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1. Introduction

Since their introduction in [3], averaged nonexpansive operators have proved to be very useful in the
analysis and the numerical solution of problems arising in nonlinear analysis and its applications; see, e.g.,
[2,4-8,11,14-16,18-21].

Definition 1.1. Let H be a real Hilbert space, let D be a nonempty subset of H, let a € ]0,1], and let
T : D — H be anonexpansive (i.e., 1-Lipschitz) operator. Then T is averaged with constant «, or a-averaged,
if there exists a nonexpansive operator R : D — H such that 7' = (1 — «) Id + aR.

As discussed in [6,11,16], averaged operators are stable under compositions and convex combinations and
such operations form basic building blocks in various composite fixed point algorithms. The averagedness
constants resulting from such operations determine the range of the step sizes and other parameters in such
algorithms. It is therefore important that they be tight since these parameters have a significant impact on
the speed of convergence.

* Corresponding author. Fax: 433 1 4427 7200.
E-mail addresses: plc@ljll.math.upme.fr (P.L. Combettes), isao@sp.ce.titech.ac.jp (I. Yamada).
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0022-247X/© 2014 Elsevier Inc. All rights reserved.
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In this paper, we discuss averagedness constants for compositions and convex combinations of averaged
operators and construct novel fixed point algorithms based on these constants. In particular, we obtain a
new version of the forward-backward algorithm with an extended relaxation range and iteration-dependent
step sizes.

Throughout the paper, H is a real Hilbert space with scalar product (- | -) and associated norm || - ||. We
denote by Id the identity operator on H and by dg the distance function to a set S C H; — and — denote,
respectively, weak and strong convergence in H.

2. Compositions and convex combinations of averaged operators

We first recall some characterizations of averaged operators (see [11, Lemma 2.1} or [6, Proposition 4.25]).

Proposition 2.1. Let D be a nonempty subset of H, let T : D — H be nonexpansive, and let o € |0, 1[. Then
the following are equivalent:

(i) T is a-averaged.

)
(ii) (1—1/a)Id+ (1/a)T is nonexpansive.
(iii) (V& € D)(Vy € D) Tz - Ty|* < [l — y[I> = 52 (1d - T)x — (Id - T)y|?.
(iv) (Vo € D)(Vy € D) |Tz — Ty|2 + (1 — 20)||lz — y||2 < 2(1 — a){z — y | Tz — Ty).

The next result concerns the averagedness of a convex combination of averaged operators.

Proposition 2.2. Let D be a nonempty subset of H, let (T;)icr be a finite family of nonexpansive operators
from D to H, let (cv;)icr be a family in |0,1[, and let (w;)icr be a family in ]0,1] such that ), w; = 1.
Suppose that, for every i € I, T; is a;-averaged, and set T = Ziej w;T; and o = Ziel w;o;. Then T s
a-averaged.

Proof. For every ¢ € I, there exists a nonexpansive operator R; : D — H such that T; = (1 — ;) Id + oy R;.

Now set R = (1/a) Y, ;wia;R;. Then R is nonexpansive and

i€l

iel iel iel

We conclude that T is a-averaged. 0O

Remark 2.3. In view of [8, Corollary 2.2.17], Proposition 2.2 is equivalent to [8, Theorem 2.2.35], and it
improves the averagedness constant of [11, Lemma 2.2(ii)] which was o = max;cs ;. In the case of two
operators, Proposition 2.2 can be found in [16, Theorem 3(a)].

Next, we turn our attention to compositions of averaged operators, starting with the following result,
which was obtained in [16, Theorem 3(b)| with a different proof.

Proposition 2.4. Let D be a nonempty subset of H, let (ay,aq) € 0, 1[2, let Ty : D — D be aj-averaged,
and let Ty : D — D be as-averaged. Set

)
T=TT, and a=1T02~ 2002

2.2
1-— 10 ( )

Then o € ]0,1] and T is a-averaged.
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Proof. Since a;(1 — a2) < (1 — a3), we have a1 + as < 1 4+ ajas and, therefore, a € |0, 1[. Now let « € D,
let y € D, and set
- 1-— (6731 1-— (%)

= . 2.3
T a1 + [6%) ( )

It follows from Proposition 2.1 that

1—«
| T\ Toa — Ty Toy||? < || Tox — Toyl|* - -

|(1d = T\)Toa — (1d — Ty) Toy )

