Y,

~ N2 N2 t 2 -2,
=5 < s 5o 2 =5 < - o
0

Since for all t > 0, the law of (Y},f}) is a coupling between d, P; and 4, P, by definition
of Wa, Wa (3, Py, 6, P;) < E[||Y; — Y3||]*/2, which concludes the proof.
7.3 Proof of Theorem 3

(i) Note that the proof is trivial if ¢ < n. Therefore we only need to consider the
case £ > n. For any v € (0,2/(m + L)), we have for all x € R%:

[ =1 By = o =790 @) =+ 2.

Using that VU (z*) = 0, and (3), we get from the previous inequality:

[l Ry (o)
R4
2
< 1 _ o x 2 = _ * 2 2 d
<U-m) o= 47 (7= 2 ) VUG - VUG + 29
< (1w llz —2*|* +2vd
where we have used for the last inequality that v; < 2/(m + L) and (vx)r>1 is nonin-

creasing. Then by definition (7) of QQL’Z for £,n > 1, £ > n, the proof follows from a
straightforward induction.

(ii) By (i), we have for all z € R? and n > 1,

/Rd ly — 2*|* R (2, dy) < (1= ky)" [lw — 2> +2d Y y(1 = ry)" "
k=1

<=y o -2t P+ 2 A - (1= my)") . (29)
Since any compact set of R? is small with respect to the Lebesgues for R, then [28,

Theorem 15.0.1] implies that R, has a unique stationary distribution 7. Using (28),
the proof is along the same line as the one of Theorem 1-(ii).

20



7.4 Proof of Theorem 4

(1) (Zk)k>1 be a sequence of ii.d. d-dimensional Gaussian random variables. We
consider the processes (X', X;"*)>0 with (X', X{"%) = (2,y) and defined for k > 0
by

X0 = X7 — e VU(XP) + 24 Zin §=1,2. (29)

Using (29), we get for any £ > n > 1. W;(émQZ’g,éyQi;’ ) < IE[HX?’1 - X;’2||2] and (3)
implies for k > n — 1,

,2 1 2
[ty = x| =[x -

2 9 n,1 n,2: |2
k+1 k+1 +'Yn+kHVU(Xk )_VU(Xk )H

= 294 (X = XP2 VUK - VU (X))
‘2

Therefore by a straightforward induction we get for all £ > n,

< (1= k) || X701 = 72

2

1 2
it - |
(ii) Let u € Pop(R?) and p > 1. It is straightforward that for all n > 0, pRY €
Pap(RY).  Then, by Theorem 4 for v < 2/(m + L), R, is a strict contraction in

Pay, (RY), Wa,) and there is a unique fixed point 7, which is the unique invariant distri-
(Pap p q p Y q
bution. (ii) follows from Theorem 4.

¢
2
‘ <[]0 —rm) “Xg’l - Xy
k=n

7.5 Proof of Theorem 5

We preface the proof by two technical Lemmata.

Lemma 19. Let (Y;)i>0 be the solution of (1) started at x € R For all t > 0 and
z € RY,
E, [V — l’] < de(@+ L22/3) + (3/2)2 12 |l — 2* .

Proof. Let &/ be the generator associated with (Pt)t>0 deﬁned by (26) Denote for all
z,y € RY V,(y) = |ly — z|*. Note that the process (V,(Y;) — fo Vi (Yy)ds)i0,
is a (F¢)i>o-martingale under P,. Denote for all ¢ > 0 and = € ]Rd by o(t,x) = P,V,(z).
Then we get,
0v(t, )
ot

By H2, we have for all y € R%, (VU (y) — VU (z),y — z) > m ||z — y||*, which implies

= P Vy(z) . (30)

AVo(y) = 2(= (VU()y — )+ d) < 2 (=mVa(y) +d— (VU(2),y — =) -



Using (30), this inequality and that Vj is positive, we get

%t’x) = Ptﬂff/m(l“) <2 (d — /Rd (VU(x),y — z) Pz, dy)> . (31)

By the Cauchy-Schwarz inequality, VU (z*) = 0, (1) and the Jensen inequality, we have,
[E; (VU (2),Y; — 2)]| < [VU(2)]| |Eq [Y; — ]|
t
.| [ (w0 ) - vue
0

t

<VE|VU(z) = VU ()| (/0 Ee [HVU(YS) - VU(»%’*)HZ} dS) " :

< [IVU(=)]]

Furthermore, by H1 and Theorem 1-(i), we have

1/2

[ @ Pt<x,dy>' < VAL o — 27| ( / ", 17, 1] ds)

1— —2mt 2 —2mt __ 1 1/2
< VAL e - o] (— o — a2 4 2Tt <d/m>>

2m 2m
< L2z — 2*|| (t]|o — 27| + £32d1?)

where we used for the last line that by the Taylor theorem with remainder term, for all
5>0, (1—e2m)/(2m) < s and (2ms + e~ 2™ —1)/(2m) < ms?, and the inequality
Va+b < y/a++/b. Plugging this upper bound in (31), and since 2 ||z — a*| t3/2d"/? <
tlle — 2*||* 4 £2d, we get

0o(t, x)

o <2+ 3L% ||z — z*||* + L?t%d

Since 9(0,z) = 0, the proof is completed by integrating this result. O
Let (F)i>0 be the filtration associated with (B;);>o and (Yo, Yy).

