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Loic Bourdin. University of Limoges, France.

April 13, 2016

Abstract

In this note our aim is to give a proof of the Pontryagin maximum principle for a general
optimal control problem with running state constraints and smooth dynamics. Our proof is
based on the classical Ekeland variational principle.

The main result (and its proof) of this note are not new and are already well-known in
the literature. The aim of the author is only to provide a complete and detailed proof of this
classical theorem in the case of smooth dynamics. If you have any remarks or questions, do
not hesitate to contact the author at loic.bourdin@unilim.fr.
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1 Main result

We first introduce some notations available throughout the paper. Let T > 0 be fixed. For every
n € N* and every 1 < r < +00, we denote by

e BF,, := BF(]0,T],R"™) the classical space of bounded functions endowed with the classical
uniform norm || - || oo;

C,, := C([0,T],R™) the classical space of continuous functions endowed with || - || oo;

AC,, := AC([0,T],R™) the classical space of absolutely continuous functions;

BV,, := BV([0, T], R™) the classical space of functions with bounded variations endowed with
I - IBv, (see Appendix C for some recalls);

L7 :=L"([0,T],R™) the classical Lebesgue space of r-integrable functions endowed with its
usual norm || - [|rr .

In the whole paper, when no confusion is possible, we remove the subscript n and we just denote
by BF, C, AC, BV or L".

We denote by BF := BF([0,T],RT) and C; := C([0,T],RT) where R* = [0, 4+00).

Then, n € BV, is said to be normalized if n(0) = 0 and 7 is left-continuous on (0, 7). The subspace
of normalized functions with bounded variations will be denoted by NBV,,.

Finally, the classical Lebesgue measure on [0, 7] will be denoted by .

1.1 A state constrained optimal control problem

Let m, n and j € N* be fixed. In this paper we consider the optimal control problem (OCP) given
by
minimize  ¥(q(7T)),

subject to ¢ € AC,,, u € LYY,
t) = f(q(t),u(t),t), a.e. tel0,T],

q(
q(o = qo,
u(t) € Q, ae. tel0,T],

Gz(q(t)vt)gov vt e [OvT]a VZ:Lv]a

(OCP)
)
)
where ¥ : R™ — R is of class C!, where f : R® x R™ x [0,7] — R is continuous and of class C!

in its two first variables, where G = (G;)i=1,...; : R" x [0,T] — R7 is continuous and of class C! in
its first variable, and where gy € R™ is fixed and 2 C R™ is a nonempty closed subset.



Since ¥, f and G are all regular, Problem (OCP) is said to be an optimal control problem with
smooth dynamics. The last constraint corresponds to running state constraints.

We now introduce the Hamiltonian H : R™ x R™ x R™ x [0, T] — R associated to Problem (OCP)
defined by

H(q7 Uu, p, t) = <p7 f(qa u, t)>R" xR -
1.2 Pontryagin maximum principle
Our main result in this note is given by the following theorem.

Theorem 1 (Pontryagin maximum principle). Let (¢*,u*) € AC,, x LS be an optimal solution of
Problem (OCP). There exists a nontrivial couple (1,n) where 1» > 0 and n = (1;)i=1,...,; € NBV;
such that

u*(t) € argmin H(q"(t),v,p(t),1)
veN

for a.e. t € [0,T], where p € BV, is the unique global solution of the backward linear Cauchy-
Stieltjes problem given by

{ _dp = alH(q*7 U*apu ) dt + Zgzl alGl(q*u ) dnh on [07 T];
p(T) = V¥ (q*(T)).
In addition, it holds that

T
7; 18 monotically increasing on [0,T] and / Gi(q* (1), 7) dn; (1) = 0,
0

for everyi=1,... n.

We refer to Appendix C for some recalls about functions of bounded variations and to Appendix D
for details on linear Cauchy-Stieltjes problems.

2 Proof

This section is entirely devoted to the proof of Theorem 1. This proof is based on the classical
Ekeland variational principle and is inspired from several references like [3, 11].

2.1 Preliminaries

Let u € L*°. In this preliminary section we focus on the forward (nonlinear) Cauchy problem (CP,,)
given by

{ G(t) = flq(t),u(t),t), ae te]l0,T], (CP.)

q(0) = qo-
A couple (g, I) is said to be a (local) solution of (CP,,) if
1. I C [0,T] is an interval with nonempty interior such that min I = 0;
2. q: I — R"™ is absolutely continuous on I and ¢ satisfies
i) = Fla(), ult),1), ae. tel,
{ q(0) = qo,



or equivalently, ¢ : I — R" is continuous on I and ¢ satisfies

a(t) = qo + / f(a(r), u(r), 7) dr,

for every t € I.

The couple (g, I) is said to be a global solution of (CP,) if I = [0,T].

Let (¢,I) and (¢, I’) be two local solutions of (CP,). We say that (¢, I) is an extension of (¢',I’)
if I' C I and q(t) = ¢/(t) for every t € I'. We say that (g, I) is a mazimal solution of (CP,) if it
extends all other local solutions of (CP,,).

2.1.1 Some Cauchy-Lipschitz and continuous dependence results

Recall the two following classical Cauchy-Lipschitz (or Picard-Lindeldf) results.

Lemma 1. For every u € L™, there exists a unique mazimal solution of (CP,).

In the sequel we denote by (q(-,u), I(u)) the maximal solution of (CP,) associated to u € L.

Lemma 2. Let v € L*>°. If (q(-,u), I(u)) is not global (that is, T ¢ I(u)) then I(u) is not closed
and q(-,u) is unbounded on I(u).

In the sequel we denote by % C L the set of controls u € L such that T € I(u). A control
u € % is usually said to be admissible. For every v € % and every R > ||u||L~, we introduce

Kyr:={(z,v,t) e R" xR™ x [0,T] | ||z — q(t,u)|lg» <1 and |jv|gm < R}.

From continuity of ¢(-, u) on [0,T], K, r is a compact subset of R” x R™ x [0, T]. As a consequence,
f, 01f and Oy f are bounded on K,, r by some L, g > 0 and it holds that

1f (w2, v2,8) = f(@1, 01, )l[Rn < L r(l22 = 21[lRn + [lvz — vi]lRm), (1)
for all (z1,v1,t), (x2,v2,t) € Ky .
Proposition 1. Let u € % . For every R > |ul|L~, there exists v, r > 0 such that
Eu.r := Bre (0, R) N B (u, vy r)

is contained in % . Moreover, for every u' € Ey g, it holds that (q(r,u'), v/ (7),7) € Ky r for a.e.
T €[0,T].

Proof. Let R > |lu|L~ and let v, g > 0 be such that v, L, reT*«? < 1. Let ' € E,, g. Our aim
is to prove that T' € I(u/). By contradiction, let us assume that the set

A={teI() | llg(t,u) = q(t,u)lln > 1}

is not empty and let ¢y := inf A. From continuity, it holds that |q(to,u’) — q(to,u)||gn > 1.
Moreover, one has to > 0 since ¢(0,u") = ¢(0,u) = qo. Hence, ||q(7,u’) — ¢(7,u)||gn < 1 for every
T € [0,tg). Therefore (q(r,u’), v (7),7) and (¢(7,u),u(7),7) belong to K, g for a.e. 7 € [0,t).
Since one has

Q(tvul) - Q(tvu) = /0 f(Q(Tv u/)v u/(T)vT) — fla(r,u), U(T)v T) dr,



for every ¢ € I(u'), it follows from (1) that

t t
latt.) = a(t,wller < L [ 14(7) = u(D)lem dr -+ L [ llatr.w') = alr,0) e dr,
0 0

for every t € [0, o], which implies from the classical Gronwall lemma that
llg(t,u') — q(t,u)||gn < Ly ge™*|lu' — u|p < vgrLy get " <1,

for every t € [0,to]. This raises a contradiction at t = to. Therefore A is empty. We conclude
that ¢(-,u’) is bounded on I(u'), then T € I(u'). Moreover, since A is empty, we also conclude
that |lg(t,u’) — q(t,u)||gn < 1 for every ¢ € [0,T], and thus (¢(r,u’),u/(7),7) € Ky g for a.e.
T €10,T]. O

We conclude this section with the following continuous dependence result.

