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ON THE HOMOGENIZATION OF THE STOKES PROBLEM IN A
PERFORATED DOMAIN

M. HILLAIRET

ABSTRACT. In this paper we consider the Stokes equations on a bounded perforated do-
main completed with non-zero constant boundary conditions on the holes. We investigate
configurations for which the holes are identical spheres and their number N goes to in-
finity while their radius 1/N tends to zero. We prove that, under the assumption that
the holes do not concentrate in any box of size 1/N'/3, the solution is well approximated
asymptotically by solving a Stokes-Brinkman problem.

1. INTRODUCTION

In this paper we focus on the homogenization of the Stokes equations in a perforated
domain with non-zero constant boundary conditions on the holes. Precisely, we assume that

Q is a smooth bounded domain in R?. Given N € N, we introduce N centers hi', ... hY
in Q such that the BY = B(hY¥,1/N) satisfy
(A0) BYeqQ, BNnBN=0, forijin {1,...,N}.

vN)iz1.n € (R?)Y, it is classical that there exists a unique solution to

—Au+Vp = 0,
divu = 0,

Given a N-uplet (

N
on]—"N::Q\UBZ-N,

i=1

(1)

completed with boundary conditions
N N
u = wv;', ondB;",
2) {

u = 0, ondf.
We are interested here in the behavior of this solution when N goes to infinity and the
asymptotics of the data (h)¥, v );=1. n are given.

When the holes are distributed periodically, a major contribution in the analysis of this
problem is due to G. Allaire [I]. In this reference, the author proves that there exists a
critical value of the ratio between the size of the holes and their mutual distance for which
there is a transition from the Stokes equations towards the Stokes-Brinkman equations.
If the holes are "denser” the transition holds with a Darcy law while if the holes are
"more dilute” we obtain again a Stokes problem asymptotically. This former result is an
adaptation to the Stokes equations of a previous analysis on the Laplace equation in [3].
We refer the reader to [2, [5] for a review of equivalent results for other fluid models.
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2 M. HILLAIRET

In [I], the Stokes equations are completed with vanishing boundary conditions while a
volumic source term is added in the bulk. The problem with non-zero constant boundary
conditions is introduced in [4] for the modeling of a thin spray in a highly viscous fluid.
In this case, the holes represent droplets of another phase called ”dispersed phase”. This
phase can be made of another fluid or small rigid spheres. The Stokes equations should then
be completed with evolution equations for this dispersed phase yielding a time-evolution
problem with moving holes. Computing the asymptotics of the stationary Stokes problem
is then a tool for understanding the instantaneous response of the dispersed phase to the
drag forces exerted by the flow on the droplets/spheres. We refer the reader to [4 [11] for
more details on the modeling. In [4], the authors adapt the result of [I] on the derivation
of the Stokes-Brinkman system. A comparable analysis with another purpose is provided
in [I0] when the dispersed phase is sufficiently dilute so that one recovers asymptotically
the Stokes system. We emphasize that there is a significative new difficulty in introducing
non-vanishing boundary conditions. Indeed, the boundary conditions on the holes may
be highly oscillating (when jumping from one hole to another). Hence, if one were trying
to solve this new system by lifting the boundary conditions, he would introduce a highly
oscillating source term in the Stokes equations that is out of the scope of the analysis in

.

The result in [4] is obtained under the assumption that the distance between two cen-
ters hY and hj-v is larger than 2/N'/3. This assumption is quite restrictive and prevents
from extension to a time-dependant problem or a random model (in the spirit of [12]).
Furthermore, the proof in [4] relies heavily on explicit formulas for solutions to the Stokes
equations in annuli and exterior domains. Considering holes with non-spherical shapes
thus requires new tools. Our main motivation in this paper is to provide another approach
that may help to overcome these two difficulties.

In order to consider the limit N — oo, we make now precise the different assumptions
on the data of our Stokes problem ([IJ)-(2). This includes:

e the positions of the centers (h)—1 .,

e the velocities prescribed on the holes (v¥);—1 .

First, similarly to [4], we assume that:
LN
(A1) N Z |oX|? is uniformly bounded .
i=1

Second, we make precise the assumptions on the separation between the holes. This is
the main point where our assumptions differ from [4]. It is nowadays classical that the
properties of Stokes flows in domains with obstacles change drastically when the distance
between obstacles decreases becoming comparable to their diameters (see [§]). We want to
avoid this phenomenon in the pairwise as in the global interactions between holes through
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the flow. We quantify this by introducing:

d¥. = min {dist(hﬁv,ﬁﬁ),m;nlhfv - hﬂ} ’
j#i

min
i=1,...,N

MY = sup{#{ie{l,...,]\f} .. hf\’em}}.

€

We assume below that

(A2) lim NdY, = +oo,
N—o00
(A3) (M™) yen is bounded.

We note that under these assumptions, we have that for NV sufficiently large the (BZN )ie1,..N
are disjoint and do not intersect 9€). For N large enough, assumption ([AQ) only fixes that
the holes are inside 0. There exists then a unique pair (u,p") € HY(FN) x L*(FN)
solution to ())-(2) (see next section for more details). The pressure is unique up to an
additive constant that we may fix by requiring that p" has mean 0. It can be seen as
the Lagrange multiplier of the divergence-free condition in ([{l). Hence, we focus on the
convergence of the sequence (u")yeny and will not go into details on what happens to
the pressure (in contrast with [1]). The u" are defined on different domains. In order
to compute a limit for this sequence of vector-fields, we unify their domain of definition
by extending vV with the values v)¥ on BY for any i = 1,..., N. We still denote u” the
extension for simplicity. This is now a sequence in HJ ().

The final assumptions prescribe the asymptotics of the distribution (hfv , vZN )iz1...n- We
introduce the empiric measure

N
1
Sy = N ;@L%Uf\r S P(Rg X Rg),

and we assume:

(A4) / Sy(dv) — p(x)dz weakly in the sense of measures on R?
R3
(A5) / vSy(dv) — j(x)dx weakly in the sense of (vectorial-)measures on R?.
R3

We recall that, by assumption ([AQ), the measure Sy is supported in Q x R? so that, in the
weak limit, p > 0 and p and j have support included in 2.

Our main result reads:

Theorem 1. Let (v)¥, h)i=1. n be a sequence of data satisfying [(AQ) for arbitrary N € N.
Assume furthermore that ([Al)-([A3) hold true with

jELNQ), peL®Q).
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Then, the associated sequence of extended velocity-fields (u™N ) yen converges in HL(Q) — w
to the unique velocity-field u € H*(QY) such that there exists a pressure p € L*(Q) for which
(u,p) solves:

(3) { —Au+Vp = 6m(j— pu),

diva = 0, on {2,

completed with boundary conditions
(4) u=0, ond.

We remark that, with the assumptions ([AIl) and ([A3]), we may extract a subsequence
such that the first momentums of Sy in v converge to some (p, j) € L°(2) x L*(£2). Hence,
assumptions (A4 and ([AZ]) only fix that the whole sequence converges to the same density
p and momentum distribution j. For simplicity, we do not include a source term in ()
even if our result extends in a straightfoward way to this case (due to the linearity of the
Stokes equations).

We emphasize that our result is not in contradiction with [I]. Indeed, in the periodic
case, if the distance between holes is smaller than 1/N'/3 we are in a case where [I] shows
that the asymptotic problem is a Darcy law. But, in our case, if the holes were arranging
periodically with distance constantly less than 1/N'/3 in some part of the domain, there
would exist one cube of size 1/N'/? in which the number of holes goes to infinity. This
possibility is ruled out by assumption ([A3)). On the opposite, if the distance between holes
is too often much larger than 1/N'/3 in our framework, the asymptotic p and j vanish
and we obtain again the Stokes equations in the limit as in [I]. We also remark that the
results herein extend the previous results in [I] and [4]. Indeed, on the one hand, the
assumptions in [4] are clearly more restrictive than ([A2)-([A3). On the other hand, our
assumptions allow the holes to be distributed periodically. In this case, we would have,
with the terminology of [I], that "a.” = 1/N and "¢” = (¢2/N)'/? and "M," = 6nls.
The case in which [I] derives the Stokes-Brinkman problem corresponds then to j = 0 and
0. — 0 € (0,00) when N — oo (or equivalently € — 0). In that case, straightforward
computations show that p = 772 and system (B))-(d) corresponds to the one derived in [I].

