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I. INTRODUCTION

Over the past three decades, compelling theoretical and observational evidence has built up that the visible matter in the universe makes up a very small fraction of the total matter composition of the universe [START_REF] Gelmini | TASI 2014 Lectures: The Hunt for Dark Matter[END_REF]. Galaxies are observed to have dark matter halos which contain far more matter than their visible regions [START_REF] Combes | [END_REF][3][START_REF] Burkert | The structure of dark matter halos. Observation versus theory[END_REF]. Most galaxies are not dominated by dark matter inside their optical disks, which suggests that the dark matter has properties that segregate it from visible matter.

According to the recent observational results obtained from the Planck satellite, the universe is composed of 68.3% dark energy, 26.8% dark matter, and 4.9% visible matter [START_REF] Ade | [END_REF][START_REF] Ade | Planck 2015 results. XIII. Cosmological param-eters[END_REF][START_REF] Ade | Planck 2015 results. XX. Constraints on inflation[END_REF]. Consequently, discovering the nature and identity of dark matter and dark energy has become one of the most challenging problems facing modern cosmology.

Several candidates for dark matter particles have been proposed, which include WIMPs [START_REF] Bernabei | [END_REF], Standard Model neutrinos [9,10], Sterile neutrinos [9,11], Axions [9,12], Supersymmetric particles [9,13,14], dark matter from Little Higgs models [START_REF] Arkani-Hamed | [END_REF][17][18], Kaluza-Klein dark matter [19,20], WIMPZILLAs [START_REF] Kolb | Proceedings of the 2nd International Conference on Dark Matter in Astro and Particle Physics (DARK98)[END_REF], Cryptons [START_REF] Ellis | [END_REF]23], primordial black holes [START_REF] Dolgov | Gravitational waves, baryogenesis, and dark matter from primordial black holes[END_REF][START_REF] Blais | [END_REF][26],

super-heavy X-particles [27][28][29], and Holeums [30], among others. Dark energy, which has repulsive gravitational interactions, is hypothesized to explain observations that indicate the accelerating expansion of the universe. Candidate theories for dark energy include the cosmological constant, which is a constant energy density that permeates space homogeneously, and dynamic scalar fields such as quintessence and moduli, whose energy densities are variable in space and time, among others [31][32][33].

The cold dark matter (CDM) model is the leading theory of dark matter and galaxy formation in the universe [START_REF] Peter | Proceedings of Science (Bash11)[END_REF][START_REF] Garrett | [END_REF]. Computer simulations using this model predict that structures in the universe grow hierarchically through gravitational instability, with the smallest structures forming first, followed by galaxy-sized structures and finally by galactic cluster-sized structures [36]. If dark matter is made up of stable, nonrelativistic, purely gravitating subatomic particles, then inhomogeneities in their distributions such as galactic dark matter halos should cause the formation of large-scale self-gravitating dark matter structures.

Consider one such self-gravitating system composed of a very large number of dark matter particles. As it stabilizes over time, it should assume a spherical shape, and its constituent dark matter particles' gravitational interaction with the system's mass should lead to the formation of a composite bound state made up of all the particles in the system. Thus, over time, we expect dark matter structures to take the form of macroscopic gravitational bound states of large numbers of dark matter particles.

Let us examine the nature of the system. We are dealing with a large, classical-sized system which is composed of a very large number of subatomic particles. It may have a diameter of the order of centimeters, meters, or even hundreds of meters. Since the particles are extremely small, we can safely assume them to never collide, even when their number density is very large. Similarly, because the individual particles' masses are very small compared to the total mass of the system, we can assume the particle-particle gravitational interactions to be negligible compared to the interaction of each particle with the total gravity of the system. Since this is a self-gravitating system, none of the particles has sufficient momentum to escape the system's gravitational potential well. The particles describe orbits around the center of mass of the system. For the sake of simplicity, we assume the particles to orbit the system's center of mass at classical distances. In other words, we assume the number of particles that orbit the system's center of mass at very short, non-classical distances to be negligible.

We must address whether the system is classical or quantum mechanical in nature. For this, we note that in the absence of particle-particle gravitational interactions, each individual particle can be treated as being alone in the gravitational potential of the system. This is similar to the experiment of ultracold neutrons under the effect of the Earth's gravity [37,38], which is a good example of a quantum mechanical gravitational bound state of subatomic particles and a very large mass. Thus, since our system's constituent dark matter particles are of subatomic sizes, it is reasonable to expect their bound state, though macroscopic and classical in scale, to be quantum mechanical in nature.

Since we expect these bound states to form primarily in galactic dark matter halos, we call them DArk Compact Halo Objects (DACHOs).

