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Introduction. Analytical modeling is the essential stage of technical system dynamic design followed by computational and full-scale experiment [0, 0]. Analytical modeling of dynamic systems is based upon traditional mathematical methods of solutions of differential equation systems [0], theory of modal control [0], root-locus technique [0], and root-locus method [0].

Free motion dynamics of one-dimensional mechanical system experiences analytical study in a work by Kravets [0]; forced motion dynamics in terms of external dynamic effect was considered in a work by Kravets [0]. The paper models forced motion dynamics in terms of external kinematic effect.

Formulation of the problem. Fig. 1 demonstrates dynamic scheme of one-dimensional mechanical system.

Fig. 1. Dynamic scheme of kinematic effect problem

Here М and m are interacting masses, с is coefficient of elasticity, µ is damping coefficient.

It is assumed that M>>m. m mass is finite and specified. 𝑥(𝑡) motion of m mass cannot effect a(t) motion of М mass. Notion of М mass is supposed as specified function of 𝑎(𝑡) time. For example: 𝑎(𝑡) = V0t where V0 is М mass velocity.

It is required to develop 𝑥(𝑡) analytical solution modeling stable transient and determining steady motion of m mass depending upon such running design parameters of mechanical system as µ and c.

Mathematical model. Continuous dynamic model with single degree of freedom is described with the help of following matrix differential equation:

‖ 𝑥 1 ẋ2 ̇‖ = ‖ 𝑎 11 𝑎 21 𝑎 12 𝑎 22 ‖ ‖ 𝑥 1 𝑥 2 ‖ + ‖ 𝑓 1 (𝑡) 𝑓 2 (𝑡) ‖ (1) 
where 𝑥 1 = 𝑥̇(𝑡) ; 𝑥 2 = 𝑥(𝑡).

For mechanical system under consideration, the equation coefficients are determined as follows:

𝑎 11 = - 𝜇 𝑚 , 𝑎 12 = - 𝑐 𝑚 , (2) 
𝑎 21 = 1, 𝑎 22 = 0 .
Power function for kinematic effect is identified in the form of:

𝑓 1 (𝑡) = 𝜇 𝑚 𝑎̇(𝑡) + 𝑐 𝑚 𝑎(𝑡) (3) 
f2(t) = 0 .
Analytical solution. Following normalized form for analytical solution x(t) determining motion of mass m is as follows:

𝑥(𝑡) = 𝑒 𝜆 1 𝑡 𝜆 1 -𝜆 2 | 𝜆 2 - 1 - 𝑥 0 ẋ0 | + 𝑒 𝜆 1 𝑡 𝜆 1 -𝜆 2 ∑ 1 𝜆 1 𝑛 ∞ 1 f (0) (n-1) - 1 𝜆 1 -𝜆 2 ∑ 1 𝜆 1 𝑛 ∞ 1 f (t) (n-1) (4) 
+ 𝑒 𝜆 2 𝑡 𝜆 2 -𝜆 1 | 𝜆 1 - 1 - 𝑥 0 ẋ0 | + 𝑒 𝜆 2 𝑡 𝜆 2 -𝜆 1 ∑ 1 𝜆 2 𝑛 ∞ 1 f (0) (n-1) - 1 𝜆 1 -𝜆 2 ∑ 1 𝜆 2 𝑛 ∞ 1 f (t) (n-1) .
Here analytical solution is represented in the form of dependence on the roots of characteristic equation: 𝜆 1 , 𝜆 2 ; specified initial disturbances 𝑥̇0 𝑥 0 ; specified external power effect within the initial time period f(0) and current one f(t).

Analytical modeling.

If external kinematic effect is specified as: 𝑎(𝑡) = 𝑉 0 𝑡 then considering 𝑎̇(𝑡) = 𝑉 0 that both function and its derivatives are:

f(t) = 𝜇 𝑚 V0 + 𝑐 𝑚 V0t , f(0) = 𝜇 𝑚 V0 , ( 5 
) 𝑓 ̇ (t) = 𝑐 𝑚 V0 , 𝑓 ̇ (0) = 𝑐 𝑚 V0 , 𝑓 ̈ (t) = 0 , 𝑎(𝑡).
Hence:

∑ 1 𝜆 1 𝑛 ∞ 1 𝑓 (0) (𝑛-1) = -𝑉 0 ; ∑ 1 𝜆 2 𝑛 ∞ 1 𝑓 (0) (𝑛-1) = -𝑉 0 ; (6) 
∑ 1 𝜆 1 𝑛 ∞ 1 𝑓 (𝑡) (𝑛-1) = 𝑉 0 (𝜆 2 𝑡 -1); ∑ 1 𝜆 2 𝑛 ∞ 1
𝑓 (𝑡) (𝑛-1) = 𝑉 0 (𝜆 1 𝑡 -1).