Proposition 2. Let u € % and R > ||u||L~. The mapping

Fur: (Eu,Rv ” ) ”Ll) — (Cy, H ) HOO)
u' o q(,u)

is Cy r-Lipschitz continuous for some C, r > 0.

Proof. Let w' and u” be two elements of E, p € . We know that (q(7,u”),u”(r),7) and
(g(r,u),u/(7),7) are elements of K, p for a.e. 7 € [0,7]. Following the same arguments as
in the previous proof, it follows that

llg(t,u”) = q(t, ) [en < Lo, e #u” — v/||p1,

for every t € [0, T]. The lemma follows with C,, r := L, reTt«r > 0. O

2.1.2 Implicit spike variations and a differentiable dependence result

Before introducing the concept of implicit spike variations, we first need to recall the following
lemma (see [11, Paragraph 3.2 p.143]). The proof is recalled in Appendix A.

Lemma 3. Let h € L.. Then, for all p € (0,1), there exists a measurable set Q, C [0,T] such

that A(Q,) = pT and t
[ (1= 310,0) 1) as

Let w € % and v € L*°. For every p € [0,1), we introduce the so-called implicit spike variation
u(+, p) of u associated to u’ as

sup
t€[0,T)

Note that Q, depends on h.

<p.
R’Vl

u(r) if 7¢Q,,
for a.e. 7 € (0,7, where Q, is defined in Lemma 3 associated to h, . € L3 C L} defined by

Py (T) = f(Q(Tv u)vul(T)vT) - f(Q(Tv u),u(T),T),

u(T, p) ::{ wir) if 7eQp,

for a.e. 7€ [0,7]."

IFor p =0, we fix Q, = 0.



Finally, we introduce the so-called variation vector w(-,u,u’) associated to (u,u’) as the unique
maximal solution, which is moreover global (see Appendix D.2), of the forward linear Cauchy
problem given by

w(t) =01 f(q(t,u),u(t),t) X w(t) + hyw(t), ae. te]0,T],
w(0) = 0.
Let us prove the following differentiability dependence result.

Proposition 3. The mapping F, . defined by

Fu7u/ (p) = q(a U(', p)) € Cnv
for sufficiently small p > 0, is Fréchet-differentiable at p = 0, with DF, ,+(0) = w(-, u,u’).

Proof. Let R := max(|lulLe + 1, ||t/||re). Since A(Q,) = pT (see Lemma 3), it holds that
lu(-, p) — ullLr < 2RTp for every p € [0,1). As a consequence, for sufficiently small p > 0,
u(-,p) € By r C % and then F, , (p) is well-defined. Moreover, it follows from Proposition 2 that
lg(-;u(-, p)) — q(-,u)|loe < 2RTCy rp, and consequently ¢(-, u(-, p)) uniformly converges on [0, T]
to q(-,u).

Let us assume by contradiction that F, . is not Fréchet-differentiable at p = 0 with DF,, ,-(0) =
w(+,u,u’). Then, there exists € > 0 et (pi)r a positive sequence such that (pg)y tends to zero and

such that
H Fu,u’ (Pk) - Fu,u’ (O)
Pk

> ¢

o0

- ’LU(', u, ’LL/)

for all & € N. In this proof, for the ease of notations, we denote by w := w(-, u,u’), q := ¢q(-,u) and
by qr := q(-,u(-, pr)), ug := u(, px) for every k € N. Since the sequence (ug)x, converges to u in L,
we deduce from the (partial) converse of the classical Lebesgue dominated convergence theorem
that there exists a subsequence (that we do not relabel) such that (uy) tends to u a.e. on [0, 7.

For every k € N and every ¢ € [0,T], we define z(t) := W — w(t). From our assumption, it
holds that ||zk||cc > € for all £ € N. On the other hand, we have

) — /Ot Flae(7), up (1), 7) — f(q(7),u(r),T)

Pk

- 81f(¢](7’); U(T)a T) X w(T) - hu,u/ (T) dr,

that is,

it - [ L0000~ Se0)- i)

- 61f(‘](7_)7 U(T)v T) X w(T)

+ f(Q(T)v Uk (T)a T)p_ f(Q(T)v u(T)v T) _ hu,u' (7_) dr,
k

for every ¢ € [0,T]. From the classical Taylor formula with integral rest, we obtain that

Pk

) = /0 O1f(q(r) ul(r), 7) x zr(7) dr +/0 (ilqpk (r) - 1) B (1) dr
t 1 ) )
+/0 [/0 (91f(q(7) + H(Qk(T) - q(T))’uk(T)vT) do — 51f(Q(T)aU(T),T)] M dr,

Pk



for every t € [0,T]. Hence, from Lemma 3, we get that

t
20 (®)l5n < pp + 2RTCo i + L / 20 (7) |z dr,
0

for every t € [0,T], where

Kk ._/ / 101 f(q(T) + 0(qr(T) — q(7)),ur(7),7) — 01 f(q(T),u(T), T) || gn g dOAT.

From the continuity and the boundedness of &1 f on K, g, since (uy)x tends to v a.e. on [0,T
and from the classical Lebesgue dominated convergence theorem, one can easily prove that (ki)
tends to zero. Finally, from the classical Gronwall lemma, we obtain that |zx(t)|lrr < (pr +
2RTC, rky)el et for every t € [0,T]. This raises a contradiction with the inequality ||zx|leo > €
for all £ € N. The proof is complete.

O

2.2 Application of the Ekeland variational principle

Let us introduce g = (gi)i=1,....; : Cn, — C, the application defined by ¢(q) := G(g,-) for every
q € C,,, and let S be the nonempty closed convex cone of C; defined by S := C([0, 7], (R™)?). Thus
the running state constraints in Problem (OCP) can equivalently be replaced by

g(q) € 8.

Note that g is of class C! with Dg(q)(w) = 01G(q,-) x w for every q, w € C,,, and that S has a
nonempty interior.

Since (Cy, ||-||oo) is a separable Banach space, we endow C; with an equivalent norm |[|-||c, such that
the associated dual norm || - [|c; is strictly convex (see Proposition 4 in Appendix B.1). Then, we
denote by ds the 1-Lipschitz continuous distance function to S defined by ds(q) := inf.cs [|q — z||c;
for every ¢ € C;. Since the dual norm || - [cr is strictly convex, we know that ds is strictly
Hadamard-differentiable on C;\S with [|Dds(q)c; = 1 for every ¢ € C;\S (see Proposition 5
in Appendix B.2). As a consequence, d3 is also strictly Hadamard-differentiable on C;\S with
Dd3(q) = 2ds(q)Dds(q) for every g € C;\S. We also recall that d3 is Fréchet-differentiable on S
with DdZ(q) = 0 for every ¢ € S (see Remark 6 in Appendix B.2).

In the whole section, let ¢(-, u*) € AC and u* € L* be an optimal solution of Problem (OCP). Let
(Re)¢ be a positive sequence such that Ry > ||u*||r~ for every ¢ € N and such that lim, R, = +o0.
Let (er)r be a positive sequence such that limg e, = 0. For every ¢, k € N, we consider the
penalized functional given by

. pQ +
Jet Egng — R

o J((wq(T,u))—w<q<T,u*>>+sk)+)2+dg(g<q<-,u>)),

where
Ef}*)RE ={u€Ey g, | u(r) e Qforae 7ec[0,T]}

Note that J,f is a positive functional because of the optimality of u*. We endow Eff*y R, With the
classical norm || - |1. Since € is a nonempty closed subset of R™, it follows from the (partial) con-
verse of the classical Lebesgue dominated convergence theorem that (ES, Ry |l llLy) is a nonempty



closed subset of (L, ||-||;,1) and consequently (Eg*ﬁw [IllL1) is & complete metric space. Moreover,

from the continuities of ¥, F,« g, (see Proposition 2), ds and of g, one can easily see that J} is
continuous on (Ef% g, || - l|u1).

