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Abstract

Short-term interaction between heart rate (HR) and
physiological measures like blood pressure and respira-
tion reveals relevant information about autonomic ner-
vous system (ANS) function. Complex mathematical mod-
els for describing their couplings have been proposed in
the literature. However, an accurate estimation of their
parameters in an inverse modeling problem is crucial to
extract reliable ANS related indices. This study consid-
ers a physiologically-based model of the cardiovascular-
respiratory system and ANS control that presents the neu-
ral and mechanical effects of respiration separately. The
estimation method is evaluated on synthetic signals. An
accurate estimation of the highest-sensitivity model pa-
rameter (intrinsic HR) is achieved with an error of 4.7 ±
3.4% over the actual values. One of the parameters reflect-
ing the amplitude of the respiratory-mediated variations
presents an even better approximation with a mean rela-
tive error as low as 3.8±3.3%. Our results show that most
of the high-sensitivity parameters and also respiratory-
related parameters that are specifically considered in our
physiologically-based framework can be well approxi-
mated regardless of their initial values.

1. Introduction

Cardiovascular regulation over short time scales (of sec-
onds to minutes) is one of the most important functions of
the autonomic nervous system (ANS) that is mediated via
parasympathetic and sympathetic nerves [1]. Therefore,
short-term variations in some cardiovascular measures like
heart rate (HR) and blood pressure (BP) are commonly
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studied to assess ANS function. In practice, an external
stimulation perturbing ANS, e.g., sit-to-stand or respira-
tory maneuvers, is applied and ANS-related indices are
extracted from the BP or HR (or their relative change). Al-
though there are some clinical methods for the evaluation
of ANS [2], there is still the need to assess its function in
an online and reliable way.

Respiration causes fluctuations in cardiovascular param-
eters like HR and BP through both ANS and mechanical
paths [3]. HR variability due to respiration is known as
respiratory sinus arrhythmia (RSA), and its analysis is used
for assessing autonomic health. Some studies have consid-
ered complex models to explain the joint relation between
the cardiovascular signals and respiration [4, 5]. How-
ever, estimating such model parameters reliably is of great
importance so that they may be applied as time-varying
biomarkers of ANS function [6].

The present work is based on a joint model of the
cardiovascular-respiratory system and ANS control to sim-
ulate the short-term relations between HR, BP and respira-
tion [7]. The efficiency of the parameter estimation method
is specifically studied here. Inverse modeling is done in
two steps. Firstly, a sensitivity analysis is performed to
define the most significant parameters of the model. Sec-
ondly, the parameters are estimated using well-known opti-
mization algorithms (Nelder-Mead). Finally, the accuracy
of the parameter estimation method is assessed on synthet-
ically generated data.

2. Modelling

2.1. Cardiovascular-baroreflex interaction

A 2-element Windkessel model consisting of the total
arterial resistance and arterial compliance has been con-
sidered for the cardiovascular system [8]:

Ṗ (t) = − P (t)

RcCa
+

H(t)∆V

Ca
(1)



where H(t) is the instantaneous HR, P (t) the mean BP,
Rc and Ca the total arterial resistance and compliance re-
spectively, and ∆V the stroke volume.

The baroreflex system, as an important part of the ANS,
aims at maintaining BP in a narrow physiological range.
BP is sensed by the baroreceptors which transmit afferent
signals to the brain. The brain sends some efferent sig-
nals back to the cardiovascular parts via sympathetic and
parasympathetic nerves where BP regulation is done by ad-
justing some physiological parameters like HR, ventricu-
lar contractility, arterial resistance and systematic venous
unstressed volume. The models considered for baroreflex
control of HR and arterial resistance [8], are given respec-
tively by:

Ḣ(t) =
βHTs

1 + γTp
− VHTp + δH

(
H0 −H(t)

)
(2)

Rc = R0
c(1 + αTs) (3)

where Tp and Ts are the parasympathetic and sympathetic
tones respectively which can be modeled as sigmoidal
functions of pressure:

Ts(t) =
1

1 +
(
P (t− τ)/P0

)r (4)

Tp(t) = 1− 1

1 +
(
P (t)/P0

)r (5)

The definitions and nominal values [8] of the parameters
in eqns. (1)-(5) are presented in Table 1.