1 _
<l —yl? - —2[(1d - Ta)z — (1d - Ta)y|’
11— 2
- ||(1d = T1)Tox — (Id — T1)Toy|| " (2.4)
Moreover, by [6, Corollary 2.14], we have
1-— 2 1—« 2
- H(1d - T0)Tox — (1d — T1) Toy||” + o 2)|(1d - Tz)z — (1d — Tu)y||
11—« 11—« 2
ol = L((Id — 1)) Tox — (Id — Th) Toy) — _— 2((1d - To)z — (Id — To)y)
(1—a1)(1—an) 2

+ WH(JE —y) — (T\Tha — Ty Toy)||

(I—o)(1— o) 2
> |1 - T T)e — (14 - Ty (2.5)

Combining (2.4), (2.5), and (2.2) yields

l—a)(1 -« 2
T\ Tox — Ty Toy||® < ||z —y||? — MH(M —T1T)z — (Id — Ty Ta)y||
TO1O9
l—a; —as+ o« 2
2 1 2 102
= ||z — — Id—TT1T5)x — (Id — T1 T
o =y =~ (1 Ty Ty)e — (1d - Ti Ty
1—-« 2
= ||z —y|* - ——[(1d = T o)z — (1d - T To)y" (2.6)
In view of Proposition 2.1, we conclude that T is a-averaged. 0O
In [8, Theorem 2.2.37], the averagedness constant of (2.2) was written as
1
o= T . (2.7)
I+ (651 (%)

+
l—al 1—0(2

By induction, it leads to the following result for the composition of m averaged operators, which was
obtained in [8] (combine [8, Theorem 2.2.42] and [8, Corollary 2.2.17]).

Proposition 2.5. Let D be a nonempty subset of H, let m > 2 be an integer, and set

1

$:10,1[™ —=10,1[: (a1,...,am) = (2.8)

1+
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For every i € {1,...,m}, let a; €]0,1] and let T; : D — D be a;-averaged. Set
T=TT, and a=d¢(ay,...,an). (2.9)
Then T is a-averaged.

Proof. We proceed by induction on k € {2,...,m}. To this end, let us set (Vk € {2,...,m}) fr = [1 +
[Zle a;/(1 — )]~ 7. By Proposition 2.4 and (2.7), the claim is true for k = 2. Now assume that, for
some k € {2,...,m — 1}, Ty - - - T}, is PBr-averaged. Then we deduce from Proposition 2.4 and (2.7) that the
averagedness constant of (77 -+ - Ty )Tg41 is

1 1
1
1+

1 + Ok+1
Bl =1 1—opp

which concludes the induction argument. O

Sy (2.10)

—_

1+

(673 A1
+
11—y 1—agqr

(o

=1

Remark 2.6. Let m > 2 be an integer, let ¢ be as in (2.8), let (a;)1<i<m € ]0,1[™, and let (0;)1<j<m the
elementary symmetric polynomials in the variables (c;)i<i<m, i-€.,

(Vje{l,....,m}) o= Z Hail. (2.11)

1<i < <ij<m I=1

Then one shows by induction that ¢(ay,...,an) = [Z]m:l(fl)jfljaj]/[l + Z;-n:z(fl)j’l(j —1)o;]. Note
also that (2.8) implies that

1
dlan, ... am) > T = max a;. (2.12)
It

max
1<i<m 1 — (67

Remark 2.7. Let us compare the averagedness constant of Proposition 2.5 with alternative ones. Set

~ m mmax{ay,...,Qn,}
10,1 1]: ce, Oy ,
¢ 10,27 = 10,10 (o, am) = (m—1)max{aq,...,an}t+1

(2.13)

and let (a;)1<i<m € 10,1[™.

B

(i) The averagedness constant of Proposition 2.5 is sharper than that of [11, Lemma 2.2(iii)], namely

Plan,...,am) < Plag, ..., am). (2.14)
(i) Plar, ..., ) = g(al,...,am) if a7 = -+ = «,, and, in particular, if all the operators are firmly
nonexpansive, i.e., a3 = -+ = au, = 1/2.