To conclude, one novelty of this paper is that we expect the two assumptions (A2)-([A3])
are sufficiently general to tackle the time-evolution problem. Another novelty of the paper
stems from the method of proof. We shall apply arguments that are not highly sensitive to
the explicit value of solutions to the Stokes problem. The two main ingredients of the proof
are the decrease of stokeslets (see (I4])) and conservation arguments (see next subsection).
In particular, we plan to consider more general shapes of holes and boundary conditions
on holes in future works.

1.1. Outline of the proof. Our proof is based on a classical compactness argument: we
first obtain uniform bounds on the sequence u"¥ and then extract a subsequence such that,
passing to the weak limit in the weak formulation for the N-problem, we obtain the weak
formulation of the limit problem.
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We first prove that the sequence (u”)yen is bounded in H}(Q). This part is obtained
by applying a variational characterization of solutions to Stokes problems and relies upon
assumptions (Al) and ([A2) only. We may then extract a subsequence (that we do not
relabel) converging to some @ in H}(2) (and strongly in any L9(Q) for ¢ € [1,6]). In order
to identify a system satisfied by u all that remains is devoted to the proof that:

L, = / Vu:Vuw,
satisfies:
1, = 6 / (i(2) — ple)a()) - w(z)dz,

for arbitrary divergence-free w € C2°(£2). So, we fix a divergence-free w € C'2°(2) and we
note that by construction, we have

I, = lim I with [{UV:/VuN:Vw, VN €N.
Q

N—o0

We compute then I by applying that u” is a solution to the Stokes problem (I)-(2). As
the support of all the integrals IY is Q and the support of w is not adapted to the Stokes
problem (I)-(@), this requires a special care. So, we introduce a covering (TV),cen of
Supp(w) with cubes of width 1/N'/? and we split

Ifuv = / Vu : Vw.
ngC:N Y

Given N and r, we apply that there are not too many particles in T2V because of assumption
(AR)). This enables to localize the method of reflections [9, [10] and replace w with

> UNw(h)](x = hY)
ierN
in the integral on T%. We denote here
e IV the subset of indices i € {1,..., N} for which hY € TV,

o (UN[v](y), PN[v](y)) the solution to the Stokes problem outside B(0,1/N) with
boundary condition U[v](y) = v on dB(0,1/N) and vanishing condition at infinity.

We obtain that
/ Vi Vw ~ Z/ vy V[UN [w(hM)])(z — hY).
T iey 7T
Then, we observe that the pair

(O™ [w(R))(@ = b7Y), PYw(h)](@ — b))
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is a solution to the Stokes problem outside BY. Hence, we apply that u” is divergence-free,
introduce the pressure and integrate by parts to obtain that:

Vul¥ : Vuw ~ Z /;)BN(a"UN[w(hi'V)] — PNTw(hM)In) -vNdo

7
N
7 ey

+ /8T,£V i;(anUN[w(th)] — PN[w(th)]n) uNdo

We skip for conciseness that (UY, PY) depend on (z — hY) in these last identities. It is
classical by the Stokes law that:

| @ )] = P o = Tl
BN N
and, by interpreting the Stokes system as the conservation of normal stress, that:
6
/ (0UTw(h)] = PN[w(h)In)do = ——Cw(hY).
oTN N

To take advantage of this last identity, we use that TV has small width to replace u” by
some mean value @Y on 9TV, Say for simplicity that:

1
5 iy =
©) U T

u (z)dz,

and assume that replacing u” by @2 induces a small error in the boundary integral. We
obtain then that:

Summing over « yields:

N
67 67
N Ny ..N Ny| =N
L, N;Ww(hi)'vi - Z Z Nw(hi) C Uy
The first term on the right-hand side converges by assumption (A3)) to :

6 /Q j(z) - w(z)d.

To compute the limit of the second term, we introduce:

o =61 Z Zw(hfv) 1~

KEKN | ieZN
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so that:

Z Z 6—7rw(hfv) T :/UN-uN(:z)dx.
—~ N Q
REKN | ieZlN

For w € C>(), we have that oV is bounded in L'(Q) and, under assumption (A4), it
converges to o(z) = p(x)w(zx) in D'(2). However, this is not sufficient to compute the limit
of this last term. Indeed we have strong convergence of the sequence u” in L4(Q2) for ¢ < 6
only. Consequently, we need the supplementary assumption (Af) which entails that o? is
bounded in L*°(€2). Now, o converges in L4(Q) — w for arbitrary ¢ € (1,00) (up to the
extraction of a subsequence) and combining this fact with the strong convergence of u™¥
we obtain that:

N—oo
KEKN el

im Y %w(hﬁv)ﬂg _ /Q p(2)w(x) - (x)da.

This would end the proof if we could actually define @ as in (B) and prove that it induces

a small error by replacing u” with the mean %" on OTY. Unfortunately, for this, we need
that the combination of stokeslets to which «"V is multiplied is a solution to the Stokes
equations on the set where the mean is taken (in particular we cannot choose TV here
contrary to what we have written in (Bl)). We also remark that, in order that the sum:

S Sn) - u)

corresponds to the multiplication with an L!-bounded sequence (V) yen, we not only need
([A3) but also that the mean " is taken on a set whose volume is of magnitude 1/N. To
handle both technical difficulties simultaneously, we introduce a parameter § (which will
be large), we "delete” the particles in a 1/(6N'/?)—neighborhood of TN and we construct
uY as the mean of u¥ on the 1/(20 N*/3)-neighborhood of TN (inside 7). By a suitable
choice of the covering TN we prove that the cost of this deletion process is O(1/+/9). Hence,
we obtain that:

I, — 6r / (i(z) - p(e)a(e)) - w(z)dz| <

for arbitrary large 6.

1.2. Notations. In the whole paper, for arbitrary z € R? and r > 0, we denote By (z,7)
the open ball with center x and radius r for the /*° norm. The classical euclidean balls are
denoted B(z,r). For x € R3 and 0 < A\; < Ay we also denote:

A(SL’, >\1, )\2) = BOO(LU, )\2) \ BOO(LU, )\1) .

The operator distance (between sets) is always computed with the ¢> norm. We will con-
stantly use a truncation function associated to the parameter N. This truncation function
is constructed in a classical way. We introduce x € C%°(R?) a truncation function such
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that x = 1 on [—1,1]* and y = 0 outside [—2,2]*>. We denote X" = x(N:) its rescaled
versions. This truncation function satisfies :

e YV =1o0n B,(0,1/N) and xV = 0 outside B (0,2/N),

e V" has support in A(0,1/N,2/N) and size O(N).
When we truncate vector-fields with y we shall create a priori non divergence-free vector-
fields. To lift the divergence of these vector-fields, we use extensively the Bogovskii operator
B, On the “cubic” annulus A(z, A, A7) (again z € R? and 0 < A\; < Ay). We recall
that w = B, 2, [f] is defined for arbitrary f € L?(A(x, i, \2)), whose mean vanishes,

and yields an HJ (A(z, A1, A2)) vector-field such that divw = f. As the returned vector-field
vanishes on A (z, A1, A\y) we extend it tacitly by 0 to obtain an H'(R3) function.

For legibility we also make precise a few conventions. We have the following generic
notations:

u is a velocity-field solution to a Stokes problem, with associated pressure p,
w is a test-function,

I is an integral while 7 is a set of indices,

T is a cube, depending on the width we shall use different exponants,

e n denotes the outward normal to the open set under consideration .

We shall also use extensively the symbol < to denote that we have an inequality with a
non-significant constant. We mean that we denote a < b when there exists a constant C,
which is not relevant to our problem, such that a < Cb. In most cases "not relevant” will
mean that it does not depend on the parameters N and/or d. If a more precise statement
of this "non-relevance” is required we shall make it precise.

2. ANALYSIS OF THE STOKES PROBLEM

In this section, we recall how is solved the Stokes problem:

(©) {—Au+Vp = 0,

divu = 0,
completed with boundary conditions

(7) u(z) =u,, on dF,

on F,

for a lipschitz domain F and boundary condition u, € H %(8.7-" ). We consider the different
cases: F is a bounded set, an exterior domain, or a perforated cube. In the second case,
we complement the system with a vanishing condition at infinity.

2.1. Reminders on the Stokes problem in a bounded or an exterior domain. We
first assume that F is a bounded domain with a lipschitz boundary 0F. In this setting, a
standard way to solve the Stokes problem ([)-() is to work with a generalized formulation
(see [7, Section 4]). For this, we introduce:

D(F):={ue H(F)st. divu=0}, Do(F):={u€ H)(F)st. divu=0}.