Lemma 20. Assume H1 and H2. Let (7;)k>1 be a nonincreasing sequence with v <
1/(m+ L). Let ¢y € Po(RY x RY), (Y3, Y )0 such that (Yo,Y o) is distributed according
to (o and given by (9). Then almost surely for alln >0 and € > 0,

1Y, — 7Fn+1HZ < {1 = ypq1 (k= 26)} Y7, — ?FnHZ (32)
Fn+1
@ + (207 / IVU(Y,) - VU(Y,)[?ds

n

E/Tn {HYFnH — ?Fn+1 HZ] <Al — 41 (kK — 2¢)} HYFn - ?FnHZ (33)

+ L2’772L+1(1/(46) + 7n+1) <2d + L27n+1 HYFn - x*H2 + dL273L+1/6) .
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Proof. Let n >0 and € > 0, and set ©,, = Y, — Y, . We first show (32). By definition
we have:

1—‘n+1 _ 2
10ui ]2 = 012 + H [ v - vutvs )y as

— 2941 (0, VU (Y1) — VU(YT,)) — 2 / o (00, {VU(Y,) — VU(Yr, ) ds . (34)

Young’s inequality and Jensen’s inequality imply

2

<92, |VU(Ye,) — VU (V)|

/F"H (VU(Y,) - VU(Vr,)} ds

I1n-§—1
2y / IVU(Ys) - VU(Y,)[? ds
I'n

Using (3), 1 <1/(m + L) and (vx)k>1 is nonincreasing, (34) becomes
2 2 Trt1 2
1On 1[I < {1 = mt1r} [On]” + 2%+1/F IVU(Ys) = VU (Yr,)[I” ds
Fn«b»l !
=2 [0 (VU - VU s, (39)

Using the inequality | (a,b) | < €||al|? + (4¢)~!||b]|* concludes the proof of (32).
We now prove (33). Note that (32) implies that

E7T0 [[10n11]°] < {1 = yns1(5 — 20} O]
Fn«b»l
4@+ 207 [T B [VU) - YU, ds . (30)
I'n

By H1, the Markov property of (Y;);>0 and Lemma 19, we have

Fn«b»l 9
[ E [Ivo ) - vu ) iF] ds

< L2 (2 + AL /12 + (12 L2534 Y, — 27
The proof is then concluded plugging this bound in (36) . O

Proof of Theorem 5. Let x € R4 n > 1 and {; = 7 @ 6. Let (Yt,?t)tzo with (Yo, Y)
distributed according to {p and defined by (9). By definition of W5 and since for all ¢t > 0,

7 is invariant for P, W3 (uoQ", ) < Eq, |:HYFn - 7an2]. Lemma 20 with € = /4, a
straightforward induction and Theorem 1-(ii) imply for all n > 0

e (¥, = V] <) [ Iy =l wlady) + 4a) (37
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where (ug)(*y))nzl is given by (10), and

n

An() E LY A {7 i} 2d+ AL /6) ] (1= kw/2)

i=1 k:*i-i—l
L4Zf5m {7 +} H 1 — K /2)
k=i+1
with 3
5 = e R, (Yo — 2P| + (1= e 2"1) (d/m) (38)
Since Yy is distributed according to 7, Theorem 1-(ii) shows that for all i € {1,--- ,n},

6; < d/m and therefore A, (v) <. In addition since for all y € R? ||z — y||* < 2(||a — 2*|*+
|2* — y||*), using Theorem 1-(ii), we get Jzally — z||? n(dy) < ||z — 2*||* + d/m, which

completes the proof. O

7.6 Proof of Corollary 6

We preface the proof by a technical lemma.

Lemma 21. Let (y;)k>1 be a sequence of nonincreasing real numbers, w > 0 and
y1 < w L. Then for alln >0,j>1and £ € {1,...,n+ 1},

n+l n+l n+1 '*1
o II 1—ka'y<H1—ww Z%
i=1 k=i+1

Proof. Let £ € {1,...,n+ 1}. Since (7y)x>1 is non-increasing,

n+1 n+1 {—1 n+l1 n+1l n+l1
ZH (1 — @) ZH (1 — @) ’YZ+ZH (1 — @),
=1 k=i+1 i=1 k=i+1 i=f k=i+1
n+1 n+l n+1
<H 1 — ) Z%%—W IZ H (1 =)y
=0 k=i+1
n+1

<H (1 — k) Z’yz

O

Proof of Corollary 6. By Theorem 5, it suffices to show that u(l) and u,(f), defined by
(10) and (11) respectively, goes to 0 as n — +oo. Using the bound 1+t < e for t € R,
(1)

and lim,, 4o I', = 400, we have lim, o up’ = 0. Since (V;)r>o is nonincreasing,

note that to show that lim, u,(f) = 0, it suffices to prove limy, 100 D it q [Tf—iyq (1 —
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KYk/2)7y2 = 0. But since (y;)x>1 is nonincreasing, there exists ¢ > 0 such that cI',, < n—1
and by Lemma 21 applied with £ = [c[',,| the integer part of cI'),:

n n leln]—1
SOIT = rwm/2)27 <267 yer,) +exp (=27 600 = Tier,))) D> 7 (39)
i=1 k=i+1 =1

Since limy_, 400 v = 0, by the Cesédro theorem, lim,,_s o n ', = 0. Therefore since

limy, 400 'y = +00, limn*)+oo(rn)_1r\_cr‘n | = 0, and the conclusion follows from com-

bining in (39), this limit, limg_ 100y = 0, lim, 10 = +o00 and ZZL;FI"J_lfyi <

cenly. O

7.7 Proof of Corollary 7

Since by Theorem 4, for all € R, (62 R7%)n>0 converges to my as n — o0 in (P2(R%), Wo),
the proof then follows from Theorem 5 and Lemma 21 applied with £ = 1.