(iii) If m = 2, the averagedness constant of Proposition 2.5 is strictly sharper than that of [19, Lemma 3.2,
namely (see also [8, Remark 2.2.38])

d(ag, a) < ;é\(al, as), where (Z(al,ag) = a1 + o — ajas. (2.15)

In addition, ¢(a1, 1) = $(a1,a1) < (E(oq,oq) while, for a; = 3/4 and as = 1/8, (Z(al,ag) =25/32 <

6/7 = ¢(a1, az), which shows that ¢ and ¢ cannot be compared in general.
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Proof. (i): Combine [8, Theorem 2.2.42], and [8, Corollary 2.2.17].
(ii): Set f1 = 91 = a1 and

1
b= —1—
1+ —
a;
(Vk € {2,...,m}) Z; R (2.16)
5 — kmax{ai,...,ax}
FT k= Dmax{ay,...,apt +1°
Then (2.16) yields
(Vke{l,...,m}) & = __ ko1 (2.17)
’ ’ (k — 1)a1 + ].
Let us show by induction that
(Vke{1,...,m}) Br =6 (2.18)

We have ; = 01 = ay. Next, suppose that, for some k € {1,...,m — 1}, 8 = 0. Then ax11 = a1, while
(2.10) and (2.17) yield

1 1 k+1Da
ﬁk+1 = 1 = 1 = ( ) ! = (5k+1. (2.19)
1+ 1+ kap +1
1 aq 1 o

+ +
/Bk_l—l 170&1 5;1—1 17@1

This establishes (2.18).
(iii): This inequality was already obtained in [8, Remark 2.2.38]. It follows from the fact that

-~ OélOtg(lfoél)(lfOlg)

(o, ) — ¢(a1, az) =

0. 2.20
1— oo = ( )

The remaining assertions are easily verified. 0O
3. Algorithms

We present applications of the bounds discussed in Section 2 to fixed point algorithms. Henceforth, we
denote the set of fixed points of an operator T : H — H by FixT.

As a direct application of Proposition 2.2 and Proposition 2.5, we first consider so-called “string-
averaging” iterations, which involve a mix of compositions and convex combinations of operators. In the
case of projection operators, such iterations go back to [9].

Proposition 3.1. Let (T;);er be a finite family of nonexpansive operators from H to H such that
Nicr FixT; # @, and let (a;)ier be real numbers in |0,1[ such that, for every i € I, T; is a;-averaged.
Let p be a strictly positive integer, for every k € {1,...,p} let my be a strictly positive integer and let
w € 10,1], and suppose that i : {(k,1) | k € {1,...,p}, I € {1,...,mp}} — I is surjective and that
>, wk = 1. Define

p
T = ZwkTi(k,l) o Tite,my)- (3.1)
k=1



60 P.L. Combettes, I. Yamada / J. Math. Anal. Appl. 425 (2015) 55-70

Then the following hold:

(i) Set

a=Y = . (3.2)

Then T is a-averaged and Fix T = [, Fix T;.
(ii) Let (An)nen be a sequence in |0,1/af such that 3 yAn(1/a — An) = +00. Furthermore, let xo € H
and set

(VneN) zpt1 =+ A\ (Tzp — x4). (3.3)

Then (zn)nen converges weakly to a point in ;¢ Fix T;.

Proof. (i): The a-averagedness of T follows from Propositions 2.2 and 2.5. The remaining assertions follow
from [6, Proposition 4.34 and Corollary 4.37].
(ii): This follows from (i) and [6, Proposition 5.15(iii)]. O

Remark 3.2. Proposition 3.1 improves upon [6, Corollary 5.18], where the averagedness constant « of (3.2)
was replaced by

my

o = max pr,  with (Vk € {1,...,p}) pr =

T <k (34)

1

me — 1+
maX{Oéi(m), ceey ai(lc,mk)}

In view of Remarks 2.3 and 2.7(i), &’ > « and therefore « provides a larger range for the relaxation
parameters (A, )nen.

The subsequent applications require the following technical fact.

Lemma 3.3. (See [17, Lemma 2.2.2].) Let (an)nen; (Bn)nen, and (e, )nen be sequences in [0, +o00[ such that
Y menEn < 400 and (Yn € N) ani1 < ap — By +en. Then (an)nen converges and ), o Bn < +00.

Next, we introduce a general iteration process for finding a common fixed point of a countable family of
averaged operators which allows for approximate computations of the operator values.