INTERACTIONS BETWEEN A CLOUD OF PARTICLES AND A VISCOUS FLUID 9

By [7, Theorem I11.4.1], we have that Do(F) is the closure for the H}(€2)—norm of
Dy(F) ={w € CF(F) s.t. divw =0} .

We have then the following definition
Definition 2. Given u, € H%(ﬁ]:), a vector-field w € D(F) is called generalized solution

to (@)-([@) if
e u =u, on OF in the sense of traces,

o for arbitrary w € Do(F), there holds:

(8) /Fvuszzo.

This generalized formulation is obtained assuming that we have a classical solution,
multiplying (@) with arbitrary w € Dy(F) and performing integration by parts. De Rham
theory ensures that conversely, if one constructs a generalized solution then it is possible
to find a pressure p such that (@) holds in the sense of distributions. Standard arguments
yield:

Theorem 3. Assume that the boundary of the fluid domain OF splits into (N +1) € N
lipschitz connected components Ty, Ty, . ... Tn. Given u, € H3 (OF) satisfying

9) /u*-ndazo, Vie{0,...,N},
r;

then

e there exists a unique generalized solution u to ([I7)-(I8]);
e this generalized solution realizes

(10) inf{/ \Vul*,u € D(F) s.t. u,, = u*} :
F

Proof. Existence and uniqueness of the generalized solution is a consequence of [7, Theorem
IV.1.1]. A key argument in the proof of this reference is the property of traces that we
state in the following lemma:

Lemma 4. For arbitrary u, € H2(0F) satisfying @) there holds:
o there exists upgy € D(F) having trace u, on OF ,

o for arbitrary upg, € D(F) having trace u, on OF there holds
{ue D(F) s.t. up,, = us} = tpgy + Do(F).

Then, given u € D(F) the generalized solution to (I7)-({I8) and w € Dy(F), the funda-
mental property (8) of u entails that:

/|V(u+w)|2 _ /|Vu|2+2/Vu:Vw+/|Vw|2,
F F F F

_ /\vu|2+/ V2.
F F



10 M. HILLAIRET

Consequently, the norm on the left-hand side is minimal if and only if w = 0. Combining
this remark with the above lemma yields that the generalized solution to (I7))-(I8) is the
unique minimizer of (0) in {v € D(F) s.t. v, = u,}. O

As mentioned previously, once it is proven that there exists a unique generalized solution
u to ([@)-(D), it is possible to recover a pressure p so that (@)-(7) holds in the sense of
distributions. If the data are smooth (i.e. F has smooth boundaries and u, is smooth)

one proves also that (u,p) € C*(F).

We turn to the exterior problem as developed in [7, Section 5]. We assume now that
F =R3\ B® where B* = B(0,1/a) and we consider the Stokes problem (@) with boundary
condition

(11) u=u,ondB* lim u(zr)=0,

|z| =00

for some u, € Hz(8B"). For the exterior problem, we keep the definition of generalized
solution up to change a little the function spaces. We denote in this case:
e D(F) ={w,, we CR? st. divw=0},

e D(F) is the closure of D(F) for the norm:

o = ( [ 1vut)”
F

We keep the definition of Dy(F) as in the bounded-domain case and we construct Dy (F)
as the closure of Dy(F) with respect to this latter homogeneous H'-norm. We note that,
in the exterior domain case, we still have that D(F) C W,2*(F) (see [7, Lemma I1.6.1]) so
that we have a trace operator on dB® and an equivalent to Lemma [

As in the case of bounded domains, the Stokes problem ([G)- (I1]) with boundary conditions
u, prescribing no flux through 0B® has a unique generalized solution (see [7, Theorem
V.2.1], actually the no-flux assumption is not necessary for the exterior problem). Thus,
this solution satisfies:

o Vue L2(R?\ B),
e for any w € Dy(R?\ B%) there holds:

/ Vu: Vw = 0.
R3\Be

Explicit formulas are provided when the boundary condition u, = v with v € R?® constant
(see [ Section 6.2] for instance):

a 1 /3 1 3 (1 I vz
(12) umzvmms—@<m+@ﬁ)%@(m‘@ﬁ>mﬂ’
13 pla) = PRle) =

2a |zt
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We call this classical solution stokeslet in what follows. With these explicit formulas, we
remark that:

a |U| a a |’U| 3\
(14)  [U](=)| S 2]’ VU [o](2)| + [P [v](2)] S a2P Ve eR\ By,
and we recall that the force exerted by the flow on 0B® reads:
6
(15) / (0.U0] — Pu]n)do = .
dBq a

For convenience, the stokeslet U%[v] is extended by U%[v] = v on B in what follows.

2.2. Stokes problem in a perforated cube. In this last subsection, we fix (N, M) €
(N'\ {0})?, and a divergence-free w € C>°(R?). We denote 7% an open cube of width
1/NY? and BN = B(x;,1/N) C TV fori = 1,..., M. We assume further that there exists
d,, satisfying

4
(16) ' minM {dist(xi,ﬁTN),r?;?(m—:Ej|)} > dy, > N
We consider the Stokes problem:

M
{—Au—l—Vp = 0, OIIJ:ZTN\UB—Z-N,

i=1

(17) divu = 0,

completed with boundary conditions

{u(:c) = w(z), on BN ,Vi=1,...,M,

(18) u(z) = 0, on TN .

Assumption (IG) entails that the BY do not intersect and do not meet the boundary 97%.
So, the set TV \ Uf\il BY has a lipschitz boundary satisfying:

M M
o|TV\|JBN| =or"ul JoB).

i=1 i=1

For any i = 1,..., M, direct computations show that:

/ w-ndU:/ divw = 0.
oBN BY

Hence, the problem (I7)-(I8)) is solved by applying Theorem Bl and it admits a unique
generalized solution u € H'(F). We want to compare this solution with:

us(r) = Z U™ [w(z)) (= x2),

where U is the stokeslet as defined in ([2). The main result of this subsection is:
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Proposition 5. There exists a constant K independent of (N, M, d,,, w) for which:

IM |1 | M
H(u - US)HLG(}') + HV(U - US>HL2(F) < KHwHWLOO(]I@) N [N + N—dm] .

Proof. We split the error term into two pieces. First, we reduce the boundary conditions
of the Stokes problem (I7)-(I8]) to constant boundary conditions. Then, we compare the
solution to the Stokes problem with constant boundary conditions to the combination of
stokeslets u,. In the whole proof, the symbol < is used when the implicit constant in our
inequality does not depend on N, M, d,, and w.

So, we introduce u,. the unique generalized solution to the Stokes problem on F with

boundary conditions:

u, = w(z;), on BN Vi=1,...,M,
(19) { (@s)

u. = 0, on 0TV .

Again, existence and uniqueness of this velocity-field holds by applying Theorem We
split then:

I —wllsery < = u)llzsm + (e — )5
19— w)llzy < V(= ue)zaem) + 19 (e =) 22y

To control the first term on the right-hand sides, we note that (u — w.) is the unique
generalized solution to the Stokes problem on F with boundary conditions:

(u—wu.)(r) = wlx)—w(x), onBN Vi=1,...,M,
(u—u)(x) = 0, on 9TV .

Hence, by the variational characterization of Theorem [ ||V (u — u.)| r2(#) realizes the
minimum of || V|| .27 amongst
{w € H\(F) st divio =0, iy, =0, @y, =w(-) - wlz), Vi= 1,...,M} .