7.8 Proofs of Theorem 8

Lemma 22. Assume H1, H? and H3. Let ()r>1 be a nonincreasing sequence with
" S_l/(m + L). and (o € P2(R? x RY). Let (Y;,Yy)i>0 be defined by (9) such that
(Yo, YY) is distributed according to (y. Then for all m >0 and € > 0, almost surely

- 2 - 2
E7T {HYFW Y, } < {1 =41 (k = 20)} || Yr, = Y1, ||
95 {dL? + €N I212 4+ yua L /4) + 92,1 L4 /6) + LY (e /3 4+ i) Y, — 27|}

Proof. Let n > 0 and € > 0, and set ©,, = Y1, — Vpn. Using It6’s formula, we have for
all s € [y, i),

VU(Ys) — VU(Yr,) = / {V2U(YU)VU(YU) + &(VU)(YU)} du

+V2 | VPU(Y,)dB, . (40)
1%

Since O, is Fr,-measurable and ( [ VZU(Yu)dBu)se[o,rnH} is a (Fs)sepo,r,. -martingale
under H1, by (40) we have:

[E7T (0, VU (Ys) = VU (Y1,))]]
- ‘<@n,EFFn [/ {VQU(YU)VU(YU) + E(VU)(YU)} du} >‘
Combining this equality and | (a,b) | < €||al|? + (4¢) 71| in (35) we have

E7T0 (101117 < {1 = Y41 (5 — 20} [0 + +(2¢) 714

Fn+1
s EF [/ HVU(&@)—VU(YWHst}, (41)
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where

2
ds .

1—‘n+1

A=

E*Tn [ / ) V2U(Y,)VU(Y,) + (1/2)&(VU)(Yu)du]

T'n

We now separately bound the two last terms of the right hand side. By H1, the Markov
property of (Y;);>0 and Lemma 19, we have

Fn«b»l 9
[ e (Ivu ) - vu s as
< L2 (24 + L2k /124 (1) L2 Ve, — 2*)%) - (42)

We now bound A. We get using Jensen’s inequality, Fubini’s theorem, VU (2*) = 0 and
(12)

A< 2/%(5 —T,) / E/Tn MVQU(YU)VU(YU){ﬂ duds

n

+o1 /F:"“(s T, /F £ [H&(VU)(YU)

2

} duds
Fn+1 S 9 ~

< 2/ (s — Fn)L4/ B [Hyu — 2| } duds +~3,,dL*/6 . (43)
I'n I'n

By Lemma 19-(i), the Markov property and for all ¢ > 0, 1 —e~* < t, we have for all
s € [Fn7rn+1]7

BT 1Y =] du < 2m) 71 - e 3, o d(s — T2

Iy

Using this inequality in (43) and for all t >0, 1 —e™! <t , we get
A< (2L 1/3) 1Y, — 21 + Ly /2 + 71 dL2 /6
Combining this bound and (42) in (41) concludes the proof. O

Proof of Theorem 8. The proof of the Theorem is the same as the one of Theorem 5,
using Lemma 22 in place of Lemma 20, and is omitted. U

7.9 Proof of Theorem 10

Our main tool is the Gaussian Poincaré inequality [4, Theorem 3.20] which can be applied
to R,(y,-) defined by (6), noticing that R,(y,-) is a Gaussian distribution with mean
y —yVU (y) and covariance matrix 2y I4: for all Lipschitz function g : R — R

Ry {g(-) = Ryg)}* (v) < 2y llgll7p - (44)
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To go further, we decompose 7 (f) — E.[# (f)] as the sum of martingale increments,

w.r.t. (Gn)n>0, the natural filtration associated with Euler approximation (X,,),>0, and
we get

Var, (w0} = 3. B [(B9 (1 (0)] - 28 (2] ]
+ B, [(BDY (7 (D] - BN (D)?] - (45)

Since 72 (f) is an additive functional, the martingale increment EgH+! (7N ()] —EZx [#5(£)]
has a simple expression. For k = N +n —1,...,N 4+ 1, define backward in time the
function

‘I’Nk T — Wy, nf(xk) + Ry, nNk+1(95k) ) (46)

where <I>nN7N+n S TN <I>n’N+n(xN+n) = wN_anf(xNJrn). Denote finally

‘I’N TN = Ry, nNN+1(35N) . (47)

Note that for k € {N,..., N +n — 1}, by the Markov property,

O 1 (K1) — Ry @ 1 (X)) = o (AN ()] —Ex [70(f)] (48)

and VY (Xy) = E9~ [#2(f)]. With these notations, (45) may be equivalently expressed
as

N+n—1

Var, (7N (N} = > B[Ry, {®Nia() = oy @0a (X0} (X0)]
k=N

+ Var, {0 (Xn)} . (49)

Now for k=N +n—1,..., N, we will use the Gaussian Poincaré inequality (44) to the
sequence of function <I>n k11 to prove that z — R%H{Cbn a1 () — R%HCDnNkH( )} ()
is uniformly bounded. It is required to bound the Lipschitz constant of <I>nN

Lemma 23. Assume H1 and H2. Let (7;)k>1 be a nonincreasing sequence with v <
2/(m + L). Then for all Lipschitz functions f : R* — R and £ > n > 1, Qi;’zf s a
Lipschitz function with ||Q77Mf||Lip < Hf;:n(l — k7)Y 2| £l Lip-

Proof. Recall that for all u,v probability measures on R? and p < g, Wy(p,v) <
W (e, v). Hence the Kantorovich-Rubinstein theorem implies, for all y, z € R4,

QY f(y) — QU F(2)| < I1fllLip Wa(8,Q0, 5.Q0°) .

The proof then follows from Theorem 4 with p = 1. U
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Lemma 24. Assume H1 and H2. Let (7;)k>1 be a nonincreasing sequence with v <
2/(m 4+ L). Let N > 0 and n > 1. Then for all y € RY, Lipschitz function f and
ke{N,...,.N+n—1},

2 2 _
Ry {201 () = Ry @0 )} (1) < 83 IF 1T (BT N2, N nt1) ™2
where @ﬁkH is given by (46).

Proof. By (46), |[® Ellip < Zf\f}:‘rl HQkHZfHLlp Using Lemma 23, the bound
(1—-t)Y2<1—1t/2forte[0,1] and the definition of w ", given by (14), we have

N—+n )

H(I) kHLlp = ||fHL1p Z Win H 1- ’{WJ/Q) <2 ||fHL1p (KFNJr? N+nt1)” !
i=k+1 Jj=k+2

Finally, the proof follows from (44). O

Also to control the last term in right hand side of (49), we need to control the
variance of U (X ) under (LCQJVV . But similarly to the sequence of functions <I>nN’ AT
Lipschitz by Lemma 23 by definition, see (47). Therefore it suffices to find some bound
for the variance of g under 6,Q47" , for g : R? — R a Lipschitz function, y € R? and
~ > 0, which is done in the following Lemma.