Moreover it holds that Jf(u*) = ;. As a consequence, from the classical Ekeland variational
principle, we conclude that for every ¢, k € N, there exists uf; € Eff*ﬁRe such that ||uf; —u*||lpr < \Ek
and

—Verllu = uylle < Ji(u) = Ji(ug), (2)

for all u € Ef}*) r,- In particular, for a fixed £ € N, note that the sequence (uf)r converges to

u* in L' and consequently, the sequence (g(-,u}))x uniformly converges on [0, 7] to g(-,u*) (see

Proposition 2).

For every ¢, k € N, we introduce

W = = (U(a(T,uf) = W(a(T,u) +) T 20,
Iy (uy,)
and .
o e J,f(ui)ds(g(q("“@))l)ds(9(‘1('7%)))€C§ if g(q(uf)) ¢S,
0e6 it glgl-ul)) €.

In particular it holds that |y | + ||g0i|\%; =1 for every ¢, k € N.

In the sequel our aim is to derive some important inequalities from Inequality (2) using implicit

spike variations on us.

Remark 1. In this remark (and in Remarks 2 and 3), our aim is to provide two crucial inequalities
satisfied by ¢f. In the case g(q(-,u%)) ¢ S, recall that Dds(g(q(-,u%))) belongs to the subdifferential
of ds at the point g(g(-,uf)). As a consequence, in both cases g(q(-,uf)) € S and g(q(-,ut)) € S,
it holds that

(@i 2 = 9a( ui))os <o, <0, (3)

for every z € S. Since S has a nonempty interior, there exists { € S and § > 0 such that {+ 0z € S
for every z € B(c;, || 1(0,1). As a consequence, we obtain that
J

8{phs 2)osxo; < (kg ul)) — )cr e,

for every z € E(cj,”_ucj)(o, 1). We deduce that

c; = 0y/1 = W42 < ek 9(a( u)) = s xc,- )

2.2.1 First inequality depending on / fixed

Ik

In this section, we fix £ € N. Recall that the sequence (uf )y converges to u* in L!. Using compact-
ness arguments, we infer the existence of a subsequence of () (that we do not relabel)? such that
(uf,)) converges to u* a.e. on [0,T], (¥f)) converges to some ¢ > 0 and (p} ), weakly* converges

2The subsequence of () is not relabel. However, it is worth to note that the extracted subsequence depends
on / fixed.



to some ¢f € C3. In particular, it holds that [¢)*[* + |||

2
« < 1.
Cr =

In the whole section, for the ease of notations, we denote by qi = q(-, uf;) for every k € N. Let
u' € L such that v'(7) € QN Brm (0, Ry) for a.e. 7 € [0,T)]. For every p € [0, 1), we consider the
implicit spike variation

u(r) if TeQ,,

ui(T,p) = { uf;(T) if 7¢Q,,

for a.e. 7 € [0,T], where Q,, is defined in Lemma 3 associated to hot o € L3 C L. defined by

U

hui,u’ (T) = f(qi(T)v UI(T)v T) - f(Q£ (T)v ui(T)v 7—)7
for a.e. 7€ (0,7].°

First of all, note that |[ul(-, p) —u*||: < [Jub(-, p) —ul s + ||uf — |l < 2ReTp+ /Ek < Vur R,
for sufficiently small p and sufficiently large k£ and then ui(-, p) € Eff*ﬁ r,- For such a sufficiently

small p and sufficiently large k, we apply Inequality (2) with u = u{ (-, p) and we obtain that

B T (o) = JEh) T, p)? — Tl i
2RIyer < p = ’ X T () + T

From the continuity of Jf, we get that lim,_,o J{(ut (-, p)) + JE(ul) = 2JE(ul). From the differen-
tiabilities of the application x — (z1)? for z € R, of ¥, of g, of d3 and of F,¢ o (see Proposition 3),
we obtain that

Ti(ug (- p))* = Ty (uy)?

lim
p—0

= 2(W(a(T) - Wa(Tu) + o) (VD) 0T )

+{24s(9(a) Das (9(al)). Dol ) o

with the convention that the second term is zero if g(g;) € S. Finally, we have obtained that

—2R/T\/5r, < ¢£<v\11(qi(T)),w(T, ul, U/)>R"><]R

+ (¢hs Dgla) @l uf,u)) o (5)
n ¥ XC]‘
To conclude this section, we need the following result.*
Lemma 4. The sequence (w(-,uf,u’))) uniformly converges on [0,T] to w(-,u*,u’).

Proof. In this proof, for the ease of notations, we denote by ¢* := ¢q(-, u*), w := w(-, u*,u’) and by
wy, := w(-,uk,u) for all k € N. It holds that

wi(t) —w(t) = /0 O f (g (1), ul (1), 7) X Wi (T) + Pyg o (T)
— O f(¢"(7),u™ (1), 7) X w(T) — hyr u (T) dr,

3For p = 0, we fix Q, = 0.
4This result requires to fix £ € N. Indeed, one needs a bound on ||uf ||~ in order to conclude from the classical
Lebesgue dominated convergence theorem.



that is,
wi(t) — w(t) = / O J(gh(r) (), 7) X (wi(r) — w(r)) dr + / Bt ot (7) = B (7) d
+ [ (0 uh7).7) = 017 (7)o (7). 7)) <)

for every t € [0,T]. Recall that uf € E,« g, and v/ € Br=(0, Ry), then (qi(7),ut(7),7) € Ky R,
(see Proposition 1) and (i (), v/ (1), 7) € Ky= g, for a.e. 7 € [0,T] and recall that f and 9 f are
bounded on K+ g, by Ly« g, > 0. Recall also that (uf)) tends to u* a.e. on [0,T]. Finally, using
similar arguments than in the proof of Proposition 3 and the classical Gronwall lemma, one can
easily conclude the proof. O

Using the above lemma and the C!-regularity of ¥ and g, by letting k tend to +o0 in Inequality (5),
we obtain that

0y (VO ) w(Tout ) 4@ Dol Dl w)) o ()

R™ xR™

Remark 2. Letting k£ tend to 400 in Remark 1, one can easily obtain the two following crucial
inequalities:

(¢’ 2 = g(a(-u*)))esxe, <0, (7)

/1= 9% < (", ga( u")) = E)c; xc,- (8)

2.2.2 Second inequality independent of /¢

for every z € S, and

In the previous section, we have obtained Inequality (6) that is valid for a fixed £ € N and for every
u’ € L* such that u/'(7) € QN Bgm (0, Rg). Our aim in this section is to remove the dependence
in R, (in order to cover the case where  is unbounded).

Since [¢¢]2 + ||¢||4+ < 1 for every £ € N and from compactness arguments, we infer the existence
J

of a subsequence of (Ry), (that we do not relabel) such that (%), converges to some ¢ > 0 and
(¢")¢ weakly* converges to some ¢ € C3.

Let w’ € L such that v/(7) € Q for a.e. 7€ [0,T]. Let £ € N be sufficiently large in order to have
Ry > ||¢/||L>. From Inequality (6), it holds that

0< 1/)€<V\I/(q(T, w)), w(T, u*,u/)> + <<Pé’Dg(q("u*))(w(.7u*’UI))>Cf><Cj.

R xR™

Letting ¢ tend to +o0o0, we prove that

0< ¢V, w), w(Tu ) (o Dglalw D wlut ) )

R™ xR
for every u’ € L*° such that v/(7) € Q for a.e. 7€ [0,T].

Remark 3. Letting ¢ tend to +00 in Remark 2, one can easily obtain the two following crucial
inequalities:

(0,2 = gla(-,u")))os xc; <0, (10)
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for every z € S, and
5y 1= [o]? < (p,9(q(-,u")) = Eerxe,- (11)

Inequality (11) proves that the couple (¢, ) is not trivial.

2.3 Introduction of the adjoint vector p
2.3.1 Introduction of g

Let us denote by ¢ = (¢;)i=1,....; where ¢; € C} and let us apply the classical Riesz theorem (see
Proposition 6 in Appendix C.1). For every i = 1,..., j, there exists a unique 7; € NBV; such that

T
{pisz)orxcy :/0 2(7) dni(7),

for every z € C;. Recall that ¢; = 0 if and only if n; = 0. As a consequence, from Remark 3, the
couple (1, 7n) is not trivial, where 1 := (1;)i=1,... ; € NBVj.