We construct thus a suitable w in this space. We set:

M
W=
i=1
with, fori=1,..., M :

;= (0 = ) (W) = () = Baga e [ (w(x) = wiw) - V(e =)

We recall that x” is a chosen function that truncates between B, (0,1/N) and By (0,2/N)
and that we denote B, 1/y2/5 the Bogovskii operator on the annulus A(z;,1/N,2/N). The
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properties of this operator are analyzed in Appendix [Al The above vector-field w; is well-
defined as, for i = 1,..., M, there holds:

/ (w(z) — w(x;)) - VXN (2 — 2;)dx
A(z,1/N,2/N)

/ div(e V(- — 2 (w() — w(z)).
Boo(2i,2/N)\Boo (24,1/N)

= (w(z) —w(z;)) - ndo,
0Boo(24,1/N)

= div(w) =0,
Boo(2:,1/N)

and we can apply the Bogovskii operator to z + (w(-) —w(z;))- Vx (- —z;) on the annulus
A(z;,1/N,2/N). We note that w; has support in By, (z;,2/N) so that, as d,,, > 4/N, the
w; have disjoint supports inside TV. This yields that @ is indeed divergence-free and fits
the required boudary conditions. Furthermore, there holds:

2

M
||V1IJ||L2(}‘) < [Z ||vwi||%2(Boo(xi72/N))
i=1

For i € {1,..., M} we have by direct computations:

VXY (- = @) (w(:) — w(xi))||2L2(Boo(xi,2/N)) S Ti%l )
XY (- = 2)V(w() = w@)) T2 @emy S TW; ,

and, by applying Lemma

VB, 1ynan (2= (w(z) —w(x:)) - VXN (@ = 23)] 17208 202/

S e (w(@) = w(z) - VXN (@ = 20) 25 0,270
o Dl
~ N3 °

Gathering all these inequalities in the computation of w yields finally:

- vl
HVU)HLQ(]:) 5 M 3 .
N2
The variational characterization of generalized solutions to Stokes problems entails that we
have the same bound for (u—1wu.). At this point, we argue that the straightforward extension
of u and w, (by w and w(x;) on the BY respectively) satisfy (v —u.) € HY}(TY) C LS(T")
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so that

= wellzogry <l = el zorsy < 90 = o) oz
wl?: o
< (||v<u—uc>r|%zm+MM)

< \/anHVl;l»w'
Nz

~Y

We emphasize that, by a scaling argument, the constant deriving from the embedding
H(TN) c L5(T™N) does not depend on N so that it is not significant to our problem.

We turn to estimating u. — us. Due to the linearity of the Stokes equations, we split

M
Ue = Z Ue,iy
i=1
where u,; is the generalized solution to Stokes problem on F with boundary conditions:

{ u.; = w(z), ondBY,

ue; = 0, on 0TV UJ 8B]N.

JF#i
We have then

(20) IV (e = u)llzzer < DIV (uei = UNw(a)](- = 20) 2.

i=1
Similarly, we expand :

M
ug =Y U, where Uy(z) = UN[w(z))](x — z;), VxR

i=1
Fori e {1,..., M} we extend u; by 0 on R*\ 7" and B} for j # i. The extension we still

denote by u,; satisfies u.;, € H'(R3 \B—ZN) and is divergence-free. In particular, we have
u.; € D(R*\ BY). Consequently, u.; — U; € D(R*\ BY) and:

IV (ue; = Ui — @) li2z) < / __|Vugi(x) = VU;()[*dx

R3\BN

< / |VUC7Z'|2—2/ 7Vuc,i . VUZ—l—/ 7|VUZ|2
R3\BYN R3\BN R3\BYN

To compute the product term, we apply that u.; and U; = UN[w(x;)](- — ;) have the same
trace on OB and that U; is a generalized solution to the Stokes problem on R3\ BN. So,
integrals of the form fR3\Bw VU; : Vw (for w € D(R*\ BY)) depend only on the trace of

w on OBY . This entails that:

/ _Vuc,i . VUZ = / . ‘VUZ|2,
R3\BZN R3\BZN
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and we have:
(21) IV (es = U =l < [ Vued = [ 0P,
R3\ BN R3\ BN
To conclude, we find a bound from above for
/ | Vauei(z)?dz = / |V ()] *dx.
R3\BN F
As u,; is a generalized solution to a Stokes problem on F, this can be done by constructing
a divergence-free w; satisfying the same boundary condition as u.,;. We define:
Wi = Xy /a(- = T0)Us = By st 2 [ 7 Us(@) - VXaja(x — ;)]

where xgq,,/4 = x4 (with the family of truncation functions of the introduction) As
previously, we have here a divergence-free function which satisfies the right boundary con-
ditions because X, /4(- — ;) = 1 on B} (since d,,,/4 > 1/N) and vanishes on all the other
boundaries of OF (since the distance between one hole center and the other holes or 9T
is larger than d,, — 1/N > d,,/2). Again, similarly as in the computation of w; we apply
the properties of the Bogovskii operator B, 4, /4,4,,/2 and there exists an absolute constant
K for which:

nwmaﬂ</mwm—mwwﬁ
R3\BN

+ K (/ VU (2)|* + (VX 2(x — 25) ®U,~(:)§)|2dx)
Azi,dm /4,dim /2)

As we have the same bound for u.;, we plug the right-hand side above in (21]) and get:

nw%rﬂmaﬂsé( VU (2)Pde

-'Eiydm/4ydm/2)
+ / |Vde/4(ZL' — l’z) X Uz(l’)|2d$ .
A(zgdm [4,dm [2)

With the explicit decay properties for U; (see (I4])) and Vxq,, /4 we derive:

2
/ (VU ()] + [VXaa(z — 2:) @ Us(z)[*) da S ”7“””27W1°°
A 4 2 N2d,,

Combining these bounds for i = 1,..., M in ([20) we get:
MHwHWl,oo
V(ue — ug < ———F——.
By similar arguments, we also have:

M

||uc - u8||L6(]-') = Huc - u8||L6(TN) < Z Huc,i - UiHLe(Rg\@)-
i=1
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As u.;,U; € D(R? \B—ZN) and u,.;, U; share the same value on OB}, there holds u.; — U; €
Dy(R?\ BY) and we may use the classical inequality (see [7, (I1.6.9)]):

)SHvuc,i_VU’iHLQ( V’i:1,...,M,

||uc7i - Ui”[ﬁ(ﬂgS\@ R3\BN) >

(again the constant arising from this embedding does not depend on N by a standard
scaling argument). This yields again the bound:

(e — us)|| 1o (r) < M’
N+ d,,
and ends the proof of our proposition. O

3. PROOF OF THEOREM [I] -~ UNIFORM ESTIMATES

From now on, we fix a sequence of data (v}, h));—;  n associated to (B} )= n that
satisfy ([AQ) for arbitrary N € N and such that (AI)-(AZ) hold true with

jeL*Q), peL>(Q).

Because of assumption (AQ), the existence result of the previous section applies so that
there exists a unique generalized solution u” € H'(F") to [I)-@). In what follows, we
extend implicitly «" by its boundary values on the OB} :

N UN, in .FN,
o= oV, in BN, fori=1,...,N.
As the BY do not overlap and do not meet 99, it is straightforward that these velocity-
fields yield a sequence in H}(Q) of divergence-free vector-fields. Moreover, we have the
property:
VUM 2y = Ve[| 2.

Our target result reads:
Theorem 6. The sequence of extended generalized solutions (u™N)nen converges weakly in
H}(Q) to u satisfying

(B1) @ e HY(Q),

(B2) diva =0 on Q,

(B3) for any divergence-free w € C°(Q)) we have:

(22) LV@:Vw:67r/[j—pﬂ]~w.

Q

Theorem[lis a corollary of this theorem as (B1)-(B2)-(B3) corresponds to the generalized
formulation of the Stokes-Brinkman system (B)-(#)). The remainder of the paper is devoted
to the proof of this result. In this section, we prove that u is bounded in H}(f2), extract
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a subsequence weakly converging to some u and justify that it remains then to prove that
u satisfies (B3). The two next sections are devoted to the computations of integrals:

Iw:/Vﬂ:Vw
Q

for a fixed but arbitrary divergence-free w € C2°(1Q2).

So, we first compute uniform bounds on u” by applying the variational characterization
of solutions to the Stokes problem ([I0). Given N € N, we set:

oV (z) = év x <M o x (z — hfv)) - évi(x).

Then, vV € C°(R?) is the curl of a smooth potential vector so that dive” = 0. Because
of assumption ([A2), there exists a Ny € N such that:

NdY. >4, VN> N,.

Let N > Ny from now on. Because \"¥ has support in B, (0,2/N) we have that Suppv; C
Boo(hY,2/N) and the (v;);=1.. ny have disjoint supports. Because ¥ is 1 on B(0,1/N) C
Boo(0,1/N) we derive further that, for i € {1,..., N} :
vi(z) = 0, on 8.7:NUUB§V,
JFi
1
vi(r) = Vx <§UZN X (x—hfv)) =v", on BY.

