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Topological properties of Hilbert schemes of almost-complex
four-manifolds (II)

JULIEN GRIVAUX

In this article, we study the rational cohomology rings of Voisin’s Hilbert schemes
X" associated with a symplectic compact four-manifold X. We prove that these
rings can be universally constructed from H *(X, Q) and ¢,(X), and that Ruan’s
crepant resolution conjecture holds if ¢;(X) is a torsion class. Next, we prove that
for any almost-complex compact four-manifold X, the complex cobordism class of
X" depends only on the complex cobordism class of X.

32Q60; 14C05,14J35

1 Introduction

The Hilbert schemes of points X" of a smooth projective complex surface X are
moduli spaces for finite subschemes of length n on X. By a result of Fogarty [17], the
varieties X" are smooth crepant resolutions of the n—fold symmetric powers X ™ of
X, so that they present a strong geometric interest. Hilbert schemes of points have been
intensively studied in the past twenty years, and this has led to important developments
in algebraic and differential geometry as well as in theoretical physics (see [25], [20]
for an overview).

Among these various studies, we will recall here what concerns the cohomology rings
H* (X", Q) of Hilbert schemes.

The first step towards the understanding of the vector spaces H * (X =], Q) was achieved
by Gottsche [18] with the computation of the generating series for the Betti numbers
b;(X ["]) in terms of the Betti numbers of the surface X. Then Wafa and Witten pointed out
that the infinite-dimensional vector space H = &, H" (X [a], Q) was (by Gottsche’s
formula) an abstract highest-weight representation of the Heisenberg super-algebra
modeled on H" (X, Q). Such a construction was geometrically realized independently
by Nakajima [35] and by Grojnowski [24], using correspondences given by incidence
varieties. The additive structure of the cohomology rings of Hilbert schemes of points
was thus given a precise geometric description.
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Then Lehn [26] obtained a decisive result in the study of the multiplicative structure.
He computed explicitly, when E is an algebraic vector bundle on X and the E [l
are the associated tautological bundles on the X" the cup product by ch(£ "y on
H* (X =], Q) , and described in this way the subring of H generated by the Chern classes
of all the tautological bundles. This study was completed by Li, Qin and Wang [30], who
constructed virtual tautological Chern characters G(«, n) attached to each cohomology
class o on X, and computed the cup product by each G(a,n) on H. The classes
G(a, n) extend the Chern characters of the tautological bundles in the following way: if
« is the Chern character of an algebraic vector bundle E, then G(a, n) is the Chern

character of E"™ Besides, it is shown in [30] that the components of (Gi(a, n))0 <icn

of the classes G(c, n) generate the ring H" (X [n Q) when « runs through a basis of
H"(X,Q). Using these generators, the authors obtained in [31] a universal description
of H* (X["], Q) from the ring H™ (X, Q) and the first Chern class of X in H*(X, Q).

This study led to interesting consequences in the particular case where X is a K3—
surface. Indeed, at the same time, Chen and Ruan [10] developed the theory of orbifold
cohomology and at the existence of strong relations between the orbifold cohomology
ring of an orbifold and the cohomology ring of a crepant resolution: this is known as
the cohomological crepant resolution conjecture (see [39]). If X is a K3—surface, the
Hilbert schemes X" are hyperkihler by a result of Beauville [5] and in this case the
cohomological crepant resolution conjecture predicts that for every positive integer n,
the ring H™ (X n1 (C) and the orbifold cohomology ring H_ (X("), C) of the n—fold
symmetric product of X are isomorphic [1, Conj. 4.24]. The above recalled description
of the cohomology ring of Hilbert schemes made it possible to prove this prediction
(see [28]) by putting together results of Lehn—Sorger [28] for the Hilbert schemes part
with the computations performed independently by Fantechi—Gottsche [16] and Uribe
[43] for the orbifold part.

If we leave the algebraic setting and consider abstract compact complex surfaces instead
of projective ones, Hilbert schemes of points still exist (they are usually called Douady
schemes). If X is a compact Kihler surface, it can be deformed to a projective surface, so
that the general description given for the cohomology rings of X "l when X is projective
remains valid. In the general case of possibly non-Kéhler compact complex surfaces,
Gottsche’s formula has been proved by De Cataldo—Migliorini [8], but the study of the
multiplicative structure cannot be performed as in the projective case. Indeed, Lehn
[26] uses in an essential way the fact that the cohomological cycle classes of smooth
algebraic curves on a smooth projective surface X span H b 1(X). This property fails for
abstract complex compact surfaces.

In a still more general context, Voisin defined in [44] Hilbert schemes X "] associated
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with any almost-complex four-manifold (X, J): for every positive integer n, X "l s a
stably almost-complex differentiable manifold of real dimension 4n. These almost-
complex Hilbert schemes are symplectic if X is symplectic (see [45]), and are still
crepant resolutions of the n—fold symmetric products of X. This construction sheds
a new light on the results we have mentioned about the cohomology rings of Hilbert
schemes: indeed, Voisin’s results imply that, for any projective surface X and any
positive integer n, the underlying differentiable manifold of X (] depends only on the
underlying differentiable manifold of X and on the deformation class of the complex
structure of X in the space of almost-complex structures. This explains why the ring
H”(X,Q) depends only on almost-complex invariants of X. On the other hand, it
is worth noticing that orbifold cohomology is naturally defined for almost-complex
orbifolds, which includes n—fold symmetric products of any almost-complex manifold.

Our paper is the second part of a program, the aim of which is the study of Voisin’s almost-
complex Hilbert schemes. The first part [23] has been devoted to the additive structure
of their cohomology rings: Gottsche’s formula has been proved and Nakajima operators
have been constructed. The first main concern here is the study of the ring structure of
the almost-complex Hilbert schemes. We prove the analog of Li—-Qin—Wang’s result
quoted above under a symplectic hypothesis:

Theorem 1.1 If (X,J) is a symplectic four-manifold, the rings H ™ (X[”], Q) can be
constructed by universal formulae from the ring H™ (X , Q) and the first Chern class of
X in H*(X, Q).

This theorem is proved in § 5.3. Let us have a glimpse at the strategy of the proof.
The techniques developed in [23] allow us to adapt in the almost-complex case the
quasi-totality of the proof of Lehn’s main formula [26, Th 3.10], except for the very
argument which has already been pointed out for non algebraic complex surfaces: if
(X, J) is an almost-complex compact four-manifold, the homology classes of smooth
J-holomorphic curves in X do not span H,(X,Q) in general. To overcome this
difficulty, we use the symplectic assumption: if X is symplectic and if J is an adapted
almost-complex structure, Donaldson’s theorem on symplectic divisors [12] makes it
possible to span H,(X, Q) by pseudo-holomorphic curves for small perturbations of the
almost-complex structure J.

The second important problem in the proof of Theorem 1.1, which occurs only if the
first Betti number of X is nonzero, is to construct virtual tautological characters for
almost-complex Hilbert schemes. Indeed, in the classical situation, if X is a projective
surface, and if Y, is the incidence locus in X" % X, the virtual tautological Chern
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character G(«, n) is equal to pry, [ch((’)yn) . pry(o. td(X))} . The problem in the almost-
complex setting lies in the term ch(Oy ). Unlike in the case of vector bundles, there is
no tractable analog of coherent analytic sheaves on almost-complex Hilbert schemes:
the differentiable structure of X" is pretty hard to deal with; the topological structure
of x™ (as a C°—manifold) would do better, but sheaves of continuous functions are
generally ill-behaved. To explain the means used to cope with this problem, we have to
recall the basics of the construction of X" when X is an almost-complex four-manifold:
it relies on the choice of a relative integrable complex structure Jnrel, which is essentially
a smooth family Jrfe)l,c of integrable complex structures parameterized by X ™ such that
for each x in X, J,fei is an integrable complex structure in a neighbourhood W, of the
points of x. If Wil is the disjoint union of the Hilbert-Douady schemes WI"!, where

rel X
each W, is endowed with the integrable structure J,f,ei, then X! is a subset of W[r’g

Our main idea is to replace X L] by WEQ, the latter having a much better structure: it

is a differentiable orbifold fibred in smooth analytic sets over X" We develop in a
systematic way a theory for these spaces, which we call relative analytic spaces, and for
a particular class of sheaves on them, the relatively coherent sheaves. These sheaves are
locally an extension of classical coherent analytical sheaves by C™ parameters. If T is
a differentiable orbifold chosen as parameter space and if F is a coherent analytic sheaf
on an analytic set Z, then it is possible to define a sheaf C °(T, F) of smooth sections
of F with parameters in 7 as follows: if F is the sheaf O, then C™*(T, O,) is the
subsheaf of C;iT consisting of smooth functions holomorphic in the first variables,
and for an arbitrary F, the sheaf C™(T, F) is equal to F ®p, C™(T, 0,). Besides,
this construction can be sheafified in the space of parameters: if V is a differentiable
orbifold, there exists a sheaf F on Z x V such that for all open subsets U and T of
Z and V respectively, I'(U x T, ]T') is equal to T'(U,C°°(T, F)). In our construction,
Z x 'V is alocal model for a relative analytic space and F is alocal model for a relatively
coherent sheaf on Z x V. A relative analytic space is obtained by gluing together a
family of such local models and so is a relatively coherent sheaf.

The formalism of relative analytic spaces and relatively coherent sheaves allows us to
use tools of algebraic and analytic geometry in the almost-complex setting. It does not
only solve our present problem, but will be essential in the last section of the paper
(§ 6). We give an independent exposition of this formalism, as it may be useful in other
situations.

As soon as Lehn’s formula is obtained and virtual Chern characters are constructed,
Theorem 1.1 follows from formal combinatorial arguments. We also prove (in § 5.3)
that Ruan’s cohomological crepant resolution conjecture is valid for Hilbert schemes of
symplectic compact four-manifolds with torsion first Chern class:
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Theorem 1.2 Let (X,w) be a symplectic compact four-manifold with vanishing first
Chern class in H*(X, Q). Then, for every positive integer n, the rings H” (X ["], (C) and
H,. (X(”), C) are isomorphic.