Lemma 25. Assume H1 and H2. Let (y;)r>1 be a nonincreasing sequence with v <
2/(m + L). Let g : RY = R be a Lipschitz function. Then for all n,p > 1, n < p and
y € R?

n n 2 —
0< [ Q@) (o) - Q57a(w)}” <267 ol
where QY" is given by (7).

. Gr—
Proof. By decomposing g(X,) — Ef [9(X,)] = 327, {EG* [9(Xp)] — By [9(Xp)]}
and using Egk [9(Xp)] = ,liﬂ’pg(Xk), we get

p

Varf (o0 = 3 B [0 | (B0 o) 9 o)
k=n+1

= Z Eg" [R% {Q,’jﬂvpg(.) —RkaE/Jrl’pg(Xkl)}Q(Xkl)} .

k=n+1

(44) implies Varg" {9(Xp)} <2370 i HQkH’ng%ip. The proof follows from Lemma 23
and Lemma 21, using the bound (1 —¢)Y/2 <1 —t/2 for t € [0, 1]. O

Corollary 26. Assume H1 and H2. Let (v)r>1 be a nonincreasing sequence with
v < 2/(m + L) Then for all Lipschitz function f and x € RY, Var,{UN(Xy)} <
8k 3 Hf||LllD N+2 Nang1s Where U s given by (47).
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Proof. By (47) and Lemma 23, ¥V is Lipschitz function with

N+n

1O lip <Y @i lQY ™ Fllvip -
i=N+1

Using Lemma 23, the bound (1 —¢)'/2 < 1 —1t/2 for t € [0,1] and the definition of w%
given by (14), we have

N+n 7

1O | < 1l D win (1= w75/2) < 2[| fllip (RDN42,N4041)
i=N+1 j=N+2

The proof follows from Lemma 25. U

Proof of Theorem 10. Plugging the bounds given by Lemma 24 and Corollary 26 in (49),
we have

AN - 2 —2 =2
Var, {”n (f)} <8k? ”f”Lip {PN+2,N+n+1PN+LN+n trK 1FN+2,N+n+1}
_ 2 _ _ _
<87 ”f”Lip {FN1+2,N+n+1 + FN2+2,1\f+n+1(7N+1 +r 1)} .

Using that yn41 < 2/(m + L) concludes the proof. O

7.10 Proof of Theorem 11

Let N >0, n > 1, 2 € R? and f be a Lipschitz function. To prove Theorem 11, we

derive an upper bound of the Laplace transform of #2(f) — E.[#}(f)]. Consider the

decomposition by martingale increments
E, [ex{frﬁ (f)—Ex[r} (f)]}] — K, [eA{Eiw [N ()] —Ea[7 (D]} 4+ N7 MESH [ ()] -ES* [ (f)]}} _

Now using (48) with the sequence of functions (®X,) and W2 given by (46) and (47),
respectively, we have by the Markov property

E, [eA{frﬁ (H)-Eola (f)]}]

N+4+n—1
MUY (Xn)—Ea [¥7 (Xn)] } H Ry, ., {eA{q)g,k-H(')*R%-Hq)rIXkH(Xk)}} (Xk)] , (50
k=N

—F,

where R, is given by (6) for v > 0. We use the same strategy to get concentration in-
equalities than to bound the variance term in the previous section, replacing the Gaussian
Poincaré inequality by the log-Sobolev inequality to get uniform bound on

Ry {exp @34 11() = Ry @0k 1 (X)) H(X)
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wr.t. Xp, forall k € {N +1,...,N + n}. Indeed for all z € R? and v > 0, recall
that R,(z,-) is a Gaussian distribution with mean z —yVU(z) and covariance matrix
2v14. The log-Sobolev inequality [4, Theorem 5.5] shows that for all Lipschitz function
g:RT SR, zeRY v >0and X >0,

/Rw(fﬂ, dy) {exp (Mg(y) — Ryg()})} < exp <w>\2 HgHiip> : (51)

We deduced from this result, (48) and Lemma 23, an equivalent of Lemma 24 for the

Laplace transform of @gkﬂ under 0, R, for k€ {N+1,...,N+n}andall y € R,

Corollary 27. Assume H1 and H2. Let (v)r>1 be a nonincreasing sequence with
y1 <2/(m+L). Let N >0 and n > 1. Then for allk € {N,...,N +n—1}, y € R?
and X > 0,

R’Yk+1 {e)\{Q,IXkH(')*R“/kH q’ylxkﬂ(y)}} (y) < exp <4’7k+1>\2 HfH?_le (“FN+2,N+n+1)_2> ,
where ®, is given by (46).

It remains to control the Laplace transform of WY under 59@@{,\[ , where (LCQf/V is

defined by (7). For this, using again that by (47) and Lemma 23, ¥ is a Lipschitz
function, we iterate (51) to get bounds on the Laplace transform of Lipschitz function
g under Qg’g(y, J) for all y € R? and n, ¢ > 1, since for all n,¢ > 1, Q:’gg is a Lipschitz
function by Lemma 23.

Lemma 28. Assume H1 and H2. Let (7;)k>1 be a nonincreasing sequence with v <
2/(m+L). Let g: R = R be a Lipschitz function, then for all n,p > 1, n <p, y € R?
and A > 0:

Qu7 {exp (Ma() — Q279w } () < exp ("X lgll,) - (52)

where Q. ,, is given by (7).

