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Error estimates for phaseless inverse scattering in

the Born approximation at high energied
A. D. Agaltsozﬂ and R. G. Nom'kmﬂ
December 8, 2016

Abstract. We study explicit formulas for phaseless inverse scatter-
ing in the Born approximation at high energies for the Schrodinger
equation with compactly supported potential in dimension d > 2.
We obtain error estimates for these formulas in the configuration
space.

1 Introduction

We consider the time-independent Schrédinger equation
—AYp+u(z)p=FEyp, xR d>2, E>O0, (1)

where
v e L®(RY), suppv C D, (2)

where D is some fixed open bounded domain in R¢.

In quantum mechanics equation describes an elementary particle inter-
acting with a macroscopic object contained in D at fixed energy E. In this
setting one usually assumes that v is real-valued.

Equation at fixed F can be also interpreted as the Helmholtz equation
of acoustics or electrodynamics. In these frameworks the coefficient v can be
complex-valued. In addition, the imaginary part of v is related to the absorption
coefficient.

For equation (1)) we consider the classical scattering solutions ™ = ¢ (z, k),
where © = (71,...,24) € RY, k = (ky,...,kq) € R K2 =k? +---+ k2 =E.
These solutions %™ can be specified by the following asymptotics as |z| — oo:

ilk||=|
ikx € = _
Yt (2, k) = e™* +c(d’|k|)wf(k’|k‘m)+O(‘I| (@+1)/2y
reRY keRY K2 =E, kx = kyzy + -+ - + kg, (3)

c(d, [k]) = —mi(—2mi) @D/ |f|(@=)/2,
for some a priori unknown f. The function f arising in is defined on

Mg ={(k1) e R xR k* = 1> = B}, (4)

*Dedicated to G. M. Henkin

LCMAP, Ecole Polytechnique, CNRS, Université Paris-Saclay, 91128, Palaiseau, France;
email: agaltsov@cmap.polytechnique.fr

2CMAP, Ecole Polytechnique, CNRS, Université Paris-Saclay, 91128, Palaiseau, France;
IEPT RAS, 117997 Moscow, Russia; email: novikov@cmap.polytechnique.fr



and is known as the classical scattering amplitude for equation .

In quantum mechanics |f(k,1)|? describes the probability density of scatter-
ing of particle with initial momentum & into direction /|| # k/|k|, and is known
as differential scattering cross section for equation ; see, e.g., [T, Chapter 1,
Section 6].

The problem of finding 9" and f from v is known as the direct scattering
problem for equation . For solving this problem, one can use, in particu-
lar, the Lippmann-Schwinger integral equation for 1™ and an explicit integral
formula for f, see, e.g., [Bl 10, 29].

In turn, the problem of finding v from f is known as the inverse scattering
problem (with phase information) and the problem of finding v from |f|? is
known as the phaseless inverse scattering problem for equation .

There are many important results on the former inverse scattering problem
with phase information; see [3, 4, 6, [7, B, [, (12} (13} 14} 15} 16, 17, 18, 22, 23, 24,
25, 28] and references therein. In particular, it is well known that the scattering
amplitude f uniquely determines v via the Born approximation formulas at high
energies:

ok —1) = f(k,)) +O(E"2), E — +o0, (k,1) € Mg, (5)
(p) = (27r)7d/ ePry(x)der, peRY, (6)
Rd

and the inverse Fourier transform; see, e.g., [9, [28].

On the other hand, the literature for the phaseless case is much more limited;
see [7, 29] and references therein for the case of the aforementioned phaseless
inverse problem and see [19, 20, 21, 26|, 27, 29] and references therein for the
case of some similar inverse problems without phase information. In addition,
it is well known that the phaseless scattering data |f|? does not determine v
uniquely, even if | f|? is given completely for all positive energies. In particular,
it is known that

Fy(k, 1) = 0 f (R, D),
2 2 d 12 _ g2 (7)
‘fy(kvl” :lf(kvl)| , kI ERY kT =1">0,
where f is the scattering amplitude for v and f, is the scattering amplitude for
vy = v(- — y), where y € R% see [29] and references therein.
In the present work, in view of the aforementioned non-uniqueness for the
problem of finding v from |f|?, we consider the modified phaseless inverse scat-
tering problem formulated below as Problem [1] Let