Our second object in this paper is the description of the complex cobordism classes of
almost-complex Hilbert schemes. We obtain:

Theorem 1.3 Let (X, J) be an almost-complex compact four-manifold. For any positive
integer n, the complex cobordism class of X! given by its stable almost-complex
structure depends only on the complex cobordism class of X .

This theorem is proved in § 6. Our interest in this problem goes back to Voisin’s
original motivation for constructing Hilbert schemes in the almost-complex setting: it
is the computation of the cobordism classes of Hilbert schemes of points for projective
surfaces, achieved by Ellingsrud-Goéttsche—Lehn in [15]. The authors proved that
these classes can be universally computed from the cobordism classes of the surface
X itself. Their result shows that Hilbert schemes of points for projective surfaces
can be interpreted as modifications at the level of complex cobordism. Voisin’s idea
was that this modification of the complex cobordism could be lifted at the level of
almost-complex manifolds. Although she actually constructed Hilbert schemes for
almost-complex four-manifolds, it is not at all clear that they actually lift the classical
Hilbert schemes at the cobordism level. Our theorem means that it is indeed the case.
The proof relies heavily on the use of relatively coherent sheaves to adapt the argument
of [15] in the almost-complex setting.

Let us now describe the organization of the paper.

Two distinct aims are pursued in § 2. The first one is to define relative analytic spaces,
which occur in particular in Voisin’s construction of almost-complex Hilbert schemes.
The second one is to recall this construction as well as related results. This section,
which is mainly expository, will be used throughout the paper. In § 2.1, we recall
classical results about Hilbert schemes of points. In § 2.2, we introduce relative and
differentiable analytic spaces. This section consists mostly of definitions. The link
between relative analytic spaces and relative integrable structures originally used in
[44] is given by Proposition 2.12. We also state a general existence result for relative
integrable structures (Proposition 2.13), which is proved in § 7. In § 2.3, we recall the
construction of almost-complex Hilbert schemes only as topological spaces. For the
construction of their differentiable structures, we refer the reader to [45, § 2] for an
outline and to [44, § 3] for a detailed exposition. Then we state the main results of
[44], [45] and [23] about almost-complex and symplectic Hilbert schemes. In § 2.4, we
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recall briefly the construction of incidence varieties carried out in [23, § 4], mainly to
fix the notations. The compatibility conditions (A) and (B) introduced on page 18 will
appear several times in § 3.5, § 5.2 and § 6.

In § 3, we present the general theory of relatively coherent sheaves on the relative
analytic spaces introduced in § 2.2. This formalism is rather heavy and will be used
in § 5.2 to construct virtual tautological Chern characters and in § 6 to compute the
complex cobordism class of almost-complex Hilbert schemes. The reader interested
only in the description of the cohomology ring of X ("' when X is an almost-complex
compact four-manifold with vanishing first Betti number may skip this section except
for Definition 3.1, and go directly to § 4. In § 3.1, we define relatively coherent
sheaves as well as related operations: pullback, internal Hom, tensor product and the
corresponding derived operations. In § 3.2, we define relative analytic subspaces and
prove in Proposition 3.11 that their structure sheaves are relatively coherent. The proof
relies on deep properties concerning ideals of differentiable functions. We also prove
in Proposition 3.13 that relatively coherent sheaves are stable under push-forward by
finite maps. The aim of § 3.3 is to generalize the formalism of analytic K-theory of [6]
for relative analytic spaces. Suitable morphisms are introduced in Definition 3.14, so
that the relatively coherent sheaves on a relative analytic space X becomes an abelian
category. The associated Grothendieck group is by definition the relative analytic
K-theory of X. Then the operations defined in § 3.2 and § 3.3 induce operations in
relative K—theory. Various formulae relating these operations are grouped in Proposition
3.16; they will be frequently used in § 3.5, § 5.2 and § 6. The aim of § 3.4 is to construct
amap from relative analytic K—theory to topological K-theory with complex coefficients.
In the case of usual analytic K~theory, such a map can be obtained via global real
analytic locally free resolutions of coherent analytic sheaves (see [2, Prop. 2.6]). It is
also possible to use differentiable resolutions instead of real analytic ones, as explained
in [3, § 6]; this is the method we adopt in the case of relatively coherent sheaves. The
important point is that, although differentiable coherent sheaves as introduced by Atiyah
and Hirzebruch in [3, Def. 6.1] are defined by a global condition, it turns out that they
can be characterized by a local condition: it is the object of Proposition 3.17. This
allows us to prove that any relatively coherent sheaf F on a relative analytic space X
admits a finite locally free resolution over C;O in a neighbourhood of every compact
subset of X (Proposition 3.19), and then to associate with F a well defined element in
topological K—theory, called the topological class of F. Next, we prove two important
results about this class, namely the functoriality by pullback (Proposition 3.20) and the
homotopy invariance (Proposition 3.21). In § 3.5 we apply the formalism of § 3.1-3.4
and associate with any almost-complex compact four-manifold X various incidence
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sheaves on relative analytic spaces built from X via suitable relative integrable complex
structures. This defines the geometric setting which will be used independently in § 5.2
and § 6. The last result of the section (Proposition 3.27), which is the analog of [15,
Lemma 1.1] in a relative setting, will be used only in the proof of Proposition 6.8.

The object of § 4 is to carry out for symplectic four-manifolds Lehn’s computation
of the boundary operator [26, Th. 3.10]. In § 4.1 we adapt the first part of Lehn’s
argument to the almost-complex case as we did for the Nakajima relations in [23]. This
yields half of Lehn’s formula (Theorem 4.2). In § 4.2, we use Donaldson’s theorem
on symplectic divisors [12] to establish a general result (Proposition 4.6) concerning
pseudo-holomorphic curves on symplectic four-manifolds. This result allows us to
obtain in § 4.3 the other half of Lehn’s formula when X is symplectic: this is the object
of Theorem 4.7.

In § 5, we deal with the cohomology rings of Hilbert schemes of points for symplectic
compact four-manifolds. In § 5.1, we prove an induction relation for the Chern charac-
ters of the tautological vector bundles constructed in [23] (Lemma 5.1). In § 5.2, we
construct virtual Chern characters satisfying the same induction relation (Proposition
5.2). As we already mentioned, we use the machinery of relatively coherent sheaves,
and especially § 3.5. Note that § 5.2 can be skipped if the first Betti number of X
vanishes. In § 5.3, we state and prove our main results about the cohomology rings of
symplectic Hilbert schemes which are Theorems 5.6, 5.7 and 5.9.

Finally, § 6 is entirely devoted to the computation of the cobordism class of Hilbert
schemes of an almost-complex compact four-manifold (Theorem 6.1). We combine
the strategy of [15, § 1-3] with the use of the relative incidence sheaves of § 3.5. In
§ 6.1, § 6.2 and § 6.3 respectively, we extend to the relative setting the results of [15,
Prop. 2.2, Prop. 2.3 and Prop. 3.1]. This is the object of Propositions 6.4, 6.5 and 6.8.

Acknowledgement. I wish to thank my advisor Claire Voisin, whose work on almost-
complex Hilbert schemes is at the origin of this article. Her deep knowledge of the
subject and her frequent and judicious advice have been most valuable to me. I also
wish to thank her for her kindness and her patience. Finally, I thank the referee for
his/her useful comments.
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2 Almost-complex Hilbert schemes and relative analytic
spaces

2.1 Hilbert schemes, incidence varieties and tautological bundles

Let X be a smooth complex manifold, Oy be its sheaf of holomorphic functions and n
be a positive integer.

Definition 2.1 The Hilbert—Douady scheme X" of n—points in X is the set of zero-
dimensional subschemes of length n in X, ie the set of ideal sheaves J of Oy such
that 3 oy dim¢e O,/ J), is equal to n.

Let S, be the symmetric group on n symbols and let X := X" /&, denote the n—fold
symmetric product of X.

Definition 2.2 The Hilbert—Chow morphism T': X" — X™ is defined by the

formula I‘(f):EPGX 1,(§) p, where [,(§) is the length of £ at p.

Some basic properties of Hilbert schemes of points are:

~x"isa complex analytic space and I" is a bimeromorphic map.

—If X is compact, so is X",

— The fibers of I' are projective, and irreducible if dim X = 2 [7].

—If X is a complex curve, then I' is an isomorphism and X " is smooth.

—If X is a complex surface, then X [l is smooth of dimension 2n and is irreducible if X

is connected [17].
For a thorough study of Hilbert schemes of points, we refer the reader to [19] and [35].
In this section, we only consider the case dim X = 2. The Hilbert schemes corresponding

to different values of n are related through the incidence varieties:

Definition 2.3 For all positive integers m and n such that m > n, the incidence variety
X" is the set of couples (£,&) in X () 5 x™ such that £ is a subscheme of &’.

The incidence varieties X'™™ are analytic subvarieties of X" x X" The case
m = n + 1 appears as particularly interesting in the theory:

— X" i smooth and irreducible [9], [42], [Ellingsrud (unpublished)].
—If Y, is the incidence locus, defined as

(2-1) Y, = {(&,x) in X" x X such that x € supp(¢)},
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then X1 ~ P(7) [11, Prop. 3.3]. As a consequence, X" is isomorphic to
the schematic blowup of ¥, in X "l s X. The exceptional divisor associated with this
blowup is

(2-2) D ={(&¢) inx"""" such that supp(€) = supp(¢)}-

These properties show that the incidence variety DGR closely related to the
incidence locus Y,,. The latter satisfies the following properties:

— The morphism pr, v, Y,— X" is flat and finite.

— The ideal sheaf jY" admits a global locally free resolution of length 2 on X s x
[11, Lemma 3.2].