Proposition 3.4. For every n € N, let o, €]0,1[, let A\, € 10,1/, [, let e, € H, and let T, : H — H be an
an-averaged operator. Suppose that S = [,y Fix T, # @ and that ), .y Mnllen|| < 4o00. Let xg € H and
set, for every n € N,

neN

Tpt1 = Tp + A (TnZn + € — T4). (3.5)

Then the following hold:
(i) Letn e N, letx € S, and set v =), .y Mkllexl| +2supyey |2 — 2||. Then v < +00 and

[Zns1 — 2] < ||n + A (Tt — 20) — z||° + vAnlen] (3.6)
|

<
< |xn*$”2 An(1/ o *)‘n)HTnxn*mn||2+y)‘n||en”~ (3.7)
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(i) > enAn(L/an = An)[[Thzn — Tp|* < +o0.
(iii) (@n)nen converges weakly to a point in S if and only if every weak sequential cluster point of (xy)nen
is in S. In this case, the convergence is strong if int S # &.
(iv) (Zn)nen converges strongly to a point in S if and only if lim dg(z,) = 0.
Proof. (i): Set
R,=01-1/ap)Id+ (1/a,)T, and p, = ax\,. (3.8)
Then Fix R, = FixT,, and, by Proposition 2.1, R, is nonexpansive. Furthermore, (3.5) can be written as
Tpt1 = Ty + fn(RnZn — n) + Anen, where p, €10, 1]. (3.9)

Now set z, = xp, + pn(Rpx, — x,). Since € Fix R,, and R,, is nonexpansive, we have

2n — 2|l = H(l — ) (@n — ) + pin(Rpn — Rnx)”
< (1= pa)llzn — 2| + pol|Rpzn — Ruz||

< lzn — = (3.10)

Hence, (3.9) yields
Jnsr — 2l < 1z — 2ll + Aulleal (3.11)
< lzn — 2] + Anllen| (3.12)

and, since ), - Axllex|| < +o0, it follows from Lemma 3.3 that

v= Z)\kﬂek“ + 2sup ||z — x| < 4o0. (3.13)
Pyt keN

Moreover, using (3.11), (3.10), and [6, Corollary 2.14], we can write

2
< ’ L= pn) (@ — @) + pin (Rnan — m)” + vAn|lenll (3.14)

— pin(1 = pin) | Bny = zal|* + vAnlenl|
= (1= pn)|zn — 2l” + pol| Rpn — Ryz||?
— pin(1 = pn) | Bny = zal* + vAnlenl|
<l = 2)* = pn(1 = o) | Rz — @nll* + vAn]len]|
= ||z — z|* = X (1)t — M) | Thzn — 2nll? + vAnlen| (3.15)
< Nln — ) 4+ vAnllen])- (3.16)

Thus, (3.6) follows from (3.8) and (3.14), and (3.15) provides (3.7).
(ii): This follows from (3.7), (3.13), and Lemma 3.3.
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(iif): The weak convergence statement follows from (3.13), (3.16), and [10, Theorem 3.8], while the strong
convergence statement follows from [10, Proposition 3.10].

(iv): By [6, Corollary 4.15], the sets (Fix T}, )nen are closed, and so is therefore their intersection S. Hence,
the result follows from (3.13), (3.16), (ii), and [10, Theorem 3.11]. O

The main result of this section is the following.
Theorem 3.5. Let ¢ € ]0,1/2[, let m > 2 be an integer, let xo € H, and define ¢ as in (2.8). For every
i€{l,...,m} and every n € N, let «; , € 10,1], let T;,, : H — H be a; n-averaged, and let e;,, € H. For
everyn € N, let A\, € 10,(L —e)(1+ep(a1.ns - @mn))/O(@1m, ..., 0mn)] and set

Tn+1 = Tn + )\n (Tl,n (T2,n ( o Tmfl,n(Tm,nxn + em,n) + €m—1,n"" ) + 62,77,) + €1,n — xn) (317)

Suppose that

S=(\Fix(TipTnn) #2 and (Vi€ {l,...,m}) Y Anlleinll < +o0, (3.18)
neN neN
and define
. _ Ti+1,n e Tm,n; Zfl # m;
(Vie{l,...,m})(VneN) Ty, = {Id, ifi=m. (3.19)

Then the following hold:

(i) Dnen An(1/d(a1,n;s -y mm) = M) [ T1n - - - Tonn @ — Tn|]? < +oo.
(11) (VZU € S) 11’1’1<X Z (70[’)”(:[(31 — Ti,n)Ti—i-,nxn — (Id — Ti)n)Ti_han”Q < +00.