Proof. Let (X,,)n>0 the Euler approximation given by (2) and started at y € R%. By
. Gr )
decomposing g(X,) — Ef [9(X,)] = >h_,  {EF [9(X,)] — Ey* " [9(X,)]}, and using
k
Egk [Q(Xp)] = q/-i_l’pg(Xk% we get

E" [exp (A {g(Xp) — Ef" [9(X,)]})]

— Egn [ ﬁ Egk_l [exp ()\ {Egk l9(Xp)] — Egk_l [Q(XP)]})}]

k=n+1

= E" [ [T moew (M{@bt1og() - R, QE 1 7g(X, 1) } ) (X/H)] .

k=n+1
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By the Gaussian log-Sobolev inequality (51), we get
d 2
B [exp (A {9(%,) ~ 6" [9()]})] < e (AZ > HQﬁ“”’gHmp) -
k=n-+1

The proof follows from Lemma 23 and Lemma 21, using the bound (1 — )%/ <1 —¢/2
for ¢ € [0, 1].
U

Combining this result and || ¥ ||pip, < 2571 1 fllLip F&:LQ’NJMH by Lemma 23, we get

an analogue of Corollary 26 for the Laplace transform of WX

Corollary 29. Assume H1 and H2. Let (v)r>1 be a nonincreasing sequence with
1 <2/(m+L). Let N >0 andn > 1. Then for all A >0 and = € R,

E,; [e)‘{‘l’g(X”)_]E“ [‘Ijg(X”)]}} < exp <4H*3)\2 ”inip FJ_\/2+2,N+n+1> )

where N is given by (47).

The Laplace transform of 7Y (f) can be explicitly bounded using Corollary 27 and
Corollary 29 in (50).

Proposition 30. Assume H1 and H2. Let (y)r>1 be a nonincreasing sequence with
1 < 2/(m+L). Then for all N >0, n > 1, Lipschitz functions f : R — R, A\ > 0 and
x € R4

E, [N OB D < oxp (457222 |15y Tio v i)

where uﬁ)n(*y) is given by (16).

Proof of Theorem 11. Using the Markov inequality and Proposition 30, for all A > 0, we
have:

P, [fr,iv(f) > Em[ﬁ,ﬁv(f)] + r] < exp (—)\T 44K 2)\2 ||f||ilp ]_\/12,N+n+1vN7”(7)> .

Then the result follows from taking A = (762 yi2, N+nt1)/(8 ||f||illD UN (7). O

7.11 Proof of Theorem 12

(i) To derive explicit bound for ||P:(z,-) — P:(y,)|Tv, we use the coupling by re-
flection; see [26] and [7, Example 3.7]. This coupling is defined as the unique solution
(Xt, Yt)tzo of the SDE:

{dxt = —VU(X)dt + \/§ng where e; = e(X; — Yy)

dY; = —VU(Y)dt + v2(1d —2esel )dBE |
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with Xg = z, Yo = y, e(z) = z/||z|| for z # 0 and e(0) = 0 otherwise. Define the
coupling time T, = inf{s > 0 | Xs; # Ys}. By construction X; = Y; for t > T.. By
Levy’s characterization, Bf = fg (Id —2e5eT)dB? is a d-dimensional Brownian motion,
therefore (X¢)i>0 and (Yy)i>0 are weak solutions to (1) started at = and y respectively.
Then by Lindvall’s inequality, for all ¢ > 0 we have || P;(z, ) — Pi(y,)|ltv < P (X # Yy).

We now bound for ¢ > 0, P (X; # Y;). For t < T,, denoting by B} = fg 1{5<Tc}€Zng,
we get
Ad{X; — Y} = —{VU(X,) — VU(Y)} dt + 2v/2¢,dB} .

By 1t6’s formula and H2, we have for t < T,
X = Yo = o — g /Ot (VU (Xs) — VU(Y,), e5) ds + 2v/28!
<lz—yll - m/ot IXs — Y|l ds + 2v/2B} .
By Gronwall’s inequality, we have
1% — Yoll < e [l — g + 2V3B) — m2v/3 /0 "Blem=s)ds

Therefore by integration by part, [|[X; — Y¢[| < U; where (Uy)c(0,7) is the one-dimensional
Ornstein-Uhlenbeck process defined by

t 8t 5
U=e ™ |z—y| + 2\/5/ emABL L = o™ ||z — y|| + / B!
0 0

Therefore, for all z,y € R% and ¢t > 0, we get

< .
P(T. >t) <P (01%151% Uy > O) .

Finally the proof follows from [3, Formula 2.0.2, page 542].

(ii) Let w,v € P1(R?) and ¢ € II(y,v) be an optimal transferance plan for (u,v)
w.r.t. Wi. Since for all s > 0, 1/2 — ®(—s) < (2r)~/2s, (i) implies that for all z,y € R?
and t > 0,

dé(z,y),

|z =yl
P — I/P < /
HM ! tHTV " JRixRd \/(27‘C/m)(e2mt — 1)

which is the desired result.

(iii) The proof is a straightforward consequence of (ii) and Theorem 2-(ii).
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7.12 Proof of Theorem 13
(i) By (3) for all z,y and for all £ > 1, we have
lz =W VU (@) =y + nVU @) < (1= rp) 2 e =yl -
Let n,£ > 1, n < £, then applying Theorem 32 in Section 8, we get
8.2 = 8,Q2 v <1 2@ (— [l — yll /(8 8,.0)2) |
where A,, o = Zfzn 'Yi{H;":n(l — ;) "t} The proof then follows since by a straightfor-
ward calculation An,g =ANny
(ii) Let f € Fp(RY) and ¢ > n > 1. For all z,y € R? by definition of the total
variation distance and (i), we have
Q3 f(@) = Q5" F(y)| < ose(£)10.Q5" = 8,Q v
<ose(f) {1 -2 (~llo — yll /(870.0)""%) } |

Using that for all s > 0, 1/2 — ®(—s) < (21)~'/2s concludes the proof.