—If ¢ XTh_o xIM ang o xITB o xIH are the natural morphisms
induced by the projections, if p: xthnl o X s the residual map defined by
the formula p(¢, &) = supp(£/¢’), if j = (id, p): X" X1 5 X and if
L= (’)X[n+1,n1(—D), then there exists a natural exact sequence on X LORLIND ¢ [15,8 1]

(2-3) 0—=j.L —= 50y  —> 70y —=0.

X[H-H ,nl

The variety can be constructed explicitly via a global locally free resolution

0—=A—>B—=7J, —0

of Jy : if P(B) is the projective bundle of B (using Grothendieck’s convention for
projective bundles), if 7: P(B)— X" % X is the associated projection and if s is
the section of m*A*(1) given by the morphism 7*A — 7*B — Ox(1), then s is
transverse to the zero section and its vanishing locus is isomorphic to X tatd,nl

We end this section with tautological bundles. Let pr; and pr, be the projections from
X" % X on the first and second factors.

Definition 2.4 Let E be a holomorphic vector bundle on X and n be a positive integer.
The tautological vector bundle E " is a holomorphic vector bundle on X ") defined by
the formula E™ = pr,, (O, . pr3 E).

If E is a holomorphic vector bundle on X and » is a positive integer, the tautological
vector bundles E"™ and E"™ are related through an exact sequence on X"+1:7 (see

[26, p. 193]):

(2-4) 0—=p*E® L—=¢*E"TH s g+pll o
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2.2 Relative spaces and relative integrable complex structures

The geometric structure underlying the construction of the almost-complex Hilbert
scheme of [44] is that of relative integrable structure, or in an almost equivalent way that
of relative analytic space. In this article, this point of view is systematically expanded
in order to study coherent sheaves in relative analytic spaces, which is done in § 3.

Throughout this section, B and B’ denote compact differentiable effective orbifolds
(see [40], [1, § 1.1]). Recall that a map f: B— B’ is smooth if for any b in B there
exist two orbifold charts (V,, G,, U,) and (Vf(b), Gf(b), Uf(b)) near b and f(b), a
group morphism A: G,— Gy, and a smooth A—equivariant map from V,, to Vj,
inducing f on U,.

Definition 2.5 Let X be a separated topological space and m: X— B be a continu-
ous surjective map.

(1) A relative chart (resp. relative holomorphic chart) on X is given by a homeo-
morphism ¢: U—=Y x V such that Ty = Prp© ¢, where U is an open subset
of X, V is an open subset of B and Y is a differentiable manifold (resp. Y is a
smooth analytic space).

(i) Let¢p: U-">Y x V andv: U-">Y' x V' betworelative charts (resp. relative
holomorphic charts) and let (y,v) — (y(y,v),v) be the associated transition
function 1 o ¢~ ': G(U N U')— (U N U"). The charts ¢ and 1 are compat-
ible if  is smooth (resp. 7 is smooth and for all v in pr,(¢(U N U")) the function
y+=(y,v) is holomorphic).

(iii) A relative atlas (resp. relative holomorphic atlas) on X is a collection of

compatible relative charts (resp. relative holomorphic charts) on X whose
domains cover X.

(iv) A relative atlas (resp. relative holomorphic atlas) A on X is maximal if every
relative chart (resp. relative holomorphic chart) on X compatible with all the
charts of A belongs to A.

(v) If A is arelative atlas (resp. relative holomorphic atlas) on X, the saturated atlas
of A is the smallest maximal atlas containing A.

To be able to define and study relatively coherent sheaves in § 3, we introduce the notion
of complete relative holomorphic atlas (cf. Remark 3.3 (iii)).

Definition 2.6 Let X be a separated topological space and let 7: X— B be a
continuous surjective map.



Topological properties of Hilbert schemes of almost-complex four-manifolds (II) 11

®

(i)

(iii)

(iv)

v)

If : U—=Y x V is a relative holomorphic chart, if ¥’ (resp. V') is an open
subset of ¥ (resp. V) and if U’ = ¢~ (Y’ x V'), then e U-—">Y' xV isa
relative holomorphic chart called the restriction of ¢ to U’.

A relative holomorphic atlas A on X is complete if

— for all relative holomorphic chart ¢ in A, all the restrictions of ¢ are in A.
— for all finite family {¢;: U;—>Y; x V; }, <i<, Of relative holomorphic charts in

A such that the open sets U, are pairwise disjoint, then the relative holomorphic
chart [[_, &;: [[U,~—]1(Y; x V) isin A.

If A is a relative holomorphic atlas on X, the completed atlas of A is the smallest
complete relative holomorphic atlas containing A.

If A and A’ are two relative holomorphic atlases on X, we say A refines A’ if

for any relative holomorphic chart ¢: U——>Y x V in A’ and any x in U, there
exists a neighbourhood U, of x in U such that ¢ is in A.

Two relative holomorphic atlases A and A’ are equivalent if A refines A’ and
A’ refines A.

We define now relative differentiable spaces and relative analytic spaces.

Definition 2.7 (i) A relative differentiable space (resp. relative analytic space)

(i)

over B is the data of a separated topological space X endowed with a continuous
surjective map m: X— B and with a maximal relative atlas (resp. an equivalent
class of complete relative holomorphic atlas) over B.

If X is a separated topological space, if m: X— B is a continuous surjective
map and if A is a maximal relative atlas (resp. a complete relative holomorphic
atlas) on X, we denote by (X, .4) the associated relative differentiable space
(resp. relative analytic space).

Remark 2.8 (1) If (X%, .A) is a relative differentiable space (resp. relative analytic

(i)

space) over B, the fibers (.’{h) beB defined by X, := 7~ 1(b) are differentiable
(resp. complex) manifolds, but they do not form in general a fibration over B,
since the projection map 7 is not assumed to be proper.

The connected components of a relative differentiable space (resp. relative analytic
space) (X, A) are still relative differentiable spaces (resp. relative analytic spaces).
If X is connected, the dimension (resp. complex dimension) of X, is independent
of b. We call it the relative real dimension (resp. relative complex dimension) of

X.
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If (X, .A) is a relative differentiable space over B, then X is a differentiable
orbifold and the projection 7: X— B is smooth.

Let us introduce some natural operations on relative analytic spaces.

Definition 2.9 (i) BASE CHANGE. Let (X,.A) be a relative differentiable space

(i)

(iii)

(resp. relative analytic space) over B and u: B'—= B be a smooth map. If A =
{61 U==Y; x Vi}ig if A = {¢; xpidy: Uy xp B'">Y; xu”' (V) }igy
and if u*(A) is the saturated (resp. completed) atlas of A’, then (Z{ XgB' u *(A))
is a relative differentiable space (resp. relative analytic space) over B'.

FIBER PRODUCT. Let (X, A) and (X', A’) be two relative differentiable spaces
(resp. relative analytic spaces) over the same base B. If ¢: U—>Z x V and
¢': U'—=Z' x V are two relative charts (resp. relative holomorphic charts) over
the same open set V, then ¢ x5 ¢': U X5 U'—>(Z x Z') x V is arelative chart
(resp. relative holomorphic chart) on X xz X’. If A” is the relative atlas (resp.
relative holomorphic atlas) on X Xz X’ consisting of such charts ¢ x ¢ and if
A x g A’ is the saturated (resp. completed) atlas of A”, then (X x5 X', A x5 A')
is a relative differentiable space (resp. relative analytic space).

RELATIVE TANGENT BUNDLE. Let (X, .A) be a relative differentiable space (resp.
relative analytic space) over B, where A = {¢;: U—>Y; x V; }ie ;- We define
aset T"X by T™'% = [[,cp TX,, and a relative differentiable (resp. relative
holomorphic) atlas A’ on T™'X by A = {d"'¢;: T™'U">TY; x V;},;,
where drel¢i is the relative differential of ¢;. If T™A is the saturated (resp.
completed) atlas of A’, then (Trd%, Tre].A) is a relative differentiable space
(resp. relative analytic space) called the relative tangent bundle of X. As a
topological space, T™X isa topological vector bundle over X.

Relative analytic spaces are introduced in [44] by means of relative integrable structures:

Definition 2.10 Let X be a relative differentiable space over B. A relative integrable
complex structure J ™ on X is a continuous section of End (Trd%) satisfying the
following conditions:

—If ¢: U">Y x V is any relative chart of X, the map J™: ¥ x V—= TY is
smooth.

— For every b in B, the map J, brel : X,— End(TX,) defines an integrable complex
structure on X,,.
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The next proposition allows us to construct local holomorphic trivializations for relative
integrable complex structures.

Proposition 2.11 Let (X, .A) be arelative differentiable space over B and J ™ be arela-
tive integrable complex structure on X. For every x in X, there exist a neighbourhood
U, of x and a relative chart ¢: U.—>W x V in A such that:

— W is an open subset of CV, where 2N is the relative real dimension of the connected
component of x in X.
—If J, is the standard complex structure on CV and if b is any point in V, then

¢ (U N 3€hajbre])*> (W, Jg)

is a biholomorphism.

Proof Let U, be a neighbourhood of x, ¢ U,~~>Y x V be arelative chart, and put
g(x) = (¥, Vo). The relative integrable complex structure J ™ defines a smooth family
(J,),ey of integrable complex structures on Y. By the Newlander—Nirenberg theorem
with parameters, there exist a neighbourhood Uy, x U, of (y, v,) and smooth complex-

valued functions z',...,z¥ on U, x U, such that for every v in Uy, (z}, .. .,2)) are
holomorphic coordinates on (Uy,,J,) (see [45, p. 271]). If U, = o1 (Uy, % Uy,), we
define ¢ on U, by ¢ = ((,...,2V) o ¢, 7). ]

Proposition 2.11 enables us to relate relative complex structures and relative analytic
spaces.

Proposition 2.12 Let (X,.A) be a relative differentiable space over B. There is a
natural bijection between relative integrable complex structures on X and maximal
relative holomorphic atlases contained in A.