i i,mn

neN
(iii) (xn)nen converges weakly to a point in S if and only if every weak sequential cluster point of (z,)nen

is in S. In this case, the convergence is strong if int S # &.
(iv) (Zn)nen converges strongly to a point in S if and only if lim dg(z,) = 0.
Proof. Let n € N and let € S. We can rewrite (3.17) as an instance of (3.5), namely
Tnt1 = Tp + A (T + € — Th), (3.20)
where
Tn=TinTnn (3.21)
and
en =Tin(Tomn (- Tn1,0(Tnn@n + €mn) + €m—1m ) +€2n) +e1n —Tip Trnnn.  (3.22)

It follows from Proposition 2.5 that

T, is a-averaged, where o, = ¢(Q1py- -+, Qmon)- (3.23)
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Since a, €]0,1],

(1-e)(i+ean) _(1-g)(1+e) 1-€ 1 (3.24)

Qp 70 70 70

and therefore A\, € ]0,1/a,[, as required in Proposition 3.4.
(i): Using the nonexpansiveness of the operators (T ,,)1<i<m, we derive from (3.22) that

leall < flewnll
T (Ton (- Tone1.0 (T @ + €mn) + €m—1m ) + €2.0) = T+ Tonn@a|
< el
+ HTg,n (Ta (- Trne10(Trnn@n + €mmn) + €m—1n ) +€30) + €25 — T ~Tm,nmn||
< llerall + lleznl

+ HTS,n (T4,n ( o Tmfl,n(Tm,nxn + em,n) + €m—1,n"" ) + e4,n) + €3n — T3,n T Tm,nan

<Y leinl- (3.25)
i=1
Accordingly, (3.18) yields
> Aellex] < +oc. (3.26)
keN
Hence, we deduce from Proposition 3.4(i) that
v= ZAkHekH + 2sup ||z — x| < 400 (3.27)
keN keN
and from Proposition 3.4(ii) that
1 2
Z M|l — — A\ ||Tkxk — IL‘kH < +o00. (328)
ken Nk
(ii): We derive from Proposition 2.1 that
(Vie{1,...,m})(¥(u,v) € H?)
1 — On 2
1 T5nu — vaHz < lu — v||2 — T’ H(Id —T;n)u— (Id — ﬂn)v|| . (3.29)
Using this inequality m times leads to
||Tnxn - l‘||2 = ||T1,n t Tm,nxn - Tl,n T Tm,nm”2
Tl -y 2
< lan — 2> = ——|(1d = T3 ) Ti nvn = (1d = Tyn) Tig
i=1 L
< N — a2 - 2 (3.30)
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where
= A s (2 (10— T3 )T — (10 = Ty T ). (3.31)
SRS B G in)Lit nn i) Titon
Note also that
a, < L=e)tean) o Ltean
An (1 + E)Oén

1 1
€ eay,
1/ 1
= )\n—lgg(——)\n). (3.32)
Thus, Proposition 3.4(i), (3.20), and [6, Corollary 2.14] yield

2
241 —z|* < H(l = A)(@n = @) + An (Tan — ac)” + vAn|lenl]
= (L= A)lzn = 2l + X[ Town = 21 + Aa(An = D[ Tozzn — 20> + vAnllen]|
(1= )llzn = 2[? + M| Tozn — ]| + en, (3.33)

where

(1
f=2n (_ - /\n) I Toon — 2ll? + vallenl] (3.34)
o

n

On the one hand, it follows from (3.26), (3.27), and (3.28) that

> e < +o0. (3.35)

On the other hand, combining (3.30) and (3.33), we obtain
lzns1 = 2]1* < flon — 2l = B + en. (3.36)

Consequently, Lemma 3.3 implies that ), . Bx < +o0.
(iii)—(iv): These follow from their counterparts in Proposition 3.4. O

Remark 3.6. Theorem 3.5 extends the results of [11, Section 3], where the relaxations parameters (Ap,)nen
cannot exceed 1. Since these parameters control the step-lengths of the algorithm, the proposed extension
can result in significant accelerations.