S:{|f|27|f1|27"'a|fm‘2}7 (8)
where f is the scattering amplitude for v and fi, ..., f,, are the scattering
amplitudes for vy, ..., v., Where

vy =v+w;, j=1,...,m, (9)



where w1, ..., w,, are additional a priori known background scatterers such

that
w; € L>®(RY), suppw; C 2,

Q; is an open bounded domain in R, Q;ND = @, (10)
wj #0,  wj, #wj, if j1 # jo (in L (RY)),
where j, j1, jo € {1,...,m}. Thus, S consists of the phaseless scattering data

If1%, 1f1)%, - -, | fm|* measured sequentially, first, for the unknown scatterer v
and then for v in the presence of known scatterer w; disjoint from v for j =1,
cy M.

Actually, in the present work we continue studies of [29] on the following
inverse scattering problem for equation :

Problem 1. Reconstruct potential v from the phaseless scattering data S for
some appropriate background scatterers wy, ..., Wpy,.

Studies of Problem [ in dimension d > 2 were started in [29]. In dimension
d =1 for m = 1 studies of Problem [T were started earlier in [2], where phaseless
scattering data was considered for all £ > 0.

Actually, the key result of [29] consists in a proper extension of formula
for the Fourier transform ¥ of v to the phaseless case of Problem [T} see Section 2]

In the present work we proceed from the aforementioned result of [29] and
study related approximate reconstruction of v in the configuration space. In
this connection our results consist in obtaining related error estimates in the
configuration space at high energies E; see Section [4]

In addition, results of the present work are necessary for extending the iter-
ative algorithm of [2§] to the phaseless case of Problem [I} The latter extension
will be given in [I].

2 Extension of formula to the phaseless case

Actually, the key result of [29] consists in the following formulas for solving
Problem [1] in dimension d > 2 for m = 2 at high energies E:

Re®\ 1 (Rew Im@\ " (|ou]?— [0]2 — |@|? (1)
Imov/) 2 Rewy Imws |i)\2|2—|i)\|2—|1/1)\2|2 ’

5,(p)* = (k. D + O(E™2), E — o,
peR? (k)eMp, k—Il=p j=0,1,2,

where:

e vy = v, v; is defined by @, j=1,2,and fo=f, f1, fo are the scattering
amplitudes for vy, vy, va, respectively;

e U =1(p), v; = 0;(p), W; = W;(p), p € R?, are the Fourier transforms of v,
v;, w; (defined as in (6));



e formula is considered for all p € R? such that the determinant

Conos(9) 2L Re @1 (p) Im @2 (p) — Im @1 (p) Re @a(p) # 0. (13)

The point is that using formulas for d > 2 with

k=kp() =+ (F-5) "),
L=1p(p) = =5+ (B - 2) 1), (19)
) =1, ~y(p)p=0,

where p € R%, |p| < 2v/E, one can reconstruct [0]2, |01]2, |2|? from S at high
energies for any p € R?. And then using formula one can reconstruct U
completely, provided that condition is fulfilled for almost all p € R<.
Remark 1. Formulas can be precised as formula (2.15) of [29]:

|05 ()I* = 1£(k, D | < e(D;)NJE™2, (15)
p=k—1L (k1) € Mp, B2 > p(D;,N;), j=0,1,2,

where HUj”LQQ(Dj) < Nj, j = O, 1, 2, and DO = 1)7 D]’ = DUQ]‘, ] = 1, 2, and
constants ¢, p are given by formulas (3.10) and (3.11) in [29] (and, in particular,
p>1).

In addition, from the experimental point of view it seems to be, in particular,
convenient to consider Problem [I] with m = 2 for the case when wy is just a
translation of wi:

wy(z) = wi(r —y), zcRY yecR (16)
In this case
W(p) = €PW1(p), Cavam(p) = sin(py)lBr(p)*, peR?. (17)

On the level of analysis, the principal complication of , in compar-
ison with consists in possible zeros of the determinant (g, s, of . For
some simplest cases, we study these zeros in the next section.