Proof If X is endowed with a structure of relative analytic space over B, Proposition
2.11 allows us to construct a relative holomorphic atlas on X and then the corresponding
saturated atlas. Conversely, if {¢;: U;—>Z; x V,},., is a relative holomorphic atlas
on X, the complex structures of the Z;’s define a relative integrable complex structure
on X. |

As a corollary, if X is a relative analytic space over B, there exists a canonical relative
integrable complex structure on the underlying relative differentiable space.
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Relative integrable structures are introduced in [44] to deal with problems in almost-
complex geometry. Let us give some general results about relative integrable complex
structures associated with an almost-complex manifold.

Let (X,J) be an almost-complex compact manifold and B be a compact connected
differentiable orbifold. Recall that B carries a stratification with finitely many strata.
If Z is a closed subset of X x B, we say that Z is an incidence set if the following
conditions are satisfied:

— The map pr, x Z— B is surjective and finite.
— For each stratum B, of B, if Z, = pr;l(B)\) N Z, then Z, is a submanifold of X x B,

and the map pr. Z,— B, isacovering map.

21Zy -
Let us introduce now some notations. Let g be a Riemannian metric on X, € be a
positive integer and Z be an incidence set of X x B.

—If W is neighbourhood of Z in X x B (considered as a relative differentiable space
over B), Bg7 (W) will denote the set of relative integrable complex structures J el on
W such that |J™ — Jco g w <e-
-Weput B, . = lim B, .(W).

w,ZCW

Then we have:

Proposition 2.13 Let B be a compact differentiable orbifold, (X,J) be an almost-
complex compact manifold and Z be an incidence set in X X B. If g is a Riemannian
metric on X, there exists a positive real number €, such that for any positive ¢ smaller
than €,, B, . is nonempty and weakly contractible in the following sense: for every
.o . . rel rel .
nonnegative integer p and every pair of smooth families (JO s)s s and (] | S)S e 1N
B, . parameterized by the sphere sP, thelre exists a ?mooth family (J,res) (. 9)E[0.1] xS
parameterized by [0, 1] x S joining (/%) and (J) .

This result is implicit in [45], although not stated in this degree of generality (see [45,
Prop. 4]). We provide a proofin § 7.

2.3 Construction of the almost-complex Hilbert scheme
First of all, we define relative Hilbert schemes.

Definition 2.14 Let (X, .A) be a relative analytic space over B of relative complex

dimension two and J™ be the associated relative integrable complex structure. For
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any positive integer n, we define a set X"} by X"} =[] beB 2 where XU is the
Hilbert scheme of n—points of X, endowed with the integrable complex structure Jc b .

If A= {¢;: U-—">Y; x V;},opp if A= {¢" : UM — yI" 5 v}, and if A"

i,rel * i,rel

is the completed atlas of A’, then (X[r’gl, .A[”]) is a relative analytic space called the
relative Hilbert scheme of X.

Let us now recall the definition of Voisin’s almost-complex Hilbert schemes. Let (X, J)
be an almost-complex compact manifold of dimension four, g be a Riemannian metric
on X, n be a positive integer and Z, be the incidence set in X x X" defined by

(2-5) Z, = {(p;x) in X x X" such that p € x}-

We use the notations introduced at the end of § 2.2. Let € be any positive real number
smaller than the bound &, of Proposition 2.13. Then B, . is nonempty.

Definition 2.15 Let W be a small neighbourhood of Z, in X x X™ and J™ be a
relative integrable complex structure in Bg7 -(W). The topological Hilbert scheme X [",11
is the subset of the relative Hilbert scheme W' defined by

rel

rel

X1 = {(&; x) in Wh such that x = T,()},

where I : W["] W(") is the Hilbert—Chow morphism associated with the integrable
complex structure J;'.

Remark 2.16 (i) The topological Hllbert scheme X"
of J™ along Z, , ie of the image of J™ in B, .

depends only on the germ

rcl

(i1) If W is a small nelghbourhood of Z,, let {J, rel}te B0,»CR¢ DE a smooth fam11311
in B, .(W). This family defines a relative integrable complex structure J e
on the relative analytic space W=W x § (X(") X B(0,r)). Then there exists
a natural relative topological Hilbert scheme over B(0, ) whose fibers are the

[n] .
(X wl ) 1B(0,> Pamely:

(x[”], {J,“’l},eg(oyr)) — {(& x, Hin WY such that x = T, (9)},

where I', W[”] —> W is the Hilbert-Chow morphism associated with the

complex : structure J Xr etl

To obtain a differentiable structure on Xﬁ rll, Voisin uses relative integrable structures in
a contractible subset B’ of B, . satisfying some additional geometric conditions (see
[44, p. 711]). The main results she obtains are:
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Theorem 2.17 [44, Th. 5, Th. 6, Th. 3], [45, Th. 3] Let (X,J) be an almost-complex
compact four-manifold, J "l be a relative integrable structure in B’ and n be a positive
integer. Then

i X [’21 has a natural differentiable structure. Furthermore, if J'™ is another relative
1ntegrable structure in BB’, there is a diffeomorphism between X" [n el and Xﬁ’f]ml
which is uniquely defined up to isotopy.

(ii) There is a canonical Hilbert—-Chow map I': X['ﬂl—> X satistying the fol-
lowing property: for any x in X" and any 1ntegrable complex structure in a
neighbourhood U, of supp(x), I' ~!(x) is homeomorphic to the fiber at x of the

usual Hilbert—Chow morphism from Uy 7l to U(")

(iii) X ["]] can be endowed with a stab]e almost-complex structure, and the associated
complex cobordism class of X"} depends only on the deformation class of J .

rel

(iv) If X is symplectic and J is compatible with the symplectic structure, X", "l i also

symplectic.

rel

For arbitrary relative integrable structures, this theorem has the following topological
form:

Theorem 2.18 [23, Prop. 3.4, Prop. 3.10, Rem. 3.5]

(i) LetJ "l be a relative integrable complex structure in B, .. Then X;’Ql is a
topological manifold of real dimension 4n.

(i) If W is a neighbourhood of Z, in X x X" and if {J,rel}teB(oyr)ng is a
smooth path in B, (W), then the associated relative topological Hilbert scheme
(X["] {]rel}teB(o r)) over B(0, r) is a topological fibration (cf Remark 2.16 (ii)).

(iii) Forany x in X" and any integrable structure J in a neighbourhood U, of supp(x),
the Hilbert—Chow morphism I': X o x™ g locally homeomorplnc over a

rel

neighbourhood of supp(x) to the c]ass1cal Hilbert-Chow morphism from Uy ] to
Uy,

We can compare almost-complex Hilbert schemes corresponding to different relative
integrable complex structures. Let g and g’ be two Riemannian metrics on X, ¢, and
g, be the bounds given by Proposition 2.13, € and & be positive real numbers smaller
than ¢, and &, respectively and J rel, J'™ be relative integrable complex structures
in B, _ and B o el Then there exists a positive real number ¢’ smaller than & such

g7€
that B is included in Bg,’ .- Since, by Proposition 2.13, B, ., Bg,, - and Bg’ o

g:&"
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are nonempty, connected and simply connected, XE’QI and XE’/’]M are homeomorphic by

Theorem 2.18 (ii); and this homeomorphism is canonical up to isotopy.

Therefore, for every positive integer n, there exists a canonical ring H ™ (X n], Q) (resp.
K (X ["]) ) such that for every relative integrable complex structure J in By, <, the ring
H” (XE’Q] , Q) (resp. the ring K (Xﬁ”rl,) ) is canonically isomorphic to H* (X n Q) (resp.
to K (X" ).

Theorem 2.18 (iii) implies that Gottsche’s classical formula for the Betti numbers of
Hilbert schemes of points also holds in the almost-complex case (see [22, Th. 3.9]).

2.4 Incidence varieties and Nakajima operators

If m and n are two positive integers, let
(2-6) Zosom = {3 x, ) in X x X™ x X" such thatp € x Uy }-

Relative integrable structures in a neighbourhood of Z,, ,, are denoted by J, ,film

Definition 2.19

1 IfJ fellx ,n, and erellx ., are two relative integrable structures in neighbourhoods

W, and W, of Z,,, the product Hilbert scheme (X"™<U" jr el Y is
defined by

I ] :
(X I o) = {65 €52 2) i Wy Xy Wi

such that T'; , (§) = x and I‘zy&g(ﬁ’) =z}

(i) If m > n andif J;exl(mﬂ) is a relative integrable structure in a neighbourhood W

of Zys(m—ny, the incidence variety (X[m’ nl el ) is defined by

'Y nx(m—n)

) 1 . 3
(X ) = L& & x, y) in W Xy W

such that ¢ C ¢/, I, (&) =xand F&X(ﬁ’) =xUy}

As it is the case for topological Hilbert schemes, the product Hilbert schemes and
the incidence varieties are canonically defined up to homeomorphisms isotopic to the
identity if the relative integrable structures used to define them are chosen close enough
to J in C%norm.

From now on, we fix a Riemannian metric g on X and assume that all relative integrable
structures are sufficiently close to J in C—norm.
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Let J:;l(mfn), Jnrel s Jnrfl and Jnr;lvm be relative integrable structures in respective neigh-
bourhoods W, W, W and W of Z,xm—n)» Zn, Zn and Z,,,. We consider the

following compatibility conditions of relative analytic spaces:

(A)  Forevery (x,y) in X" x X", W, C W, and J rel —Je. e

nx(m—n),x,y|W; n,x’
W' X X™ x X"~") C W, where the base change map is the first projection.
If this condition holds, there is a natural morphism X from (X [m’”],J,fil(m_n)
[n] yrel
(x", 7).

(B) Forevery (x,y) in X" x xtm=m, WY,y =W, , and J, rel =J ie

nx(m—n),x,y — m,zuz;

) to

W X m (X" x X"~y = W, where the base change map is (x,y)——=xUy.

