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STOCHASTIC QUASI-FEJER BLOCK-COORDINATE FIXED POINT
ITERATIONS WITH RANDOM SWEEPING*

PATRICK L. COMBETTES! AND JEAN-CHRISTOPHE PESQUET?

Abstract. This work proposes block-coordinate fixed point algorithms with applications to
nonlinear analysis and optimization in Hilbert spaces. The asymptotic analysis relies on a notion of
stochastic quasi-Fejér monotonicity, which is thoroughly investigated. The iterative methods under
consideration feature random sweeping rules to select arbitrarily the blocks of variables that are
activated over the course of the iterations and they allow for stochastic errors in the evaluation of the
operators. Algorithms using quasi-nonexpansive operators or compositions of averaged nonexpansive
operators are constructed, and weak and strong convergence results are established for the sequences
they generate. As a by-product, novel block-coordinate operator splitting methods are obtained
for solving structured monotone inclusion and convex minimization problems. In particular, the
proposed framework leads to random block-coordinate versions of the Douglas—Rachford and forward-
backward algorithms and of some of their variants. In the standard case of m = 1 block, our results
remain new as they incorporate stochastic perturbations.

Key words. arbitrary sampling, block-coordinate algorithm, fixed-point algorithm, mono-
tone operator splitting, primal-dual algorithm, stochastic quasi-Fejér sequence, stochastic algorithm,
structured convex minimization problem
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1. Introduction. The main advantage of block-coordinate algorithms is to
result in implementations with reduced complexity and memory requirements per
iteration. These benefits have long been recognized [3, 18, 50] and have become
increasingly important in very-large-scale problems. In addition, block-coordinate
strategies may lead to faster [20] or distributed [41] implementations. In this paper,
we propose a block-coordinate fixed point algorithmic framework to solve a variety of
problems in Hilbertian nonlinear numerical analysis and optimization. Algorithmic
fixed point theory in Hilbert spaces provides a unifying and powerful framework for
the analysis and the construction of a wide array of solution methods in such prob-
lems [5, 7, 19, 22, 66]. Although several block-coordinate algorithms exist for solving
specific optimization problems in Euclidean spaces, a framework for dealing with gen-
eral fixed point methods in Hilbert spaces and which guarantees the convergence of
the iterates does not seem to exist at present. In the proposed constructs, a random
sweeping strategy is employed for selecting the blocks of coordinates which are acti-
vated over the iterations. The sweeping rule allows for an arbitrary sampling of the
indices of the coordinates. Furthermore, the algorithms tolerate stochastic errors in
the implementation of the operators. This paper provides the first general stochastic
block-coordinate fixed point framework with guaranteed convergence of the iterates.
It generates a wide range of new algorithms, which will be illustrated by numerical
experiments elsewhere.
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A main ingredient for proving the convergence of many fixed point algorithms
is the fundamental concept of (quasi-)Fejér monotonicity [21, 23, 33, 57]. In section
2, refining the seminal work of [34, 35, 36], we revisit this concept from a stochastic
standpoint. By exploiting properties of almost supermartingales [59], we establish
novel almost sure convergence results for an abstract stochastic iteration scheme. In
section 3, this scheme is applied to the design of block-coordinate algorithms for
relaxed iterations of quasi-nonexpansive operators. A simple instance of such iter-
ations is the Krasnosel’skii-Mann method, which has found numerous applications
[7, 17]. In section 4, we design block-coordinate algorithms involving compositions
of averaged nonexpansive operators. The results are used in section 5 to construct
block-coordinate algorithms for structured monotone inclusion and convex minimiza-
tion problems. Splitting algorithms have recently become tools of choice in signal
processing and machine learning; see, e.g., [17, 27, 29, 31, 56, 60]. Providing versatile
block-coordinate versions of these algorithms is expected to benefit these emerging
areas, as well as more traditional fields of applications of splitting methods, e.g., [39].
One of the offsprings of our work is an original block-coordinate primal-dual algorithm
which can be employed to solve a large class of variational problems.

2. Stochastic quasi-Fejér monotonicity. Fejér monotonicity has been ex-
ploited in various areas of nonlinear analysis and optimization to unify the conver-
gence proofs of deterministic algorithms; see, e.g., [7, 23, 33, 57]. In the late 1960s,
this notion was revisited in a stochastic setting in Euclidean spaces [34, 35, 36]. In this
section, we investigate a notion of stochastic quasi-Fejér monotone sequence in Hilbert
spaces and apply the results to a general stochastic iterative method. Throughout
the paper, the following notation will be used.

Notation 2.1. H is a separable real Hilbert space with scalar product (- | -), as-
sociated norm || - ||, and Borel o-algebra B. Id denotes the identity operator on H
and — and — denote, respectively, weak and strong convergence in H. The sets of
strong and weak sequential cluster points of a sequence (x,)nen in H are denoted by
S (Xn )nen and W(xy )nen, respectively. The underlying probability space is (2, F, P).
A H-valued random variable is a measurable map z: (Q,F) — (H, B). The o-algebra
generated by a family ® of random variables is denoted by o(®). Let % = (F,,)nen
be a sequence of sub-sigma algebras of F such that (Vn € N) &, C F,,11. We denote
by (4 (%) the set of sequences of [0, +oo[-valued random variables (&, )nen such that,
for every n € N, &, is F,-measurable. We set

(21)  (¥p€]o,+oc) fﬁ(f)—{(ﬁn)nel\leh(f)‘Z€Z<+OO P}

neN

and

(2.2) 12(F) = {(gn)neN €l (F) | sup&, < 00 P—a.s.} .

neN

Given a sequence (2, )nen of H-valued random variables, we define
(2.3) 2 = (Xp)nen, where (VneN) X, =o(xg,...,x,).

Equalities and inequalities involving random variables will always be understood to
hold P-almost surely, even if the expression “P-a.s.” is not explicitly written. For
background on probability in Hilbert spaces, see [37, 42].
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LeEMMA 2.2 (see [59, Theorem 1]). Let F = (F,,)nen be a sequence of sub-sigma
algebras of F such that (Vn € N) F,, C Fpp1. Let (an)nen € Lo(F), (Un)nen €
(o (F), ()nen € L (F), and (Xn)nen € (F) be such that

(2.4) (Vn eN) E(ant1|Fn) +90 < (14 xn)n + 1, P-as.

Then (9n)nen € €L (F) and (on)nen converges P-a.s. to a [0, 4oo[-valued random
variable.

PROPOSITION 2.3. Let F be a nonempty closed subset of H, let ¢: [0, +o0[ —
[0,+00[ be a strictly increasing function such that lims— oo ¢(t) = +o0, and let
(Tn)nen be a sequence of H-valued random variables. Suppose that, for every z € F,
there ezist (Xn(2))nen € LL(Z), (9n(2))nen € L4 (Z), and (nn(2))nen € L1(Z) such
that the following is satisfied P-a.s.:

(25) (VneN) E(@([|zns1 —2zl)|Xn) +In(z) < (1 + xn(2)¢(2n —2[) + 1a(2).

Then the following hold:

(i) (Vz€F) [ X, enPn(z) < 400 P-as.].

(ii) (#n)nen is bounded P-a.s.

(iii) There exists Q € F such that P(ﬁ) =1 and, for every w € Q and everyz € F,

(Izn(w) — 2lnen converges.

(iv) Suppose that W(xy)nen C F P-a.s. Then (x,)nen converges weakly P-a.s. to

an F-valued random wvariable.

(v) Suppose that &(zy)nenNF # & P-a.s. Then (x,)nen converges strongly P-a.s.

to an F-valued random variable.

(vi) Suppose that S(xn)neny # @ P-a.s. and that W(x,)ney C F P-as. Then

(Tn)nen converges strongly P-a.s. to an F-valued random variable.

Proof. (i) Fix z € F. Tt follows from (2.5) and Lemma 2.2 that ) _yU.(z) <
400 P-a.s.

(ii) Let z € F and set (Vn € N) &, = ||z, —2z||. We derive from (2.5) and Lemma 2.2
that (¢(&n))nen converges P-a.s., say, ¢(&,) — a P-a.s., where a is a [0, +-oo[-valued
random variable. In turn, since lim;_, 1~ @(t) = 400, ({n)nen is bounded P-a.s. and
80 18 (zn)nen. For subsequent use, let us also note that

(2.6) (|lzs, — 2||)nen converges to a [0, +ool-valued random variable P-a.s.

Indeed, take w € € such that (§,(w))nen is bounded. Suppose that there exist
T(w) € [0, 400[, {(w) € [0, +o0], and subsequences (&, (W))nen and (&, (w))nen such
that &, (w) = 7(w) and &, (w) — ((w) > T(w), and let §(w) € 10, (((w) — 7(w))/2].
Then, for n sufficiently large, &, (w) < 7(w) +d(w) < ((w) —0(w) < &, (w) and, since
¢ is strictly increasing, ¢(&, (w)) < ¢(7(w) 4+ d(w)) < P(C(w) — 0(w)) < (&, (w)).
Taking the limit as n — +o00 yields a(w) < ¢(7(w) + d0(w)) < P(¢(w) — d(w)) < a(w),
which is impossible. It follows that 7(w) = ((w) and, in turn, that &,(w) = 7(w).
Thus, &, — 7 P-a.s.

(iii) Since H is separable, there exists a countable set Z such that Z = F. According
to (2.6), for every z € F, there exists a set 2, € F such that P(Q,) = 1 and, for every
w € €, the sequence (||z, (w) —2z||)nen converges. Now set = (,cz 22 and let CQ be
its complement. Then, since Z is countable, P(Q2) = 1 — P(CQ) = 1 — P({U,, 02) =
1-3,c,P(CQ;) =1, hence P(Q) = 1. We now fix z € F. Since Z = F, there exists a
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sequence (zx)ren in Z such that z; — z. As just seen, (2.6) yields
(2.7) (VE e N)(371: Q@ = [0, 400 )(Vw € Q) |ln(w) — zk|| = 75(w).

Now let w € . We have

(2.8) (VkeN)(VneN) —|zx —z|| < [|zn(w) — 2z|| = |lzn(w) — z&| < llzx — 2]|-
Therefore
(VkeN) —lzx—z| < lim [zn(w) -z lm |z, (w)— 2zl
n—-+o0o n—=400

= lim [zn(w) —2z| - 7(w)
n—-+oo

< T flzn(w) =2l - m(w)

= T o) — 2]~ lm_fen(w) - 2

(2.9)

VA

llzi —2|-

Hence, taking the limit as k — +oco in (2.9), we obtain that (||, (w) — z||)nen con-
verges; more precisely, lim,,_, 4« ||z (w) — z|| = limg_s 400 Tk (w).