3 Zeros of the determinant (3, g,

Let 4
Zﬁ;l,ﬂb = {p E R : Cﬁ;l,’lﬂg(p) = 0}) (18)
Zs, = {p R @;(p) =0}, j=1.2,
where ( is defined by . From (13)), it follows that
Zg, U Zg, C Za, ;- (19)

In view of (19)), in order to construct examples of w;, wy such that the set
Z@, %, 15 as simple as possible, we use the following lemma:



Lemma 1. Let

w(@) =lal"K(lel) | al@—y)a(w)dy, =R’ v>0, (20)
ko=t C) [Tt e @
g€ L®RY), ¢=7q, q# 0 in L*(R?), (22)
q(x) =0 if |z| > r, q(z) = q¢(—x), v € R
fhen w e C(RY), w=1w, wx) =0 if || > 2r, z € RY,
(23)

w(p) =w(p) >ci(1+1p])™", peR?

for B =d+2v and some positive constant ¢c; = ¢1(q,v), where W is the Fourier
transform of w. In addition, if ¢ > 0, then w > 0.

We recall that K, defined by is the modified Bessel function of the
second kind and order v. In addition, I' denotes the gamma function.

Lemma [I] is proved in Section [§]

As a corollary of Lemma [I] functions

w;(r) =w(x —1T;), z€RY T; €RY (24)

where w is constructed in Lemma [1] give us examples of w; satisfying for
fixed D, ©; and for appropriate radius r of Lemma |I| and translations T} of
(24), and such that

Zﬁ?‘ =4,
e \ (25)
[w;(p)| = @(p) = cr(L+[p|)~", peRT,
where ¢y, B are the same as in . In addition,
Cor.ao (p) = sin(py)[@(p)[*, y=To—Ti #0, peR, (26)
Ly iy = {p e R?: sin(py) = O} = {p eRe: py e ﬂ'Z},
for wy, ws of .
As another corollary of Lemma (1} we have that
if w; is defined as in and wy = fwq, then
G (p) = |B(p)]* > A1+ [p) 7, peR?, (27)

Z@l,ﬁ}Q = .

We recall that complex-valued v and w; naturally arise if we interpret equa-
tion for fixed E as the Helmholtz equation of acoustics or electrodynamics.
Finally, note that

LG Bagr = gZd, where (28)
=Zg, % N Za, 55 N N Ly,

Zw1,~~,wd+1 Wd41



if wy is defined as in , and

wo(z) = wi(x — ser), ..., war1(x) = wi(x — seq), (29)
where (e, ..., eq) is the standard basis of R and s > 0.
Thus, in principle, for Problem |I| with background scatterers wy, ..., wqy1
asin , for each p € Rd\gZd formulas , can be used with appropriate
wj in place of wy, where j =2, ..., d+ 1.

4 FError estimates in the configuration space

We recall that for inverse scattering with phase information the scattering am-
plitude f on Mg processed by and the inverse Fourier transform yield the
approximate reconstruction

—d
on '

u(\E) =v+O(E") in L®(D) as E — +00, a= — (30)
if v € W"'(RY), n > d (in addition to the initial assumption (2))), where
Wm1(R?) denotes the standard Sobolev space of n-times differentiable functions
in L'(R%):

WrHRY) = {u e L'(RY): |Julln1 < oo},

ol 31
[[u[ln,1 = max Hf , neNuU{o0}. (81)
|J|<n || Oz L1(R4)
More precisely, the approximation u(-, F) in is defined by
ueB)= [ e ke e@)dp, @€ D,
B,(g) (32)
r(E)=2rE"=a for some fixed 7 € (0,1],
where
B. = {peRd: Ip| ST}, (33)

a is defined in , and kg(p), lg(p) are defined as in with some piecewise
continuous vector-function v on R?: see, e.g., [28]. In addition, estimate
can be precised as

lu(z, B) — v(z)| < A(D,N,M,d,n,r)E™*, z €D, E* >p(D,N), (34)

where ||v||o(p)y < N, [[v|ln1 < M, pis the same as in and the expression
for A can be found in formula (3.10) of [2§].

Analogs of u(-, E) for the phaseless case are given below in this section. In
particular, related formulas depend on the zeros of determinant (g, , of .