If this condition holds, there is a canonical morphism v from (X L, "], Jnril(mfn))
to (X", 71).

(C)  For every (x,y) in xX® s x5 wy sUy = W, and J, rel

X,y nx(m—n),x,y =

1 . ~ _
rfim,z,;cux; ie W xym, ym X™ x Xy = W, where the base change

map is (x, y)— (x,x Uy). If this condition holds, there is a natural embedding

of (X m,n] | el ) into the product Hilbert scheme (X <) jrel g el ).

»Ynx(m—n) nxmrYnxXm

Each of these conditions can be satisfied for a suitable choice of relative integrable
complex structures (this is obvious for conditions (B) and (C); for condition (A), it is
necessary to use the gluing method developed in § 7). Unfortunately, conditions (A)
and (B) cannot hold at the same time, unless X carries an integrable complex structure.
Indeed, if n = 1 and m = 2, assume that we are given three relative integrable complex
structures Jlrill, Jlrel and erel such that (Jlrel,Jlrill) satisfy (A) and (erel,JlreXll) satisfy
(B). Then, for all x and y in X,

Jrel _ Jrel _ Jrel o Jrel _ Jrel
Lxiwinws = Ty wenws =2 oy winws = Ty wenws =iy winw

so that J| * defines a global integrable complex structure on X.

If Jrel

nXx(m—n)

us fix four relative integrable complex structures Jnrel ,J

is arelative integrable complex structure in a neighbourhood of Z,y (y—p), let
rel J rel dJ rel .

1,nx(m—n)’ Ym an 2, nx(m—n) m
respective neighbourhoods of Z,, Zyxm—n)> Zm and Z,x n—n) such that (Jnre,l Jre )

1,nx(m—n)
satisfies the compatibility condition (A) and (Jnrfl, JZreilX (m_n)) satisfies the compatibility
’ [m, n] Jrel )

condition (B). For i = 1,2, there is a homeomorphism between (X", J}° (m—n)

and (X[m’ "],Jl.fe;llx (min)) which is canonical up to isotopy. In this way, we get two

continuous maps from (X", J rel ) to (Xﬁ"]) and (Xﬁm]). Their homotopy

»Y'mx(m—n) rel rel
n m
classes are canonical and are still denoted by A and v.
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The incidence varieties X" " are locally homeomorphic to the integrable model U "}

where U is an open set of C?; this allows us to put a stratification on each X .l
this way, the X lm,n] are stratified topological spaces locally homeomorphic to analytic
spaces endowed with their natural stratifications, and so each of them has a fundamental
homology class.

The construction by Nakajima and Grojnowski of representations of the Heisenberg super-
algebra H(H *(X,Q)) of H*(X,Q) into H = D,enH” (X["], @) via correspondence
actions of incidence varieties done in [35] and [24] also holds in the almost-complex
setting:

Theorem 2.20 [23, Def. 4.3, Th. 4.5] If (X, J) is an almost-complex compact four-
manifold, Nakajima operators {q,(cv), i € Z, o € H*(X,Q)} can be constructed. They
depend only on the deformation class of J and satisty the Heisenberg commutation
relations:

Vi€ L Vo, f e H'(X. Q). [a(0).q8)] = 50 ( /X o) idy.

Furthermore, these operators induce an irreducible representation of H (H (X, Q)) in
H with highest weight vector 1.

Finally, we introduce relative incidence varieties, which are essential in § 4.1, 5.2, 6.2
and 6.3.

Definition 2.21 If m, n are two positive integers with m > n, if W is a neighbourhood
of Z, . (n_ny and if Jnril(m_n) is a relative integrable complex structure on W, W™ is

rel
the subset of W"! defined by
Wi = {(, €5 x,y) in W Xy, yon Wil such that € C €}

rel

If {¢;: U—>Q; x V; },., is a maximal relative holomorphic atlas on W, then for all
i in I we have (o}"l x,, ¢™) [(UM %y, U nwimerl] = ™™ x v, Thus, for

i,rel rel
[m, n]

m = n + 1, the relative incidence varieties W

are relative analytic spaces.

3 Coherent sheaves on relative analytic spaces

In this part, the letters B and B’ always denote compact differentiable effective orbifolds.
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3.1 Operations on relatively coherent sheaves
We start by defining relative holomorphic functions.

Definition 3.1 Let (X, A) be a relative analytic space over B. A continuous complex-
valued function f defined on an open subset ) of X is relatively holomorphic if
for any x in Q and for any relative holomorphic chart ¢: U—>Z x V of A in a
neighbourhood of x, the function f o ¢! is smooth and holomorphic in the variables
of Z in a neighbourhood of ¢(x).

The sheaf (’);eel of relatively holomorphic functions on X is a sheaf of rings on X.
Definition 3.2 Let (X, .A) be a relative analytic space over B. A sheaf F of (’)rel
modules is relatively coherent if there exists a relative holomorphic atlas A equ1valent
to A such that for any relative holomorphic chart ¢: U—>Z x V in A, there exists
a coherent analytic sheaf F on Z such that ]-"|U and ¢~ (prf1 F ®Pffl 0, (’)Zrexl v) are
isomorphic as sheaves of OZXV—modules

An equivalent definition of relatively coherent sheaves can be stated using gluing
conditions: if A= {¢;: U;—">Z, x V, bier and if ¢y = ¢, 0 ¢, I are the associated

transition functions, a relaltlvely coherent sheaf on X is given by a family of co-
herent sheaves {F},.; on the smooth analytic sets {Z;},, and a family of isomor-
phEms of sheaves of (’);je_(luij)—modules between gbi;l [( Fi ®pr! 04 (’)glX v,-) 16Uy }
(% Fpry! Oz Oé.jlx‘ﬁ)|¢j(Utj)

and

satisfying the usual cocycle condition.

Remark 3.3 (i) Let F be a relatively coherent sheaf on X given by a family of
sheaves {f }ier- Then, for any b in B, if J is the set of the indices 7 in / such
that b belongs to V;, the sheaves {%},c; on {Z; x b}, patch together into a
coherent analytic sheaf on X, which we denote by F, .

rel

(i) If (X,.A) is a relative analytic space and if £ is a locally -free sheaf of O,
modules, then & is relatively coherent. In particular 7" 1% s relatively coherent
on X.

(iii) If (X, .A) is a maximal relative analytic space, it is not difficult to prove that any
relatively coherent sheaf on X is in fact locally Oy —free. This fact justifies the
use of non-maximal atlases.

Let us now introduce a class of morphisms between relative analytic spaces that is
well-adapted to relatively coherent sheaves.
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Definition 3.4 (i) Let (X,.A) and (X', A’) be two relative analytic spaces over B
and let f: X— X' be a continuous map over B. Two relative holomorphic
charts ¢: U—>Z x V and ¢': U'—>Z' x V in A and A’ are f-compatible
if f(U) C U’ and if there exists a holomorphic map g: Z—= Z' such that the
following diagram commutes

U dl U’

T

ZXV—Z7Z'xV
(g,id)

(ii) Let (X, .A) and (X', A’) be two relative analytic spaces over B and let f : X— X’
be a continuous map over B. We say that f is a morphism when there exists a
relative atlas A equivalent to .4 such that for any relative holomorphic chart ¢
in A, there exists a relative holomorphic chart ¢’ in A" such that and ¢ and ¢’
are f—compatible.

(iii) Let (X,.A) and (X', A’) be two relative analytic spaces over B and B’ and
f: X—= X' be a continuous map. We say that f is a weak morphism if there
exist a smooth orbifold map u: B— B’ and a morphism f: X— X’ x, B
such that f is obtained by composing f with the base change map from X’ x , B
to X’ induced by u.
If f: X—= X’ is a weak morphism, then the sheaf f *1(’);,1 is a subsheaf of O;e!
Therefore we get a pullback functor f*: Mod ((’);e,l) — Mod ((’);Eel) given by the
* _ 1 1
formula f*F = f ‘7:®f—‘(9;) (9;66 .

To prove that many usual operations on Mod ((9;:1) induce operations on relatively

coherent sheaves, we use a flatness lemma:

Lemma 3.5 Let W be an open subset of R", G be a finite group of diffeomorphisms
of W and Z be a smooth analytic set. If V.= W /G, then OZICXIV is flat over pr; ' O,.

Proof Let 6: W— V be the projection and M be a sheaf of prl_1 O, —modules.
Then

Gid) " (M@ Ofy) = Gid) M, (0%y)°
~ [(4,id)"' M Bpr 0, o5 W]G
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Since the functor Fr— F¢ from ModG((’)ZreXlW) to Mod [(OZR;IW)G] is exact, it

suffices to prove that OZreX]W is smooth over pr; ! (9%. Let k = [(n+ 1)/2]. Then

W x R¥ can be seen as an open subset W in C""¥/2_ By [32, Th. 2 bis] (’)ZreXlW is
. _ 1 . _

flat over O, -, and O, . is flat over pr; ' O,. Thus O & is flat over pr; ro,.

) ~ . . . 1 1. : 1
If g: Zx W—= Z x W is the projection, ¢~ 'O, is a direct factor of Ozreva in

Mod (prf1 OZ) , so that Ozrexlw is flat over prlf1 0,. m|
We obtain as a consequence:

Proposition 3.6 (i) Let (X, A) be a relative analytic space over B and F, G
be relatively coherent sheaves on X. Then for every nonnegative integer k,

Tor(’; «(F,G) and Sxt(’; «(F,G) are relatively coherent on X.
X X

(i) Let f: X—= X' be a weak morphism between two relative analytic spaces
(X, A) and (X', A"), and G be a relatively coherent sheaf on X’. Then for every
nonnegative integer k, 7'01’;_l ol ~1G, OF") is relatively coherent on X.

x/

(iii) Let (X, A) be a relative analytic space over B, F be a relatively coherent
sheaf on X and u: B'—= B be a smooth map. If u: X xz B'—= X is the
associated base change morphism, then 7’011;71(9rel (ﬁ_l]-" , (’);eiB B,) vanishes for
every positive integer k. *

Proof (i) Since two equivalent relative holomorphic atlases always admit a common
equivalent refinement, there exists a complete relative holomorphic atlas A on X
equivalent to A such that for every relative holomorphic chart ¢: U—>Z x V in A,

Fo=o (o' F @0, Ofy) and Gy = o~ (pry G S0, O%v)
where F and G are coherent analytic sheaves on Z. Then
(F9gu 0y =0 (b (F o, §) 810, Ofty)  and
Hom, a(F.G)y = ¢~ (pry ! Homy, (F.G) 9,010, OFy).