(iv) By assumption, there exists Q0 € F such that P(Q) = 1 and (Vw € ()
W (2 (w))nen C F. Now define € as in the proof of (iii), let w € © N, and let 2(w)
and y(w) be two points in W(z, (w))nen, say, zx, (w) = z(w) and z;, (w) — y(w).
Then (iii) implies that (||z,(w) — 2(w)||)nen and (||zn(w) — y(w)||)nen converge. In
turn, since

(210) (I eN) (zn(w) | 2(w) - y())

= %(Ilﬂﬁn(w) —y(@)? = llzn(w) = z(@)I* + z@)I* = ly@)II*),
the sequence ({x,(w) | z(w) — y(w)))nen converges, say,
(2.11) (zn(w) [ 2(w) —y(W)) = o(w).

However, since zj, (w) — z(w), we have (z(w) | #(w) — y(w)) = o(w). Likewise,
passing to the limit along the subsequence (z;, (w))nen in (2.11) yields

(2.12) (W) [ z(w) = y(w)) = o(w).
Thus,
(2.13) 0= (z(w) | 2(w) — yw)) = Y() | 2(w) = y(W)) = [z(w) —y(w)|*

This shows that z(w) = y(w). Since w € €, (#n(w))nen is bounded and we invoke [7,
Lemma 2.38] to conclude that z,(w) — z(w) € F. Altogether, since P(QN Q) = 1,
xn, — x P-a.s. and the measurability of z follows from [55, Corollary 1.13].

(v) Let 2 € &(2)nen NF P-a.s. Then there exists Q) € F such that P(Q) = 1 and
(Vw € Q) lim ||z (w) — z(w)|| = 0. Now let € be as in (iii) and let w € QN Q. Then
PQNQ) =1, 2(w) € F, and (iii) implies that (||z,(w) — 2(w)||)nen converges. Thus,
lim ||z, (w) — z(w)|| = 0. We conclude that x,, — = P-a.s.
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(vi)=(v) Since & # &(zp)nen C W(zp)nen C F P-as., we have &(z), )nen NF #
& P-a.s. a

Remark 2.4. Suppose that ¢: ¢ — t2 in (2.5). Then special cases of Proposi-
tion 2.3 are stated in several places in the literature. Thus, stochastic quasi-Fejér
sequences were first discussed in [34] in the case when H is a Euclidean space and for
every n € N, 9, = x,, = 0 and 7,, is deterministic. A Hilbert space version of the
results of [34] appears in [4] without proof. Finally, the case when all the processes
are deterministic in (2.5) is discussed in [21].

The analysis of our main algorithms will rely on the following key illustration
of Proposition 2.3. This result involves a general stochastic iterative process and it
should also be of interest in the analysis of the asymptotic behavior of a broad class
of stochastic algorithms, beyond those discussed in the present paper.

THEOREM 2.5. Let F be a nonempty closed subset of H, let (An)nen be a sequence
in 10,1], and let (tp)nen, (Tn)nen, and (en)nen be sequences of H-valued random
variables. Suppose that the following hold:

(i) (Vn € N) 2,41 —zn—l—/\ (tn + €n — Tp).

(i) > nen AnVE(llenl?[Xn) < 400 P-aus.

(ili) For every z € F, there exist (0,(2))nen € (X)), (1n(2))nen € LX(X),

and (v (2))nen € L3°(Z) such that (Appn(2))nen € LL(2), (Aavn(2))nen €

61/2(3{), and the following is satisfied P-a.s.:

(2.14) (Yn € N)  E(|lty —2[*[X0) + 00(2) < (1 + pn(2)) |20 —2|* + va(2).

Then
(2.15) (Vz € F) { D Anbn(z) < 400 P-as.
neN
and
(2.16) > Al E([tn — 2n]?|X,) < +o00 P-as.

neN

Furthermore, suppose that

(iv) W(zp)nen C F P-aus.
Then (xy)nen converges weakly P-a.s. to an F-valued random variable . If, in addi-
tion,

(v) &(zn)nen # 2 P-as.,
then (xn)nen converges strongly P-a.s. to x.
Proof. Let z € F and set

(2.17) VneN)  en=AvVE(len2[X0)-

It follows from Jensen’s inequality and (iii) that

VE(|ltn = z[?[Xn)

VI + (@) [zn — 22 + va(2)
VI+ @)z =2l + v/val2)
(L+ pn(@)/2) |20 — 2|l + Vi (2).

(Vn e N)  E(|[tn —2/[[Xn)

<
<
<
<

(2.18)
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On the other hand, (i) and the triangle inequality yield
(2.19) (Vn e N) lent —2l| < (1= A)l[zn — 2] + Anlltn — 2] + Anllenl|-
Consequently,

(Vn € N)  E(lzn+1 —2[|Xn) < (1= An)llzn — 2[| + AnE(([tn — 2[|[X5)
+ AnE(llenll[Xn)

< (14 2@y, g
+ AV (2) + A VE([len]? ] Xn)
(2.20) = (1+ A”“T"(Z)) In — 2| + /At (@) + en.

Upon applying Proposition 2.3(ii) with ¢: ¢t — ¢, we deduce from (2.20) that (2 )nen
is almost surely bounded and, by virtue of assumption (iii), that (E(||t,, —2||?| X)) nen
is likewise. Thus, there exist ]0, +-oo[-valued random variables p;(z) and pa(z) such
that, almost surely,

(2.21) (Vn eN) |lan — 2| <pi(z) and  VE([[tn —2[I?|Xn) < p2(2).

Now set
(2.22)
Xn(2) = Anpin(2),
i eny 460 = 20— h)a = 2] el + 222t =2l ] + e

Un(2) = Al (2) + A (1 = M)E([[tn — 20 [*[Xn),
1n(2) = E(6n(2) [Xn) + Anvn(2).
On the one hand, it follows from (2.22), the Cauchy-Schwarz inequality, and (2.17)
that
(Vn e N)  E(n(2)[Xn) =200 (1 = An)[2n — 2| E([len] [Xn)
+ 200E(lltn — 2ll llenll1Xn) + AZE(llenl* |Xn)
<2 [lzn = zll VE(leall* [X0)

+2Xn VE(Itn — 221 Xn) VE(llen]? [Xn)

+ AL E(llen?] %)
(2.23) <2(p1(2) + pa(2))en + €5

In turn, we deduce from (2.17), (2.22), (ii), and (iii) that
(2.24) (11.(2)) e € (%) and (Xn(2)),,cn € CH(2).
On the other hand, we derive from (i), [7, Corollary 2.14], and (2.22) that
(VneN) lzng1 =zl = [I(1 = M) (@0 — 2) + An(tn — 2)|1?
+ 22 ((1 = A) (@ —2) + A (tn — 2) | €n) + A2 len]l?
< (1= )llwn — Z||2 + Anlltn — ZH2
(2.25) M (L= X))t — 2 ||? + €n(2).
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Hence, (iii), (2.22), and (2.23) imply that

(Vn €N)  E(llent1 —2l*|%Xn)
<@ =)z — Z||2 + AE([ltn — Z||2|xn) = An (1= An)E(|[tn — In”2|xn)
+ E(6n(2) | Xn)
< (=) llzn — ZH2 + )‘n((l + pin(2)) |20 — ZH2 +vn(z) - On(z))
= ML= M)E(ltn — @n]® [ Xn) + E(6n(2) | Xn)
(226) < (L+xa(@))llzn —2l* = On(2) + 1a(2).

Thus, in view of (2.24), applying Proposition 2.3(i) with ¢: ¢t +— 2 yields
Y nenUn(z) < 400 P-as. and it follows from (2.22) that (2.15) and (2.16) are es-
tablished. Finally, the weak convergence assertion follows from (iv) and Proposi-
tion 2.3(iv) applied with ¢: ¢ — t2. Likewise, the strong convergence assertion follows
from (iv)—(v) and Proposition 2.3(vi) applied with ¢: ¢ — 2. O

DEFINITION 2.6. An operator T: H — H is nonexpansive if it is 1-Lipschitz, and
it is demicompact at'y € H if, for every bounded sequence (yn)nen in H such that
Tyn — yn — Yy, we have S(yp)nen # & [54].

Although our primary objective is to apply Theorem 2.5 to block-coordinate
methods, it also yields new results for classical methods. As an illustration,
the following application describes a Krasnosel’skii-Mann iteration with stochastic
errors.

COROLLARY 2.7. Let (A )nen be a sequence in [0,1] such that Y o An(1=X\p) =
400 and let T: H — H be a nonexpansive operator such that Fix T # &. Let ¢ and
(en)nen be H-valued random variables. Iterate

forn:O,l,...
(2.27) | ng1 = @+ A (T + e — 2,).

In addition, assume that Yy An/E(|len|?|X,) < 400 P-a.s. Then the following
hold:

(i) (n)nen converges weakly P-a.s. to a (Fix T)-valued random variable.
(ii) Suppose that T is demicompact at O (see Definition 2.6). Then (xn)nen con-
verges strongly P-a.s. to a (Fix T)-valued random variable.
Proof. Set F = FixT. Since T is continuous, T is measurable and F is closed.
Now let z € F and set (Vn € N) ¢,, = Ta,,. Then, using the nonexpansiveness of T,
we obtain

Tp+1 = Tn + )\n(tn +en — -Tn)a
(2.28) (Vn € N) E(ltn — znll?|X0) = | Tz — z0||?,
E(l[tn — 2l Xn) = [ Tay — T2l* < f|l2n —2|*.

It follows that properties (i)—(iii) in Theorem 2.5 are satisfied with (Vn € N) 6,, = 0,
tn =0, and v, = 0. Hence, (2.16) and (2.28) imply the existence of 2 € F such that
P(Q) =1 and

(2.29) (Vw €)Y Al =) Tan(w) — zn(w)]* < +o0.

neN
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Moreover,

(VneN) [[Tons — Zpga|l = [Tongr — Tap + (1 = X)) (Tan — 2n) — Anen|
< Tzns1 = Tzl + (1 = A)[[Tzn — znll + Anllen]|
<zt = znll + (1 = A)[[Tzn — 20l + Anllen]]
S MllTen — 2o + (1= X)) Ton — 20| + 20 enll
(2.30) = [|Tzn — xnl| + 20| en]]

and, therefore,

[ Tan — on | + 2AnE(llenl| | Xn)

Tan — znll + 220 VE([len]]? [ Xn)-

In turn, Lemma 2.2 implies that there exists Q C Q such that Q € F, P(ﬁ) =1, and,
for every w € Q, (|| Tn(w) — 24 (w)||)nen converges.