By combination, we obtain:
oNV() = oY, o BN, Vi=1,...,N,

vM(z) = 0, ondFN.
We have then by Theorem [ that:

2

N
(23) IVu™ [l z2mny <NV vy = (Z HVUZ'H%?(R3)>
i=1

For arbitrary N € N and i € {1,..., N}, there holds:
(Vo) S (VXN (@ =)o + VXN (@ = h)[[of [l — B

~

S N (IVx(N(@ = m))| + VXN (z = b)) o]

Consequently, by a standard scaling argument:

1
VuPa S 5 ([ VxR 9D Pay ) 1
R3 R3
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Then, for N > Ny, we combine the previous computation into:

N
1
190 agery S 5 D0 0P
i=1

Note that x is fixed a priori so that all constants depending on x may be considered as
non-significant. Assumption (Al then yields that there exists £ < oo so that:

N 3
1
(24) <N > |ng|2) <E®, VYN >N,
=1

By (23) the norm of v in H} () is also bounded by £>. We keep the symbol £ to denote
the above bound in what follows.

As u" is bounded in H}(), it is weakly-compact and we denote by @ a cluster-point for
the weak topology. It is straightforward that u satisfies divu = 0 on Q. So u satisfies (B1)
and (B2) of our theorem. The remainder of the proof consists in showing that it satisfies
(B3) also. Indeed, we remark that p is the density of a probability measure. Hence p > 0
on . By a simple energy estimate one may then show that, given j € L*(€), there exists
at most one u € H}(Q2) that satisfies simultaneously (B1)-(B2)-(B3). A direct corollary
of this remark is that, if we prove that (B3) is satisfied by 4 we have uniqueness of the
possible cluster point to the sequence (u”)yey and the whole sequence converges to this «
in H}(Q) — w.

4. PROOF OF THEOREM [Il - COMPUTATIONS FOR FINITE N

From now on, we assume that u” converges weakly to % in HZ(€) (we do not relabel the
subsequence for simplicity) and we fix a divergence-free w € C'°(€2). We aim to compute

the scalar product:
/ Vu : Vw.
Q

Vi : Vw = lim INwithIN:/VuN:Vw, VN eN.
N—oo Q

By definition, we have:

Q

As classical, we want to apply the equation satisfied by " in order to compute IV in a
way that makes possible to use the assumption on the convergence of the empiric measures
Sy. To do this, we fix an integer § > 4, we construct, for fixed IV, a suitable test-function
w® (depending actually on § and N) so that

e we make an error of order 1/4/8 by replacing w with w® in IV,

e replacing w with w* in IV we prove that,
/VuN:sz—>67T/(j—pﬂ)~w+error,
Q 0

when N — oo, with an error of size 1/1/6.
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As ¢ can be taken arbitrary large, this will yield the expected result.

We explain now the construction of w®. The integer o > 4 is fixed in the remainder of
this section. For a given N € N, applying the construction in Appendix [B] we obtain
(TN),.czs a covering of R? with cubes of width 1/N'/? such that denoting:

zY .= {ie{l,...,N}s.t. dist( U@TN> W}’

KEZ3
there holds:
N
121 2(1 + |E>]?)
N 2 1a 1 N 2
(25) NE (14 |v;"| \6N§: (14 |v;"| —5 .

ZEZ(S
Moreover, for N > N, for a N, depending only on w and 2, keeping only the indices
K such that TV intersect Supp(w), we obtain a covering (TY),.cx~ of Supp(w) such that

all the cubes are included in €2 (see the appendix for more details). We assume N > N,

from now on. We emphasize that we do not make precise the set of indices V. The only
relevant property to our computations is that

(26) #KY < N|QJ.

This inequality is derived by remarking that the TV are disjoint cubes of volume 1/N that
are all included in €. Associated to this covering, we introduce the following notations.
For arbitrary x € KV, we set

VN ={ie{l,...,N}st. B} € TN}, MY .=#IY,
and IV := {J,.cen ZY . Because of assumption ([A3), there exists M> € N such that:
(27) MY < M>®, YeeKkY, VNEeN.
In brief, the set of indices {1,..., N} contains the three important subsets:

e the subset ZV contains all the indices that are ”activated” in our computations,
e the subset Z¥ contains the indices that are close to boundaries of the partition,
e the subset {1,..., N} \ Z? contains indices that are not activated.

We emphasize that Z{¥ contains indices that can be in both Z% and its complement.

We construct then w?® piecewisely on the covering of Supp(w). Given x € KV, we set:

(28) wiw) = > UNwhM))(x—hY), YeeR?,
i€IN\ZN
and
w® = Z w1y
reN

We note that w® ¢ Hg(FY) because of jumps at interfaces 9TV . It will be sufficient for our

purpose that w® € HY(TN) for arbitrary x € KV. In a cube TV the test function w* is thus
a combination of stokeslets centered in the kY that are contained in the cell. We delete
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from this combination the centers that are too close to T~ (namely 1/(6N'/3) close to
OTN). We proceed by proving that we make a small error by replacing w with w® in IV :

Proposition 7. There exists K € (0,00) and Ns € N depending only on 6 and w for
which, given N > Ng, there holds:

/Vu Vw—Z/Vu : Vu®

reKN

(29)

1 . 1 . 1
Proof. We proceed in several steps by introducing different intermediate test-functions. In

this proof, we use symbol < to denote inequalities with constants that do not depend on
N and 6.

First step: Construction of auziliary test-functions. For arbitrary r € KN, w
consider the Stokes problem on TN\ Uiezm zN BY with boundary conditions:

u(r) = w(x), ondBY forieIN\ Z}),
u(z) = 0, on OTN .
We note that this problem enters the framework of Section Indeed, let denote:

(30)

75— min {dist(hfv,ﬁTéV),m;nWV—hjﬂ}
] (A

i€IN\ZN

Because we deleted the indices of Z{¥, we have that:

dry, > min (d%m, ! : ) .
ONs

In particular, for N sufficiently large depending only on 6 ( N > N; = max(Ny, (46)*/?))
the d* satisfy assumption (I6) uniformy in x € KV. We remark that making Nj larger
than 62, we have also that, for N > Nj, there holds:

I
SNs ~ N3~
Consequently, we apply below that not only assumption ([I@) is satisfied, but also:
(3 v <mx (g - YN N
So, for N > Njs the arguments developed in Soection entail that there exists a unique
generalized solution to the Stokes problem on T\ UieI,{}’\ ZN BY with boundary condition

B0). We denote this solution by w,. We keep notation w, to denote its extension to € (by

w on the holes and by 0 outside T7N). As TN € Q, we obtain a divergence-free w, € HE(9).
We then add the w, into:

To summarize, this vector field satisfies:
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o w € Hy(92),
e divw = 0 on €2,
o w=w(r)on BN foralli e IV \ Z}.

We correct now the value of @ on the BY when i € ZY¥ U ({1,..., N} \ Z%) in order that
it fits the same boundary conditions as w on F~. We set:

@ = 3 [N B = Byl o wl@) - VXN @ Y]]

i€zl
+ H (1=xN(-=hY))w + Z By /v 2T = w() - VN (@ — k)]
ezl i€eZ{

Briefly, one may interpret the construction of @ as follows. The sum on the first line
creates a divergence-free lifiting of the boundary conditions prescribed by w on the BN
for i € Z. On the second line is a divergence-free truncation of w that creates a vector-
field vanishing on U, ngBiN . We remark that this vector-field is well defined because, by
similar computations as we did in the proof of Proposition [Bl, we have:

w(x)- VYN (z—h))dr = / w(x)- VYN (z—hN)dr =0, Vie Z).

/A(hg\f ,1/N,2/N) A(h,1/N,2/N)

Hence, we may apply the Bogovskii operator which lifts the divergence term in the brackets
with a vector-field vanishing on the boundaries of A(h,1/N,2/N) that we extend by 0 on
R3\ A(hN,1/N,2/N). When i € {1,..., N}\ (ZV U Z}) we have that hY is in the 1/§N'/3
core of the cube TV that contains him. Moreover the index of this cube is not in V. As
N > Nj;, we have then B(h¥,1/N) C TY where there already holds that w(z) = w(z) = 0.
Consequently, there is nothing to correct on these holes. This is the reason why they do
not appear in the above construction.