Since OZICXIV is flat over pr; ' O, for any nonnegative integer k, we obtain by derivation

Tor(]f);l (F, 9y =~ ¢! (Tor(lgz(]?, G) Bl o, Or5y) and

— = A 1
gxz(’;;l(f, D = ¢~ (Extgy (F.G) @10 Ofiy)-
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(i) We can take refinements A and A of A and A’ such that for any relative

holomorphic chart ¢: U—>Z x V in A, there exists a relative holomorphic chart

¢ U7 x V' in A a holomorphic map g: Z— Z',asmoothmap u: V—= V'

and a coherent analytic sheaf G on Z’ such that f(U) C U’, ¢/ of 0 ¢~ ' = (g,u) and
1 —1 7 1

G = ¢ o1y ' G By OFL). Thus

A 1
~ ¢ (Prl (¢ ®g—'oz, Oz) o, Ozrexv)a
so that for any nonnegative integer k, Lemma 3.5 yields:

k —1 rel\ -1 —1 k -1 rel
Torffloar:/l(f g7035>—¢ (Pr1 Torg*IOZ,(g gaOZ) ®Prf1@z OZXV)'

-1 rel ~ a1 —1[,.—17 rel rel
(f g ®f—10;} O:{ )|U - ¢ ((ga M) [prl g ®prrl OZOZ'XV’] ®(g,u)*lozrflxvr(l)zx V)

1 = 1 ~ .

(iii) We can assume that X = Z x B, F = p:l ‘F®prr‘OZ O 5 and u = (id, u),

where Z is a smooth analytic space and F is a coherent analytic sheaf on Z.

Let (z,b') be an element of Z x B', put b = u(b’), and let E, be a free resolu-
Eal rel

tion of .. By Lemma 3.5, E, ®, O, is a free resolution of F_,. Therefore,

7k

the germ of To E*lof(

u ' F, O;Eei B,) at (z,b’) is the k—th cohomology group of
B

rel

(E. ®p (’)Zre;) ® el Ozrell,,. The latter complex being isomorphic to E, ®,, O, 7, the
z ) b *) z *y

result is again a consequence of Lemma 3.5. |

Remark 3.7 Let F and G be two relatively coherent sheaves on a relative analytic
space X over B. Then for every b in B and for every nonnegative integer k, we have
Tor*(F, g), = Toréxb (F,,G,) and Ext*(F, g), = Sxt(’;xb (F,,G,). A similar result
holds for the Tor sheaves appearing in (ii).

3.2 Relative analytic subspaces and direct image
The definition of a relative analytic subspace runs as follows:

Definition 3.8 Let (X, .4) be a relative analytic space over B and 3 be a closed subset
of X. We say that 3 is a relative analytic subspace (resp. smooth relative analytic
subspace) of X if there exists a relative holomorphic atlas A equivalent to A such that
for any holomorphic chart ¢p: U-">Z x V in A with UN 3 # (), there exists a closed
(resp. closed and smooth) analytic subspace Z’ of Z satisfying (U N 3) =Z' x V.



24 Julien Grivaux

[m, n]

For instance, the relative incidence varieties W introduced in Definition 2.21 are

rel
relative analytic subspaces of WE’;} X ) ¢ xm=n) W[r’;’ll, they are smooth if m =n 4 1.

We will study other examples in § 3.5.

Remark 3.9 If 3 is a smooth relative analytic subspace of a relative analytic space
(X, A), then 3 is also a relative analytic space: a complete relative holomorphic atlas
on 3 is obtained by taking the restrictions to 3 of the charts of A.

The forthcoming proposition is needed to associate relatively coherent sheaves with
relative analytic subspaces:

Proposition 3.10 Let n and k be positive integers, ) and W be open subsets of C"
and R¥ respectively, and T be a reduced analytic subset of (). Assume that the ideal
sheaf of T is globally generated by holomorphic functions f, .. .,f; on €).

—If g: O x W— C is a relatively holomorphic function on 2 x W such that
Sirsw = 0, then for any (z,), w,) in 2 x W, there exist relatively holomorphic functions

Gy, -, ina neighbourhood Uy, ,,, of (z5,w,) such that g = S0 | é.f; on Uy v, -

— Furthermore, if G is a finite group of diffeomorphisms of W fixing w, and if g is
G—invariant, then the functions ¢; can be chosen G-invariant too.

Proof Let (z,w,) in 2 x W. Forany z in €2, let §W0 (z) be the formal Taylor expansion
of the function wr— g(z,w) at w,. If we write §W0(z) = Z|1|:k041(2) w— WO)[’ the
hypotheses made on g imply that the functions «; are holomorphic on €2 and vanish
on T. Therefore for every multiindex / of length k, there exist holomorphic functions
ayy, .- -,y in a Stein neighbourhood U, of z;, such that o = ZEIZI agf;on U, .

Hence we get g, = S <Zm:k a;(w— wo)l)fi in OU_)[[w —wo]]. If S; (resp.
j‘;zﬂ) denotes the formal expansion of z+—— Z‘ I]=k oy(z) (w — WO)I (resp. f;) at z;, in
(CHZ —Zp,W — WOH (resp. in (CHZ - ZOH) and if g, ,, denotes the formal Taylor
expansion of g at (zy,w,) in C[[z —zg,w —wy]], then g, , = Zf.l:l Siﬁm. Thus
for any (zy,w,) in Q x W, g, is divisible by]A‘LZO7 . ,]?d,m in C[[z —Zp,W — WOH .
Since the f;’s are analytic, it follows from [33, Th. 1.1 p. 82] that there exist ¢, ..., ¢,

in C*°(2) such that g = Z?:l ¢, f;- It remains to prove that the functions f; can be
chosen relatively holomorphic in a neighbourhood of any point in 2 x W.

If (z4,w,) is an element of 2 x W and if r is an integer such that 0 < r < n, let us
consider the property (P,):
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There exist a neighbourhood U, of (zy,wp) in £ x W and smooth

20,0
functions ¢y, ..., ¢, on U, ,, such that
d
(Pr) —8= Zi:l (bfl on UZ(),W()
0b:
~Ifr>1,1<i<dand 1 <j<r, ib’ =0.
<

We have seen that (P ) is true. Fix r such that 0 < r < n — 1, and assume that (P )
holds. We consider a presentation O — (’)z‘é — (jT)ZO — 0 of the ideal sheaf
of T at z,, where the first map is given by a matrix M in 90, q (OZ()> and the second one
by (). - - .f,). If O denotes the sheaf of smooth functions on €2 x W holomorphic in
the first r variables, then O is flat over pr; ' O (this is proved exactly as in Lemma

3.5). Thus we get an exact sequence

3-1 (Orel)q _ M (Orel)d M (Orel

" Jzo,wo " Jzo,wo0 r )Zo,Wo

Pick ¢,...., ¢, in (Orrel)zmw() such that g = Zf.l:l @,f;. Since g is relatively holomor-
phic, 3¢ | 2% £ = 0. By the exactness of (3-1), there exists an element (¢,

i=1 o <i<q
in (Orrel)zo o such that for every i with 1 < i < d, 06 _ ;']:1 M;;p;. Now
) Zr41
the map —2— : ((’),rel)ZO o ((’)rrel)ZO w, 18 surjective, so that there exist functions
Yt rel ' . 07; e d
(7]) 1<j<q m (Or >Z()7WO such that for 1 S] S q, P - = SO] If (Z)i = ¢i - Zj:l Ml]ﬁy]

Zr+ 1

then S0, oif; = S ¢f; = g in a small neighbourhood of the point (z,, w,) and

0%, _ 0% N oy _ T rel .
e E S M’762,+1 = 0, so that ¢; is in (Or+l)zo,wo' This proves that (P, ;)
holds. By a finite induction, we obtain that (P, ) holds. This means that ¢,, ..., ¢, are

relatively holomorphic in a neighbourhood of (z,, w).

To prove the last statement, it suffices to replace for each i the function ¢; by the
G-invariant function ¢; defined by ¢,(z, w) = |G|™' 3. di(z, u. w). O

Proposition 3.11 Let X be a relative analytic space over B and 3 be a relative analytic
subspace of X. If j;el is the ideal sheaf of 3 in O;’l consisting of the relative
rel

holomorphic functions vanishing on 3 and if (93 = O;el / .7;61 is the structure sheaf
of 3, then j;el and Ogel are relatively coherent on X.

Proof Since the result is local, we can assume that X = Z x V and that 3 =
7' x V, where V is a differentiable orbifold, Z is a smooth analytic space and
Z' is an analytic subset of Z. If 7, is the ideal sheaf of Z’ in Z, then j3rel =

pry ' Ty (’);’1 by Proposition 3.10. By Lemma 3.5, (’);l is flat over pr; ' O, so that
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the equality pr; ' 7, . 05 = pr; ' 7, R0 Oy holds. This implies that 75" is
relatively coherent. Using again the fact that (’)Z;:1 is flat over pl‘l_l O,, we obtain that

Ogel = prf1 0, ®pr_] O;el , and thus the sheaf O:;e] is relatively coherent too. O
~ 1

OZ
Let us make an important remark:

Remark 3.12 Let Z be any reduced analytic set and V be a differentiable orbifold.
Then it is possible to define a sheaf Ozréiv of relative holomorphic functions on Z x V
(which is a subsheaf of C2.,) as follows: since we can argue locally, we assume that
there exists an open set U in some C” such that Z is a reduced analytic subset of U.
Then we define Ozrexlv as the structure sheaf of Z x V in U x V. Using Proposition
3.11, it is easy to prove that the definition in independent of U. This makes it possible
to construct singular relative analytic spaces, although we will not go any further in this
direction.