(i) It is enough to establish property (iv) of Theorem 2.5. Let w € { and let
x € W(xp(w))nen, say, Tk, (w) = x. In view of (2.29), since Y. _An(l—=A,) = 400,
we have lim || Tx, (w) — x4 (w)]| = 0. Therefore,

(YneN) E(|Tzn1 — zngall[Xn) < |
(2.31) <

neN

(2.32) IT2n(w) — 2pn(w)| — 0.

Altogether, xj, (w) — x and Tay, (w) — @, (w) — 0. Since T is nonexpansive, the
demiclosedness principle [7, Corollary 4.18] asserts that x € F.

(ii) It is enough to establish property (v) of Theorem 2.5. Let w € .
As shown above, (z,(w))pen converges weakly and it is therefore bounded [7,
Lemma 2.38]. Hence, by demicompactness, (2.32) implies that &(zp(w))neny # @.
Thus, &(xp)nen # D P-a.s. ]

Remark 2.8. Corollary 2.7 extends [21, Theorem 5.5], which is restricted to
deterministic processes and therefore less realistic error models. As shown in [7, 19,
21], the Krasnosel’skii-Mann iteration process is at the core of many algorithms in
variational problems and optimization. Corollary 2.7 therefore provides stochastically
perturbed versions of these algorithms.

3. Single-layer random block-coordinate fixed point algorithms. In the
remainder of the paper, the following notation will be used.

Notation 3.1. Hq, ..., H,, are separable real Hilbert spacesand H = H;&---&H,,
is their direct Hilbert sum. The scalar products and associated norms of these spaces

are all denoted by (- | -) and || - ||, respectively, and x = (xq, ..., X ) denotes a generic
vector in H. Given a sequence (Zy,)nen = (T1n;-- -, Tmn)nen of H-valued random
variables, we set (Vn € N) X,, = o(xo, ..., &p).

We recall that an operator T: H — H with fixed point set FixT is quasi-
nonexpansive if [7]

(3.1) (Vz e FixT)(¥x € H) || Tx—z| < ||x — z]I.

THEOREM 3.2. Let (Ay)nen be a sequence in )0, 1] such that inf,ey N\, > 0 and
SUP,en An < 1 and set D = {0,1} ~ {0}. For everyn € N, let T,: H - H: x —
(Tin X)1<i<m be a quasi-nonezpansive operator where, for every i € {1,...,m},
Tin: H — H; is measurable. Let xy and (ay)nen be H-valued random variables,
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and let (en)nen be identically distributed D-valued random variables. Iterate

form=0,1,...
(3.2) fori=1,....m
L Tin+1 = Tin + Ei,n)\n (Tz,n (xl,’ru s 7xm,n) + Qjn — xi,n))

and set (Yn € N) &, = o(ey,). In addition, assume that the following hold:
(i) F=N,enFixT, # 2.
(i) e VE(an?1Xn) < +o0.
(iii) For every n € N, &€, and X,, are independent.
(IV) (VZ S {1, .. ,m}) pi = P[Si,o = 1] > 0.
Then

(3.3) T.xz, —x, — 0 P-as.

Furthermore, suppose that
(v) W(xp)neny C F P-as.
Then (n)nen converges weakly P-a.s. to an F-valued random variable x. If, in addi-
tion,
(Vi) G(wn)neN 7é 1% P-a.s.,
then (@, )nen converges strongly P-a.s. to x.

Proof. We define a norm ||| - ||| on H by
— 1
(3-4) (e H) lIx[[]P =" ;IlXiHQ-
i=1 "'
We are going to apply Theorem 2.5 in (H, ||| - |||). Let us set

(3.5) (Vn €N) {tn = (ti,n)1<i<m,

en = (Einin)i<i<m,

where (Vi € {1,...,m}) tinn = Tin + €in(Tin Tn — Tin)-
Then it follows from (3.2) that
(3.6) (YneN) xpp1 =xp+ M\ (tn +e, — mn),

while (ii) implies that

(3.7) Z)‘nE(H|enH|2|xn) < Z E(||lanl[|*12,) < +oc.
neN neN

Since the operators (T, )nen are quasi-nonexpansive, F is closed [6, section 2]. Now
let z € F and set

(3.8) (VneN)(Vie{l,...,m}) din: HXD = R: (x,€) — ||xi—zi+€;(Tin xfxi)||2.

Note that, for every n € N and every ¢ € {1,...,m}, since T,,, is measurable, so are
the functions (q;, (-, €))ecp. Consequently, since, for every n € N, (iii) asserts that
the events ([e,, = €])ecp form an almost sure partition of 2 and are independent from
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X,,, and since the random variables (q; n(€n, €))1<i<m, eep are X,-measurable, we
obtain [44, section 28.2]

(Yn e N)(Vi € {1,...,m}) E(|tin —z]?*|Xn) = E(qi,n(wn,en) Z Lie,—¢ DCn)
ech

= Z E(qz,n(wnv 6)1[5n=e] |xn)

eeD
= Z E(l[enze] |xn)qz,n(mn7 6)
ecD
(3.9) *ZP n = €]qin(Tn,€).
ecD

Thus, (3.4), (3.5), (3.9), (3.8), (iv), and (3.1) yield

(vn € N)  E(|[[tn —2[[[*[2Xn)

(th n ZiH2 |X,,)

I
M
=]~

S
I
-

I
NE
'O|>_A

s
Il
—

Z len = €l|zin — zi + €(Tin @y — 24,02
=)

> Plen =€ Tinzn — 2zl

eeD,e;=1

+ Z P ‘-7;1 n Z’i||2>

eeD,e;=0

S

[

I
NgE
| =

i

— zi||?

= | Thz, — 4P+§:

=|||zn — z|||* + HTnmn - z||2 — |lzn — 2|
(3.10) < s — 2|

|$1 n

Altogether, properties (i)—(iii) of Theorem 2.5 are satisfied with (Vn € N) 0,, = p,, =
Vn = 0. We therefore derive from (2.16) that 3=, - An (1 — M) E(||[tn — 2 ]|[? | Xn) <
+00 P-a.s. In view of our conditions on (A, )nen, this yields

(3.11) E(|||tn — zn|||?|X,) — 0 P-aus.

On the other hand, proceeding as in (3.9) leads to
(3.12)

(VneN)(Vie{l,...,m}) E(

n xi,nH2 |X5) = Zeip[an =€[|Tin @y — Ii,n”Q'

ech
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Hence, it follows from (3.4), (3.5), and (iv) that

3

1
(VneN) E(|l[tn — wn||‘2 X)) = Z ;E(”ti,n - xz,n”2|xn)
i=1 "

= L S aPlen = €l|Ton @ — i

m
i=1 "' e€D

| 2

= i l Y Plea=¢€lTinzn—ain
i=1

Y eeD,e;=1
(3.13) = | Thzn — =, ||%.

Accordingly, (3.11) yields T,x, — @, — 0 P-a.s. In turn, the weak and strong con-
vergence assertions are consequences of Theorem 2.5. 0

Remark 3.3. Let us make a few comments about Theorem 3.2.

(i) The binary variable ¢; ,, signals whether the ith coordinate T; ,, of the operator
T,, is activated or not at iteration n.

(ii) Assumption (iv) guarantees that each operator in (T;,)i<i<m 1S activated
with a nonzero probability at each iteration n of algorithm (4.1). The sim-
plest scenario corresponds to the case when the block sweeping process assigns
nonzero probabilities to multivariate indices € € D having a single component
equal to 1. Then only one of the operators in (T;,)1<i<m is activated ran-
domly. In general, the sweeping rule allows for an arbitrary sampling of the
indices {1,...,m}.

(iii) In view of (3.3), (v) is satisfied if there exists Q € F such that P(Q) = 1 and

(3.14) (VweQ) |Tuza(w) —zn(w) =0 =  W(@n(w))nen C F|.

In the deterministic case, this is akin to the focusing conditions of [5]; see
[5, 6, 21] for examples of suitable sequences (T,,)nen. Likewise, (vi) is satisfied
if there exists {2 € F such that P(2) =1 and

(3.15) (Vw € Q) { itég |zn(W)|| < 400 and T,z (w) — zp(w) — 0}

= 6(:1:71("‘)))77,61\1 7é g.

In the deterministic case, this is the demicompactness regularity condition of
[21, Definition 6.5]. Examples of suitable sequences (T, )nen are provided in
[21].

Our first corollary is a random block-coordinate version of the Krasnosel’skii—
Mann iteration.

COROLLARY 3.4. Let (Ay)nen be a sequence in |0,1] such that inf,exy A, > 0
and sup,cxyAn < 1, set D = {0,1}™ ~ {0}, and let T: H — H: x = (T; X)1<i<m
be a nonexpansive operator such that Fix T # @ where, for every i € {1,...,m},
T.: H— H;. Let gy and (an)nen be H-valued random variables, and let (€, )nen be
identically distributed D-valued random variables. Iterate

formn=0,1,...
(3.16) fori=1,....m
L Tint1 = Tin + 6i,n)\n (Tz (l‘l,n’ ceey xm,n) + Qj,n — xi,n)y
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and set (Vn € N) €,, = o(e,,). In addition, assume that properties (ii)—(iv) of Theorem
3.2 hold. Then (x,)nen converges weakly P-a.s. to a (Fix T)-valued random variable.
The convergence is strong if T is demicompact at 0 (see Definition 2.6).

Proof. This is an application of Theorem 3.2 with F = FixT and (Vn € N)
T, = T. Indeed, (3.14) follows from the demiclosedness principle [7, Corollary 4.18]
and (3.15) follows from the demicompactness assumption. O

Remark 3.5. A special case of Corollary 3.4 appears in [41]. It corresponds
to the scenario in which H is finite-dimensional, T is firmly nonexpansive, and, for
every n € N, \,, = 1, a,, = 0, and only one block is activated as in Remark 3.3(ii).
Let us also note that a renorming similar to that performed in (3.4) was employed
in [49].

Next, we consider the construction of a fixed point of a family of averaged oper-
ators.

DEFINITION 3.6. Let T: H — H be nonezpansive and let oo € ]0,1[. Then T

is averaged with constant «, or a-averaged, if there exists a nonexrpansive operator
R: H— H such that T = (1 — a)ld + aR.

PROPOSITION 3.7 (see [7, Proposition 4.25]). Let T: H — H be nonexpansive and
let « €10,1[. Then T is a-averaged if and only if

1-—
@

[
(3.17) (Vx € H)(Wy € H) [ Tx = Tyll* < x —y||* - 1(0d = T)x — (Id = T)y|*.