Taking
2= (galaCou)), o gia(au)), 0, gisa(au)), o gilau)) €9

and
2= (gulalu)), o gimalalw)), 20 (a( ), giva aCou), o gialut)) ) €68

in Inequality (10), we obtain that (@i, g:(q(-,u*)))crxc, = 0, that is,

T
/0 Gila(r.u*),7) dms(r) =0,

foreveryi=1,...,n.

Moreover, it follows that (i, 2)c: xc, > 0 for every z € C{. From the classical Riesz theorem (see
Proposition 6 in Appendix C.1), we deduce that 7; is monotically increasing on [0,7] for every
i=1,...,7.

2.3.2 Definition of p

Using notations introduced in Appendix C.2, one has

T
R )

for every z € C;. From Inequality (9) and since Dg(q)(w) = 1G(q, ) X w for every ¢, w € C,,, we
have proved that

0< ¢<v\11(q(T, w)), w(T, uu)> T /OT <81G(q(7, w*),7) X w(7,u*,u’),dn(7)>, (12)

R™ xR™

for every v’ € L* such that v/(7) € Q for a.e. 7€ [0,T].
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Let Z(-,-) be the state-transition matrix associated to 91 f(q(-,u*),u*,-) € L*>([0,T],R™™) (see
Appendix D.1). From the classical Duhamel formula (see Proposition 8 in Appendix D.2), it holds
that

¢
w(t,u*,u') = / Z(t,8) X hy= w(s) ds
0

for every ¢ € [0, T]. Replacing w(-,u*,u’) in (12), using first the Fubini-type formula (18) and then
Equality (17), one can obtain that

T
0< /0 <hu*,u/(s),1/;Z(T,s)T % VU (q(T, u*))

T
—|—/ Z(1,8)" x 01G(q(T,u*),7)" x dn(T)>]R"><]R" ds, (13)

for every v’ € L* such that v'(7) € Q for a.e. 7€ [0,T].

Let p € BV,, be the unique global solution of the backward linear Cauchy-Stieltjes problem given
by
{ _dp = alf(q(a U*)7U*a ')T xXp dt + Eg:l alGi(Q('vl'L*)v ) dnla on [OvT]a
p(T) = VU (g(T,u")).

We refer to Proposition 9 in Appendix D.3 for the existence and uniqueness of p. Note that p is
independent of w’. From the Duhamel-type formula (see Proposition 10 in Appendix D.3), it holds
that

T
p(s) = Z(T.5)T X V¥a(Ta)) + [ 2(r9)T x0Gla(ru). )T X di(r) € B,
for every s € [0,T]. It follows from the above expression of p and from Inequality (13) that

S (B s (), p(8))n cn s > 0, that s,

T
| Hlas. ) (5): 50 5) = Ha(o. ) (5),p(s) ) ds = 0, (19
0
for every u’ € L* such that v'(7) € Q for a.e. 7€ [0,T].

2.4 End of the proof

Let v € Q be fixed. Let t € [0,T) be a continuity point of p € BV,, and be a Lebesgue point of
the application s — H(q(s,u*),u*(s),p(s),s) which belongs to L°. Let o € (0,7 — t) and let us

consider
W (7) = v if 7eltt+a),
E wrr) i réftt+a),

for a.e. 7 € [0,T]. From Inequality (14), it holds that

t+a
/ H(g(s,u*),v,p(s),s) — H(q(s,u"),u*(s),p(s),s) ds > 0.
t
Dividing by a > 0 and letting o — 0%, we obtain that

H(q(t,u"),v,p(t),t) — H(q(t, u"),u”(t), p(t),t) = 0.

12



Since the last inequality is true for every v €  and for a.e. t € [0,T], we obtain the maximization

condition
u*(t) € argmin H(q(t, u"),v,p(t),t)

vEQ
for a.e. t € [0,77.
A  Proof of Lemma 3
Recall that the classical Lesbesgue measure A\ is a nonatomic measure (see, e.g., [3, Remark

1.161 p.111]). As a consequence, from the classical Sierpinski (or Lyapunov) theorem (see [11]
r [9, p.37]), for all measurable set R C [0,T], there exists a measurable set R, C R such that
A(R,) = pA(R) for all p € (0,1).

The whole section is dedicated to the proof of Lemma 3. Let p € (0,1).
Lemma 5. Let b: [0,T]?> — R" be defined by

b(t,s) := h(s)1jo4(s).
Then, b € C([0,T],LL).

Proof. Let t € [0,T] and let (t,,) C [0,T] be a decreasing sequence such that t,, — ¢. Then, it holds
that

T
1b(tns ) — b(t, )l = / bt 5) — b(t, 5)| ds
/ bt ) — b(t, s)|ds+/t" |b(tn,s)—b(t,s)|ds=/tn|h(s)|ds—>0.

Similarly, we prove that ||b(¢y, ) —b(t, -)||L1 — O for any increasing sequence (t,,) C [0, T] such that
t, — t. The proof is complete. o

Since [0, T] is compact, there exists § > 0 such that ||b(¢,-) — b(t, )| < ( 7y for all ¢, te0,7)
satisfying |t — ¢| < 6. In the sequel, we fix 0 =t < t; < ... < tny =T such that [t, 41 — | <4 for
all=0,...,N — 1 and we define

B() 1= (blto,),blt1, ), bltw, ) ) € LA(0, T, (R")VH),

Lemma 6. There exists a measurable set Q, C [0,T] such that A(Q,) = pT and

/ ' (1-210.09) B ds

Proof. Since B € L([0,T], (R")NH) there exists a simple function J : [0,7] — (R™)N*! such
that fOT |1B(s) = J ()l gm)v+1ds < 5055 Let us denote by J := Zfil a;1g:, where a; € (R?)N+1

and R? C [0,7T] are measurable sets such that ]_[ L R"=10,T]. Since X is nonatomic, there exist
R/ C R’ such that A(R}) = pA(R?) for all i = 1,..., K. Let us define Q, := LLK:1 R. C [0,T7].

<
(Rn)N+1

l\:)lb
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Note that A(Q,) = pT'. Moreover, it holds that

| /OT (1 - %1%(5)) B(s) ds s

/O ' (1 - %1% (s)) J(s) ds

The second integral in the left term can be easily bounded by £ and the first one is equal to

<

+

(Rn)N+1

/OT <1 - %IQP(@) (B(s) = J(s)) ds

(RP)N+1

K

S <A(Ri) - %A(Rf))

=1

=0.
(Re)N+1

Q;

: (1Ri ()~ 1a,m <s>) ds

(R )N+
The proof is complete. O

Let us now conclude the proof of Lemma 3. Let t € [0,T]. There exists r € {0,...,N — 1} such

that ¢ € [t,,tr+1]. In particular, it holds that |t —¢,| < § and thus [|b(¢,-) — b(ts, )|l < 2(5—_7_1)
(see remark after Lemma 5). It holds that
i 1 T 1
/ (1——1Qp(s)> h(s) ds|| = / (1——1Qp( )) b(t,s) ds
0 P R 0
r 1
< / (1 - —1Qp(s)) (b(t,s) — b(ty,s)) ds (1 - —1Qp ) b(t,, s) ds
0 P R™
The first term can be bounded by (1 + %)Hb(t, )= b( JlLr < £ and the second one can be

2

bounded by HfOT (1 - %1Qp(s)) B(s)dsH < £ (see Lemma 6). Finally, we have proved that

(Rn)N+l

/Ot (1 - %1%(5)) h(s) ds

The proof of Lemma 3 is complete.

<p.

Rn

B Some recalls about Banach spaces geometry

B.1 Renorming a separable Banach space

Let (X, | - ||) be a normed linear space. The dual space of (X,| -||) is X* := L((X,] - |),R) and
X* can be endowed with the dual norm of || - || defined by

l-]«: X* — R*
[ sup [(f, @) xexx]-
zeX
[lxfl<1
In this case, we denote (X*,| - ||«) = dual((X,] - ||)). Recall that (X*,| - ||«) is a Banach space,
even if (X,] - ||) is not.