There have been several studies of Massive Compact Halo Objects (MACHOs) in galactic halos. Microlensing experiments have determined that MACHOs in the mass range 0.6×10 -7 M ⊙ < M < 15M ⊙ are ruled out as the primary occupants of the Milky Way dark matter halo [39]. Therefore in this paper we examine the properties of DACHOs of small sizes, having radii ranging from 1 cm to 10 m in length and masses less than 10 -8 M ⊙ .

Let us consider a spherical system of N dark matter particles of masses µ 1 , µ 2 , µ 3 , ...µ N which are held together by the system's gravity (a self-gravitating system). Let the system's mass distribution be spherically symmetric and its radius be R. Here we take R to be the radius of orbit of the outermost dark matter particle. Let N ≫ 1 and let R be large enough that the system, as a whole, has classical, not quantum dimensions. We assume the particles to have non-relativistic velocities. This is a classical system, and each particle has a classical velocity which is such that the particle's distance from the system's center of mass never exceeds R.

The average mass of the particles that constitute the system is given by

μ = 1 N N i=1 µ i (1) 
The total mass of the system is

M tot = N μ (2) 
The gravitational potential acting upon a dark matter particle of mass µ located a distance r from the center of the mass M tot is given by

V (r) =            1 2 GM tot µ R 3 r 2 -3 2 GM tot µ R if r ≤ R - GM tot µ r if r ≥ R (3) 
where G is the gravitational constant. For the sake of simplicity, consider M tot to be isolated, i.e. assume that there is no dark matter particle (or any other particle) at a distance greater than R from the center of the system M tot . In that case, the potential acting upon the i th particle of the system is

V (r i ) = 1 2 µ i ω 2 r 2 i -V 0 i (4) 
where

ω = GM tot R 3 = 4 3 πGρ ( 5 
)
where ρ is the system's mass density, and

V 0 i = 3 2 GM tot µ i R (6) 
This consists of a constant attractive potential -V 0 i plus a repulsive isotropic harmonic oscillator potential 1 2 µ i ω 2 r 2 i . If we assume the dark matter particles to be distinguishable (µ 1 = µ 2 = . . . = µ N ) and non-interacting (we assume the particle-particle gravitational interactions to be negligible compared to the interaction of each particle with the total gravity of the system), then the Schrödinger equation of the N-particle system

Ĥψ n 1 l 1 ,n 2 l 2 ,...n N l N ( r 1 , r 2 , . . . r N ) = E n 1 l 1 ,n 2 l 2 ,...n N l N ψ n 1 l 1 ,n 2 l 2 ,...n N l N ( r 1 , r 2 , . . . r N ) (7) 
separates into N one-particle equations [START_REF] Zettili | Quantum Mechanics: Concepts and Applications[END_REF] -

2 2µ i ∇ 2 i + V i ( r i ) ψ n i l i ( r i ) = E n i l i ψ n i l i ( r i ) (8) 
with

E N = N i=1 E n i l i (9) 
where E N is the system's total binding energy and

ψ n 1 l 1 ,n 2 l 2 ,...n N l N ( r 1 , r 2 , . . . r N ) = ψ n 1 l 1 ( r 1 ) ψ n 2 l 2 ( r 2 ) . . . ψ n N l N ( r N ) = N i=1 ψ n i l i ( r i ) (10) 
The solutions of these equations yield the single-particle energies E n i l i .

III. THE DACHO BOUND STATE

Let ψ ( r, t) be the wave function of a dark matter particle of mass µ located a distance r from the center of the mass M tot of the system. The Hamiltonian of this system therefore writes

H = p 2 2µ + V ( r) (11) 
The potential is given by

V ( r) = 1 2 µω 2 r 2 -V 0 0 ≤ | r| ≤ R ( 12 
)
where ω is given by eq. ( 5) and

V 0 = 3 2 GM tot µ R (13) 
This gives us the time-independent Schrödinger equation for the particle:

∇ 2 + 2µ 2 (E -V ( r)) ψ ( r) = 0 (14)
Assuming a spherically symmetric potential

V ( r) = V (| r|) = V (r) = V (15) 
and using separation of variables in the form

ψ (r, θ, φ) = R (r) Y (θ, φ) (16) 
we obtain two separated equations

1 R ∂ ∂R r 2 ∂R ∂r - 2µr 2 2 (V -E) = l (l + 1) (17) 
and

1 Y sin θ ∂ ∂θ sin θ ∂Y ∂θ + 1 Y sin 2 θ ∂ 2 Y ∂φ 2 = -l (l + 1) (18) 
where l (l + 1) is a constant term. The solutions to the angular equation ( 18) are the spherical harmonics:

Y m l (θ, φ) = (2l + 1) 4π (l -m)! (l + m)! P m l (cos θ) e imφ (19) 
which are orthonormal:

π θ=0 2π φ=0 Y m l Y m ′ l ′ * sin θdθdφ = δ ll ′ δ mm ′ (20) 
We can rewrite the radial function eq. ( 17) using total derivatives since R (r) depends only on r:

1 R d dR r 2 dR dr - 2µr 2 2 (V -E) = l (l + 1) (21) 
Making the substitution

u (r) = rR (22) 
and simplifying, we obtain

- 2 2µ d 2 u dr 2 + 1 2 µω 2 r 2 + 2 2µ l (l + 1) r 2 u = (E + V 0 ) u (23) 
which has the solution

E = ω 2k + l + 3 2 -V 0 (24) 
E = ω n + 3 2 -V 0 (25) 
Let the average value of n be given by

n = 1 N N i=1 n i (26) 
and the average attractive potential V0 be given by

V0 ≡ 1 N N i=1 V 0 i = 3 2 GM tot R μ ( 27 
)
Then the system's total energy is given by

E N = N ω n + 3 2 -V0 (28) 
The total mass of the bound state is given by

M N = M tot + E N c 2 (29) 
which gives us

M N = M tot + N c 2 ω n + 3 2 -V0 (30) 
IV. THE GRAVITATIONAL SPECTRUM When a particle in the bound state makes a transition from a higher energy state E 2 to a lower energy state E 1 , it emits quantized gravitational radiation of frequency given by

ν = E 2 -E 1 h = (n 2 -n 1 ) ω 2π ( 31 
)
where E 2 and E 1 are both given by eq. ( 25). If the particle's transition from state E 2 to state E 1 causes the system's average principal quantum number to change from n2 to n1 , then the system emits quantized gravitational radiation of frequency given by Several results are presented in Table 1. Since the systems have classical sizes, we have considered very large values of the quantum number n. By varying the particle mass, particle number, and system radius, a wide range of bound state masses M N and gravitational wave frequencies ν, including frequencies in the Advanced LIGO range (∼ 1 to 10 3 Hz) are obtained. The largest DACHO masses M N obtained here are of the order of 10 -11 M ⊙ and are therefore not ruled out by the microlensing studies [39]. It is possible to obtain a much larger range of frequencies than shown here. We find that the system radius R is always greater than the Schwarzschild radius of the mass M N even for values of N approaching N th .

ν = (n 2 -n1 ) Nω 2π (32) μ N R (m) ν (Hz) M N (kg) R S (m) N th 1 MeV 1 ×
Therefore DACHOs are stable, non-black hole bound states.

VII. DISCUSSION AND CONCLUSIONS

We propose a new form of dark matter -DACHOs. If galactic dark matter halos consist of purely gravitating cold dark matter particles, DACHO formation should take place therein.

Since objects in the mass range 0.6 × 10 -7 M ⊙ < M < 15M ⊙ are ruled out as the primary occupants of the Milky Way dark matter halo [39], we propose that DACHOs have masses smaller than 0.6 × 10 -7 M ⊙ . They will therefore be too small to be detected by current microlensing technology.

Although DACHOs cannot be detected by current microlensing technology, detecting their gravitational wave spectrum is possible. Because DACHOs are made up of extremely large numbers of particles, transitions between quantum states should occur constantly, leading to continuous emission of gravitational waves. We therefore predict that galactic halos should be excellent sources of quantized gravitational waves, including those in the Advanced LIGO frequency range.

Our most interesting and significant result is a new quantum effect wherein gravitational bound states of very large numbers of particles can acquire negative masses. DACHOs acquire negative mass if the particle number N exceeds N th . This has a repulsive gravity effect like dark energy. The gravitational potential between a negative mass -M N and a positive mass m is

V = - G (-M N ) m r = + GM N m r (39) 
This is a repulsive potential. A negative mass repels ordinary, positive masses and attracts other negative masses. We therefore propose that negative-mass DACHOs, if they exist, should be the source of at least a part of the universe's dark energy. If this is indeed true, it means that dark energy is a matter component that can cluster.

A system with an initial particle number N > N th will form a negative-mass bound state.

A system with an initial particle number N < N th can acquire a negative mass by accreting dark matter particles from the galactic dark matter halo until N > N th .

Consider a DACHO that has a radius of 10 m, an initial particle number N = 10 49 and whose particles have an average mass μ = 1 MeV. From table 1 we see that it has a mass M N = 1.78 × 10 19 and N th = 5.05 × 10 57 . Over time, the DACHO will accrete more dark matter particles from the galactic halo. As its particle number N increases, the DACHO's mass M N will reach a maximum, and then start decreasing as N approaches N th , eventually reaching nearly zero. As the DACHO's mass decreases, the rate at which it accretes dark matter particles will also decrease. Eventually, the DACHO's mass will reach so close to zero that the accretion of a single dark matter particle will cause it to acquire negative mass.