COROLLARY 3.8. Let x € ]0,1], let (an)nen be a sequence in ]0,1[, and set
D = {0,1}™ ~ {0}. For every n € N, let \,, € [x/an,(1 —x)/an] and let T,,: H —
H: x — (T X)1<i<m be an ay-averaged operator, where, for every i € {1,...,m},
Tin: H— H;. Furthermore, let o and (ay)nen be H-valued random variables, and
let (€n)nen be identically distributed D-valued random variables. Iterate

forn=0,1,...
(3.18) fori=1,...,m
| Tint1 = Tim + Eimdn (Ti,n (T1,ms -y Tinn) + Qign — Tin),

and set (Yn € N) &, = o(ey,). Furthermore, assume that there exists Q € F such that
P(Q) =1 and the following hold:

(i) F=,enFixT, # 2.

(i) Xpenon ' VE(lan]?[Xn) < +o0.

(iii) For every n € N, &, and X,, are independent.

(iv) (Vie{l1,....,m}) Ple; o =1] > 0.

(v) (Vw € Q) [o; (Tazn(w) — 24 (w)) = 0 = W(z,(w))nen C F.
Then (€n)nen converges weakly P-a.s. to an F-valued random variable . If, in addi-
tion,

(vi) (Vw € ﬁ) “supneNHwn(w)H < +oo and a;l(Tnmn(w) - :cn(w)) — O] =
&(@n(w))nex # |,

then (n)nen converges strongly P-a.s. to x.
Proof. Set (Yn € N) R, = (1 — a;))Id + ;' T, and (Vi € {1,...,m}) R;, =
(1 —a,HId + a;,;'T; . Moreover, set (Vn € N) u, = ap\, andb, = a;,'a,. Then
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(Vn € N) FixR,, = Fix T,, and R,, is nonexpansive. In addition, we derive from (3.18)
that

(319) (Vn (S N)(VZ e {1, ey m}) Tin+1 = Tin + Einln (Rz,n T, + bz’,n — zi,n)-

Since (fin)nen lies in [x, 1 — x] and

(3.20) > VEBLP[X0) =Y ' VE(lanl2[X,) < +oc,

neN neN

the result follows from Theorem 3.2 and Remark 3.3(iii). O
Remark 3.9. In the special case of a single-block (i.e., m = 1) and of deterministic
errors, Corollary 3.8 reduces to a scenario found in [22, Theorem 4.2].

4. Double-layer random block-coordinate fixed point algorithms. The
algorithm analyzed in this section comprises two successive applications of nonexpan-
sive operators at each iteration. We recall that Notation 3.1 is in force.

THEOREM 4.1. Let (an)nen and (Bn)nen be sequences in 10,1[ such that
SUD,en On < 1 and sup,cyfBn < 1, let (An)nen be a sequence in 10,1] such that
infren Ap, > 0, and set D = {0,1}"™ ~{0}. Let o, (an)nen, and (by,)nen be H-valued
random variables, and let (€,)nen be identically distributed D-valued random vari-
ables. For everyn € N, let R,: H — H be B,-averaged and let T,,: H - H: x —

(TinX)1<i<m be ap-averaged, where (Vi € {1,...,m}) T, s H— H;. Iterate
forn=0,1,...
Yo, = ann + bn
(4.1) fori=1,....m

L Tin4+1 = Tin + €i,n)\n (T7,'nyn + Qjn — xi,n);

and set (Vn € N) &,, = o(e,,). In addition, assume that the following hold:
(i) F=,enFix (T oRy) # 2.

(i) 2nen VE(@n?|Xn) < +o0 and 3, ey VVE([|bn|[?|Xn) < +oo.

(iii) For every n € N, &€, and X,, are independent.
(iv) (Vie{l,...,m}) pi=Ple;o=1] > 0.

Then

(4.2) [ (vzeF) T.(Ryzn) — Rz, + Rz — 2 } P-a.s.
and

(4.3) [ (Vz€F) z, — Ryz, + Ryz — z | P-as.

Furthermore, suppose that

(v) W(xy)neny C F P-aus.
Then (€n)nen converges weakly P-a.s. to an F-valued random variable . If, in addi-
tion,

(Vi) G(wn)neN 7é %) P-a.s.,
then (Tn)nen converges strongly P-a.s. to x.

Proof. Let us prove that the result is an application of Theorem 2.5 in the
renormed Hilbert space (H, ||| - |||), where ||| - ||| is defined in (3.4). Note that

1
4.4 <X < ’
(1.4) (ix e H) 12 < I < x|
1<i<m
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and that, since the operators (R,,oT,,)nen are nonexpansive, the sets (Fix (T,,oR.,))nen
are closed [7, Corollary 4.15], and so is F. Next, for every n € N, set r,, = R, x,,, and
define t,,, ¢,, d,, and e, coordinatewise by

(4.5)

ti,n = Tin + gi,n(Ti,n'rn - (Ei,n)»
(Vie{l,...,m}) Cin = Einlin, and €, =Cip+din.

di,n = gi,n(Ti,nyn - Ti,n"'n)v

Then (4.1) implies that

(4.6) (YneN) xpi1 =xn,+ M\ (tn + e, — wn)

On the other hand, we derive from (4.5) that

(vn e N)  VE(lllenl[[P[Xn) < VE(lllenl[[21Xn) + VE(ldal[[2]X.)
(4.7) < VE(lllanl[2 1) + VE(llldnal[2 1)

However, it follows from (4.5), (4.4), and the nonexpansiveness of the operators
(Tn)neN that

1 m
(€ N) EIIPIX) € (X e (T — Towr) | X,
i=1

N

min p; E(ITuy, — Tn"'n||2|xn)

1<i<m
1 2

——E([ly, — rull*[%X5)

min p;

1<i<m
1

1ZignP

Consequently (4.4), (4.7), and (ii) yield

> A VE(llleal[2]X0) < — (Z Ellan]?[2X) + ) \/E(Ilbnllzlfxn)>

N

(4.8)

E([[bal|* %)

neN 1glugnm\/m neN neN
(4.9) < +o00.

Now let z € F, and set
(4.10)
(VneN)(Vie{l,....,m}) din: HxD = R: (x,€) — ||x; —z; + €;(Tin(R.X) —xi)||2.

Observe that, for every n € N and every ¢ € {1,...,m}, by continuity of R, and
Tin, Tin o Ry, is measurable, and the functions (d; (-, €))ecp are therefore likewise.
Consequently, using (iv) and arguing as in (3.9) leads to

(Vn e N) (Vi€ {1,...,m}) E(|tin—z|*|Xn)
= E(ain(@n, €)1, = | Xn)

ech

(4.11) = Plen = €ll|lzin — 2 + ei(Tonrn — i)
eeD
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Hence, recalling (3.4) and (iv), we obtain
(vn € N)  E(|[[tn — 2[[[*|2Xn)
— 1
= —E(ltin —2?%n)
iz Pi

1
= p_ Z P[En = E]Hxi,n -z + ei(Ti,n'rn - xi,n)”2

3

i=1 ecD
1
= Z—( 3 Plen =€ [Tinrn -zl
im1 PP\ ceDer=1
+ Z Ple, = € ||zin — zi||2>
eeD,e; =0
m 1 _ p
= [[Torn — 2| + Z o i — 2|
i=1 o
(4.12) = ||z — 2|[]? + | Turn — 2| = [|@n — 2|2

However, we deduce from (i) and Proposition 3.7 that

1—a,

(4.13) (YneN) |T.rn— z||2 + |7 — Torn, — Rz + z||2 < ey — an||2.

n

Combining (4.12) with (4.13) yields

1—a,

(4.14) (vneN) E(||[t. — 2| |Xn) + 70 — Toury — Ruz + z||?

n

< llen — Z|||2 + [[Rn@n — an”2 = [len — ZH2-

Now set x = min{l/sup,eyc, 1/supgenfi} — 1. Then x € |0, +oo[ and since, for
every n € N, R,, is ,-averaged, Proposition 3.7 and (4.14) yield

(4.15) (Vn e N)  E(|[[ta —2||*|X0) + 0 (2) < |l|zn — 2],

where

(4.16)

(VneN) 0,(z) =x(|rn — Taryn — Ruz+2|° + [|@n — 7 — 2+ Ry2||?)

(4.17) < T Rzt 2 e — v — 24 Rzl

On ﬂn

We have thus shown that properties (i)—(iii) of Theorem 2.5 hold with (Vn € N)
tn = vn = 0. Next, let Z be a countable set which is dense in F. Then (2.15) asserts
that

(4.18) (V2€Z)(3N€F) P(Q) =1 and (Vwe Q) Y Aba(z,w) < +o0.
neN

Moreover, the event = ,cz 2. is almost certain, i.e., P(2) = 1. Now fix z € F. By
density, we can extract from Z a sequence (zj)ren such that z; — z. In turn, since
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infpen A > 0, we derive from (4.16) and (4.18) that

rn(w) — Tprp(w) — Ryzy + 2 — 0,

(419) (Vk < N)(Vw © Q) {wn(w) - 'f'n(w) -z + Ryzi = 0.

Now set ¢ = sup,,en /Bn/(1 — Br), and (Vn € N) S, =1Id —R,, and p, = 7, — T, 7y,.
Then it follows from Proposition 3.7 that the operators (S,,)nen are (-Lipschitzian.
Consequently

(420) (VEeN)(VneN)(Vw e Q) —(|lze — z|| < —||Snzk — Snz|
< |1pn (W) + Szl = [|Pn (W) + Snzkll < ISnzk — Snzl| < (llzk — 2|

and, therefore, (4.19) yields

(heN) —Cllz—2| < lim |p,(w)+ Szl — lim_[p,(w)+ Sz

n——+oo

= lim |p,(w)+ Snz|

n——+oo

lim_||p, (w) + Snz||

n——+oo

< lim||p,(w) +Spzl| = lim ||p, (w) + Snzk|
n——+oo

n——+oo

N

(4.21) < (llzk — 2.

Since ||z, — z|| = 0 and P(€) = 1, we obtain p, + S,z — 0 P-a.s., which proves (4.2).
Likewise, set (Vn € N) q,, = ©, — r,. Then, proceeding as in (4.21), (4.19) yields
g, + Snz — 0, which establishes (4.3). Finally, the weak and strong convergence
claims follow from (v), (vi), and Theorem 2.5. O

Remark 4.2.