‘We consider

Ug, 5, = ReUg, o, +1ImUg, a,,

Re Uﬁh@z (pu E) _ 171 PN (35)
<Im U’LT)l W2 (p, E) B iMﬁ)\l ,Wa (p)bwl,wz (p, E)’

o _ (Rewi(p) Imwi(p)
Mz, @, (p) = (Re wa(p) Im @2(}9)) ’ (36)
_ B 1 Imwy(p) —Imwi(p)
Mmll,mz (p) = C@mﬁz (p) (_ Re @2@) Re 1/171(]9) ) ) (37)
- _ (1 E)? — | f(p, E)]* = |@1(p)|?
R T (o A 9 i
f(pv E) = f(kE(p)’lE(p))v fj(p’ E) = fj(kE(p)alE(p))v i=12 (39)

where @y, Wa, f, fi, f2 are the same as in (11)), (12)), (z,,a, is defined by (13)),
kg(p), lg(p) are the same as in , (32), and p € B, /7, d > 2.
For Problem (I for d > 2, m = 2, and for the case when (g, @, has no zeros

(the case of in Section |3) we have the following result:

Theorem 1. Let v satisfy and v € W™HR?) for some n > d. Let wy, wo
be the same as in . Let

u(z, E) = / efimU@l@Q(p,E)dp, reD,

By (&) (40)
(3 - d
ri(E) = QTET*ld, Q) = 2(27—1—6)’ for some fized T € (0,1],

where Ug, @, is defined by , B, is defined by , B is the number of ,
(27). Then
u(+E)=v+O(E™*) in L>(D), E — 400,

. (41)
|’U/(J),E)—’U($)|SA1E_(11’ Z'GD, Ez ZPI:
where p1 and A; are defined in formulas and of Section @
Theorem [I] is proved in Section
Next, we set
Z5 @, = {pe RY: py € (—¢,¢) +7nZ}, ye RYN\O, 0<e<1, (42)

where @y, Wy and y are the same as in 7. One can see that Z5 5 is
n (26).

the open r-neighborhood of Z, g, defined i

Note that

for any p € Z5, 5, there exists (43)
the unique z(p) € Z such that |py — 7z(p)| < e.



I e
|
Y R = SU AP+
|
| |
| |
| |
| |
| |
| |
I e |
| T,.1 1
v .
L4 ! ) |
0] T £ 7z(p)
[y e Tyl

Figure 1: Vectors p, py, y and p5 of formula

In addition to Ug, @, of (35), we define

U511,1,U2( E) = %(le’u&( )+ U’wl,wz(p—i-’E))?

pi=pL+mz(p )|y\2 + E|y\27 pL=p— (PQ)W» P E By 5 NZG, 4, 4
where z(p) is the integer number of . The geometry of vectors p, p1, y, P
is illustrated in Fig. [1] for the case when the direction of y coincides with the
basis vector e; = (1,0,...,0).

For Problem [I| for d > 2, m = 2, and for the case when (g, 3, has zeros on
hyperplanes (the case of in Section |3)) we have the following result:

Theorem 2. Let v satisfy and v € W™H(R?) for some n > d. Let wy, wo

be the same as in f. Let

U(x,E):ul(ZE,E)+u2(I,E)7 IGD,

ui(z, E) = / e~ """ Ug, o, (p, E) dp,
Brym\ 25 w)Q
weE) = [ U o E)dp (45)
By N2 e,

a2

ro(E) = 27En-a, ey(E)=E" 2,

n—d
Qg = —F————+ or some fized T € (0,1],
2 2(ntp+252)’ 4 f (0,1]

where Ug, @, and U are defined by , , B, and Z%; are defined

Wi, U)2 wi, w2



by , , and (3 is the number of . Then
u(E)=v+O(E™*?) in L>(D), E — +o0,

. (46)
|U(:E7E)*U(I)|§A2E7a2’ ‘TGDa Ez ZP27
where py and Ag are defined in formulas and of Section @
Theorem [2] is proved in Section [6}
Next, we set
_ ! 7 rd
Z%17___7@d+1 = BE/S + gZ s 0 <e< 1, (47)

B. =B, \B,, >0,

where W1, ..., Wgs1 are the same as in , , and B, is defined by .

One can see that Zg, is the open £-neighborhood of Zg, . defined
in .

Note that

yeoes W1 W1

for any p € Z5 there exists

Wiy, W41 (48)
the unique z(p) € Z¢ such that |sp — 72(p)| < €.