(iii) The proof follows from (iii), the bound for all s > 0, 1/2 — &(—s) < (2r)~ /25
and Theorem 3-(ii).

7.13 Proof of Theorem 14

Let n,f > 1, £ > n. Applying Lemma 20 or Lemma 22, we get that for all z € R¢

o (x) (H1, H2),

53
9P (x) (H1, H2, H3), (53)

W(0:Q0. 0, Pr,) < {0(@)}? du(x) = {

2

where ﬂ&{%(y) is given by (20) and 19n72](y) is given by (21). By the triangle inequality,

we get

0aPr, — 5zQ§HTV < H{@Ppn - 595@},’"} Proie HTV

+ ot {@rt - A, o 69

Using (17) and (53), we have

1{02Pr,, = 6:Q5™} Proy |l gy < (9n(@)/ (40T p1,0)) 2 . (55)
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For the second term, by [10, Equation 11] (note that we have a different convention for
the total variation distance) and the Pinsker inequality, we have

R
Y n+1,0 TV

<23L2§j{fmmL/ngwy—vvwwaﬁﬂada+dﬁ}.

k=n+1

By H1 and Theorem 3, we get

59@@#” {Q:/L-H,K ”+”}HTV <9312 Z { L /3)o1k—1(x )—i—d’y]%} .

k=n-+1

Combining the last inequality and (55) in (54) concludes the proof.

7.14 Proof of Theorem 16

We preface the proof by a preliminary lemma. Define for all v > 0, the function n :
R% — N by
n(y) = [log (v!) /1og(2)] - (56)
Lemma 31. Assume H1, H2 and HS3. Let vy € (0,1/(m + L)). Then for all z € R?
and ¢ € N*, ¢ > 200
182 Py = Sa Ry llrv < (947, o)/ (22D F27))1/2

1/2
+ 27320 {(4PL%/3) 0101 (x) + dy?} +Z S (@) (252

where 91 0—1(x) is defined by (8) and for all ny,ny € N, 19%21),”2 is given by (21).

Proof. Let v € (0,1/(m+ L)) and ¢ € N*. For ease of notation, let n = n(y), and
assume that ¢ > 2™. Consider the following decomposition

14 {—2m
~ R < ({6 Pueany — 0B} Py

o

_9ok k—1
PY}HTV {PQk—l,Y _R’2‘{ }P2k:—l,y

‘TV . (57)

We bound each term in the right hand side. First by (17) and Equation (53), we have

{8 P2y = 6B } Py

‘Tv < @ (@) /(22 (58)
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where 195122)(35) is given by (21). Similarly but using in addition Theorem 3, we have for
all ke {1,--- ,n},

6 R Py, = B2} Py,

|y SO, @)/ @) (59)

2

where 79;,3_1,[72,6 (x) is given by (21). For the last term, by [10, Equation 11| and the

Pinsker inequality, we have

2
5, REI{P, — Rv}HTv <2732 {(73/3)/ IVU(2)[? R (,dz) + d72} .
Rd
By H1 and Theorem 3, we get

SRR, — Pv}”iv <27 L {(Y’L?/3)010-1(x) + dv?} (60)

Combining (58), (59) and (60) in (57) concludes the proof. O

Proof of Theorem 16. By Lemma 31, we get (see the supplementary document [12, Sec-
tion 1.2] for the detailed calculation):

162 Pey — 0o RS [l Tv (61)
1/2
<221 {223 {(1 =) o=t 4 20 ) )
_ 1/2
+ (4m) Y2 [YEi (3, d) + 1’ E2(1)Es (7, d, 7))
_ 1/2
+n(7)(dm) V2 [YE1(v,d) + 1°E2(7)Ea(v. d,2)] 2

where

Es(y,d,) = (€=~ e ™Y o — 2| + 24/ (sym)
Es(v,d,x) = e~ =271 -1) |z — 2*||> + 26" d + d/m. .

Letting ¢ go to infinity, using Theorem 12-(iii) and Theorem 13-(iii), we get the desired
conclusion. O

7.15 Proof of Theorem 17

Let N>0,n>1, 2 ¢ R?and f € Fy(R?). We will use again the decomposition of
Var, {#) (f)} given in (49).

Let k € {N,...,N +n — 1}. We can not directly apply the Poincaré inequality since
the function <I>nN7 i» defined in (46), is not Lipschitz anymore. However, Theorem 13-(ii)

shows that for all £,n € N*, n < /, QZ’E f is a Lipschitz function with

o S oself)/ (4, )2 (62)

1]
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On the other hand, by definition (46), &Y, = wé\;l nf—i—i)nNk, where i)nNk = 25\2}212 wfyn §+2’if.

Therefore by (62) ®Y, has only one component which is not Lipschitz continuous and
can be isolated. Using that f is bounded and the Young inequality, we get for any y € R?

2
R’ch+1 {(I)nN,k:Jrl() - R’Yk+1 q)nN,kJrl(y)} (y) < 2(wliv+1,n)2osc(f)2
~ ~ 2
+ 2R’Yk+1 {q)nN,k-i-l(') - R’Yk+l(b7]:[,k+1(y)} (y) :

In addition by (62), we get

_ N+n ' N+n
H‘I)nNk ‘L, < Z wi, QAP f| < osc(f) Z Wi,/ (WA 2,) 2 (63)
Pkt Lip i=k+2

Finally using (44), we end up with a counterpart Lemma 24: for all y € R?,

2
Ry {201 () = Ry @01 (0) ) (1) < 2(wilyy ) 0se(f)?
N+n

2
+47k+1080(f)2{ > w%/(nAm,@-)l/?} - (64)

1=k+2

It remains to control the variance of ¥ under (LCQJVV , where 59@@5 is defined by
(7) and ®Y is given by (47). But using (62), ¥ is a Lipschitz function with Lipschitz

constant bounded by:

N+n ' N+n 19
o) < S Wl IR, <20l Y wi/AN - (69)
i=N+1 i=N+1

Thus by Lemma 25, we have the following result which is the counterpart of Corollary 26:
for all y € R,

N+n

2
Var, {0 (Xn)} < 2w ”f”io{ > W%/(RAN—H,Z‘)I/Q} : (66)

i=N+1

Finally, the proof follows from combining (64) and (66) in (49).