Lemma 7. Let (X,|-|) be a Banach space® and (X*,| -|.) = dual((X, | -|])). Let N* be a norm
on X* equivalent to || - ||«. Then, the following properties are equivalent:

5The Banach assumption is necessary in order to apply [4, Proposition 3.13 p.63] deriving from the classical
Banach-Steinhaus theorem.
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1. N* is weak™ lower semicontinuous on (X*, |- |l«);
2. There exists N a norm on X equivalent to || - || such that (X*, N*) = dual((X, N)).
Remark 4. This lemma is given in [13, Lemma 3.94 p.251].

Proof. 2 = 1. Since (X,| - ||) is a Banach space and since N is equivalent to | - ||, note that
(X,N) is a Banach space. Let us prove that N* is weak® lower semicontinuous on (X*, | - ||«).
Let (f,) € X* and f € X*. From [4, Proposition 3.13 p.63], (fn) weak* converges to f in
(X* |- 1l«) = dual((X, || - ) if and only if (f,, z) x+xx tends to (f,z)x~xx for every z € X if and
only if (f,,) weak* converges to f in (X*, N*) = dual((X, N)). Since (X, N) is a Banach space, we
obtain from [4, Proposition 3.13 p.63] that (N*(f,)) is bounded and N*(f) < liminf N*(f,).

1 = 2. We know that there exist 0 < p1 < po such that u||f]l« < N*(f) < pz|f]l« for every
f € X*. Our proof is based on two steps.

First step - Definition of N and equivalence to | - ||. We define

N: X — RF

r = sup [(f,T)x xx]
fexr
N*(fH)<1

First of all, let us note that N is well-defined since |{f, z) x=x x| < || f]l«|lz] < iN*(f)H:EH < inH
for every x € X and every f € X* such that N*(f) < 1. In particular it holds that N(z) < i 1|
for every € X. Let us prove that N is a norm on X. Clearly we have N(Az) = |A\|N(z) and
N(z +y) < N(z) + N(y) for every z, y € X and every A € R. Moreover, it holds that N(0) = 0.
Now let us consider z # 0. From the classical Hahn-Banach theorem (see [1, Corollary 1.3 p.3])
applied to (X, | - ||) (with dual (X*,| - |«)), there exists f € X* such that (f,z)x«xx = |z|?

and ||f|l« = |lz||. Let g := L‘ € X*. It holds that N*(g) = W) < rellfl. — 1 ayq

] pzllzl = pell=ll
g, ) x+xx| = % = % Thus N(z) > % > 0. As a consequence, we have proved that

N(z) = 0if and only if x = 0. We conclude that N is a norm on X. Moreover, we have also proved
that i”x” < N(z) < inH for every x € X (the case x = 0 is obvious). As a consequence, N is
equivalent to || - ||

Second step - (X*, N*) = dual((X, N)). Since N is equivalent to | - ||, L((X,N),R) = L((X,] -
),R) = X*, i.e. X* is the dual space of (X, N). Let us introduce N the dual norm of N on X*
given by
N: X* — R
fo— sup [{f,z)xxx]

zeX

N(z)<1
In particular, we have (X* N) = dual((X,N)). Our aim is to prove that N* = N. Firstly,
let f € X* such that f # 0. Let « € X such that N(z) < 1. From the definition of N,

since N*(N*L(f)) = 1, we have |<N*L(f)733>X*xX| < N(z) < 1. Thus, [(f,z)x-xx| < N*(f)

for every z € X such that N(z) < 1. As a consequence, from the definition of N, we obtain
that N(f) < N*(f) for every f € X* (the case f = 0 is obvious). Secondly, let us assume by
contradiction that there exists fo € X* such that N(fy) < N*(fo). Thus fy # 0 and we can define

g := N{(}o) € X* satisfying N(g) =1 < N*(g). Hence g ¢ B(x+ n+)(0,1). From Hypothesis 1, one

can easily see that B(x« y+)(0,1) is a nonempty weakly* closed convex of (X*, || - ||.). Then, recall
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that the dual of (X*, - ||«) = dual((X, || - ||)) endowed with the classical weak* topology is the set
((-, ) x*xx)zex (see [1, Proposition 3.14 p.64]). Finally, from the classical Hahn-Banach theorem®
(see [4, Theorem 1.7 p.7]), there exists z € X, o € R and £ > 0 such that (f,z)x+xx <a—¢c <
a+e < {(g,x)x-xx for every f € E(X*yN*)(O, 1). As a consequence, from the definition of N, we
obtain that N(z) < (g,2)x-xx < N(g)N(z) and finally N(g) > 1. This is a contradiction. O

Proposition 4. Let (X, ||-||) be a separable Banach space and (X*,|-||«) = dual((X, || -]])). There
exists a norm N on X equivalent to || - || such that:

1. N* is equivalent on X* to || - ||«;
2. N* is strictly convexr on X*;
where (X*, N*) = dual((X, N)).
Remark 5. This proposition is given in [11, Theorem 2.18 p.42].

Proof. Our proof is based on four steps, including the application of Lemma 7.

First step (definition of N* and equivalence to || - || ). Let (ex)ren+ C X be a sequence dense in
B(x,)(0,1). Then, let us consider the linear operator given by

A: X* — [NN4R)
ro (gt

keN~*

Let us note that

1A = 32 el ewhxsxl < 112

keN*

for every f € X*. Now we define

N*: X* — R+
fo—= s+ A L=

Clearly N* is a norm on X* that is equivalent to |||« since || |« < N*(f) < 2| f]|« for every f € X*.

Second step (strict convezity of N*). Let f, g € X* and let A € (0, 1) such that N*(Af+(1-X)g) =
AN*(f)+ (1 =A)N*(g). Our aim is to prove that f = ug for some p > 0. Since || - ||« and [|A(")]]2
are convex, we get that [[AAf 4+ (1 — Ng)llez = MA)|lez + (1 — X)||A(g)]le2- Computing the
square of the previous equality and using the linearity of A and the bilinearity of (-,)s2, one
can easily obtain that (A(f), A(g))ez = ||A(f)|le2]|A(g)|le2- From the classical Cauchy-Schwarz
inequality in £2(N* ,R), there exists p > 0 such that A(f) = pA(g), that is, A(f — ug) = 0 and
(f — pg,er)x=xx = 0 for every k € N*. From density and homogeneity, we easily obtain that
(f —pg,z)xxx =0 for every x € X, i.e. f—pug=0.

Third step (N* is weak* lower semicontinuous on (X*, ||||«)). Let (fn) C X* and f € X* such that
(fn) weak® converges to f in (X*, || - ||«) = dual((X, ]| - 1)), t.e. (fn,2)x*xx tends to (f,x)x+xx
for every z € X (see [1, Proposition 3.13 p.63]). Let us prove that N*(f) < liminf N*(f,).
First of all, recall that (||f.||«) is bounded by some M > 0 and that || f]|« < liminf | f,|. (see
[1, Proposition 3.13 p.63]). Thus, liminf N*(f,) > liminf || f, |« + liminf [|A(fn)|lez > || fll« +

6The classical Hahn-Banach theorem can be applied here since (X*, || - ||+«) = dual((X, || - ||)) endowed with the
classical weak* topology is a topological vector space that is locally convex.
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liminf | A(fn)||e2. Let us recall that [[A(fu)|Z: = > pen 25 (frr €)% x x- Since (55 (fr, €x)ixx)
. 2
converge to 2= (f, ex) %+ x and since [ (fn, €)% x x| < 2 [ full2llenl? < 2= € ¢1(N*, R) for every

n € N, we obtain from the classical Lebesgue dominated convergence theorem that lim || A(f,,)||2 =
[[A(f)|l¢2. Finally, we have proved that liminf N*(f,) > ||fll« + [JA(f)|lez2 = N*(f).

Fourth step (conclusion). We conclude the proof by applying Lemma 7. O

B.2 The distance function

For this section, we essentially refer to [12, 13].