Table 1. Model parameter definitions and nominal values
[8]

Parameter Description Value
Ca arterial compliance 50 ml.mm.Hg−1

R0
c min arterial resistance 0.6 mmHg.s.ml−1

βH sympathetic control of HR 0.84 s−2

γ vagal damping of βH 0.2
VH vagal control of HR 1.17 s−2

δH inverse relaxation time 1.7 s−1

H0 uncontrolled HR 100 bps
∆V stroke volume 50 ml
τ sympathetic delay 3 s
α sympathetic effect on Rc 1.3
P0 mean arterial pressure 93 mmHg

2.2. Respiratory effects

As mentioned, respiration affects cardiovascular system
through mechanical and neural paths. HR increases and
decreases during inspiration and expiration respectively.
A direct neural coupling exists between respiratory sys-
tem and heart. This neural mechanism affects HR mostly
via respiratory related variations in the power (VH ) of the

parasympathetic tone (Tp) [9]. Therefore, eqn. (2) is mod-
ified as below:

Ḣ(t)=
βHTs

1+γTp
−
(
VH − k1VL(t)

)
Tp+δH

(
H0−H(t)

)
(6)

where VL(t) is the instantaneous lung volume and k1 is the
factor of lung volume in modulating VH .

The mechanical effect of respiration on the cardiovascu-
lar system should be reflected in the model by respiratory
modulated changes in the stroke volume, which itself hap-
pens as a result of respiratory-synchronous variations in
the intra-thoracic pressure [7, 9]. This effect is incorpo-
rated in eqn. (1) as:

Ṗ (t) = − P (t)

RcCa
+

H(t)
(
∆V − k2VL(t)

)
Ca

(7)

where the coefficient k2 is intended to adjust the effect of
VL in modulating the stroke volume.

As can be perceived from eqn. (7), modulation of ∆V
by respiration leads to respiratory-related variations in the
pressure. Consequently, in addition to the direct neural
path, HR is also indirectly modulated by the respiration via
the link between HR and BP (baroreflex control). Remark
that parameters k1 and k2 in eqns. (6)-(7) are related to the
gains of the respiratory-related variations of the outputs.

3. Inverse modeling

3.1. Sensitivity analysis

Prior to the estimation of the model parameters, it is es-
sential to define the parameters to which the model out-
puts have higher sensitivity. Sensitive parameters are in-
deed those whose variations cause significant changes in
the outputs [6]. The sensitivity analysis was carried out
at nominal parameter values.The instantaneous normalized
sensitivity of each of the outputs (in our case, HR or pres-
sure in eqns. (6) and (7) respectively) to the i-th parameter
θi at time instant t is calculated as:

Sn,i(t) =
∂yn(t, θ)

∂θi

θi
yn

∣∣∣∣
θi=θi0

(8)

where θi0 denotes the nominal value of parameter θi and
y stands for the model output; the subscript n refers to
either HR or BP. The total sensitivity index of the model
to θi is defined as the scaled 2-norm of the instantaneous
sensitivity over the two outputs:

Si =

√
1

2m

∑
n,t

S2
n,i(t) (9)

where m is the number of time samples over which the
sensitivity is calculated for each output. Parameter values
are split into high-sensitivity and low-sensitivity groups
according to their total sensitivity values Si.



3.2. Parameter estimation

Having defined the sensitivity of the model to the pa-
rameters, the parameters of the high-sensitivity group are
estimated in the model identification process while fixing
the value of the other parameters at their nominal values
(Table 1). The parameter identification was carried out in
two steps. Firstly, all high-sensitivity parameters were es-
timated such as to minimize the normalized mean squared
error between the model outputs and the data.

At the second step, the respiratory-related parameters k1
and k2 were estimated while fixing the values of the other
parameters at their estimated values obtained from the first
step or at their nominal values for the low-sensitivity pa-
rameters. Oscillations at respiratory rate range are often re-
ferred to as high-frequency oscillations. Since respiration
is only expected to introduce high-frequency fluctuations
in the model outputs, the cost function to be minimized at
this step was the normalized mean squared error between
the instantaneous amplitude of the model outputs and the
actual data:

E =
1

2m

∑
n,t

(
Ampmo

n (t)−Ampsynn (t)

Ampsynn (t)

)2

(10)

where Amp(t) is the amplitude, and superscripts ’mo’ and
’syn’ stand for the model output and actual (synthesized)
data, respectively.