In addition, we consider ¢’ such that

i/:i/(p78), p:(plw"apd)ERd\%Zd) >0,
i’ take values in {2,...,d+ 1}, (49)
|sin(spy—1)| > |sin(sp;—1)| for alli € {2,...,d+ 1}.

Let
Usn,....500: 0, E) = Ugy ., (0, E), peR*\ ZZ%, (50)
U’Ej\l,...,’[ﬁd+1 (p7 E) =
1 o 1
= / Ugy, o (59 + Z2(0), E) AV, pE 25, orn OV
Sd—l
St = {peR®: |p| =1}, (52)

where [S?~!| denotes the standard Euclidean volume of S, Ug, 5., is defined
in a similar way with Ug, 4, of (5), @1, ..., @411 are the same as in (28], (29),
and ¢’ is the same as in .

For Problem [I] for d > 2, m = d + 1, we also have the following result:

Theorem 3. Let v satisfy and v € W™ (RY) for somen >d. Let wy, ...,



wqy1 be the same as in . Let

u(z, E) = ui(z, E) + uz(x, E), =z €D,

ui(x, E) = / €_imU@1,...,uﬁd+1 (p, E) dp,
Brs(E)\Z;SI(,‘.E,?,@H

weE) = [ U o kB, (53)
BTs(E)mZa?l(,?.?,ﬁ;d+l

r3(E) = 2rEn-1, eo(E) = E~ 1,

a3 = —n=d or some fized T € (0,1
3 2(”+5+ZT711)’ f ﬁ ( ];

where le,‘..,@dﬂ and Ufﬁh“_@d+1 are defined by , , B, and Z'l%17-~-7ﬁ/\d+1
are defined by , , and (3 is the number of , Then

u(E)=v+O(E™*) in L>(D), E — 400,
|U(IE7E)7U(Z‘)|SA3E7Q3’ IGDv E% ZPB:

where p3 and Az are defined in formulas and of Section @
Theorem [3]is proved in Section [7]

(54)

5 Proof of Theorem [1]

Proposition 1. Let v satisfy and wy, we be the same as in , d > 2.
Then:

5(p) — Ugy . (0, B)| < col®(p)|'E~2 forp € By 5. B* > p1,
¢y = 2¢(Dg) N3 + 2¢(D1) N3, (55)
p1 = max p(Dj, Nj),
7=0,1

where w is the function of , , and ¢, p, Nj, D;, j =0, 1, 2, are the
same as in estimates .

Proposition (1] follows from formulas , 7 estimates , definitions
7, and the properties that

Qo =Qy, Dy =Dy, No= Ny, (56)

In turn, properties follow fro for j =1, 2, for j = 1, and from
27).

the equality we = fw; assumed in (|

10



Next, we represent v as follows:

v(z) =vT(z,r)+v (2,r), x€D,r>0,

ot (27) = / ¢ P*9(p) dp,

. (57)
v (x,r) = / e~ P (p) dp.
R4\ B,
Since v € W™(R?), n > d, we have
o™ (x,r)| < C3||1)Hn,1rd*", z€eD, r>0,
(58)

—d gn
o3 = [s41| G4t

)

where || - [|,1 is defined in (31)), and [S¢~!| is the standard Euclidean volume of
S¢-1. Indeed,

Py pio(p)) < 27) " Yvllng, p= (1. .., pa) € RY,
for any k1, ... kg e NU{0}, k1 + - + kg < n,

(59)
assuming also that pJ = 1. Taking an appropriate sum in over all such ki,
covy kg with k1 + -+ kg =m <n, we get

pI™[B(p) < (Ip1] + -+ + pal) " [0(p)| < (27)~%d™|[0]ln,1, p R (60)

The definition of v~ of and inequalities for m = n imply .
In addition, using Proposition |Ifand the estimate on @ of 7 we obtain:

e = [ U, 0.) dp\ et [ lam) i

T

<cpleB / (1+p)Pdp < cx B3040, oy = |89 |20 crey,  (B1)
B,

r€eD, 1§7’§2E%, E: > p1.
As a corollary of (57), (58), (61)), we have

v(z) —/ e P Ug, ., (p, E) dp‘ < callvllnar "+ BT (62)
B

r

where z € D, 1 <r < QE%, E: > p1. In addition, if r = 71 (E), where r1(F) is
defined in (40)), then
,rd—n _ (27_)d—nE—(x1,