In the whole section, (X, || - ||) denotes a normed linear space and (X*,] - ||+) := dual((X, || - ||))-
In this section, we denote by (-,-) := {-,*) x*xx-

Lemma 8. Let S C X be a convex subset such that Int(S) # (0. Then, Adh(Int(S)) = Adh(S).

Proof. Let us prove that Adh(S) C Adh(Int(S)). Let z € Adh(S) and let y € Int(S) such that y # .
There exists € > 0 such that y + Bx(0,e) C S. Let us prove that the line segment (z,y) C Int(S).
Let w := tz+ (1—t)y for some ¢ € (0,1). Since z € Adh(S), there exists 2’ € S such that ||z —2'|| <
e2=t. Let us denote by z := 2 — 2. Finally, we have w = ta’ + (1 — t)y + tz = to' + (1 — t)(y + £)
where £ := 152 € Bx(0,¢). As a consequence, since 2’ € S, since y + Bx (0,¢) C S and since S is
convex, w € tz' + (1 — t)(y + Bx(0,¢)) C S, that is, w belongs to an open subset included in S,

i.e. w € Int(S). Finally, we have proved that (z,y) C Int(S) and thus € Adh(Int(S)). O

Let ¢ : X — R be a convex function and x € X. Recall that the subdifferential of ¢ at x is defined
by
Op(z) :={f € X* | {f,y—2) <o(y) — p(x), Vy € X}.

Note that dp(x) is a weakly* closed convex subset of X*.
Lemma 9. If ¢ : X — R is continuous, then 0p(z) # 0 for every x € X.
Proof. Recall that the epigraph of ¢ is defined by

Epi, :={(y,\) € X xR | p(y) <A} C X xR.

Since ¢ is convex and continuous on X, Epi,, is clearly a nonempty closed convex subset of X x R.
Let » € X. It is clear that (z,¢(z)) ¢ Int(Epi,) (since (z,¢(z) —¢) ¢ Epi, for all e > 0)
and that Int(Epi,) is a nonempty’ open convex® subset of X x R. From the classical Hahn-
Banach theorem (see [1, Lemma 1.3 p.6]), there exists (f,c¢) € (X x R)* = X* x R such that
((f,0); (m,0(2))) < ((f;c), (w,7)), i-e. {fyw—x)+c(r—¢(x)) > 0forall (w,r) € Int(Epi,). From
the continuity of ¢ at z, it follows that (z, p(x)+1) € Int(Epi,). Thus, taking (w,r) = (z, p(x)+1),
we obtain that ¢ > 0. From Lemma 8, we also obtain that (f,w —x) + ¢(r — ¢(x)) > 0 for all
(w,r) € Epi,. Finally, taking r = ¢(w), we conclude that (=< f,w —z) < p(w) — p(x) for all
w€E X, i.e. —%f € 9p(x). The proof is complete. O

Lemma 10. If ¢ : X — R is L-Lipschitz continuous on X for some L > 0, then dpo(x) # 0 and
dp(x) C Bx«(0,L) for every z € X.

Proof. Let x € X and f € Jdp(z) # 0 (see Lemma 9). One can easily obtain that |(f,z)] =
(fi+2) = (fitz+2—1) <p(tz+1z) - @(r) < [p(+z+ ) — o(2)| < Ll| £ 2+ 2 — x| = L|z]| for
every z € X. Thus || f]l. < L. O

7Int(Epi¢) is nonempty since, from Lemma 8, Adh(Int(Epi,)) = Adh(Epi,) = Epi,, is nonempty.
80ne can easily prove that the interior of a convex set is a convex set.
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Lemma 11. If ¢ : X — R is Gdteauz-differentiable at some x € X, then dp(x) = {Dp(z)}.

Proof. Firstly, let us prove that Dy(x) € d¢(x). From the convexity of ¢, it holds that ¢(x +
Ay — ) < (x) + Mp(y) — p(x)), ie. EERUINZEE) < o(y) — o(z) for any y € X and any
A € (0,1). Passing to the limit A — 0", we obtain that (De(x),y — z) < ¢(y) — p(z) for every
y € X. Thus Dy(z) € dp(x). Secondly, let us prove that dp(x) C {Dp(x)}. Let f € dp(x). Tt
holds that (f, Ay —x)) < p(z+Ay—2))—p(z), i.e. {(fiy—z) < w for every y € X
and A € (0,1). Passing to the limit A — 0%, we get that (f,y — x) < (Dp(x),y — x) for every
y € X. From linearity, we conclude that (f,y) = (Dy(x),y) for all y € X, i.e. f = Dp(x). O

Lemma 12. If ¢ : X — R is Lipschitz continuous around x € X and if Op(x) is reduced to a
singleton {f}, then ¢ is strictly Hadamard-differentiable at x with Dp(z) = f.

Proof. See [12, Theorem 3.54 p.313]. O

Lemma 13. Let S C X be a nonempty subset and let dg : X — R be the distance function to S.
The following properties hold:

1. dg is 1-Lipschitz continuous;
2. If S is convex, dg is conver;
3. If S is closed and convez, dds(z) # 0 and dds(x) C Sphy.(0,1) for every x € X \ S.

Proof. 1. Let x, y € S. Let (y,) C S be a sequence such that ||y — yn|| — ds(y). Then it holds that
ds(z) < |z —ynll < lz —yll + ly — ynll = ||z — yl| + ds(y). In a very similar way we obtain that
ds(y) < ||z —y|| + ds(z). We conclude that |ds(y) — ds(z)| < |ly — z|.

2. Let z,y € Sand A € [0,1]. Let (x,,), (yn) C S such that ||z —xz,|| = ds(z) and ||y —yn| — ds(y).
Note that (1 — A)zy, + Ay, € S since S is convex. Then, ds((1 — M)z + Ay) < ||[(1 — Nz + \y] —
[(1=Nzn + Myl < A =Nz —zu|| + My — yul|l = (1 — Nds(z) + Ads(y). Thus, dg is convex.

3. Let z € X\ S and f € dds(z) # 0 (see Lemma 10). From Lemma 10, we already know that
| f]l« < 1. Since S is closed, note that ds(x) > 0. There exists (z,,) C S such that ||z —z,| — ds(z).
Moreover, it holds that (f,x, — z) < ds(z,) — ds(x) = —dg(z). Thus, ds(z) < (f,x — z,) <
[ fl«llx = znll = || f|l«ds(x). Thus, ||f]l« > 1. We conclude that dds(x) C Sphx-(0,1). O

Remark 6. Since ds is 1-Lipschitz continuous on X, one can easily prove that d3 is Fréchet-
differentiable on S, with Dd%(z) = 0 for every z € S.

Proposition 5. Let us assume that ||- || is strictly convex on X*. Let S C X be a nonempty closed
and convex subset. Then, dg is strictly Hadamard-differentiable on X \ S with | Dds(z)|l« = 1 for
every x € X \ S.

Proof. Let x € X \ S. From Lemma 13, it follows that ddg(z) # 0 and dds(x) C Sphy.(0,1).

Since dds(x) # 0 is a convex subset included in Sphy.(0,1) and since || - ||« is strictly convex, it
follows that Odg(z) is necessarily reduced to a singleton {f} satisfying | f|l. = 1. We conclude
from Lemma 12. O

C Functions of bounded variations and Stieltjes integrals

For this section, we essentially refer to [2, 5, 6, 7, 10, 15].
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C.1 Some recalls

Recall that a function 7 : [0,T] — R is said to be of bounded variations if

te)k

V(n) = sup {Z n(te+1) — n(tk)l} < +o0
k

where the supremum is taken over all partitions (¢ ) of [0, T]. In that case, we denote by n € BV;.

Recall that 7 : [0, 7] — R belongs to BV, if and only if 5 is equal to the difference of two monot-
ically increasing functions. In particular, if n € BVy, then n admits a left-limit denoted by n(t™)
(resp. a right-limit denoted by 7(¢t)) at every point ¢ € (0,7] (resp. t € [0,7)) and the set of
discontinuity points of 7 is at most countable.