Direct computations show that divewo = 0 on €. On the other hand, because N >
N, the family of balls (Buo(h¥,2/N))i=1.. n are disjoint and included in 2. Hence, the
truncations that we perform in @ do not perturb the value of @ neither on the BY for
i€{l,...,N}\ Z¥ nor on 9. This remark entails that

o fori c IV \ Z}:
w(r) =w(r) = w(z), on B,
o forie Z}V:
w(z) = x"(z —h)w(z) = w(z), on B,
o foric{l,...,N}\ (ZV U Z}N):
w(r) =w(z) =0=w(r), onBY,

e w(z) =0, on 0.
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Consequently, by restriction, there holds that w — @ € H}(FYN) is divergence-free. As

u" is a generalized solution to a Stokes problem on F” we have thus:

Vi V(w — @) = 0.
FN
We rewrite this identity as follows:

(32) /Qqu Vw =Y

rEKXN

/ Vul : Vw® — E| — B,
TN

with :

E, = Z/ vul : V(wi —w,),
Ty

REKXN
E, = /VUN:V(w—zD).
Q

Second step: Control of error term E,. For arbitrary x € KV, we apply Proposition
to w, and its corresponding combination of stokeslets (namely, the restriction w? of w*
to TN). By construction, d* satisfies the requirement d > 4/N for N > N;. We have

thus:
o MY (1 [y
IV (wy — W)l 2yy S (— + ) Jw|lwr.ee .

N \N "\ Na,

Note here that #(ZY \ ZV) < #ZV = MY. Consequently, introducing this last bound in
the computation of ) and applying a standard Cauchy-Schwarz inequality together with

[26)- 1) yields:
/MY (1 MY
Bl < Z ||VuN||L2(Tgy) N <N + Nd'f) |wl[wre,

rkeEKN
1
< N2 : \/—oo 1 M
~ Z ||VU ||L2(T,£V) M N + Nd~ Hw||W1'°°’
rEKXN m

Here, we note again that, by construction, the TV are disjoint and included in €2 so that

1
2
<Z ||qu||%2(T,{\’)> < IVu | rae).

rEKXN

Applying the uniform bound for v in H}(Q2) we conclude then that:

(VAME M
|El| Sg < N + \/W ||w||le°°>
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and, introducing (31]), that:

1 1
(33) |Er| S €M™ ( + ) [wllwree

N 6 \% Nd%zn

Second step: Control of error term E,. As for the second term, we replace w by its
explicit construction. We remark that because the supports of the (x™ (- — hi))ieq1,...n1
are disjoint (as dY, > 4/N for N > Ny) we have:

min

1—H(1—X (z —hM)) ZX (x—hY), VreQ.

icZN ezl

Consequently, we split:

W—w = Z [XN(' — hy' )i — By 1non [ — w(z) - VXY (@ — th)]]

i€zl

_ Z [ — N )w — By 1/v2/vlT = w(z) AP CE h’j'v)ﬂ '

ZEZ(S

By direct computations and application of Lemma[I5to the Bogovskii operator 25 BN 1/N,2/N
we find Ei € L*(By(hY,2/N)), i € Z¥, for which:

V(w—w)= Z Engoo(hg\fg/N) ;

i€z
and such that:
||EZ||L2 (Boo (RN 2/N)) ||w||W1 oo 1 N2||w||L2(Boo(hN 2/N)) ‘l' ||Vw||L2(Boo(hN 2/N)) *

Introducing these bounds in the computation of Es, and reproducing similar computations
as for Fy, we derive:

B < Z/ V| B}

iezN so (i ,2/N)

NI
[N

N |12 712
< | 2 Ve ey amy || 20 1B ez |

ezl i€zl
1
2

. i (2
< € Z ’|E2||L2(Boo(hfv,2/N))) ’

icezZl¥
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where we applied again that the (B (h)¥,2/N)),c zv are disjoint and cover a subset of {.
To complete the proof, it remains to compute:

Z ||EZ||L2 (Boo (RN 2/N))

ZEZN
1 _ _
< Z NHwHI%Vlm + N2||7~U||%2(Boo(h§\f,2/1v)) + ||V7~U||%2(Boo(hg\f,2/1v)) :
ieZl
We recall that, by choice of the covering (see (25])), we have:
1 1
N s J

i€Z]N

(34) S(1+]EP).

Consequently, there holds:

! [l (), oo
>l s === +16=P).

ez

To compute the terms depending on w we apply again Proposition [l in order to write
w = w® + l.o.t. To this end, we remark that given i € Z we have that h¥ is in the
1/(6N'/3)-neighborhood of some TN then either By (hN,2/N) C TN or By (hY,2/N)
intersects other cubes. In that second case, as the diameter of B (hl¥,2/N) is much
smaller than the one of a cube TV, we have that B.(hY,2/N) may intersect at most
2 "successive” cubes in the covering of R3, in all directions, and thus at most 8 cubes.
Consequently:

<

8 sup ||7~Ur-e||L2 (Boo (KN ,2/N)NTN) »

—112
||w||L2(Boo(h{V,2/N))
rEXN

||Vw||§/2(Boo(th’2/N)) < 8 Selicp ||Vw'i||L2(Boo(hN 2/N)NTN) *
As w = 0 on any cube T whose index x ¢ K, the corresponding indices x do not appear
in these latter supremums. If B (hY,2/N)NTYN # () then we may introduce w?

||vwﬁ||2L2(Boo(th,2/N)mTé\’) N HV(U_)R - )HLZ(TN + HVU&@HLz (Boo (RN 2/N))

211, (12 2 — 2
N0l oy aminzsey S NN @5 = wlLas iy amynmaey T NN 25003 20 -

We compute the terms involving w? by using the explicit formula (28]) and the expansion
of stokeslet (I4). Remarking that for N > Ny the distance between hY and B (h;",2/N)
is larger than dX, /2 (for arbitrary j € Z¥ \ Z}) and recalling that there are at most MY
indices in Z¥ \ Z¥ we derive the bound:

MY MN

man

|2 |wllwie, VY€ By(hY,2/N),

mzn
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and consequently:

s M2 |Me?
||vwﬁ||iQ(Boo(th’2/N)) S N5|dmm|4” ||Wlo<>N N || ||I2/V1,ooa

s M2 M|
Ny amy S Fpgrpleline § =g loline.

man

where we applied NdY. > 4 and (27). For the remainder terms, we apply again Proposition
[l yielding:

2
MY (1 My M2
9 = w) ey S (W Nd%) [l S Sl

and, by combining Holder inequality together with the bound in L°(TY) obtained in Propo-
sition [

- . 20
NzH(w"f_wli)Hiz(Boo(th,Z/N)ﬂT,év) < N2|B (h'N Q/N)‘3’|( -—w )HL6 (Boo (RN 2/NYNTN ) 1
S H(wﬁ - )||L6 (TN\U, 6IN\ZN BY)’
MY (1 MY |[M]?
< A (N A ) ol € 2L e

Gathering these computations and applying (34]), we obtain that for N > Nj:

Z _||wHW1°° + N2||w||L2 (Boo (b 2/N)) y T vaHiZ(Boo(thz/N))
iezN
1 o0 [e.9]
S sllewlliyre M=F(L+[E3),
so that:
M 3
(35) |Ba| S —=llwllwiee (14 €)%
\/7
Combining ([B3)) and (B3] in ([B2]), we obtain the expected result. O

5. PROOF OF THEOREM [I] - AsymMPTOTICS N — 00

In this section, we end the proof of Theorem [ keeping the notations introduced in the
previous section. A straightforward corollary of Proposition [ reads :

Corollary 8. There exists K € (0,00) such that for arbitrary 6 > 4, there holds:

/Vu Vw—Z/ v Vs

KEIN

lim sup
N—oo

<K
\\/3-

So in this section, we prove the following proposition:
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Proposition 9. There ezists K € (0,00) such that, for arbitrary § > 4, there holds:

Z/ VuN:sz—67r/(j—pﬂ)-w
TN 0

reIN

K
< —

7

lim sup
N—oo

This will end the proof of Theorem [Il Indeed, combining the above corollary and propo-
sition, we obtain that there exists K which does not depend on 0 such that, for arbitrary
o> 4.

lim sup
N—o0

K

VuN:Vw—67r/j— U -w'g—.

/Q Q( & Vo
N—oo

lim VuN:Vw:/Vﬂ:Vw,
Q Q

and 0 can be made arbitrary large, this entails that

/Vﬂ:Vw:67T/(j—pﬂ)~w,
Q Q
and we obtain that u satisfies (B3).