Substituting the results into general formula and performing simple transformations we obtain laconic analytical representation of transient:

𝑥(𝑡) = 𝜆 1 𝑒 𝜆 2 𝑡 -𝜆 2 𝑒 𝜆 1 𝑡 𝜆 1 -𝜆 2 𝑥 0 + 𝑒 𝜆 2 𝑡 -𝑒 𝜆 1 𝑡 𝜆 1 -𝜆 2 (V0 -𝑥 0 ̇) + V0t . ( 7 
)
In case of complex roots of characteristic equation: 𝜆1,2 = α ±iβ transient is modeled by means of following function:

𝑥(𝑡) = 𝑒 𝛼𝑡 [| 𝛼-𝑥 0 1-𝑥 0 | 𝑠𝑖𝑛 𝛽𝑡 𝛽 + 𝑥 0 𝑐𝑜𝑠 𝛽𝑡] -𝑒 𝛼𝑡 𝑉 0 𝑠𝑖𝑛 𝛽𝑡 𝛽 + 𝑉 0 t . ( 8 
)
According to the given different forms of transient records, following particular cases of root distribution are being modeled:

1. 𝜆 1 , 𝜆 2 = 0; 2. 𝜆 1 = 𝜆 2 = 𝛼, 𝛽 = 0; 3. 𝜆 1,2 =±iβ , 𝛼 = 0.
In the context of particular case one, transient is modeled as:

𝑥(𝑡) = 𝑒 𝜆𝑡 𝜆 (𝑥 0 ̇-V0) + 1 𝜆 (V0 -𝑥 0 ̇ + λx0) + V0t. ( 9 
)
In the context of particular case two assuming 𝜆1→𝜆2 or 𝜆 1 -𝜆 2 →0, i.е. ∆𝜆 →0 and considering that:

𝑙𝑖𝑚 ∆𝜆→0 1-𝑒 ∆𝜆𝑡 ∆𝜆 = -𝑡, (10) 
We obtain following transient:

𝑥(𝑡) = eλt[(𝑥 0 ̇-𝜆𝑥 0 )𝑡 + 𝑥 0 -𝑉 0 𝑡] + 𝑉 0 𝑡 (11) 
Assuming that β→0 , i.е. 𝜆1=𝜆2=α and considering that:

𝑙𝑖𝑚 𝛽→0 𝑠𝑖𝑛 𝛽𝑡 𝛽 = 𝑡, 𝑙𝑖𝑚 𝛽→0 𝑐𝑜𝑠 𝛽𝑡 = 1 (12) 
We obtain transient in its equivalent record:

𝑥(𝑡) = 𝑒 𝛼𝑡 [| 𝛼-𝑥 0 1-𝑥 0 | 𝑡 + 𝑥 0 -𝑉 0 𝑡] + 𝑉 0 t. ( 13 
)
In the context of case three transient is described with the help of following time function: 

𝑥(𝑡)=[| 0-𝑥 0 1-𝑥 0 | -𝑉 0 ]
     а а а а (15)
Roots of characteristic equations depend on coefficients of differential equations as follows:

𝜆 1 + 𝜆 2 = 𝑎 11 + 𝑎 22 , 𝜆 1 • 𝜆 2 = | 𝑎 11 𝑎 12 𝑎 21 𝑎 22 | . (16) 
For the involved mechanical system running parameters are directly determined by the formulas: 𝜇 = -𝑚(𝜆 1 + 𝜆 2 ), 𝑐 = 𝑚 • 𝜆 1 • 𝜆 2 .

(17

)
In terms of complex roots we obtain: 𝜇 = -2 𝑚𝛼, c= 𝑚(𝛼 2 + 𝛽 2 ),

where α is degree of stability; and β is factor of natural frequency.

In the context of particular case one we determine:

𝜇 = -2𝑚𝜆 1 , c=0, (19) 
i.е. elastic element is not available in the mechanical system.

In the context of particular case two we determine: 

𝜇 = - 2

 2 𝑚𝜆, 𝑐 = 𝑚𝜆 2 (20) or 𝜇 = -2 𝑚𝛼, 𝑐 = 𝑚𝛼 2 (21)

In the context of particular case three we determine:

i.е. damping component is not available in the mechanical system.

Summary. New record of analytical solutions of linear differential equations in harmonic form is proposed. The form is applied for analytical modeling and design of one-dimensional dynamic system in terms of kinematic effect. Qualitatively different forms of transients within onedimensional mechanical system as well adequate running design parameters of elastic and damping elements have been obtained.