This will take a very long time to happen due to its very small mass. The resultant negativemass DACHO will have a minuscule negative mass. It will immediately be expelled from its galactic halo and will wander until it reaches a position of equilibrium with the positive and negative masses in the universe. Because of its very small negative mass, it will make a very small contribution to the universe's expansion.

On the other hand, a system with an initial particle number N ≫ N th will form a bound state with a large negative mass. We expect such DACHOs with large negative masses to form fairly early in the universe, possibly when the first galaxies and dark matter halos formed, a few 100 million years after the Big Bang. We expect the subsequent conversion of DACHOs into dark energy via accretion of dark matter particles to be a very slow process, possibly taking billions of years to build into a significant repulsive force capable of causing the universe's expansion. There also exists the possibility of the merger of two or more large DACHOs in galactic halos, which will result in the formation of a bound state with a significantly large negative mass. The frequency of such mergers will depend on the size and density of the halo.

The cosmological implications of the existence of negative-mass DACHOs are straightforward. If they exist, they will cause, or, at least, contribute to the expansion of the universe by repelling ordinary masses. They will be undetectable. Over time, as more DACHOs acquire negative mass, the net negative mass of the universe will increase, thereby accelerating the expansion of the universe. This will continue until the total amount of positive mass and negative mass in the universe become roughly equal. Once the negative mass content of the universe exceeds the positive mass content, the universe will start contracting again, possibly leading to the so-called "big crunch". Thus, unlike the cosmological constant -which stays constant, we predict the net repulsive force (dark energy) of negative-mass DACHOs in the universe to first slowly increase over time until equilibrium between positive and negative masses is reached, and then to slowly decrease over time as negative masses begin to predominate over positive masses.

  10 36 1 × 10 -2 1.73 1.78 × 10 6 2.64 × 10 -21 5.05 × 10 54 1 MeV 1 × 10 44 1 1.73 × 10 1 1.78 × 10 14 2.64 × 10 -13 5.05 × 10 56 1 MeV 1 × 10 49 1 × 10 1 1.73 × 10 2 1.78 × 10 19 2.64 × 10 -8 5.05 × 10 57 1 GeV 1 × 10 33 1 × 10 -2 1.73 1.78 × 10 6 2.64 × 10 -21 5.05 × 10 51 1 GeV 1 × 10 41 1 1.73 × 10 1 1.78 × 10 14 2.64 × 10 -13 5.05 × 10 53 1 GeV 1 × 10 46 1 × 10 1 1.73 × 10 2 1.78 × 10 19 2.64 × 10 -8 5.05 × 10 54 1 TeV 1 × 10 30 1 × 10 -2 1.73 1.78 × 10 6 2.64 × 10 -21 5.05 × 10 48 1 TeV 1 × 10 38 1 1.73 × 10 1 1.78 × 10 14 2.64 × 10 -13 5.05 × 10 50 1 TeV 1 × 10 43 1 × 10 1 1.73 × 10 2 1.78 × 10 19 2.64 × 10 -8 5.05 × 10 51 1 PeV 1 × 10 27 1 × 10 -2 1.73 1.78 × 10 6 2.64 × 10 -21 5.05 × 10 45 1 PeV 1 × 10 35 1 1.73 × 10 1 1.78 × 10 14 2.64 × 10 -13 5.05 × 10 47 1 PeV 1 × 10 40 1 × 10 1 1.73 × 10 2 1.78 × 10 19 2.64 × 10 -8 5.05 × 10 48

OF THE TOTAL MASS

From eq. [START_REF] Combes | [END_REF] we see that M tot varies as N and from eq. (28) we see that E N varies as ˜(-N 2 ). This indicates that there is a threshold value of N beyond which the total mass M N will be negative. For the bound state to have mass, we must have M N > 0, which gives us

or, equivalently,

We denote the threshold values of N and V0 respectively as

and

Thus, the bound state has negative mass if

or, equivalently, if V0 > Vth (38) The bound state has negative mass when the average attractive potential acting on the particles of the system is greater than the average of the particles' total energy. This is a new quantum effect, wherein the system's binding energy -E N c 2 exceeds its total mass M tot , causing the system to acquire a negative mass.

VI. BOUND STATE PROPERTIES

Table 1 Gravitational wave frequencies, bound state masses, Schwarzschild radii and N th values for a range of particle masses, particle numbers, and system radii. Here n 2 = R × 10 9 , n 1 = n 2 -1.