To assess the amplitude signals, a peak detection algo-
rithm was applied on the BP or HR signals to find their
maxima and minima at each respiratory cycle. The upper
and lower envelopes of the signals were defined by spline
interpolation, which converts the detected extremum series
into evenly spaced signals (Fig. 1). The difference of the
upper and lower envelopes was calculated as for the instan-
taneous amplitude signal.

For both of the parameter identification steps, the
Nelder-Mead algorithm (a gradient-free method) in the
MATLAB Optimization Toolbox was used to optimize the
parameters [10]. The accuracy of the estimation for each
parameter was defined as the percent error between the ac-
tual and the estimated values of the parameter averaged
over 100 trials.

3.3. Evaluation

The accuracy of the parameter identification method
was assessed on the synthesized data. One hundred data
segments of 30-second length were generated by random
perturbations of the model parameters of up to 30% of their
nominal values. The model outputs were sampled at a fre-
quency of 5 Hz. As instantaneous respiratory signal VL(t),
which is an input to the model, we employed a recorded
respiratory signal obtained from a MIMIC dataset [11].

4. Results

4.1. Sensitivity analysis

The result of the sensitivity analysis for the model is
shown in Fig. 2. Parameters {H0,∆V, P0, R

0
c , α} yield

the highest sensitivity index values, and are thus classified
in the high-sensitivity group, while the rest are considered
as low-sensitivity.

4.2. Parameter estimation and evaluation

The estimation error for the high-sensitivity parameters
determined in the first step is presented in Table 2. Also
given are the estimation error of respiratory-related pa-
rameters k1 and k2 when estimated along with the high-
sensitivity parameters (“s1”) and when computed at the
second step (“s2”) as described in Sec. 3.2.

Table 2. Parameter estimation errors
Parameter Error Parameter Error

(High-
sensitivity)

(Mean ± SD)%
(Respiratory-

related) (Mean ± SD)%

H0 4.7±3.4 k1 14.21 ±12(s1)

∆V 9.6±7.5 10±9.3 (s2)

P0 8.7±7.2

R0
c 9.6±6.3 k2 8.6±5.8 (s1)

α 13.7±11.5 3.8±3.3 (s2)

s1: step one, s2: step 2 of parameter estimation
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Figure 1. Extracting the upper and lower envelopes of
the model outputs, giving rise to the amplitude signals
Ampmo

n (t) employed in eqn. (10) for the estimation of
respiratory-related parameters. Top: BP signal. Bottom:
HR signal. The synthesized data amplitudes Ampsynn (t)
are computed in the same way.
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Figure 2. Sensitivity analysis of the model parameters.

5. Discussion

Our work has determined the most sensitive parameters
in our cardiorespiratory-ANS model and the influence of
respiratory-related parameters on the high-frequency oscil-
lations of the model outputs. Parameter estimation results
(Table 2) reveal that parameter H0 (intrinsic HR), the most
sensitive according to the analysis of Fig. 2, can be es-
timated with a low error of 4.7±3.4%. Furthermore, the
estimation error for most of the other high-sensitivity pa-
rameters is relatively low and comparable to the literature.
According to the sensitivity analysis (Fig. 2), the parame-
ters {VH , βH , r, τ, Ca, σH , γ, k1, k2} were classified in the
low-sensitivity group. This low-sensitivity group includes
parameters k1 and k2, the gains of the control paths of res-
piration on the cardiovascular model. As we are specifi-
cally interested in the respiratory mediated control of ANS,
it is of much importance to estimate these two parameters
reliably. The low sensitivity of these respiratory-related
parameters causes significant estimation inaccuracies. To
compensate for this shortcoming, the second step of pa-
rameter estimation was carried out. As reported in Table
2, the estimation errors improve considerably in the sec-
ond step, especially for parameter k2 (error of 3.8± 3.3%
vs. 8.6 ± 5.8%) in the second step. This is due to the dif-
ferent cost function considered in this step, where the op-
timization algorithm aims at minimizing the mean squared
error between the amplitude of high-frequency (respiratory
rate range) oscillations of the model outputs and the data
[eqn. (10)]. This cost function was chosen regarding the
actual effects of these two parameters which impact the
high-frequency components of the outputs more signifi-
cantly than the low-frequency one, i.e., the high-frequency
terms of the signals are more sensitive to these two param-
eters.

In conclusion, our results show that most model parame-
ters including the respiratory-related ones can be estimated

with low error in the framework of our physiologically-
based model. Further work should consider the applica-
tion of our parameter estimation method to assess reliable
online ANS indices in real data.
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