4. Application to forward—backward splitting

The forward-backward algorithm is one of the most versatile and powerful algorithms for finding a zero
of the sum of two maximally monotone operators (see [12,13] and the references therein for historical back-
ground and recent developments). In [11], the first author showed that the theory of averaged nonexpansive
operators provided a convenient setting for analyzing this algorithm. In this section, we exploit the results of
Sections 2 and 3 to further extend this analysis and obtain a new version of the forward—backward algorithm
with an extended relaxation range.
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Let us recall a few facts about monotone set-valued operators and convex analysis [6]. Let A : H — 2%
be a set-valued operator. The domain, the graph, and the set of zeros of A are respectively defined by
domA ={zeH | Az # @}, graAd = {(z,u) e HxH | u € Ax}, and zer A = {x € H | 0 € Az}. The
inverse of A is A7 : H + 2" u s {o € H | u € Az}, and the resolvent of A is

Ja=(1d+ AL (4.1)

This operator is firmly nonexpansive if A is monotone, i.e.,
(V(z,y) € H x H) (V(u,v) € Az x Ay) (z—y|u—v) >0, (4.2)
and dom J4 = H if, furthermore, A is maximally monotone, i.e., there exists no monotone operator B :
H — 2" such that gra A C gra B and A # B. We denote by I';(#) the class of proper lower semicontinuous

convex functions f : H — ]—oo, +00]. Let f € Ih(H). For every x € H, f + ||x — -||?/2 possesses a unique
minimizer, which is denoted by prox; z. We have

prox; = Jyy, where Of :H =2 ax s {ueM | (VyeH) (y—a|u)+ flz) < fy)} (4.3)

is the Moreau subdifferential of f.
We start with a specialization of Theorem 3.5 to m = 2.

Corollary 4.1. Let ¢ € 10,1/2[ and let 9y € H. For every n € N, let ay,, € ]0,1/(1 4 ¢)], let ag, €
10,1/(1 +¢€)], let T, : H — H be oy n-averaged, let T, : H — H be ag p,-averaged, let 1, € H, and let
e2n € H. In addition, for every n € N, let

(1—e)(1+copn) a1+ Qo p — 200 poog,

An € |g, o , where ¢, = T ——— , (4.4)
and set
Tpil = Tp + An (len(TzwniUn +ean)tern — xn) (4.5)
Suppose that
S = ﬂ Fix(Th nTs,n) # 9, Z Anllern]| < 400, and Z Anllezn| < +oo. (4.6)
neN n€eN neN

Then the following hold:

(i) Vze8) ¥ enTinTonmtn — Topin + T px — z||* < 400.

(i) (Ve €8) Y en ITem®n — xp — Tonz + z||? < 4o0.

(iii) >, en 1T Tomen — x,]|? < +oo.

(iv) Suppose that every weak sequential cluster point of (n)nen is in S. Then (x,)nen converges weakly to
a point in S, and the convergence is strong if int S #£ &.

(v) Suppose that limdg(z,) = 0. Then (z,)nen converges strongly to a point in S.

Proof. For every n € N, since ¢, € 0,1, e <1—¢e < (1 —¢€)(1/¢y, +€) and A, is therefore well defined in
(4.4). Overall, the present setting is encompassed by that of Theorem 3.5 with m = 2.
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(i)—(ii): Let € S. We derive from Theorem 3.5(ii) with m = 2 that

Z M}’(Id - Tl,n)T27nxn - (Id - CZ-'LTL)I‘VQJ’V/I:H2 < +oo

neN A1,n (4 7)
An(l — Qg n) 2 ’
21 - Ton )z — (Id = Top)z||” < 4o
Qa2 n
neN ’
However, it follows from the assumptions that
An(l— A (1 —
(fneN) T1,Trur=uz, % > and n( = A2.n) > €2, (4.8)
1,n 2,n

Combining (4.7) and (4.8) yields the claims.
(iii): Let « € S. Then, for every n € N,

||T1,nT2,nxn - :I/'nH2 = H(TI,nTQ,nxn - TQ,nxn + TQ,nx - .’E) + (TQ,nﬁrn — Tp — T2,nx + $)||2
2T nTon®n — Ton@n + To p — z|)* + 2| Tontn —xp — Topx + =) (4.9)

Hence the claim follows from (i)—(ii).
(iv)—(v): These follow from Theorem 3.5(iii)—(iv). O

Definition 4.2. (See [1, Definition 2.3].) An operator A : H — 27 is demiregular at x € dom A if, for every
sequence ((Z, Un))nen in gra A and every v € Ax such that x, — = and u,, — u, we have z,, — x.