We give now a proof of Proposition @ From now on ¢ is fixed larger than 4 and we
assume, with the conventions of the previous section, that:

N > max(Ng, Ny, N) .
For such a N, we denote:
N = / Vul¥: V' = / Vul¥ : Vs,

First, let fix & € KV and simplify

v ::/ vu : Vs
TN

K"

K

By definition, we have that:

wy(x) = Y UVwh)l(@ —hY), VreR’,

i€IN\ZN
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so that, introducing the associated pressures x — PN[w(hY)](z — hlY), we obtain (recall
that u? is divergence-free and constant on the BY):

jf]-ev = Vul¥ Vw; ,
- Z / ) [VUN[w(hY)](z — hY) — PN [w(hM)](x — hY)I]dz
€N\ 2N Ty \BN
= > ( - {0,UN[w(h™))(@ — hY) = PN w(N)](@ — BN )n} - vNdo
i€IN\ZN B;

+ / 00w = ) = PVl = Y} ~uN<x>do—) ,

- E : 2,9t ze:ct’

i€IN\ZN

where, we denoted:

B = [ AU )~ bY) = PO - 1} - oo,
oBN
= [ {00 - BY) — PM )] — hY)n} - u (@)do

aTN

Recalling that (UY, PV ) is the solution to the Stokes problem in the exterior of a ball of
radius 1/N, and that v} is constant on OB, we have an explicit value for the interior

7 )

integral whatever the value of the index i (see (IH)):

For the other term, we apply that the diameter of T is small so that we may approximate
u on OTY by a constant. Namely, we choose:

1
_N N
u, = u™ (z)dx,
[T 25| Sy

where [TV],5 is the 1/(20N*/3) neighborhood of 9T inside TN, At this point, we remark
that we have actually two notations for the same quantity. Indeed, a simple draw shows
that introducing 2 the center of TV, we have:

1-1/6 1
. Ny N
) while [T.']os = A <5‘7n " TON1/3 2]\]1/3) '

o 1
N N
T = By <x“’2Nl/3
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So, we replace:
o = [ Q0O 1) - PO 0} o0
oTN

[ AUV wh)) (@ — hY) — PV w(h)]( — hY)n} - (u¥(z) — a))do.

For the first term on the right-hand side of this last identity, we apply that the flux
through hypersurfaces of the normal stress tensor is conserved by solutions to the Stokes
problem so that, applying (&), we have:

[ (@ e 1)~ P - h%n}da)

= — [ Ut — BY) ~ PV (b)) — Y )n}do

oBN
= STy
Finally, we obtain:
(36) =TS ) o~ wl) - a) + B,
i€IN\ZN

with:

Err, = /aTN Z 0, UN[w(hM)] (- — hY) — PNTw(B)](- — b )n p - (u — al)do .

i€IN\ZN
We control this error term with the following lemma:
Lemma 10. There exists a constant Cs depending only on & such that,

Cs
5
6

Erre] < 22|V oy, Ve KV

Proof. For N > max(Ny, N, Ns), we have that
Tils c TN J BN
i€IN\ZN

Indeed, BY = B(hl¥,1/N) and, for i € ZV \ ZY we have that AN is 1/(6N'/3) far from
OTN. These centers are thus 1/(26N'/3) far from [T%]ss which is larger than 1/N since
N > (46)%2. In particular all the stokeslets in w? satisfy:

37) {AU [w(hi)|(x = hy") = VP [w(h)|(x — b;") = 0,

h)] .
div UN[w(hM)])(z — hY) = 0, on [T7]2s -
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Consequently, we split
OTx]2s = OTY UOT
where

R

TN, = {z € TN s.t. dist(z, 0TY) = 1/(20N"?)} .

We remark then that for any divergence-free v € H'([TV]y5) satisfying
v = uN—ul, ondIlY,
{ v = 0, on T, ,

integrating by parts Err, and applying (B7), we have:

Em:/ S VUNwhM( —hY) b s Vo,
[TV ]2s ieIN\ZN

so that:

(38) Errd <4 Y IVUNwBIC = hi) 2qavns ¢ V02, -

i€IN\ZN

Let choose a suitable v in order to apply this estimate. We recall that we introduced z
the center of TV and that we remarked that

1 (1-1/5) 1
N _ N N1 o — A N
e = B (x“’2N1/3) o Tl = (x“’ IN1/3 ’2N1/3) '

So, we introduce (5 € C*°(R?) such that

1-1 1
5 /5) and  (5(z) =1 outside By <O, 5)

(s(x) =0 in By <O,
and we set

v() = GINY (@ — ) (™ (2) — @)

— B 118y enyevis e = (@ (@) = al) - VIGINA (2 —2)]).-

Again v is well-defined as one shows by direct computations that the argument of the
Bogovskii operator has mean zero on A(xY, (1—1/6)/(2N'3),1/(2N'/3)). Applying Lemma
5] we have then that there exists a constant Cs depending only on ¢ for which:

1 _
IVl L2(7v,5) < Cs [HVUNHL?([T,M%) + N3 [luM (@) — @ || (v, | -

Here we note that the @)Y is exactly the mean of u” on [T],5. Consequently, applying the
Poincaré-Wirtinger inequality in the annulus [TV],5 with the remark on the best constant
as in Lemma [[3 we obtain finally that:

(39) VUl L2(1v),5) < C&HVUNHL?([T,M%) .
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As for the stokeslet, we make again the remark that for any i € ZV \ Z¥ the minimum
distance between h)¥ and [T¥]ys is larger than 1/(20N'/3). Hence, applying the expansion
(@) of the stokeslet U [w(hY)] we obtain that

IO - i < ([ 5 )%\ww

1/(26N1/3) N2p2

V26

< —lwh)].
6
This entails that:
V26 MY
(40) D IVUNwBMIC = )2, < —vz el
ieIN\ZN 0
Combining (39) and ({0Q) in (B8)) yields the expected result. O

Summing (B6]) over x, we obtain that:

= %Z Z (w(hY) - v —w(hN)-a) + Err

ReKN jeZN\ZN

(41) _ %” S wh) o — Z S wnd) - + B

i€IN\ZN HEICN i€IN\ZN

Err= Z Err,.

rEKN
Hence, applying Lemma [I0, a Cauchy-Schwarz inequality and remarking again that the
(TN),.cxcnv form a partition of a subset of € with a number of elements satisfying (26]), we
have:

where

[Vu® ||L2(TN) N CsE®
42 E < — .
(42) |Err| < ch:N N5/6 N% u ||L2(Q) NG

So the asymptotics of IV is given by the two first terms on the right-hand side of @ID). We
make precise these asymptotics in the two following lemmas:

Lemma 11. There exists a constant K independent of & for which:

fimsup | % S w(d) o - or [ o) wlo)de| <
Q

N—
> ieIN\ZN

Proof. Asw € C(Q) and (TY),.cxcn is a covering of Supp(w) we have by assumption ([AH)

K
that:
N

[ i) wlonde = Jim S whd) o = tim 3wl o

i=1 €N



INTERACTIONS BETWEEN A CLOUD OF PARTICLES AND A VISCOUS FLUID

Hence, our proof reduces to find a uniform bound on

S w) e = Y w0l = 3wkl

ieTN i€IN\ZY ieZl

However, for large N, there holds:

1
1 1 1
D SRCUR RIS e ST B B S TSTs

iezZl¥ ezl iezZl¥

[N}
N[

Here, we apply (28) that has guided our choice for the covering (T),.cxn :

K

1 12
N NP < 5 (T+&=17)

izl

1 12 o
5 ] < = (U ES)

i€zl

Combining these two estimates, we obtain:

‘ 1 N 12 o
i i 32 w0y | <55 (14 187 e
1625

Lemma 12. There exists a constant K independent of & for which:

lim sup %” D w(th)-afy—aw/ﬂp(x)a(x)-w(x)dx < f/(guwnm.

N—
o REKN jeIN\ZN

31

Proof. As in the previous proof, let first complete the sum by reintroducing the Z} indices:

(43) % Z Z w(hfv)'ﬂiv:% Z Zw(hf)-ﬂff—l—ﬁrrjv

KeRN jeTN\zN REKN i€l

E’/‘TN:% Z Z w(h) - al.