Recall that the application || - ||gy, given by

H'HBV1: BVl — RJF
n — n(0)+V(n)

defines a norm on BV;. Moreover, recall that (BV1y,| - ||sv,) is a Banach space.

Let n € BVy. Forevery t € [0, T, [n(t)] < [n(0)|+[n(t)=n(0)| < [n(0)|+[n(t)=n(0)|+|n(T)—n(t)| <
(n(0)[+ V(n) < [[nllsv,. As a consequence, ) € BFy with ||n[lsc < [nllBv,-

Recall that if z € C; and n € BV, then the classical Riemann-Stieltjes integral defined by
T
[+t dntr) = tim 3 2 (n(tnsa) ~ n(e)
0 k

exists. In the above equality, the limit means that the length of the partition (¢)x tends to zero.

Let us recall the following classical Riesz theorem.

Proposition 6 (Riesz theorem). Let ¢ € Ci. There exists a unique n € NBVy such that

T
(6. 2)0: xn = / 2(r) dn(r),

for every z € Cy. Moreover, if (¢, z)cixc, = 0 for every z € CT, then 1 is monotically increasing.

We refer to [10, p.245] for a complete proof of Proposition 6. In this section we will only detail the
proof of the following weaker result, which is sufficient for the completeness of this note.

Proposition 7 (Riesz corollary). Let ¢ € Cf such that (¢, z)crxc, = 0 for every z € C{. There
exists n € NBVy such that n is monotically increasing on [0,T] and

T
(6. 2)0s xn = / +(r) dn(r),

for every z € C1. Moreover, from construction of n, ¢ = 0 if and only if n = 0.

Proof. If ¢ = 0, it is sufficient to consider n = 0 € NBV; that is monotically increasing. Now let
us consider that ¢ # 0. In the sequel we simply denote by 1 € Cf C BFiIr the constant function
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equal to 1 on [0,7]. Finally we denote by (:,-) := (-,-)czxc,. When no confusion is possible, (-, -)
also denotes (-, )BF: xBF, -

Since (¢, z) > 0 for every z € Cf, it holds that 1 — { € Cf and then (p,¢&) < (p,1) for every
& € Cy such that [|{]|e < 1. We deduce that [[¢llcr < (»,1) < [l¢llcsl[1]lec = [l¢llcr and then
ll¢llc: = (p,1). From the classical Hahn-Banach theorem (see [1, Corollary 1.2 p.3]), there exists
a linear continuous application ¢ : BF; — R such that ¢ extends ¢ to BF; and ||@|[srs = [|l¢llc:-
In particular it holds that ||3|lgrs = (,1). Let us prove that (¢, z) > 0 for every z € BF{. Let

z € BF{ such that z # 0 and let £ := ﬁz — 1. Then £ € BF; with [|{||cc < 1. As a consequence
~(.6) <1(&, )] < 1 @llr; €]l < (#,1). Finally, it holds that (, ) = H=((3,€) + (¢,1)) > 0.

Now we introduce 7(t) := (P, 1(g,4) for every ¢t € [0,T]. In particular n(0) = 0. Moreover, since
1.0 —1(0,s € BF for every 0 < s <t < T and since ((, z) > 0 for every z € BF{, it follows that
7 is monotically increasing on [0, 7). In particular n € BV with V() = n(T) — n(0).

Now let us prove that (p, z fo ) for every z € C;. Let z € C; and let € > 0. Since z
is uniformly continuous on [O T], there ex1sts 0 > 0 such that
€
lelles |2(t) = 2(s) < 5

for every (t,s) € [0,T]? such that [t—s| < §. Let (t)x be a partition of [0, 7] such that tx1 —t; < &
and such that

T
| / 2(7) di(r) = 3 2(t) tasn) — (k)
k

Then, we introduce u = )7, z(tx)1, +,,,) € BF1. It clearly holds that

] Cy

s-ulle <5 and (@u) = Y 2(t)(tern) = n(te)).

k

As a consequence it holds that

T T
/ 2(r) dn(r) — {p,2)| < / 2(r) dn(r) — (@) + (B, u) — {9, 2)] < <.
0 0

In particular, it holds that n(T) = n(T) — n(0) = fOT 1dn(7) = (p, 1) = |l¢|

cr #0. Thus n # 0.

To conclude the proof, let us prove that 7 can be chosen left-continuous on (0,77). First of all,
since 7(0) = 0 and 7 is monotically increasing on [0, T], n(t~) exists for all 0 < ¢ < T and it holds
that

0 <n(s) <nt") <n) <n(T), (15)
for every 0 < s <t < T. Let us define
0 if t=0,

v(t):=< nt~) if 0<t<T,
n(T) if t=T.

In particular v # 0. Using (15), one can easily prove that v is monotically increasing on [0, T]. Let
us assume by contradiction that v is not left-continuous on (0,T"), that is, there exists ¢t € (0,T)
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and € > 0 such that v(t7) < v(t) — e. Finally, from (15), we obtain that

n(t—%) —n<t—%—%> m((t—%)_) —u(t—@ <) < wlt) —e =) — e,

for every k € N*. This raises a contradiction when k tends to +00. Hence v € NBV;. Now let us

prove that , .
/0 2(r) dn(r) = / 2(r) dv(r)

for every z € C;. Since 7 and v can be different only at discontinuity points of n (which are at
most countable), we consider a sequence of partitions ((¢£)x ), of [0, T] such that the length of the
partitions tends to zero when ¢ tends to +o0o and such that no point tf; is a discontinuity point of
7. As a consequence, it holds that

T T
‘/OZ() li)lgloz z2(te)(n(tg+1) — tk —ligloz tk tk-‘,—l —v(ty)) = /OZ(T) dV(T)

for every z € Cy. O

In Appendix D.3, we will need the two following results.
Lemma 14. If h € ACy, then h € BV;.
Proof. One can easily get that

Z h(teir) = h(te) =

k

tet T . ,
/ h(r) dr g/ (e dr = (b,
tr 0

for every partition (¢)s of [0,T]. O

Lemma 15. Let n € NBVy be monotically increasing and z € Cy. The function h : [0,T] = R
defined by

W) == / 2(r) dn(r),

is of bounded variations, i.e. h € BV;.

[ <X [ et < [ st

for every partition (t)x of [0,T]. O

Proof. One can easily get that

Z h(tera) — bt =

k

We conclude this section with some recalls about the Lebesgue-Stieltjes integral. Let n € NBV;
be monotically increasing. Then 7 induces a finite nonnegative measure on the Borel set of [0, 7]
denoted by dn. This measure is constructed from the equalities dn([a,b)) = n(b) — n(a) for every
0 <a < b < T and extended from the classical Carathéodory extension theorem. For every z € Cy,
the Riemann-Stieltjes integral of z with respect to n and the Lebesgue-Stieltjes integral of z with
respect to dn (that corresponds to the classical Lebesgue integral of z with respect to the measure
dn) coincide. We refer to [7, p.83] or [15, p.288] for more details. Finally, the following Fubini-type

formula holds:
/ / z(T,8) ds dn(t / / (1,8) dn(T) ds (16)

for every z € L*°(]0,T)?,R) such that z is continuous in its first variable.
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Remark 7. Note that the Stieltjes integrals in (16) are both well-defined in terms of Riemann-
Stieltjes integration” and the classical integrals in (16) have to be understood in the Lebesgue
sense. Actually, one can easily see that the double integrals in (16) both exist.

C.2 Notations and Fubini-type formulas

For any n = (1;)i=1,....; € NBV; such that 7; is monotically increasing and for any z = (2;)i=1,...; €

C;, we denote by
T J T
/ (z(1),dn(T)) := Z/ zi(7) dn; (1) € R.
0 = Jo
Let » € N*. We denote by

T J T
A(r) x dn(7) == < ari(7) d i(T)> eR",
/0 X an ;/0 k n .