7.16 Proof of Theorem 18

Let N >0,n>1, 2 € Rand f € Fy(R?). The main idea of the proof is to consider
the decomposition (50) again but combined with the decomposition of @T]X ki1 for k €
{N,...,N +n— 1}, into a Lipschitz component and a bounded measurable component
as it is done in the proof of (64). Let k € {N,...,N +n—1}. By definition (46),
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@nNk = wé\;l W+ i)nNk, where @nNk = 25\2}212 wfyn §+2’if. Using that f is bounded, we
get for all y € R and A > 0,

R {e/\{q’r]zv,kﬂ(')—R%H‘I’rjzv,kﬂ(y)}} (y)

Y41

Xosc(f) Vet2(CN42, N4nt1) "2
<e " R'YkJrl

{GA{&)YJXICH(')_R'%-H &N k1 (W)} } (y)

By (63) and (51), we obtain for all y € R% and A > 0,

N

R, ., {eA{én,kH(-)—kaﬂ@ﬁkﬂ(y)}} )

N+n

2
<exp | Aose(f) 22N +nt1) > + (Aose(f)) > ( > %Nn/(”AkH,z‘)l/Q)
i=k+2
(67)

It remains to control the Laplace transform of ¥ under 593@5 . For this, note that

by (65) WY is a Lipschitz function. Therefore using Lemma 28, we get an analogue of
Corollary 29: for all y € R? and A\ > 0,

N+n 2
E, MUY (Xn) B [V (X)]}H] < exp | K 1A20sc(f)? < Z wgyn/(ﬂANH,i)l/z) ’
i=N+1
(68)
Combining (67) and (68) in (50), the Laplace transform of %)Y (f) can be explicitly
bounded: for all A > 0,

E, [AF OB 0] < Moo s2, v )+ Oose(£)ufd), ()

Using this result and the Markov inequality, for all A > 0, we have:

Py (70 (f) > Eal#) ()] + 7]
< exp (= + Aosc(F)(Txanins1) "+ (ose(1)2ulf), () -

)

Then the proof follows from taking

A= (r — ose(f)(Tnsznsni) )/ (2osc(f)*ulf) (7)) -

8 Contraction results in total variation for some functional
autoregressive models

In this section, we consider functional autoregressive models of the form: for all k£ > 0

Xit1 = hp1(Xp) + ok1Zi41 (69)
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where (Zj)r>1 is a sequence of i.i.d. d dimensional standard Gaussian random variables,
(0k)k>1 is a sequence of positive real numbers and (hy);>1 are a sequence of measurable
map from R? to R? which satisfies the following assumption:

AR1. For all k > 1, there exists wy € [0,1] such that hy is 1 — wy-Lipschitz, i.e. for
all 2,y € RY, ||hy(z) — hi(y)ll < (1 —wy) |z — -

The sequence {Xj, k € N} defines an inhomogeneous Markov chain associated with
the sequence of Markov kernel (Py)x>1 on (R% B(R?)) given for all z € R? and A € R?
by

— 1 2 2
P ) = s | 0 (= Iy = ()| /20y (70)
We denote for all n > 1 by Q" the marginal laws of the sequence (Xj)r>1 and given by
Q"=Py---P,. (71)

In this section we are interested in showing that for all z,y € R, the sequence {||6,Q" —
3,Q"|Tv, m € 1} goes to 0 with an explicit rate depending on the assumption on
the sequence (hy)r>1, which does not depend on the dimension d. We also mention
[13] which establishes convergence of homogeneous Markov chain in some Wasserstein
distances using different method of proof but still relying on the same coupling. The
proof is based on a coupling for Gaussian random walks proposed in [5, Section 3.3]. Let
z,y € R We consider for all k& > 1 the following coupling (X1,Y;) between Py (z,-)
and Px(y,-). Define the function E and e from R? x RY to R¢ by

Eg(zx, Eg(z, if Eg(x, 0
Bi(r.) = hily) — hu(a) en(any) = § o0 IEE LB 0 207 7))
0 otherwise ,
Consider the following coupling. For all #, 7,2 € R%, & # 7, define
SDJQ(HEk(j’g)H - <ek(x,y)az>)
Ckk(-%',g, Z) = . ~ ~ ) (74)
‘Pa%((ek(%y) >)

where P, is the probability density of a zero-mean gaussian variable with variance O']%.

Let Z be a standard d-dimensional Gaussian random variable. Set X; = hy(x) + 02
and

) he(y) + orZ if Ex(z,y) =0
BIX1+(1_BI)F/€($’y’Z) lek(x’y) #0’

where By is a Bernoulli random variable independent of Z with success probability

pe(r,y,Z) = 1N ag(z,y,7Z) .
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The construction above defines for all (z,y) € R? x R? the Markov kernel Kj on (R? x
RY, B(RY) @ B(R?)) given for all (z,7) € R? x R? and A € B(R?%) ® B(R?) by

Jlo(hk(:ﬂ),hk(y))/ 7 Fe— I @a)1?/(203) 47
K A — ]l Te\Z,T loa d 75
k((l',y)7 ) (2750_]%)(1/2 R A(I’,l’)e k' dx ( )
ch(hk(CC),hk(y)) ~ = ~ — |7k (&)1 /(202) 4
(2mo )4/ /Rd 1a(Z, 2)pi (2, y, (&, 2))e” IO/ qz