(i) Consider the special case when only one block is present (m = 1) and when the
error sequences (an)nen and (b, )nen, as well as xp, are deterministic. Then
the setting of Theorem 4.1 is found in [22, Theorem 6.3]. Our framework
therefore makes it possible to design block-coordinate versions of the algo-
rithms which comply with the two-layer format of [22, Theorem 6.3], such
as the forward-backward algorithm [22] or the algorithms of [14] and [56].
Theorem 4.1 will be applied to block-coordinate forward-backward splitting
in section 5.2.

(ii) Theorem 4.1(v) gives a condition for the P-a.s. weak convergence of a sequence
() nen produced by algorithm (4.1) to a solution . In infinite-dimensional
spaces, examples have been constructed for which the convergence is only
weak and not strong, i.e., (||, —x||)nen does not converge to 0 P-a.s. [29, 40].
Even if, as in Theorem 4.1(vi), (||x,, — || )nen does converge to 0 P-a.s., there
is in general no theoretical upper bound on the worst-case behavior of the
rate of convergence, which can be arbitrarily slow [9]. The latter behavior is
also possible in Euclidean spaces [8, 65].

5. Applications to operator splitting. Let A: H — 2/ be a set-valued op-
erator and let A~1 be its inverse, i.e., (V(x,u) € H?) x € A~lu & u € Ax. The
resolvent of A is Jo = (Id + A)~'. The domain of A is domA = {x € H | Ax # &}
and the graph of A is graA = {(x,u) € H x H | u € Ax}. If A is monotone, then Ja is
single-valued and nonexpansive, and, furthermore, if A is maximally monotone, then
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dom Ja = H. We denote by I'g(H) the class of lower semicontinuous convex functions
f: H — ]—o00, +00] such that f # +o00. The Moreau subdifferential of f € I'g(H) is the
maximally monotone operator

(5.1) OfF:H—=2": x> {ueH| (vyeH) (y—x|u)+f(x) <f(y)}.

For every x € H, f + ||x — -[|?/2 has a unique minimizer, which is denoted by proxgx
[47]. We have

(5.2) proxg = Jof.

For background on convex analysis and monotone operator theory, see [7]. We con-
tinue to use the standing Notation 3.1.

5.1. Random block-coordinate Douglas—Rachford splitting. We propose
a random sweeping, block-coordinate version of the Douglas—Rachford algorithm with
stochastic errors. The purpose of this algorithm is to construct iteratively a zero of the
sum of two maximally monotone operators and it has found applications in numerous
areas; see, e.g., [7, 11, 13, 24, 27, 32, 38, 43, 51, 52, 53].

ProposITION 5.1. Set D = {0,1}™ ~ {0} and, for every i € {1,...,m}, let
A;: H; — 2" be mazimally monotone and let B;: H — 2%, Suppose that B: H —
oH. x X?;Bix is mazximally monotone and that the set F of solutions to the
problem

(5.3) find x1 € Hi,...,Xm € Hy,, such that
(VZG{l,,m}) OEAiXi—I—Bl‘(Xl,...,Xm)

is nonempty. Set B™': u— X?;Ciu, where, for every i € {1,...,m}, C;: H — 2Hi,
We also consider the set F* of solutions to the dual problem

(5.4) find uy € Hy, ..., um € Hyy such that
(Vi€ {1,...,m})0€ —A(—u;) + Ci(ug, ..., upm).
Let v € ]0,400[, let (in)nen be a sequence in 10,2 such that inf,enp, > 0 and

SUP,en n < 2, let o, 2o, (@n)nen, and (by)nen be H-valued random variables,
and let (€n)nen be identically distributed D-valued random variables. Set J g: x

(Qix)1<i<m, where, for every i € {1,...,m}, Q;: H— H,, iterate
forn=0,1,...
fori=1,....m
(5.5) _ - . _ ) b —
Zin+1 = Zin + Ez,n(Qz(Il,na “ee 7xm,n) + 7,1 Zz,n)

Tin+l = Tin + Einlin (J'yAq; (zzi,n+1 - xi,n) + ain — Zi,n+1)7

and set (Vn € N) &, =o(ey). Assume that the followmg hold:
) 2onen VE(lan|?[Xn) < +00 and 3,y VE([bn[? [ Xn) < +o0.
(11) For every n € N, &,, and X,, are independent.
(iii) (vie {1,... ,m}) p; = Ple;o =1] > 0.
Then (Tn)nen converges weakly P-a.s. to a H-valued random wvariable & such that
z = J gz is an F-valued random variable and w = v~ (x — z) is an F*-valued random
variable. Furthermore, suppose that
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(iv) Jyg is weakly sequentially continuous and b, — 0 P-a.s.
Then z, — z P-as. and v~ Y(z, — 2z,) — u P-as.

Proof. Set A: H — 2H: x XZZlAixi and (Vi€ {1,...,m}) T, = (2J5a, — Id) o
(2Q; —Id). Then T = (2J,a —Id) o (2J,8 — Id) is nonexpansive as the composition
of two nonexpansive operators [7, Corollary 23.10(ii)]. Furthermore, Fix T # & since
[22, Lemma 2.6(iii)]

(5.6) Jg(FixT) =zer(A+B) =F # @.
Now set
(5.7)
An = fin/2,
(Vn € N) fin/
€n = Q(JWA(QJvan +2b, —x,) — Ja(2dyBTH — ) +ap — bn)_

Then we derive from (5.5) that

(Vn e N)(Vi e {1,...,m})
Timt1 = Tin + Einbin (Jya, (2QiTn + 2bin — Tin) + Ain — Zint1)
=Tin+Einn (2J7A1 (2inn - xm) + ein — 2inn)
(5.8) =i+ EinAn (Tin + €in — Tin),
which is precisely the iteration process (3.16). Furthermore, we infer from (5.7) and
the nonexpansiveness of J,a [7, Corollary 23.10(i)] that
(vn € N) leq|” < 4[Jya(20y8z0 + 2b, — ) — Jya (2018 T0 — T0) + @n — by ?
<12(|[J1a(2d182p + 2b, — ) — Jya(2)s8Tn — 24 |?
+[lan|® + [1ba]1?)

(5.9) <12([lan|® + 5[1b4 %)

and therefore that
(5.10) (VneN) VE([len]?[Xs) < 2\/5(\/ E(lan]?1X,) + V5/E([[bn]? IDCn))-

Thus, we deduce from (i) that )y /E(l[en[?|X,) < +oo. Altogether, the almost
sure weak convergence of (x,,)nen to a (Fix T)-valued random variable @ follows from
Corollary 3.4. In turn, (5.6) asserts that z = J,gx € F P-a.s. Now set u = v~} (z—z).
Then, P-a.s.,

(5.11) z=Jpr & x—2€1Bz & zcB lu
and

reFixTe xz=(2Jya—1d)(2z — x)
S z=01,a02z—x)
S z—xeyAz
(5.12) & —ze A (—u).
These imply that 0 € —A~'(—u) + Bflu~P—au.s.7 Le., that u € F* P-a.s. Finally,
assume that (iv) holds. Then there exists € F such that P(Q2) = 1 and (Vw € Q)
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(w). Now let i € {1,...,m}, w € Q, and v € H. Then

Jpxn(w) — Jiz(w) = 2
| v;) and (5.5) yields

<szn( ) | Vz> — < OJ)

(5.13) (YneN) (zint1(w) | Vi) = (zin(w) | vi)
+ i (W) ((Qiten (W) | Vi) + (bin(w) | vi) — (zin(w) | vi))-

However, according to (iii), at the expense of possibly taking w in a smaller almost
sure event, €; ,(w) = 1 infinitely often. Hence, there exists a monotone sequence
(kn)nen in N such that k,, — 400 and, for n € N sufficiently large,

(5.14) (zin+1(W) | vi) = (Qig, (W) | Vi) + (bik, (W) | vi)-

Thus, since (Qixk, (W) |vi) — (zi(w)|v;) and (big, (w)|vi) — 0, we have
<Zi,n+1<w) — zi(w) | vi) = 0. Hence,

(5.15) (Zns1(w) — z(w) | v) :Z Zimt1(w) — zi(w) | vi) = 0.

This shows that z, — z P-a.s., which allows us to conclude that v~ !(z, — z,) —
u P-a.s. a

Remark 5.2. Let us make some connections between Proposition 5.1 and existing
results.

(i) In the standard case of a single block (m = 1) and when all the variables are

deterministic, the above primal convergence result goes back to [32] and to
[43] in the unrelaxed case.

(ii) In minimization problems, the alternating direction method of multipliers
(ADMM) is strongly related to an application of the Douglas—Rachford al-
gorithm to the dual problem [38]. This connection can be used to construct
a random block-coordinate ADMM algorithm. Let us note that such an al-
gorithm was recently proposed in [41] in a finite-dimensional setting, where
single-block, unrelaxed, and error-free iterations were used.

Next, we apply Proposition 5.1 to devise a primal-dual block-coordinate algorithm

for solving a class of structured inclusion problems investigated in [25].

COROLLARY 5.3. Set D = {0, 1} P~ {0}, let (G)1<k<p be separable real Hilbert
spaces, and set G = G @ -+ @ G,. For every i € {1,...,m}, let A;: H;i — 2Hi be
mazimally monotone, and, for every k € {1,...,p}, let Br: G — 2°¢ be mazimally
monotone, and let Ly;: H; — Gy be linear and bounded. It is assumed that the set F
of solutions to the problem

(5.16) find x1 € Hy,...,Xm € Hy, such that

r m
(Vie{l,...,m})0€Ax+)_ LZM(Z ijxj)
j=1

k=1

is nonempty. We also consider the set F* of solutions to the dual problem

(5.17)  find vi € Gi,...,vp, € G, such that

m p
(Vke{l,....,p}))0¢e —ZLMAJI(—ZLZ‘M> + By v
i=1

=1
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Let v € ]0,400], let (pin)nen be a sequence in |0,2[ such that inf,enpn > 0 and
SUP, ey n < 2, let o, 2o, (an)nen, and (¢,)nen be H-valued random variables,
let yo, wo, (bp)nen, and (dn)nen be G-valued random variables, and let (€,)nen be
identically distributed D-valued random variables. Set

(5.18) V= {(xl,...,xm,yl,...,yp) ceHoG | (VEe{l,....p}) vy = ZLMXZ},
i=1

let Py: x = (QjX)1<j<m+p e its projection operator, where (Vi € {1,...,m}) Q;: H®
G — H; and (Vk € {1,...,p}) Quir: HD G — Gy, ilerate

(5.19)
formn=0,1,...
fori=1,....m

Zin+l = Zin + Ein (Qz (xl,na o Tmnsy Yl e yp,n) + Cin — Zi,n)
Tin+1 = Tin + Einbin (J9A, (2Zint1 — Tin) + Qi — Zint1)

fork=1,....p
Wk,n+1 = Wk,n + 5m+k,n(Qm+k(1‘1,na e Tmons Yiny - - 7yp7n) + dk,n - wk,n)
Yknt1 = Yk + Emknbin (I8, 2Went1 — Ykn) + bk — Whont1),

and set (Vn € N) Y, = o(x;,y;)o<i<n and &, = o(en). In addition, assume that the
following hold:

(i) e — O0P-as, d, — 0Pas, > yVE(laul?|¥Y,) < oo,
ZnEN E(anHZPJn) < +00, ZnEN V E(chHZPAH) < +00, and

ZnEN E(HdnH2 |1dn) < +00.
(i) For everyn € N, &€, and Y, are independent.