E-3rdt8 = (2r)y Ao,
Using formulas and and taking into account definitions , we obtain

(63)

lu(z, E) —v(z)| < ALE~®', z €D, E? > p
Al:AI(DOaD17N05N17M5d7n7577—) (64)
= (27)

(27) " "es]|vlln, + (27) ey,

11



where D;, Nj, j =0, 1, are the same as in estimates and ||[v|n1 < M.
Theorem [T] is proved.
6 Proof of Theorem [2

Proposition 2. Let v satisfy and wy, wo be the same as in 7,
d>2. Then:

[6p) = Us o (p, B)| < c5e ™ (1 + [p]) B2,
peBQf\ w1w27E%2p2,0<€<17

(65)
= 5(2¢(Do)Ng + c(D1)N? + ¢(D2)Ny)er,
p2 = max, p(Dj, Nj),
in addition, if v € W™ (R?), n >0, then:

[0(p) — Ug, a,(p, E)|

< 2Pese ™ (14 [p)°B77 + coc(1+ Z12(0)] + Ipo]) ™, (66)
pEB,sN Zf?mﬁz’ E > ps2, 0 < e < min{1, %|y|},
d+1 n+1
cg = 2" ((;;r)) Ty, nax Hﬂcijn,l7

where ¢, p, Nj, D;j, 5 =0, 1, 2, are the same as in estz’mates , ¢y, B are

e oo BT (). . are defond i (B, @, 1= 1), an
| - lln1 is defined in (31)).

Proof of Proposition[3. Tt follows from formulas , and , that

Ma a0 = 00) (o(il) SR p e,

(67)
_ 1 sin(Top)  —sin(T1p) d
Mt = R
W1, W2 () sin(py)w(p) <— cos(Tap)  cos(Tip) )’ P ERINZG, 5,
Also note that
\sin(py|227f7 peRd\ Z5 @, 0<e <L (68)

The estimate follows from , , , , , and from @,
(68)-
It remains to prove (66). Using definition (44)), one can write
Us, o, (0, E) —0(p) = 010, E) + ¢5(p), P EByys N 25, 0,
¢i(p, B) = 5(Us, a,(02, E) = 0(p2))
+%(Uw1,wz(p+’E)_ (er))’ p e BmeZ?%h@w
¥5(p) = 3(0(p2) +3(p3)) —0(p), P € Z5, 5,

12



Using estimate , formula and the definitions of p% in , we get
PR
PP, B)| < gese ' ETE((L+ [p2 )7 + (14 [p))7)
<cse 1+ [pl +2:5)PE7F <2 (14 p)) B, (70)
for € as in (66)), p € Byyz N Z5, a,-

Next, using the definition of ¢§ in and the mean value theorem, we obtain
05(p)| < gy max{[7VU(§)]: € € [pZ,p1]} P € Z5, a, (71)

where [p=,p%] denotes the segment joining p° to pS. Here, the mean value
theorem was used for (&) on [p®, p] and on [p, p% ].
Note also that

Vo)l < d max [FE(E)], €= (&, &) € 205 (72)
In addition, the following estimates hold:
ov 1+d)" .
f‘ng n,1, 56 E—apa,]:]-a"'vd' 73
e O] < i gl €€l 73)

Indeed, taking the sum in over all m = 0, ..., n with the binomial coeffi-
cients, we get

(1 +[pD)" @) < (4 |pa| + - - + [pa])"[0(p)]

74
< @n) 1+ d) o, peRY (74)

Estimates follow from , where we replace v by z;v and use that v
belongs to W™1(R?) and is compactly supported.