Here are some examples of demiregular monotone operators.

Lemma 4.3. (See [1, Proposition 2./].) Let A : H — 2 be monotone and suppose that x € dom A. Then A
is demiregular at x in each of the following cases:

(i) A is uniformly monotone at x, i.e., there exists an increasing function 6 : [0,4+o00[ — [0,400] that
vanishes only at 0 such that (Vu € Az)(V(y,v) € graA) (x —y | u—v) = 0(||z — y|]).

(ii) A is strongly monotone, i.e., there exists o € |0, +00[ such that A — aId is monotone.

(iii) Ja is compact, i.e., for every bounded set C C H, the closure of Ja(C) is compact. In particular,
dom A is boundedly relatively compact, i.e., the intersection of its closure with every closed ball is
compact.

(iv) A:H — H is single-valued with a single-valued continuous inverse.

(v) A is single-valued on dom A and Id — A is demicompact, i.e., for every bounded sequence (Tp)nen in
dom A such that (Axy)nen converges strongly, (x,)nen admits a strong cluster point.

(vi) A = Of, where f € Io(H) is uniformly convex at x, i.e., there exists an increasing function 0 :
[0, +o00[ — [0, +00] that vanishes only at O such that

(Vo €10,1]) (Vy € dom f)
flaz+ (1= a)y) +a(l = a)f(|z - yll) < af(@) + (1 - a)f(y). (4.10)

(vii) A =0f, where f € Iy(H) and, for every £ € R, {x € H | f(x) < &} is boundedly compact.

Our extended forward—backward splitting scheme can now be presented.
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Proposition 4.4. Let 3 € 0,400, let ¢ € ]0,min{1/2,B}[, let xg € H, let A : H — 2™ be mazimally
monotone, and let B : H — H be B-cocoercive, i.e.,

(Ve e H)(Vy € H) (x—y| Bx — By) > f||Bx — By|*. (4.11)

Furthermore, let (yn)nen be a sequence in [e,28/(1 + €)], and let (an)nen and (bn)nen be sequences in H
such that Y-, o llan|] < 400 and Y-, o ||bn|| < 400. Suppose that zer(A+ B) # & and, for everyn € N, let

An € [5,(1—6) <2+s— ;—;)] (4.12)
and set
Tng1 = Tn + A (Jy, a(Tn — Yo (Bayp + by)) + an — a0). (4.13)
Then the following hold:

(1) Xpen Iy, a(@n — mBan) — p||* < +o0.
(ii) Let x € zer(A+ B). Then Y., o | By, — Bz|* < +oc.
(iii) (zn)nen converges weakly to a point in zer(A + B).
(iv) Suppose that one of the following is satisfied:
(a) A is demiregular at every point in zer(A + B).
(b) B is demiregular at every point in zer(A + B).
(c) int S # 2.

Then (zp)nen converges strongly to a point in zer(A + B).
Proof. We are going to establish the results as an application of Corollary 4.1. Set
(VneN) Ti,=J,,a, Ty, =1d — v, B, €1n = Gpn, and ez, = —VY,by,. (4.14)

Then, for every n € N, T1 ,, is a; p-averaged with aq, = 1/2 [6, Remark 4.24(iii) and Corollary 23.8] and
Ty, is a9 p-averaged with aq,, = v,/(28) [6, Proposition 4.33]. Moreover, for every n € N,

a1n + a2 n — 2a1,na2,n _ 25

on = [ —— RPT (4.15)
and, therefore,
A € [e,(L—e)(1 +ehn)/dn], (4.16)
in conformity with (4.4). In turn, (2.12) yields
(Vn € N) An<i+5< +e=2+e. (4.17)

(rbn a1 pn

Consequently,

> Mallernll = 2+) Y llanl < +00 and > Anlleznll 22 +2)8> [|bnll < 400 (4.18)

neN neN neN neN
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On the other hand, [6, Proposition 25.1(iv)] yields
(Vn eN) zer(A+ B) =Fix(Th nTo.n). (4.19)

Altogether, S = zer(A + B) # @, (4.6) is satisfied, and (4.13) is an instance of (4.5).
(i): This is a consequence of Corollary 4.1(iii) and (4.14).
(ii): Corollary 4.1(ii) and (4.14) yield