(iii) (V4 e{1,...,m+p}) Ple;o=1]>0.
Then (2p)nen converges weakly P-a.s. to an F-valued random variable, and (v~ (w, —
Y,,))nen converges weakly P-a.s. to an F*-valued random variable.

Proof Set A:H — 2H:x i X" Aix;, B: G — 26y — X)_ Byys, and

L:H—-G:x— (X0, Lkixi)1<k<p. Furthermore, let us introduce

(5.20) K=H®G and C:K — 2X:(x,y) — Ax x By.

Then the primal-dual problem (5.16)—(5.17) can be rewritten as

0 € Ax+ L"BLx

5.21 find (x,v) € K such that
(5.21) nd (x,v) such tha {OE_LA_l(_L*VHB_lv.

The normal cone operator to V is [7, Example 6.42]

(5.22)
Vi if Lx=vy;
NV:K—>2K:(x,y)»—>{ By

1_ _ o *
o it xpy Trere Vi={veK|u=-Lv}.
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Now let (x,y) € K. Then

(x,y) € V,

(0,0) € C(x,y) + Nv(x,y) < {(0,0) € (Ax x By) + V*

Lx =y,
{(Eu € Ax)(3v € By) u=—L"v
= (3v € B(Lx)) —L"v € Ax
= (v e G) L*v € L'BLx and — L*v € Ax
(5.23) < x solves (5.16).

Since C and Ny are maximally monotone, it follows from [7, Proposition 23.16] that
the iteration process (5.19) is an instance of (5.5) for finding a zero of C + Ny in
K. The associated dual problem consists of finding a zero of —C~*(—-) + Ny'. Let
(u,v) € K. Then (5.22) yields

(0,0) € —C ' (—u, —v) + Ny ' (u,v)
& (0,0) € —C ' (—u, —v) + Ny (u,v)

- {(u,v) e Vi,
(0,00 € (- A" (—u) x =B~ (~v)) +V

u=—L"%,
= { Ix € ~A~ (—u))3y € —B~(~v)) Lx =y
= (3xe -AHL*'V)) Lx e =B (—v)
= (3x€H) Lxe —LA"!(L*v)) and — Lx € B™'(—v)
(5.24) < —v solves (5.17).

The convergence result therefore follows from Proposition 5.1 using (5.23), (5.24), and
the weak continuity of Py = Jyn, [7, Proposition 28.11(i)]. O

Remark 5.4. The parameterization (5.20) made it possible to reduce the struc-
tured primal-dual problem (5.16)—(5.17) to a basic two-operator inclusion, to which
the block-coordinate Douglas—Rachford algorithm (5.5) could be applied. A similar
parameterization was used in [1] in a different context. We also note that, at each
iteration of algorithm (5.19), components of the projector Py need to be activated.
This operator is expressed as

(5.25) (V(x, y)EH® G) Py: (x,y) — (t,Lt) = (x — L"s,y +s),

where t = (Id + L*L) "' (x + L*y) and s = (Id + LL*)"!(Lx — y) [1, Lemma 3.1]. This
formula allows us to compute the components of Py, which is especially simple when
Id + L*L or Id + LL" is easily inverted.

The previous result leads to a random block-coordinate primal-dual proximal
algorithm for solving a wide range of structured convex optimization problems.

COROLLARY 5.5. Set D = {0,1}"+P~ {0}, let (Gr)1<r<p be separable real Hilbert
spaces, and set G =Gy @ -+ @ G,. For everyi € {1,...,m}, let f; € To(H;), and, for
every k € {1,...,p}, let g, € T'o(Gr), and let Ly;: H; — Gy be linear and bounded. It
is assumed that there exists (x1,...,%m) € H such that

(5.26) (VZ S {1, RN m}) 0e 8fl(Xz) + Z inagk < Z ijxj).

k=1 Jj=1
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Let F be the set of solutions to the problem

m p m
(5.27) minimize. Zlf (xi) + ;1 gk < Zl Lkixl)

x1€H1,....xm €Hm

and let F* be the set of solutions to the dual problem

m P
(5.28) |, minimize, Z fr ( -3 L,”;ivk) +) " give).

i=1 k=1 k=1
Let v € 0,400, let (jin)nen be a sequence in 10,2[ such that infenpn > 0
and sup, ey ftn < 2, let o, 2o, (an)nen, and (cn)nen be H-valued random wvari-
ables, let yy, wo, (bp)nen, and (dyn)nen be G-valued random wvariables, and let
(en)nen be identically distributed D-valued random variables. Define V as in (5.18)
and set Py: x = (QjX)igj<mtp, where (Vi € {1,...,m}) Q: H® G — H; and
(Vk e {1,...,p}) Quir: H® G — Gy, and iterate

(5.29)
forn=0,1,...
fori=1,...,m
Zim+1 = Zin + Ein (Qi(xlyn, e T Yl - Ypn) T Cin — zi,n)
Tinmt1 = Tin + Eintin (Prox,g, (22int1 — Tin) + Gin — Zint1)

fork=1,....p
\‘ Wkntl = Wk,pn + 57n+k,n(Qm+k($1,n7 e Tmns Ylny - - 7yp,n) + dk,n - wk,n)

Ykl = Yk + Emtknbn (ProX, g, (2Wkm i1 — Ykon) + bk — Whint1)-

In addition, assume that conditions (1)—(iii) of Corollary 5.3 are satisfied. Then
(zn)nen converges weakly P-a.s. to an F-valued random wvariable, and (y~!(w, —
Y,))nen converges weakly P-a.s. to an F*-valued random variable.

Proof. Using the same arguments as in [25, Proposition 5.4] one sees that this is
an application of Corollary 5.3 with, for every i € {1,...,m}, A; = 9f;, and, for every
kE{l,...,p}7Bk:6gk. a

Remark 5.6. Sufficient conditions for (5.26) to hold are provided in [25, Proposi-
tion 5.3].

5.2. Random block-coordinate forward-backward splitting. The forward-
backward algorithm addresses the problem of finding a zero of the sum of two maxi-
mally monotone operators, one of which has a strongly monotone inverse (see [2, 22] for
historical background). It has been applied to a wide variety of problems, are among
which are mechanics, partial differential equations, best approximation, evolution in-
clusions, signal and image processing, convex optimization, learning theory, inverse
problems, statistics, and game theory [2, 7, 16, 17, 22, 27, 29, 31, 39, 46, 61, 62, 63].
In this section we design a block-coordinate version of this algorithm with random
sweeping and stochastic errors.

DEFINITION 5.7 (see [2, Definition 2.3]). An operator A: H — 2" is demiregular
at x € dom A if, for every sequence ((Xn,Un))nen in graA and every u € Ax such that
Xn — X and u, — u, we have X, — X.

LEMMA 5.8 (see [2, Proposition 2.4]). Let A: H — 2" be monotone and suppose
that x € dom A. Then A is demiregular at x in each of the following cases:

(i) A is uniformly monotone at x, i.e., there exists an increasing function
0: [0, +o00[ — [0,400] that vanishes only at 0 such that (Yu € Ax)(Y(y,v) €
graA) (x—y [u—v) > 0([x - yl)).
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(ii) A is strongly monotone, i.e., there exists o € 0,400 such that A — ald is
monotone.

(iii) Ja is compact, i.e., for every bounded set C C H, the closure of JA(C) is
compact. In particular, dom A is boundedly relatively compact, i.e., the inter-
section of its closure with every closed ball is compact.

(iv) A: H = H is single-valued with a single-valued continuous inverse.

(v) A is single-valued on dom A and Id — A is demicompact.

(vi) A = Of, where f € T'g(H) is uniformly convex at x, i.e., there exists an in-
creasing function 0: [0, +oo[ — [0, +o0] that vanishes only at O such that

(5.30) (Vo €]0,1)(Vy € domf) f(ax+ (1 —a)y)+a(l —a)f(|x—y])
< af(x) + (1 — a)f(y).

(vii) A = Of, wheref € I'o(H) and, for every £ € R, {x € H | < &} is boundedly
compact.
Our block-coordinate forward-backward algorithm is the following.
PROPOSITION 5.9. Set D = {0,1} ~ {0} and, for every i € {1,...,m}, let
A;: H; = 2% be mazimally monotone and let B;: H — H;. Suppose that
(5.31)

(39 €10, +o0))(vx € H)(¥y € H) 3 (xi — i | Bix — ﬂZHBx By’

=1

and that the set F of solutions to the problem
(5.32)
find x1 € Hy, ..., xm € Hyy such that (Vi€ {1,...,m}) 0€ Aix; +Bi(x1,...,%Xm)

is nonempty. Let (yn)nen be a sequence in 10,29 such that inf,envy, > 0 and
SUP, ey Tn < 20, and let (Ay)nen be a sequence in ]0,1] such that infpen Ay, > 0.
Let g, (an)nen, and (¢n)nen be H-valued random variables, and let (€,)nen be iden-
tically distributed D-valued random variables. Iterate

(5.33)
forn=0,1,...
fori=1,...,m
{ L LTin+1l = Tin + Ei,n)‘n (J'yn,A,-, (xi,n - 'Yn(Bi(xl,n; KRN} xm,n) + Ci,n)) + Ajn — xi,n)»

and set (Vn € N) &, =o(ey). Furthermore, assume that the following hold:
) 2nen VE(lan|?|Xn) <400 and -,y VE([lenl? [ Xn) < +o0.

(11) For every n € N, &,, and X,, are independent.

(iii) (Vi e {1,...,m}) Ple; o =1] > 0.
Then (n)nen converges weakly P-a.s. to an F-valued random variable x. If, in addi-
tion, one of the following holds, then (x,)nen converges strongly P-a.s. to x:

(iv) For every x € F and every i € {1,...,m}, A; is demiregular at x;.

(v) The operator x — (B;X)1<i<m is demiregular at every point in F.