Estimates f imply

o5 (p)| < 2 "ecsemax{ (1 +[¢]) ": € € .0}, p € Z5, 4, (75)

Using also that
§=Tﬁ + p 1, where |T—ﬁz(p)| < ﬁ,iffe P, p%], (76)
and that ¢ < |y|, we obtain

5] < 2 "o (14 B 1=)| - i + Ipu) "

n (77)
Sco(L+ prlz) +pil) ) p€Z5 4,
Estimate follows from and .
Proposition [2] is proved. O
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The final part of the proof of Theorem [2|is as follows. In a similar way with
, we represent v as follows:

v(z) =vf (,7) +vf (w,7) +v7(2,7), x€D,r>0,

of (2,7) = / P (p) dp,
B,\Z:,

Wy, W3

of (2,7) = / =P (p) dp,
BTOZE

By,
v (z,r) = / e_ipxﬁ(p) dp.
R2\ B,

Since v € W™ (R?), estimate holds.
Using estimates , , we get:

o (z,7) */ ) e Ug, ., (p, E) dp
B (79
—‘r’l);r(.f,T) — / e_ipxU%h@z (p, E) dp‘ < I+ I,
B,NZe

@Wy,W3

I = Pese 1B / (1+ [p|)Pdp, (80)
B,
L= csg/ (1+ gil=®) +pLl) " dp, (81)
B:NZE o

$ED,1STS2E%;E%2p2a

where po is the same as in Proposition [2| In addition:
9d+28

I < 07571E%rd+5, cr = 8471 s (82)
By [ (0 glel o) drdp,
ZEL 72+pi<T2
us £
{'T*W'Sm}
where 7 € R, p;, € R4, p, -y =0,
2
E —n
hs2s Y / (14 =]+ [él) " dé < coese?,
€2 cera-1 |g|<r (83)
= Py L
lyln—d+1 vl

z€EL

In addition, if r = ro(E), € = e2(E), where ro(E), e2(E) are defined in (45,
then
rd=n = (2r)dnETo2,
_1

e ET P = (o) B pes, (84)

2 =E",

14



Using representation , estimates , 7 , , formulas and
taking into account definitions , we obtain

|u’($?E)_’U(‘T)‘SA2E7Q27 JJED, E%ZPQa
A2:A2<D05D17D2aN07N17N2aM7Ml?"')Md7d7n75’7—’ |y|) (85)

= (27’)‘““307 + cgcs + (27’)d_"03\|v||n717

where D;, N; are the same as in estimates (15)) and ||v|
Theorem [2] is proved.

n1 < M, [lzjvllp < Mj.

7 Proof of Theorem [3

Proposition 3. Let v satisfy and wy, ..., wgs1 be the same as in ,
, d > 2. Then:
Y _ _1
0(p) = Ua,...ovus (0 B)| < coe™ (14 [p))° B2,
PEByy\ 2o gu B >p3, 0<e <1,

¢o = T (2(Do)NG + e(D)N? + _max_ e(D;)N})er,
j_ina:

(86)

= Dj, N;
ps=__max  p(Dj,Nj),

in addition, if v € W™L(R?), n >0, then:

0(p) = Ug,.....00,. (0, B
< 2Peoe™ (1 + |p)) B2 + 2¢6e(1+ 27 ||2(p)2) ", (87)

pEB, 5NZ5 E%2p3,0<5<min{1,%s},

1y Wat1?

where ¢, p, Dj, Nj, 7 =0, ..., d+1, are defined as in ; c1, B are the same
as in Lemma cg s the same as in Pmposition@ z(p) is defined in and
lIz(p)|l2 is the standard Euclidean norm of z(p).

Proof of Proposition[3 In a similar way with formulas , one can write

o -4 1 0 d\ mrd
Mwl’wi’ (p) - wl(p) <COS(Sp7;/1) Sin(Spi/1)> ’ pE R \ sZ ) (88)
_ 1 sin(spy—1) 0 d
Mt = — N R\ Zg &
wL,wy Q sin(spy—1)wW1 (p) (_ cos(spir—1) 1)° PERINZG, dapn>
where i/ = '(p, s) is defined in (49). Also note that
[sin(spr—1)| > 255, peRINZG, 5., 0<e<l. (89)

Estimate follows from , , , , , , , and from
7 '

15



It remains to prove . Using definition , we represent
Uy sivar: (0 E) = 0(p) = 010, E) + 95(p), P EByys N 25, druss

1 ~
(pi (pa E) = W i (U’lﬂl,‘..,ﬂ)\dﬁ—l (77’ E) - U(U)) |n:§19+%z(p)d19’ (90)
1 ~( € s P~
v5(p) = S Jous (0(£9 + Zz(p)) — 0(p))dd,
where z(p) is defined in (48]).
Using formulas , (190)), we obtain

05 (p, E)| < coe B3

3 BT fos (14 |29+ %z(p){)ﬁdﬁ

1
cha—lE-%W/ (1+ 1ol +22) a0 < P 1+ pl)P B3, O
S§d—1

for € as in .