S UBan = BelP = 32 72 Tomen — o — Tan +
neN neN

<e 2 Z T2 nZn — xn — T2 pnx + gc||2
neN
< +o00. (4.20)

(iii): Let (k,)nen be a strictly increasing sequence in N and let y € H be such that zx, — y. In view of
Corollary 4.1(iv), it remains to show that y € zer(A + B). We set

(VneN) vy, =Jy, a(xy — WmBz,) and u, = an— In _ Bz, (4.21)
n

and note that
(Yn eN) wu, € Ay,. (4.22)

We derive from (i) that y,, —x, — 0, hence y, — y. Now let x € zer(A+ B). Then (ii) implies that Bz, —
Bz, hence w,, — —Bx. However, since (4.11) implies that B is maximally monotone [6, Example 20.28],
it follows from the properties zj, — y and Bxy, — Bz that By = Bz [6, Proposition 20.33(ii)]. Thus,
Yk, — y and ug, — —By, and it therefore follows from (4.22) and [6, Proposition 20.33(ii)] that —By € Ay,
ie., y € zer(A+ B).

(iv): By (iii), there exists x € zer(A + B) such that x,, — x. In addition, we derive from (4.21), (i), and
(ii) that y, — = and u,, - —Bz € Ax.

(iv)(a): Suppose that A is demiregular at . Then (4.22) yields y,, — « and (i) implies that z,, — .

(iv)(b): Suppose that B is demiregular at z. Since z,, — x and Bx,, — Bz by (ii), we have z,, — z.

(iv)(c): This follows from (iii) and Corollary 4.1(iv). O

Remark 4.5. Proposition 4.4 extends [11, Corollary 6.5] and [1, Theorem 2.8], which impose the additional
assumption that the relaxation parameters (\,)nen satisfy (Vn € N) A\, < 1. By contrast, the relaxation
range allowed in (4.12) can be an arbitrarily large interval in ]0,2[ and the maximum relaxation is always
strictly greater than 1.

Remark 4.6. In Proposition 4.4, the parameters (7, )nen are allowed to vary at each iteration. Now suppose
that they are restricted to a fixed value v € ]0,25[. Then, as in (3.20), (4.13) reduces to 41 = =y +
M (Txy +en—xy), where T = J, 4 (Id —yB) is a-averaged and e,, is given by (3.22). In this special case, the
weak convergence of (2,,)nen to a zero of A+ B can be derived from Proposition 3.4(iii) applied with T,, = T,
an = a, and (Ay)nen in ]0, 1/af satisfying 3, o An(1/a=Xy,) = 400 (see also [6, Proposition 5.15(iii)]). This
approach was proposed in [6, Theorem 25.8(i)] with the constant a = ¢(1/2,7/(28)) = 1/(1/2+min{1, 3/7})
of (2.13), and revisited in [14, Lemma 4.4] in the case of subdifferentials of convex functions with the sharper
constant « = ¢(1/2,v/(28)) = 28/(45 — 7) of [16, Theorem 3(b)] (see Remark 2.7).
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Proposition 4.7. Let § € |0, 00|, let € € |0, min{1/2, B}[, let xg € H, let f € To(H), let g : H — R be convex
and differentiable with a 1/3-Lipschitz gradient, and suppose that the set S of solutions to the problem

miImliE%ize f(z) + g(z) (4.23)

is nonempty. Furthermore, let (yn)nen be a sequence in [€,26/(1 + €)], and let (an)nen and (bp)nen be
sequences in H such that )y llan|| < +o0 and ), y||bnll < +o00. For every n € N, let A\, € [e,(1 —
e)(2+e—v./(2B))] and set

Tnal = Tp + An (prox%f(mn — Vn (Vg(:cn) + bn)) +a, — xn) (4.24)

Then the following hold:

(i) Yonen llprox, ¢(zn — mVg(zs)) — zn* < +o0.
(i) Letxz € S. Then Y, .y IVg(zy) — Vg(z)[|* < 4o0.
)
)

(iii) (zp)nen converges weakly to a point in S.

(iv) Suppose that Of or Vg is demiregular at every point in S, or that int .S # &. Then (x,)nen converges
strongly to a point in S.

Proof. Using the same arguments as in [6, Section 27.3], one shows that this is the specialization of Propo-
sition 4.4 to the case when A =0f and B=Vyg. O
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