T T
/ (2(r), A(r) x dn(r)) == / (A(r)T x =(7),dn(r)) € R,
0 0

and

for every continuous matrices A(-) = (ag;(-))ki : [0,7] — R™ and every z € C,. Moreover, one
can easily prove that if z € R" (i.e. z € C, constant) then

T
/0<Z,A()><dn < /A x dn( )> . (17)
R” XR"

Finally, one can prove from Equality (16) that the following Fubini-type formulas both hold:

/OT </qu)(T s) ds, dn(t > / / (1,5), dn(7))ds, (18)
/OT </OT AT, s) ds) x dn(t / </ A(r, s) x dn(t )) ds, (19)

where ® € L°°([0,T]?,R?) and A € L>([0,T]?,R™7) are continuous in their first variable.

and

D State-transition matrices and linear Cauchy-Stieltjes prob-
lems

In the whole section A € L>°([0, T],R™™).

9Indeed, one can easily prove from the classical Lebesgue dominated convergence theorem that the function
7+ [g (7, s) ds is continuous on [0, T].
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D.1 Recalls on state-transition matrices

For every s € [0,T], the backward/forward linear Cauchy problem (BFCP 4 ;) given by

{ Z(t) = A(t) x Z(t), ae. t€[0,T], (BFCP 4,

Z(s) = 1d,,

admits a unique maximal solution that is moreover global.'” We denote this solution by Z(-, s) :
[0,7] — R™™. The matrix function Z(-,-) is the so-called state-transition matriz associated to A.

Lemma 16. The following equalities both hold

Z(ts) = Tdn+ / "A() % Z(r.s) dr.

t
= Id, —|—/ Z(t, ) x A(T) dr,

for every (t,s) € [0,T)?. In particular, Z(-,-) : [0,T]?> — R™" is continuous.

Proof. The first equality is obvious since it corresponds to the definition of a global solution
of (BFCP 4 ). From this equality and from the classical Gronwall lemma, one can easily prove
that Z(-,-) is bounded on [0, T]?. For every (t,s) € [0,7]?, we introduce

T(t,s):=1d, + /t Z(t, ) x A(T) dr,

that is well-defined since Z(-,-) is bounded on [0,T]?. Our aim is to prove that Z(t,s) = T(t, s).
From the first equality, it holds that

/:Z(t,T) x A(T) dfz/:A(r) dr+/:/:,4(§) x Z(€,7) x A(7) d¢ dr,

for every (t,s) € [0,T]?. Using the classical Fubini formula (and inversing the roles of 7 and &),
we obtain that

/:Z(m) X A(7) dr = /:A(T) [Idn +/ST Z(7,€) x A(€) d¢| dr.

Finally, adding Id,, in the above equality, we obtain that T'(-, -) satisfies
t
T(t,s)=1d, —I—/ A(7) x T(r,s) dr,

for every (t,s) € [0,7]?. From uniqueness of the global solution of (BFCP 4 ), we obtain that
T(t,s) = Z(t,s). To conclude, from the definition of Z(-,-), it is clear that Z(,-) is (absolutely)
continuous in its first variable. Using the second equality and the classical Lebesgue dominated
convergence theorem, one can easily prove that Z(-,-) is continuous on [0, T2 (]

Remark 8. From Lemma 16, note that Z(t, -) is the unique global solution of the backward /forward
linear Cauchy problem given by

{ Z(s) = —Z(s) x A(s), a.e. s€[0,T),

for every ¢ € [0, 7.

10T his results follows from the classical linear version of the Cauchy-Lipschitz (or Picard-Lindelsf) theorem.
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D.2 Recalls on linear Cauchy problems

Let B € L*°([0,T],R™) and qo, pr € R™. From the classical linear version of the Cauchy-Lipschitz
(or Picard-Lindeldf) theorem, the forward linear Cauchy problem (FCP 4 z) given by

{ q(t) = A(t) x q(t) + B(t), a.e. t€0,T], (FCP 4 )

Q(O) = qo,
admits a unique maximal solution that is moreover global. Similarly, the backward linear Cauchy

problem (BCP 4 g) given by

(BCPa4,B)

{ —p(t) = A@t)" x p(t) + B(t), ae. tc[0,T],
p(T) = pr,

also admits a unique maximal solution that is moreover global.

Proposition 8 (Duhamel formulas). The global solutions of (FCP 4 5) and (BCP4 ) are given
by

q(t) = Z(t,0) ><q0—|—/O Z(t,s) x B(s) ds,

and

T
p(t) = Z(T,t)" x pr +/ Z(r,t)" x B(r) dr,
¢
for every t € [0,T], where Z(-,-) is the state-transition matriz associated to A.

Proof. Let q : [0,T7] — R™ be defined by

q(t) == Z(t,0) X qo —|—/0 Z(t,s) x B(s) ds,

for every t € [0, T]. Replacing the value of Z(-,-) by the first equality given in Lemma 16 and using
the classical Fubini formula, one can easily prove that

q(t) = qo +/0 A(r) x q(7) + B(7) dr,

for every t € [0,T]. As a consequence, ¢ is the unique global solution of (FCP 4 g). Similarly, let
p:[0,7] = R™ be defined by

T
p(t) := Z(T, t)—r X pr —|—/ Z(r, t)T x B(T1) dr,

for every t € [0,T]. Replacing the value of Z(-,-) by the second equality given in Lemma 16 and
using the classical Fubini formula, one can easily prove that

T
p(t) = pr + / A(T)T % pl(r) + B(r) dr,

for every ¢t € [0,T]. As a consequence, p is the unique global solution of (BCP 4 5). O
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D.3 Linear Cauchy-Stieltjes problems

Let go, pr € R™. Let B := (B;)i=1,...; and n := (0;)i=1,...; where B; € C,, and n; € NBV; is
monotically increasing for every i = 1,...,j. We say that ¢ is a global solution of the forward
linear Cauchy-Stieltjes problem (FCSP 4 5) given by

dg=Axqdt+>7_, B;dy;, on]0,T],
{ q q > i1 Bidni, on[0,7] (FCSP 4 5)

q(0) = qo,

if ¢ € BF,, and ¢ satisfies

q(t)=qo+/A( x q(t dT+Z/ 7) dni(T

for every t € [0,T]. In such a case, it follows from Lemmas 14 and 15 that ¢ € BV,,.

Similarly, we say that pis a global solution of the backward linear Cauchy-Stieltjes problem (BCSP 4 )
given by

—dp=AT xpdt+3Y_ B;dn, onl0,T],
{ p pdt+>]_, Bidn [0, 7] (BCSP 5)

p(T) = pr,
if p € BF,, and p satisfies

T
=pT+/ A(r) " x p(r dT+Z/ 7) dni(r
t

for every ¢ € [0,T]. In such a case, it follows from Lemmas 14 and 15 that p € BV,,.

Proposition 9. Problem (FCSP 4 g) admits a unique global solution. Problem (BCSP 4 ) admits
a unique global solution.

Proof. In this proof, we only treat Problem (FCSP 4 ). Let us consider the functional given by

G: BF, — BV, CBF,
t
t — qo+ [y A(T) x q(7) dT—i—Z 1f0 T) dn; (7).

Note that G is well-defined from Lemmas 14 and 15. Our aim is to prove that G admits a unique
fixed point. To do so, we will prove that G admits a contractive iterate. One can easily prove by
induction on k € N* that

k t
164 @)(®) - @) Ol < et [ (=7 alr) = () e

for every ¢1, g2 € BF,,, every t € [0,7] and every k € N*. As a consequence, it holds that

Allp=T)*
19 (@) ~ (@)l < LA g, g
for every qi1, g2 € BF,, and every k € N*. Taking £ € N* sufficiently large to get M <1,
we obtain that G* is a contractive iterate of G. Since (BF,, || - ||oo) is a Banach space, We conclude
that G admits a unique fixed point. O
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Proposition 10 (Duhamel-type formulas). The global solutions of (FCSP 4 ) and (BCSP 4 p)
are given by

q(t) = Z(t,0) x qo + Z/o Z(t,s) x Bi(s) dni(s),
and

J T
p(t) = Z(T. )T x pr + Z/ Z(r )T x Bi(r) dmi(7),
i=1"7t

for every t € [0,T], where Z(-,-) is the state-transition matriz associated to A.

Proof. From the Fubini-type formulas provided in Appendix C for Stieltjes integrals, the proof is
exactly the same than in Proposition 8. o
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