Next, using the definition of ¢§ in formula and the mean value theorem,
we get the following estimate:

|5 (0)| < 25 max{|VO()|: € €RY, €~ T2(p)| < 5}, P € 25, g,y (92)

Here, the mean value theorem was used for 1(€) on [p, £9 + Zz(p)], ¥ € S*~1.
One can see that

estimates and hold for all ¢ € R?

such that | — Z2(p)| < £, where p € Z5; | 5,.,- (93)
It follows from , and from the upper estimate on ¢ of , that
05(p)| < 2" "egemax{(1+[¢)) 7" [€ — T2(p)] < £}
<2 eoe(1+ Tzl — )" (94)
< 2ce(1+2T|z(0)l2) ") P € Z5, . us-
Estimate follows from estimates and (94).
Proposition [3] is proved. O

The final part of the proof of Theorem [3|is as follows. In a similar way with
, we represent v as follows:

v(z) = v (z,7) +vf (w,r) + v (2,7), €D, r>0,

of (2,7) = / " 3(p) dp,

of (2,r) = / ¢~ P" 5 (p) dp,



Since v belongs to W™ !(R?), estimate is valid.
Using estimates , we obtain

..... By
ofan) = [ U e )| <t
B,.NZE,
D1 B g
96
n=Pa B [ 1+ ) 0
Jy = zcﬁg/ (1427 2(0) 2) "dp.
BrNZg,,..., D1
zeD, 1<r<2E2, E? > ps,
where ps is the same as in Proposition |3} In addition,
Jl S Cloé‘ilEiéT’dJﬂB7 C10 = ‘Sd71|2d(i:g Cg,
(97)

Jo < cnet™ ey = (é)d |B1] Z (1+ 2§||Z||2)7n7

2€74

where |B;| is the standard Euclidean volume of B;. Finally, if r = r3(FE),
e =e3(E), where r3(E), e3(E) are defined in (53)), then

,r,dfn _ (QT)danfozg,
e lE 5,048 — (27_)d-&-[3E|—o¢37 (98)

gt = g-os,

Using representation (95)), estimates , , , formulas and taking

into account definitions (53]), we obtain

lu(z, E) —v(x)| < AsE~*, x €D, Ez > 03,
A3 = A3(D07 s 7Dd+17 N07 LY Nd+17 Ma d7 TL,B,T, S) (99)
= (21)"Peig + en + 27) e |01
where ||v||n1 < M and Dy, ..., Dg+1, No, ..., Ng+1 are the same as in Propo-
sition [B
Theorem [3]is proved.

8 Proof of Lemma [1]

Note that

o) = [ WD e pe Rt (100

wy(x) = |z|" K, (|z]), =€ R, (101)
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where ¢, &, are the Fourier transforms of ¢, w,. The Fourier transform &, can
be computed explicitely:

d
~ C12 (*
Gop) = —22  cg=—2" 7 102

(p) (1 + |p|2)%+y 12 7'('% ( )

Indeed, formula ((102) follows from the Fourier inversion theorem and the fol-
lowing computations:

/ —szdp // e_i‘acltdtdf
re (14 [p|2)E+” Ri-t (142 +[¢[2) 2+
_|d2‘// z\a:|td2dtd7,.

L+t2+12)

r=VI+r S 2|/ ﬂmtdt /+°° 742 4r
1+t Jo  (1+72)8+r

= co x| K, (|z]), = € RY,

Here, it was used that

/+°°( T2 dr —EB(M,V—&—l):lF(;l F(V—F%)
0

1+72)s+r 27 2 2
d—1
L%

where B and I' denote the beta and gamma functions.
Using (100, (102]), we obtain the estimates

~ C12|qA(§)|2 ci(q,v) d
w<p>>/|<1( de > peRY,

L+ |p—[)d+zr (L+ [per2’
C12 ~ 2
alan) = oot [ @R
202 Jig1<a
Properties follow from 7 , 1100) and (103]).

Lemma [I]is proved.

(103)
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