+/ ]]-A(j’ Fk(ﬂ?, Y, Tk(j’ x))) {1 - pk(xa Y, Tk(ja 'I))} e_”Tk(i’x)HQ/(Qaz)dj
R4

where for all # € R?, 73,(Z,2) = @ — h(x) and D = {(z,9) € R? x Rd‘j =g} Itis
well known (see e.g. [5, Section 3.3]), that for all z,y € R? and k > 1, Ki((x,y),) is
a transference plan of Py(z,-) and Pg(y,-). Furthermore, we have for all z,y € R? and
k>1
ki), D) = 20 (-2 (76)
Ok
For all initial distribution po on (R? x R, B(R?) @ B(R?)), [ﬁuo and Euo denote the
probability and the expectation respectively, associated with the sequence of Markov
kernels (Kg)g>1 defined in (75) and s on the canonical space ((R? x RH)N (B(RY) ®
BR))®N), {(X;,Y;), i € N} denotes the canonical process and {F;, i € N} the cor-
responding filtration. Then if (Xo,Yo) = (z,y) € R? x R?, for all k& > 1 (X, Y}) is
coupling of §,Q* and 5ka. Using Lindvall inequality, bounding ||§,Q" — 6,Q"||Tv for
n > 1 amounts to evaluate Iﬁ(x,y) (X, # Yy). It is the content of the proof of the main
result of this section.

Theorem 32. Assume ARI1. Then for all z,y € R? and n > 1,

18,Q" = 6,Q"lltv < Tpe((2,)) {1 -2 (- Hx;i”) } ’

where (Z;)i>1 is defined for all k> 1 by S = S 02{]_[;:1(1 —w;) 2}

i=193
We preface the proof by a technical Lemma.

Lemma 33. For all g,a >0 and t € Ry, the following identity holds

fopat i (2 o (P o

t
=1-2&(-—v— ).
(avo)
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Proof. Let ¢,a >0 and t € R;. Let us denote by I the integral on the left hand side in
the expression above. Then,

IZ/t:jWe(y)—(Pa(t—y)}{1—2‘1’ (25)

= /_t: P2 (y) {1 — 2% (%—j) } dy (77)
_ /_:/2%2(;/) {1 — 2% (%)}dy,

Now to simplify the proof, we give a probabilistic interpretation of this two integrals.
Let X and Y be two real Gaussian random variables with zero mean and variance a?
and 2 respectively. Since for all u € Ry, 1 — 2®(—u/(2a)) = P[|X| < u/2], we have by
(77)

I=P(Y <t/2,X+Y <t/2,Y - X <t/2)
~P(Y >t/2,X+Y >t/2Y — X >t/2) .
Using that Y and —Y have the same law in the second term, we get

I=P(Y <t/2,X+Y <t/2,Y — X <t/2)
—P(Y <—1/2,X =Y >1/2,Y + X < —1/2)

=L +1, (78)
where
L=P(Y<t/2,X4+Y <t/2,)Y —X <t/2,X >0)
—P(Y <—t/2, X -Y >t/2,) YV + X <—t/2,X >0)
=P(X+Y|<t/2,X >0), (79)
and

L=P(Y<t/2X+Y <t/2,Y — X <t/2,X <0)
“P(Y < —t/2,X - Y >1/2,Y + X < —1/2,X <0) .

Using again that ¥ and —Y have the same law in the two terms we have

L=P(Y>-t/2,X -V <t/2,Y + X >~/2,X <0)
—P(Y >t/2,X+Y >1/2,X - Y < —t/2,X <0)
=P(X +Y[<t/2,X <0) . (80)

Combining (79), (80) in (78), we have I = P(|X + Y| < ¢/2). The proof follows from
the fact that X + Y is a real Gaussian random variable with mean zero and variance
a2 + §2, since X and Y are independent. O
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Proof of Theorem 32. Since for all k > 1, (X;,Yy) is a coupling of §,Q" and 5ka,
||6:1:Qk - 5ka||TV < IP>(9c,y) (Xk 7£ Yk) '

Define for all k1, ky € N*, k1 < ko, By g = fikl U?{H§:k1(1 — ;)" 2}, Let n > 1.
We show by backward induction that for all k € {0,--- ,n — 1},

1-2& {_—2‘2;3%}” . (81)

Note that the inequality for & = 0 will conclude the proof.
Since X,, # Y,, implies that X,,_1 # Y,_1, the Markov property and (76) imply

<E(y | Ioe(Xp, Yi)

Ploy)(Xn # Vo) = Biuy) []ch (Xn—1, Yo 1)B(x,_, v [Ine (Xl,Yl)]]
_ ||En71(Xn71,Yn71)|| }:|:|

20,

S ]E(xy) |:]]'DC (anlaYnfl) |:1 — 2@ {

Using AR1 and (72), |E,(Xpn—1, Yn-1)| < (1 =) | Xn—1 — Yp—1||, showing (81) holds
for k=n—1.
Assume that (81) holds for k € {1,...,n —1}. On {X; # Y}, we have
Xk = Yil = [ |Ex(Xe—1, Yeo1)|| + 20ner (Xe—1, Y1) 2|

which implies

Xp—Y
Ipe(Xg, Yi) |1 -2 —w
2‘:‘k+1,n
20 ke (Xp—1, Y1) Zp — |En(Xg—1, Yo
e (X, Vi) |1 — 2 |20, (X1, Yi1) 11;2 IEk(Xe—1, Yi—1)|l|
2‘:‘k+1,n

Since Zj, is independent of ]—N"k_l, orer(Xp—1, Yp_1)TZy, is a real Gaussian random variable
with zero mean and variance 0,3, therefore by Lemma 33, we get

~F Xk — Yl
Bt e (Xe Vo) |1 - 2 ¢ —1oE 2k
2‘_‘k+1,n

1 (X1, Yir)| H |

< Ipe(Xg—1, Yi—1) 1—2‘1’{— 7o
L 2 (02 4 Zkt1n) /

Using by AR1 that ||Ex(Xk—1, Ye—1)|| < (1 —wg) | Xk—1 — Yr—1|| concludes the induc-
tion. O
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