Proof. We are going to apply Theorem 4.1. Set A: H — 2H: x — X:’; Aix;,
B: H— H:x — (Bix)ici<m, and, for every n € N, o, = 1/2, B, = 7,,/(29), T, =
J,.a, R, =1Id —,B, and b,, = —7,,¢,,. Then, F = zer (A + B) and, for every n € N,
T, is ap-averaged [7, Corollary 23.8], Tp,: x — (J4,.A,Xi)1<i<m |7, Proposition 23.16],
R,, is f,-averaged [7, Prop0s1t10n4 33] and Fix (T,,oR,) =F [7 Proposition 25.1(iv)].

Moreover Y onen VE(BR]21X0) < 203, oy VE([en][?[Xy) < 400 and (5.33) is a
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special case of (4.1). Observe that (4.2) and (4.3) imply the existence of Q € F such
that P(Q) =1 and

0O T (Rpxn —R,x, R, ,
(5.34) (Vo € Q)(Vz € F) (Ruzn(w)) — Ry, (w) + Ryz — 2
Ry (1) — (@) — Roz = —2.
Consequently, since inf, ey, > 0,
(5.35)

(Vw € Q)(Vz € F) {J%A@n(“’) — 1Bz, (W) — n(w) = Ty (Rpzn (w)) — @y (w) — 0,

Bz, (w) — Bz.

Now set

(5.36) (YneN) y,=Jd, al®,—Bz,) and u, =17, (z, —y,) — Bz,.
Then (5.35) yields

(5.37) (VweN)(VzeF) @,(w)—y,(w) =0 and wu,(w) — —Bz

Now, let us establish condition (v) of Theorem 4.1. To this end, it is enough to fix
z € F, x € H, a strictly increasing sequence (kp)nen in N, and w € Q such that
xy, (w) — x and to show that x € F. It follows from (5.35) that Bxy, (w) — Bz.
Hence, since [7, Example 20.28] asserts that B is maximally monotone, we deduce from
[7, Proposition 20.33(ii)] that Bx = Bz. We also derive from (5.37) that y, (w) — x
and uy, (w) — —Bz = —Bx. Since (5.36) implies that (y; (w), u, (w))nen lies in the
graph of A, it follows from [7, Proposition 20.33(ii)] that —Bx € Ax, i.e., x € F. This
proves that (@,),en converges weakly P-a.s. to an F-valued random variable x, say,

(5.38) zp(w) — z(w)

for every w in some € € F such that Q ¢ Q and P(Q) = 1.

Finally take w € Q. First, suppose that (iv) holds. Then A is demiregular at
z(w). In view of (5.37) and (5.38), y,,(w) — x(w). Furthermore, u, (w) - —Bx(w)
and (y,,(w), wn(w))nen lies in the graph of A. Altogether y,,(w) — x(w) and therefore
T, (w) = x(w). Now, suppose that (v) holds. Then, since (5.35) yields Bz, (w) —
Bx(w), (5.38) implies that @, (w) = x(w). 0

Remark 5.10. Here are a few remarks regarding Proposition 5.9.

(i) Proposition 5.9 generalizes [22, Corollary 6.5 and Remark 6.6], which does
not allow for block-processing and uses deterministic variables.

(ii) Problem (5.32) was considered in [2], where it was shown to capture for-
mulations encountered in areas such as evolution equations, game theory,
optimization, best approximation, and network flows. It also models domain
decomposition problems in partial differential equations [12].

(iii) Proposition 5.9 generalizes [2, Theorem 2.9], which uses a fully parallel de-
terministic algorithm in which all the blocks are used at each iteration, i.e.,
(VneN)(Vie{l,...,m}) & n=1.

(iv) As shown in [26, 28], strongly monotone composite inclusion problems can
be solved by applying the forward-backward algorithm to the dual problem.
Using Proposition 5.9 we can obtain a block-coordinate version of this primal-
dual framework. Likewise, it was shown in [28, 30, 64] that suitably renormed
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versions of the forward-backward algorithm applied in the primal-dual space
yielded a variety of methods for solving composite inclusions in duality. Block-
coordinate versions of these methods can be devised via Proposition 5.9.

Next, we present an application of Proposition 5.9 to block-coordinate convex
minimization.

COROLLARY 5.11. Set D = {0,1}™ ~ {0} and let (Gp)i<r<p be separable real
Hilbert spaces. For everyi € {1,...,m}, letf; € To(H;), and, for every k € {1,...,p},
let 7, € ]0,400], let gr: G — R be a differentiable convex function with a -
Lipschitz-continuous gradient, and let Ly;: H; — Gg be linear and bounded. It is
assumed that mini<r<p Y iy |Lril|* > 0 and that the set F of solutions to the prob-
lem

m P m
(5.39) ><1€rl{llllnlmlzel_i Zl fi(xi) + I; gk < Zl L;ﬂ-xl)

----- Xm €EHm
)1 :|
)

let (Yn)nen be a sequence in 10,20 such that inf,envy, > 0 and sup,cyyn < 20,
and let (An)nen be a sequence in |0,1] such that inf,en A > 0. Let ®g, (an)nen,
and (¢p)nen be H-valued random variables, and let (€,)nen be identically distributed
D-valued random variables. Iterate

is nonempty. Let

(5.40) 9 e }0, (i o

k=1

Z LkiLZi

i=1

forn=0,1,...
fori=1,....m
(541) Ti;n = Ein (xi,n - ’Yn( Z:l LZZng(Z;nzl ijxj,n) + Ci,n))

Tin+1l = Tin + Ei,n)\n (prox’ynﬂ'ri,n + ain — *Ti,n)~

In addition, assume that conditions (1)—(iil) in Proposition 5.9 are satisfied. Then
(Tn)nen converges weakly P-a.s. to an F-valued random variable. If, furthermore, one
of the following holds (see Lemma 5.8(vi)—(vii) for examples), then (€,)nen converges
strongly P-a.s. to x:

(i) For every x € F and every i € {1,...,m}, Of; is demiregular at x;.
(ii) The operator x — (>_1_; inng(Zgﬁzl Lijx;))i<i<cm is demiregular at every
point in F.

Proof. As shown in [2, section 4], (5.39) is a special case of (5.32) with

2 m
(5.42) Ai = 8]% and Bi: (Xj)lgjgm — Z inng ( Z ijXj>.

k=1 j=1

Now set h: H = R:x — > 7 _, gk(zgl Lkixi). Then h is a Fréchet-differentiable
convex function and B = Vh is Lipschitz-continuous with constant 1/1, where ¢
is given in (5.40). It therefore follows from the Baillon-Haddad theorem [7, The-
orem 18.15] that (5.31) holds with this constant. Since, in view of (5.2), (5.33)
specializes to (5.41), the convergence claims follow from Proposition 5.9. a
Remark 5.12. Here are a few observations about Corollary 5.11.
(i) If more assumptions are available about the problem, the Lipschitz constant
9 of (5.40) can be improved. Some examples are given in [15].
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(ii) Recently, some block-coordinate forward-backward methods have been pro-

posed for not necessarily convex minimization problems in Euclidean spaces.
Thus, when applied to convex functions satisfying the Kurdyka-Lojasiewicz
inequality, the deterministic block-coordinate forward-backward algorithm
proposed in [10, section 3.6] corresponds to the special case of (5.39) in which

(5.43) His a Euclidean space, p=1, and (Vx€ H) Z Lyix; = x.
i=1

In that method, the sweeping proceeds by activating only one block at each
iteration according to a periodic schedule. Moreover, errors and relaxations
are not allowed. This approach was extended in [20] to an error-tolerant form
with a cyclic sweeping rule whereby each block is used at least once within a
preset number of consecutive iterations.

(iii) A block-coordinate forward-backward method with random seeping was pro-

(1]
2]
(3]
4]
(5]
(6]
(7]
(8]

[9]

[10] J.

(11]

(12]
(13]
(14]

(15]

posed in [58] in the special case of (5.43). That method uses only one block
at each iteration, no relaxation, and no error terms. The asymptotic analysis
of [58] provides a lower bound on the probability that (f + g1)(x,) be close
to inf(f + ¢1)(H), with no result on the convergence of the sequence (z,)nen.
Related work is presented in [45, 48].

REFERENCES

M. A. ArcgHAamDI, A. AvoTaiBl, P. L. COMBETTES, AND N. SHAHZAD, A primal-dual method

of partial inverses for composite inclusions, Optim. Lett., 8 (2014), pp. 2271-2284.

. ArToucH, L. M. BRICENO-ARIAS, AND P. L. COMBETTES, A parallel splitting method for
coupled monotone inclusions, SIAM J. Control Optim., 48 (2010), pp. 3246-3270.

. AUSLENDER, Méthodes numériques pour la décomposition et la minimisation de fonctions
non différentiables, Numer. Math., 18 (1971/72), pp. 213-223.

. BARTY, J.-S. ROY, AND C. STRUGAREK, Hilbert-valued perturbed subgradient algorithms,
Math. Oper. Res., 32 (2007), pp. 551-562.

. H. BAUSCHKE AND J. M. BORWEIN, On projection algorithms for solving convex feasibility
problems, SIAM Rev., 38 (1996), pp. 367-426.

. H. BAuscukE AND P. L. COMBETTES, A weak-to-strong convergence principle for Fejér-
monotone methods in Hilbert spaces, Math. Oper. Res., 26 (2001), pp. 248-264.

. H. BAUSCHKE AND P. L. COMBETTES, Convex Analysis and Monotone Operator Theory in
Hilbert Spaces, Springer, New York, 2011.

. H. BAuscHKE, M. N. Dao, D. NoLL, AND H. M. PHAN, Prozimal point algorithm, Douglas-
Rachford algorithm and alternating projections: A case study, J. Convex Anal., to appear.

. H. BauscHKE, F. DEuTscH, AND H. HUNDAL, Characterizing arbitrarily slow convergence
in the method of alternating projections, Int. Trans. Oper. Res., 16 (2009), pp. 413-425.

BOLTE, S. SABACH, AND M. TEBOULLE, Prozimal alternating linearized minimization for
nonconvex and nonsmooth problems, Math. Program., 146 (2014), pp. 459-494.

. I. Bor aNnD C. HENDRICH, A Douglas-Rachford type primal-dual method for solving in-
clusions with miztures of composite and parallel-sum type monotone operators, STAM J.
Optim., 23 (2013), pp. 2541-2565.

. M. BRICENO-ARIAS, Problémes d’Inclusions Couplées: Eclatement, Algorithmes et Applica-
tions, These de doctorat, Université Pierre et Marie Curie, Paris, 2011.

. M. BRICENO-ARIAS, A Douglas—Rachford splitting method for solving equilibrium problems,
Nonlinear Anal., 75 (2012), pp. 6053—-6059.