Following the strategy of [21, Ch. 1§ 3], we prove:

Proposition 3.13 Let f: X— X’ be a morphism between two relative analytic
spaces (X, A) and (X', A"), 3 be a relative analytic subspace of X such that f is finite
on 3 and F be a relatively coherent sheaf on X supported in 3. Then f,F is relatively
coherent on X'.

Proof For any point X’ in X', let ¢': U'-">Z' x V be a relative holomorphic chart
of A" in a neighbourhood U’ of x’. Since f is finite on 3, there exists a relative
holomorphic chart ¢p: U-">Z x V in a neighbourhood of f~'(x') N 3 such ¢ and ¢’
are f—adapted. Up to a refinement of A, we can assume that:

-¢(U) C U and ¢~ '(UHNN3CU.

— ¢ of o ¢! =(g,id), where g: Z—= Z' is holomorphic.

- ¢(UN3)=7Y x V,where Y is areduced analytic subset of Z.
— The function g, : ¥— Z' isfinite.

— The sheaf ‘F\U is isomorphic to ¢! (prl_1 F ®pr
analytic sheaf on Z supported in Y.

rel = .
“lo, Ova) , where F is a coherent

Let us prove that the natural morphism
—1 bl 1 . -1 = 1
(3—2) prl (g*f) ®prrl OZ/ Ozr?x V4>(ga ld)* (prl ]: ®pr171 OZ OZreX V)

is an isomorphism. The function g being finite on ¥ and O}, (resp. Ok ) being

flat over prl_1 O, (resp. prl_l O,,), both members of (3-2) define exact functors from
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Cohy(Z2) to Mod ((’)Zr'f“lX v)' Let Jy be the ideal sEeaf of Y. Since g is proper, we can
assume, after shrinking Z’ if necessary, that 7Y F = 0 for N large enough. Using the

exact sequences
0— JNF —gNF — JYF) IV F —0,

we see that it is sufficient to prove that (3-2) is an isomorphism when F is an Oy—
module. Under this assumption, for any z’ in g(¥), we can take local O, —presentations
of F in a neighbourhood of the finite set g~'(z') N Y. Thus it is enough to prove
that (3-2) is an isomorphism when F = Oy.llf h = 8y this amounts to show that
the natural morphism from 4,0y ®prf o, Oy to (h, id), O va is an isomorphism.
Since the problem is local, we can assume that there exist two positive integers m and n
and an open subset Q of C" such that Z’ is open in C", Y is a closed analytic subset of

Q) x Z' and h is the restriction to Y of the projection from C” x C" to C".

We deal at first with the case m = 1. If (w,7’) denotes the coordinates on C x C",
then for any 7’ in A(Y), (h*OY)Z, is free over O, a basis is given by the functions
L,w,...,w¢, where d is the degree of h (see [21, 1§ 2]). Since the general Weierstrass
division theorem remains valid for relative holomorphic functions, for any v in V, the
module ((h,id), (’);CXIV) is also free over O ! with basis 1,w, ..., w?. This yields
the required isomorphism

To conclude, we argue by induction on m. Let us write Q = Q" x €/, where Q”
and ' are open in C and C"~! respectively, and let p: Q x Z'—= Q' x Z’ and

q: Q' x Z'—= 7' be the natural projections. Then there exists an analytlc hypersurface
S in  x Z' containing Y such that p is finite on S. If Y = p(Y), then Y is an analytic
subset of Q' x Z' and g is finite on Y. By Proposition 3.11, (’)YXV is, as a sheaf of

(’)(rgxz,)xv—modules isomorphic to pr;' Oy ® . O(rgxz')xv- Therefore the
X

result in the case m = 1 yields the 1somorph1sm
1 1
POy @ 0, O xzyxv = 1), Oy
xZ!
Besides, we get another isomorphism by induction, namely
rel rel
4.(p.Oy) ®, -1 o, Ozxv = (1D, ( Oy @1 O(Q’xZ’)xV)'

Putting these two isomorphisms together, we get the result. O

,IO

Q' xz

3.3 Relative analytic K-theory

We are now going to introduce morphisms of relatively coherent sheaves. A natural idea
would be to consider relatively coherent sheaves on a relative analytic space (X,.A) as
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a full subcategory of the abelian category Mod ((’);el) of sheaves of (9;1 —modules on
X. Unfortunately, the resulting category would be non-abelian. Indeed, if X =Z x B
is trivial, if F is relatively coherent on X and if x is a smooth cut-off function in
B, the multiplication by  defines an endomorphism of F over O;eel whose kernel
is far from being relatively coherent in general. Now, if A is given by the family of
relative holomorphic charts {¢;: U;—>Z; x V;},,, another natural definition is to
glue together the abelian categories (Coh(Z;)), , of coherent analytic sheaves on Z;.
This is what we do.

Definition 3.14 (i) A strict morphism between to relatively coherent sheaves F
and G on a relative analytic space (X,.A) is a morphism u in Hom ol (F.9)
X

satisfying the following condition: there exists a relative holomorphic atlas .4
equivalent to A such that for every relative holomorphic chart ¢: U-—">Z x V
in .Z, there exist two coherent analytic sheaves F and § on Z as well as a
morphism v in PE)mOZ(.f, G) lsuch that F|y ~ o1 (prl_1 f®pr1—1 0, (’)Zrexlv),
Gu =~ ¢! (prl_] g ®pr;1 0, O;;V) and the following diagram commutes up to
isomorphism:

u
Flu Yy
_ 1= 1 ¢~ (v®id) _ 15 1
¢ 1 (prl f ®pr1_] Oz OZH; V) - ¢ 1 <pr1 g ®PT1_1 Oz OZreX V)

(ii) If X is arelative analytic space and 3 is a closed subspace of X, we call Coh rel(3€)
(resp. Cohgel(f)) the subcategory of Mod ((’);l) whose objects are relatively
coherent sheaves on X (resp. relatively coherent sheaves on X supported in 3)

and whose morphisms are strict morphisms.

If X is a relative analytic space and 3 is a closed subset of X, the categories Coh rel(%)
and Coh;el(%) are abelian subcategories of Mod ((’);’l) by Lemma 3.5.

In the sequel, the Grothendieck group of an abelian category C is denoted by K(C).
Definition 3.15 Let X be a relative analytic space and 3 be a closed subset of X. The

relative analytic K—theory of X (resp. relative analytic K—theory of X with support in
3) is defined by K ™(X) = K(Coh™(X)) (resp. K5*(X) = K(CohJ(X))).

As for coherent sheaves, we can define usual operations on relative analytic K-theory.
These definitions rely on Proposition 3.6 and Proposition 3.13.
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—PRODUCT. If X is a relative analytic space and 3 is a closed subset of X, a product
from K™(X) @, K™'(X) (resp. K™'(X) @, K3(X)) to K™'(X) (resp. K5(%)) is
defined by
F.g=> (DTorgu(F,0).
k>0
— DUAL MORPHISM. Let X be a relative analytic space and 3 be a closed subset of
X. The dual morphism Fr— F" from Krel(%) to K™ (X) (resp. from K;el(.’f) to

Krel(%)) is given by
= (~Drextt (7 o).
k>0

— PULLBACK MORPHISM. Let f: X— X’ be a weak morphism between relative ana-
lytic spaces and 3’ be a closed subset of X’. The pullback morphism (resp. the pullback
morphism with support) f: K'(X)— K™(%) (resp. f': K3, ()= K%, 5, (X))
is defined by
1'G =3 D Tort a9, 05,
k>0

— GYSIN MORPHISM. Let f: X—= X’ be a morphism between two relative analy-
tic spaces and 3 be a relative analytic subset of X such that f is finite on 3.
The Gysin morphism f, from K. rel(%) to K™(X’) is induced by the exact functor
f.t Coh'(3)—= Coh(X").

We now list all the properties we need concerning the operations introduced above.

Proposition 3.16 (i) PRODUCT STRUCTURE. If X is a relative analytic space and
if 3 is a closed subspace of X, then K™\(X) is a unitary ring and KS (%) isa
module over K™ (%) Besides, if F and G are relatively coherent sheaves on X
and if G is supported in 3, then

FY.G=Y (—1)éxt] o(F,9) in K3,
i>0
(ii) FUNCTORIALITY. The pullback morphism (resp. Gysin morphism) in relative
K—theory is contravariant (resp. covariant) with respect to weak morphisms
(resp. with respect to morphisms). Besides, the pullback and the dual morphism
commute.

(iii) PROJECTION FORMULA. Let f: X—= X' be a morphism between two relative
analytic spaces and 3 be a relative analytic subspace of X such that f is finite on
3. If F is a relatively coherent sheaf on X supported in 3 and G is a relatively
coherent sheaf on X', then f, (F .f'G) = f,F .G in K™x.
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(iv)

v)

(vi)

Julien Grivaux

BASE CHANGE I. Let f: X—= X' be a morphism between two relative analytic
spaces over B, A be a relative analytic space over B and 3’ be a relative analytic
subspace of X' x 5 A such that the projection q: X' Xz A— X' is finite on
3. Iffo =f Xpida, we consider the cartesian diagram:

X x5 A X' xp A
pl lq
X X’

If3 :fgl(B’), then 3 is a relative analytic subspace of X Xz A and p is finite
on 3. Besides, the pullback and Gysin morphisms

Pt K3 (X xp A)—= K™X), g1 K3'(X x5 A)—= K@),
fH K@) — K@) and i KX x5 A)—= K3 (X x5 A)

are related through the formula f'q, = p*fA’.