KN ieTNNZY

For the first term on the right-hand side of ([A3]), we remark that:

where:

vE - (-(-3)) S (Seen)

KEKN 1eIN ZE[N
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So, we introduce:

o = (1 - (1 - %)3> h Do D W) | s

KeEKN \ieZlN

1 Ny -N _ N N
5 Z Zw(hi)'un _/Qa () - u” (z)dx.

REKN i€l

for which:

On the one-hand, we note that:

lo™ Iz ) < Z M wllze

HEKN
where ", v MY < N, so that:
oM |21y < llw||zee -

Complementarily, because of assumption ([A3]), we also have :

-1
1 3
o @) < <1—(1—5)) sup MY ]~
rEKN
N
< (1—(1—5)> M>||w|| g,

and ¢V is bounded in all L9-spaces.
On the other hand, for any v € C°(£2) we have

N 1 Ny . =N
/Qa (I)-U(:)ﬁ)dl’zﬁ Z X:w(hi)-v,_C

REKN i€l
with

1
oy = v(x)de.
| [TN]25| [T%]2s

We remark that, for any ¢« € Z¥, hlY is inside TN whose diameter is 1/N1/2. This entails:

0 o] £ 5 IVl
Gathering these identities for all indices i in all the cubes TV, we infer :
1
N
[ 7@ vtande =5 3 )| < sl Vel

ZEIN

Consequently, assumption (A4l implies that:

lim [ o (z)-v(z)de = /Qp(x)w(x) ~o(z)dz,

N—oo Q
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and o — pw weakly in L(Q) for arbitrary ¢ € (1,00). Combining then the weak
convergence of o in L?(Q) and the strong convergence of u” in L?(Q) (up to the extraction
of a subsequence), we have:

lim UN-uN:/pw-u.
N—oo Jq Q

As for the remainder term, we introduce:

5 = (1 - (1 = %)3> ) Yol D0 1w 1,

weXN \ieZNnzl

so that:
|ErrN| < / N () [uN (2)|dx .

Q

With similar arguments as in the previous computations, we have, applying (25):
. 1 1 -
167 @) < 5#25 Wl < Sllwlloe (1 4+ [E7).
Furthermore, we have:
15 | oo (0) S M [Jw]| poe.

Consequently, by interpolation, we obtain:

~ ‘Moo|l/4 -
16%]| Lass () S THWHLC’O(I + %)

3

4

As v is bounded in L*(Q2) by sobolev embedding, this yields that:

| Moo|1/4
Vo

and there exists a constant K depending only on £, M> and ||w||r~ for which:

\ErrV| < [w| (1 + [E®?)T, VN €N,

- K
limsup |Err| < —.
N—oo | | b \/5
This ends the proof. 0J
APPENDIX A. AUXILIARY TECHNICAL LEMMAS

We recall here several standard lemmas that help in the above proofs.

First, we recall the Poincaré-Wirtinger inequality [7, Theorem I1.5.4] which states that
for arbitrary lipschitz domain F, there holds:

"> % /F u(z)da

We extensively use this inequality when F is an annulus. In this case, a standard scaling
argument entails the following remark on the constant Cpyy:

< Cpw || Vul| 2z -
L2(F)
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Lemma 13. Given (z,\,a) € ]R3 x (0,00) x (0,1) there exists a constant C, depending
only on a (and expecially not on (x,\)) for which :

H xaA)\‘/ma)\)\

Second, we focus on the properties of the Bogovskii operators 2. This means we are
interested in solving the divergence problem:

(44) dive=f, onF,

whose data is f and unknown is v. We recall the result due to M.E. Bogovskii (see [T,
Theorem I11.3.1]):

Lemma 14. Let F be a lipschitz bounded domain in R®. Given f € L*(F) such that

[ 1w

there exists a solution v := Bx[f] € Hi(F) to @) such that

VUl 27 < Cllfll227)
with a constant C' depending only on F.

< Ca)\ || VUHLQ(A(J:,Q)\,)\)) .
L2(A(:c,a)\,)\))

In the case of annuli, the above result yields the following lemma by a standard scaling
argument:

Lemma 15. Let (z, )\, a) € R® x (0,00) x (0,1). Given f € L*(A(z,a\, \)) such that

/ It
there exists a solution v := B, aa[f] € Hy(A(z,a\, ) to [@) such that

IV 2(a@arn)) < Call fllL2ca@,ar )

with a constant C, depending only on a (and especially neither on f nor on (x,\)) .

APPENDIX B. PROOF OF A COVERING LEMMA

This appendix is devoted to the construction of coverings that are adapted to the empiric
measures Sy. We prove the following general lemma:

Lemma 16. Let (N, d) € [N*]*, d > 2, and p € M, (R?) a positive bounded measure. There
exists (TN),ezs a covering of R® with disjoint cubes of width 1/N/? such that denoting

1
N 3 . N -
C, = {z € R” s.t. dzst( U oT, ) (d+ 1)N1/3}

KEZ3



INTERACTIONS BETWEEN A CLOUD OF PARTICLES AND A VISCOUS FLUID 35

there holds

(45) p(Cy) < gu(R?’)-

In Section M, we apply the previous lemma with NV € N*, d =§ — 1 and
| X
=y 2

to obtain a covering (TV),czs satisfying (25). Assuming then N > [dist(Suppw, R?\

Q) /4]73, we obtain that the subcovering (T'V),.cxv containing only the cubes that intersect
Supp(w) is made of cubes TV that are included in the 1/N'/? neighborhood of Supp(w)
(as TN has diameter 1/N'/?). By direct computations, we obtain then that, for x € KV,

the distance between TV and R? \ € is strictly positive so that TV C €.

Proof. By a standard scaling argument, it suffices to prove the result for N = 1. Let d > 2.
First, for arbitrary k = (ki, ko, k3) € Z3 we set:

- [k;l k1+1[ [k;2 k2+1[ [kg k3+1[
X | —= X |—

T, = |—
" ld 4 ' d ' d
These cubes with tildas and index k are cubes of width 1/d. We call them "small cubes.”
It is straightforward that (T} )rezs forms a partition of R3. For arbitrary

/{:(kl,kg,k3)+{0,...,d—1}3,

~ ki k ko K ks k
N e MR i AL

kEr

we set then:

These cubes without tildas and with index x are cubes of width 1. We call them ”large
cubes”. We introduce then the 1/d-neighborhood of the boundary of this large cube:

where
ok = {ke{ki,ki+d—1}y x{ko,....ko+d—1} x {ks,...,ks+d—1}}
U{ke{k,....,ki+d—1} x{kg,ko+d—1} x {ks,... ks +d—1}}
U{k e{ky,....k1+d—1} x{ko,... ko +d —1} x {ks, ks +d—1}}
(which means taking the small cubes whose indices are in the boundary of k). We remark

that we may split [7}]; into 6 subsets corresponding to the top, bottom, left, right, front
and back faces of the cube T. For instance, the bottom face of [T} reads:

U 7.

ke{kl ..... k1+d—1}><{k2 ..... k2+d—1}><{k3}
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For arbitrary & = ¢(1,1,1), with £ € {0,...,d — 1} we also denote
K, = {K: (K +r+{0,...,d—1}%, wEdZ?’}

We emphasize that K, is a set made of sets (corresponding to large cubes). Any set kK,
corresponds to a partition of Z* and then to a covering of R? with disjoint large cubes.

Given ¢ € {0,...,d — 1} we consider now
1
¢ _ 3 .
Cd = {:lf € R” s.t. dist (l’, U aT,.@) < m} .
KEK,
We remark that, for fixed ¢ there holds:
cic | [T
KEK,

We denote 9K, the set of indices k such that T, contributes to this 1 /d-neigborhood.
Setting 0K, = |J {0k, k € K;}, we have thus:

kedk,

We can decompose this union of small cubes by regrouping together the cubes that belong
to left / right / top /bottom / front / back faces of large cubes. For instance, the indices
k of small cubes belonging to bottom faces of large cubes satisfy

keZx {{+dZ}.

For two different ¢ and ¢ in {0,...,d — 1} the same index k cannot belong to the bottom
faces of two different cubes in the coverings K, and Ky of R3. We have the same proper-
ties for top / right / left / front / back faces. Consequently, in the family of coverings

.....

front / back face of a large cube so that:

(46) any k € Z* belongs to at most 6 different 9KC; .

Let now introduce the measure . For any k € Z3, we denote:

and we consider the sum:

Rem = Z u(CY).

With the previous definitions, we have:

Rem < Z Z -

£€{0,...,d—1} k€oKC,
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Because of (), we have then that any & € Z? appears at most 6 times in this sum.
Consequently:

The measure p being positive, this implies that one of the terms in the sum defining Rem
is less than Rem/d. In other words, there exists at least one ° € {0,...,d — 1} such that:

o 6
n(Ch) < SH(R?).

The covering (T} )xek,, is then made of disjoint cubes of width 1 satisfying (A3]). We have
obtained the required covering of R3. 0
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