. M. BRICENO-ARIAS, Forward-Douglas-Rachford splitting and forward-partial inverse method
for solving monotone inclusions, Optimization, 64 (2015), pp. 1239-1261.

. M. BRICENO-ARIAS AND P. L. CoMBETTES, Convez variational formulation with smooth
coupling for multicomponent signal decomposition and recovery, Numer. Math. Theory
Methods Appl., 2 (2009), pp. 485-508.



(16]

(17]
(18]
(19]

(20]

(21]

(22]
23]
[24]
[25]
(26]

(27]

28]
29]
(30]
(31]
(32]
(33]
(34]
(35]

(36]

(37]

(38]

(39]
[40]

[41]

BLOCK-COORDINATE FIXED POINT ITERATIONS 1247

L. M. BRICENO-ARIAS AND P. L. COMBETTES, Monotone operator methods for Nash equilibria
in non-potential games, in Computational and Analytical Mathematics, D. Bailey, H. H.
Bauschke, P. Borwein, F. Garvan, M. Théra, J. Vanderwerff, and H. Wolkowicz, eds.,
Springer, New York, 2013, pp. 143-159.

C. L. BYRNE, Iterative Optimization in Inverse Problems, CRC Press, Boca Raton, FL, 2014.

J. CEA, Optimisation: Théorie et Algorithmes, Dunod, Paris, 1971.

A. CEGIELSKI, [terative Methods for Fized Point Problems in Hilbert Spaces, Lecture Notes in
Math. 2057, Springer, Heidelberg, 2012.

E. CHOUZENOUX, J.-C. PESQUET, AND A. REPETTI, A Block-Coordinate Variable Metric
Forward-Backward Algorithm, http://www.optimization-online.org/DB_HTML/2013/12/
4178.html.

P. L. COMBETTES, Quasi-Fejérian analysis of some optimization algorithms, in Inherently
Parallel Algorithms for Feasibility and Optimization, D. Butnariu, Y. Censor, and S. Reich,
eds., Elsevier, New York, 2001, pp. 115-152.

P. L. COMBETTES, Solving monotone inclusions via compositions of nonexpansive averaged

operators, Optimization, 53 (2004), pp. 475-504.
. L. COMBETTES, Fejér monotonicity in convex optimization, in Encyclopedia of Optimization,
2nd ed., C. A. Floudas and P. M. Pardalos, eds., Springer, New York, 2009, pp. 1016-1024.

P. L. COMBETTES, [terative construction of the resolvent of a sum of mazimal monotone
operators, J. Convex Anal., 16 (2009), pp. 727-748.

P. L. COMBETTES, Systems of structured monotone inclusions: Duality, algorithms, and ap-
plications, STAM J. Optim., 23 (2013), pp. 2420-2447.

P. L. CoMBETTES, DINH DUNG, and B. C. VU, Dualization of signal recovery problems, Set-
Valued Var. Anal., 18 (2010), pp. 373-404.

P. L. CoMBETTES AND J.-C. PESQUET, Proxzimal splitting methods in signal processing, in
Fixed-Point Algorithms for Inverse Problems in Science and Engineering, H. H. Bauschke
et al., eds., Springer, New York, 2011, pp. 185-212.

P. L. CoMBETTES AND B. C. VU, Variable metric forward-backward splitting with applications
to monotone inclusions in duality, Optimization, 63 (2014), pp. 1289-1318.

P. L. CoMBETTES AND V. R. WaAJs, Signal recovery by proximal forward-backward splitting,
Multiscale Model. Simul., 4 (2005), pp. 1168—1200.

L. CoNDAT, A primal-dual splitting method for convex optimization involving Lipschitzian,
prozimable and linear composite terms, J. Optim. Theory Appl., 158 (2013), pp. 460—-479.

E. DE ViTo, V. UMANITA, AND S. VILLA, A consistent algorithm to solve Lasso, elastic-net

and Tikhonov regularization, J. Complexity, 27 (2011), pp. 188-200.
. ECKSTEIN AND D. P. BERTSEKAS, On the Douglas- Rachford splitting method and the proximal
point algorithm for mazimal monotone operators, Math. Program., 55 (1992), pp. 293-318.
. EREMIN AND L. D. Poprov, Fejér processes in theory and practice: Recent results, Russian
Math. (Iz. VUZ), 53 (2009), pp. 36-55.

Yu. M. ERMOL'EV, On the method of generalized stochastic gradients and quasi-Fejér sequences,
Cybernetics, 5 (1969), pp. 208-220.

Yu. M. ERMOL'EV, On convergence of random quasi-Fejér sequences, Cybernetics, 7 (1971),
pp- 655-656.

Yu. M. ERMOL'EV AND A. D. TUNIEV, Random Fejér and quasi-Fejér sequences, Theory of
Optimal Solutions—Akademiya Nauk Ukrainskol, SSR Kiev, 2 (1968), pp. 76-83 (in Rus-
sian); Amer. Math. Soc. Select. Translat. Math. Statist. Probab., 13 (1973), pp. 143-148
(in English).

R. M. FORTET, Vecteurs, Fonctions et Distributions Aléatoires dans les Espaces de Hilbert.
Hermes, Paris, 1995.

D. GABAY, Applications of the method of multipliers to variational inequalities, in Augmented
Lagrangian Methods: Applications to the Numerical Solution of Boundary Value Problems,
M. Fortin and R. Glowinski, eds., North-Holland, Amsterdam, 1983, pp. 299-331.

R. GLOWINSKI AND P. LE TALLEC, EDS., Augmented Lagrangian and Operator-Splitting Methods
in Nonlinear Mechanics, STAM, Philadelphia, 1989.

H. S. HUNDAL, An alternating projection that does not converge in norm, Nonlinear Anal., 57
(2004), pp. 35-61.

F. IUTZELER, P. BIANCHI, P. CIBLAT, AND W. HACHEM, Asynchronous distributed optimization
using a randomized alternating direction method of multipliers, in Proceedings of the 52nd
Conference on Decision Control, Florence, Italy, 2013, pp. 3671-3676.

g

-

—
—



1248

42]
[43]

[44]
[45]

[46]
[47]

(48]

[49]
[50]
[51]
(52]
(53]
(54]

(55]
[56]

[57]
(58]

[59]

[60]
[61]
[62]
[63]
[64]

[65]

[66]

PATRICK L. COMBETTES AND JEAN-CHRISTOPHE PESQUET

M. LEDOUX AND M. TALAGRAND, Probability in Banach Spaces: Isoperimetry and Processes,
Springer, New York, 1991.

P. L. LioNs AND B. MERCIER, Splitting algorithms for the sum of two nonlinear operators,
SIAM J. Numer. Anal., 16 (1979), pp. 964-979.

M. LOEVE, Probability Theory 11, 4th ed., Springer, New York, 1978.

Z. Lu AND L. X1A0, On the complezity analysis of randomized block-coordinate descent methods,
Math. Program., to appear.

B. MERCIER, Topics in Finite Element Solution of Elliptic Problems, Lectures on Math. 63,
Tata Institute of Fundamental Research, Bombay, India, 1979.

J. J. MOREAU, Fonctions convezxes duales et points proximauz dans un espace hilbertien, C. R.
Acad. Sci. Paris Sér. A, 255 (1962), pp. 2897-2899.

I. NECOARA AND A. PATRASCU, A random coordinate descent algorithm for optimization prob-
lems with composite objective function and linear coupled constraints, Comput. Optim.
Appl., 57 (2014), pp. 307-337.

Yu. NESTEROV, Efficiency of coordinate descent methods on huge-scale optimization problems,
SIAM J. Optim., 22 (2012), pp. 341-362.

J. M. ORTEGA AND W. C. RHEINBOLDT, Iterative Solution of Nonlinear Equations in Several
Variables, Academic Press, New York, 1970.

N. PAPADAKIS, G. PEYRE, AND E. OUDET, Optimal transport with proximal splitting, STAM J.
Imaging Sci., 7 (2014), pp. 212-238.

T. PENNANEN AND M. KALLIO, A splitting method for stochastic programs, Ann. Oper. Res.,
142 (2006), pp. 259-268.

J.-C. PESQUET AND N. PUSTELNIK, A parallel inertial proximal optimization method, Pac. J.
Optim., 8 (2012), pp. 273-305.

W. V. PETRYSHYN, Construction of fized points of demicompact mappings in Hilbert space, J.
Math. Anal. Appl., 14 (1966), pp. 276—284.

B. J. PETTIS, On integration in vector spaces, Trans. Amer. Math. Soc., 44 (1938), pp. 277-304.

H. RAGUET, J. FADILI, AND G. PEYRE, A generalized forward-backward splitting, SIAM J.

Imaging Sci., 6 (2013), pp. 1199-1226.
. RAIK, Fejér type methods in Hilbert space, Eesti NSV Tead. Akad. Toimetised Fiitis.-Mat.,
16 (1967), pp. 286—293.

P. RICHTARIK AND M. TAKAC, Iteration complexity of randomized block-coordinate descent

methods for minimizing a composite function, Math. Program., 144 (2014), pp. 1-38.

=

just

. ROBBINS AND D. SIEGMUND, A convergence theorem for non negative almost supermartin-
gales and some applications, in Optimizing Methods in Statistics, J. S. Rustagi, ed., Aca-
demic Press, New York, 1971, pp. 233-257.

. SrRA, S. NOWOZIN, AND S. J. WRIGHT, EDS., Optimization for Machine Learning, MIT Press,
Cambridge, MA, 2011.

. TSENG, Further applications of a splitting algorithm to decomposition in variational inequal-
ities and convex programming, Math. Program., 48 (1990), pp. 249-263.

. TSENG, Applications of a splitting algorithm to decomposition in convex programming and
variational inequalities, SIAM J. Control Optim., 29 (1991), pp. 119-138.

. VILLA, S. SALZO, L. BALDASSARRE, AND A. VERRI, Accelerated and inezact forward-backward
algorithms, SIAM J. Optim., 23 (2013), pp. 1607-1633.

. C. VU, A splitting algorithm for dual monotone inclusions involving cocoercive operators,
Adv. Comput. Math., 38 (2013), pp. 667—681.

D. C. YourLA, Mathematical theory of image restoration by the method of convex projections,
in Image Recovery: Theory and Application, H. Stark, ed., Academic Press, San Diego,
CA, 1987, pp. 29-77.

E. ZEIDLER, Nonlinear Functional Analysis and Its Applications 1: Fized-Point Theorems,

Springer-Verlag, New York, 1986.

wn

g

g

wn

oe}