BASE CHANGE II. Let A be a relative analytic space over B, f: X—= X' bea
morphism between two relative analytic spaces over B and assume that X’ is a
smooth relative analytic subspace of A. If fy = f Xpid,, consider the cartesian
diagram

id, iof
%%%XBA

I

! !
T

Then the following pullback and Gysin morphisms
(id, i), : K™'(X)— KS'(X' x5 A), (id,iof),: K™(X)— KX xz A),
F K@) — KX) and  fA KENE xp A)— KX x5 A)

are related through the formula fA (id, i), = (id,i o f),f".

BASE CHANGE III. Let (X, .A) be a relative analytic space over B, 3 be a closed
subset of X, u: B— B’ be a smooth map and u: X xz B—= X be the
associated base change morphism. Then the pullback functor u* from Cohrel(%)
to Coh™ (X x5 B') (resp. from Coh'(X) to Coh™s', . (X x B')) is exact, and

! @1(3)
u =u*.
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Proof (i) If 7, G and H are relatively coherent sheaves on X, there is a spectral
sequence (canonical from E,) such that

Eyd = Toré’));e‘ (Tor(‘f);l(}', G, M), EL?=Gr, Tor’ {(F,G,H)

ox
and Eé’ *? vanishes on each component of X except for finitely many couples (p, q).
Furthermore, by Proposition 3.6 (i), the sheaves E5"? are relatively coherent on X and
the morphisms d? are strict. Thus, for all r > 2, the sheaves E/”? are relatively
coherent and the morphisms d?° are strict, so that

D (CIPHERT = (1) Torp o (F, G, H)
P.4>0 n>0 *

rel

in K (X). This yields the associativity of the product. The proofs of the remaining
properties in (i) and of (ii) are essentially similar, using spectral sequences associated
with the composition of two functors.

The proofs of (iii), (iv) and (v) are performed in the same way. We detail the proof of
@v).

(iv) For x in X, we take two relative holomorphic charts ¢: U—>Z x V and
¢': U-"=Z7Z" x V in neighbourhoods of x and f(x) such that ¢ and ¢’ are f—
compatible. Let us write ¢/ o f o ¢p~! = (g,id), where g: Z—= Z' is holomorphic.
If 6,,...,0y are elements of A such that ¢~ !(f(x)) N 3 = UY, (f(x), §;), we choose
a relative holomorphic chart ¢: U 5 —=Y x V in a neighbourhood of the J;’s.
The local form of the diagram of (iv) is then:

id,id
Zxyx v vy

prlal Lprm

7 X AR
v (g,id) v

Furthermore, we can assume that (qb’ Xy w) [(U’ x Us, . 5N) N f{] = 3 x V, where
3is an analytic subset of Z' x Y and pr, is finite on 3. Then for any coherent analytic
sheaf G on Z’' x Y supported in 3, we use Proposition 3.13 and we get

: -1~ 1 . = 1
(g7 ld)* |:pr]3>(<(pr12 g &K o, YOZr?X YXV):| =~ (g7 ld)*(prl* g ®Pl‘rl OZ/ OZH/:X\/)

Prip Cyry

* z) 1 . *x 1
=g (prl* g) ®prl—1 o, Oée;v = Pry, [(gv ld) g] ®prl_l o, OZreXV
1 LNk A rel
= Pri3« [prlz (g,id)" g ®pr1_21 Oy OZ><Y><V]

ekl -1 1
= Prizy [(g, id, id) (Prlzl g ®pr]—21 ) Yozr?xva)} :

7' x
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Taking the derivative with respect to G and using Lemma 3.5, we obtain the result.

(vi) This is an immediate consequence of Proposition 3.6 (iii). O

3.4 Topological K-theory for relatively coherent sheaves

In § 3.3, we have constructed a theory for relative coherent sheaves as well as associated
operations. It remains to obtain cohomological information about these objects. To do
so, we construct global resolutions by complex vector bundles for relatively coherent
sheaves. We start with a general result:

Proposition 3.17 Let Y be a differentiable orbifold.

(i) Locally free sheaves of C;O —modules are projective elements in the category
Mod (C;o ) . In particular, if 0 — F — G — H — 0 is an exact sequence
of sheaves of C;o —modules on Y and if ‘H is locally free, then this sequence
globally splits.

(i) If H is sheaf of C;O —modules admitting a finite free resolution in a neighbourhood
of any point of Y, then H admits a finite locally free resolution in a neighbourhood
of any compact subset of Y .

(iii) Two finite locally free resolutions of a sheaf of C;o —modules are sub-resolutions
of a third one.

(iv) Let 0—=F —=G—=H —=0 be an exact sequence of sheaves of Cy—
modules such that G and ‘H admit finite locally free resolutions on Y. Then
F admits a finite locally free resolution on Y and we can find three such
resolutions F,, G, and H, of F, G and H related by an exact sequence

OHF.%G.%H.%O.

Proof (i) Let P, Q, H be sheaves of C;o —modules such that Q is a quotient of P and
‘H is locally free, and let m be in Hom Coo(”;’-[, Q). Itis possible to lift 7 locally to a
Y

morphism from H to P, and then globally using a partition of unity on Y.

(i1) Let K be a compact subset of Y. We choose a finite covering (U,-) 1<i<q Of K and
open sets (V,-)1 <i<g Such thatfor 1 <i < d, U, is relatively compact in V; and H
admits a finite free resolution on V;. For each i, we multiply this resolution by a smooth
cut-off function equal to 1 on U; and supported in V;. We obtain in this way a complex
of sheaves

00— (C;O)”nv e s (C;O)”il L) H—>0
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d d

on Y, whichis exactin U;. If E = @(C;O)"” and if 7 = @ m;: E— H is the sum
i=1 i=1

of the 7;’s, then the morphism 7 is surjective in a neighbourhood of K. For 1 <i <d,

let \V; and A denote the kernels of 7; and 7 respectively. We have an exact sequence:

0 Nip, Ny, d(cy)" —=o.

i

,,/75
By (1), N is isomorphic to N v @ ( )Z”é’ . Furthermore N; i\, admits a finite
free resolutlon of length N — 1. Thus /\/ admits a finite free resolution of length at
most N — 1 in a neighbourhood of every point in K and we can start the argument
again. After at most IV steps, we obtain a locally free kernel.
be two finite

(iii) Let H be a sheaf of C;O—modules and (Ei)0<i<N and (Fi)0<i<N

locally free resolutions of H on Y. Let us construct by induction a finite locally free
resolution G, of H on Y such that E, and F, are sub-resolutions of G,. We put
G, = E, ® F,, the map from G, to H being obtained by adding the two maps from E|,
and from F, to . If k is a positive integer smaller than or equal to N — 1, assume that
we have constructed (G;),,, as well as injections E,~— G, and F.— G,
in degrees at most k. Then in the two diagrams

0—FE—>G,—>Q,—=0 and 0—=F,—>G,—>R,—0

Vool Vool

0—~E_,—G_,—~0_,—0 0—F_,—G_,—R_,—0

| | | | | |

Ll ]

0—E),—Gy—=Q,—=0 0—F,—Gy—=R,—=0
A ool
0 H H 0 0 H H 0
b P
0 0 0 0
all the lines and the columns are exact and Q,, ..., 0y, Ry, . .., R, are locally free by in-

duction. Let N, = ker (E, — E;_), N; = ker (F, — F,_ 1) N} = ker (G, — G,_,)s
Qk = ker (Qk — Q0 1) and Rk ker (Rk —R,_ 1) By breaklng the exact sequences
of the two last columns into short exact sequences, we obtain that Qk and Rk are locally
free. The two sequences

0—N,—N/ —>0Q,—0 and 0—N, >N/ —R, —0
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are exact. By (i), N] ~ N, & Qk N, & Rk, and we can define G, ; by the formula
G = (Eig @Qk) (Fes1 @ Ry).
If k = N, we end the resolution G. by putting Gy, = Ny.

(v) It (61) o<i<y @nd (H i) o<i<y arelocally free resolutions of G and H, let us construct

by induction locally free resolutions F, and G, of F and G such that G.isa quotient
of G., together with an exact sequence 0 — F, —> G. — H, — 0.

Since H, (resp. (~}0) is a projective object by (i), we can lift the map from H, to H
(resp. from 60 to H) to amap 7 (resp. 7) from H, to G (resp. from 60 to H). If
Gy =H,® E}O, there is a natural surjective map from G, to G obtained by adding 7
and the map from 50 to G. Besides, (id, 7): G,—= H,, is surjective, we denote its
kernel by F),.

If k is a positive integer smaller than or equal to N, assume that we have constructed
(Fi)0<i<k and (Gi)0<i<k’ an exact sequence 0 — F, — G, — H.—0 and a
surjec?i;e morphism from G. to G, in degrees at most k. Let N, = ker (F - F_ 1),
N, =ker (G, = G,_,), N/ =ker (H, — H,_,) and N, = ker (G, — G,_,). We
have an exact sequence 0 —= N, — N, — N/ — 0. If R, = ker (G ~ G )
and S, = ker (Rk - R, _ 1) the sequence 0 — S, — N;, %Nk — 0 isexact, so
that N,’c ~ S, @ N, by (i). As above, we lift the map from H,  , to N} (resp. from
S, @ GkJrl to NY/) to a map m, (resp 7, ) from H, , to Nj, (resp. from S, @ Gk to
H, ) G =H, &5 Gk+] , there is a natural surjection from G, | to N;
obtained by adding 7, and the map from S, & G, to N;.. Then we define F, 41 by
Fyq = ker (T, id).
If k =N, Fy,; = Ny,, and Gy, = Ny, so that F, and G, are locally free
resolutions of F and G. O

We apply now this result in our context. If (X,.A) is a relative analytic space, then
X is also a differentiable orbifold, and (’);el is a subsheaf of C . Therefore, we can
associate with every relatively coherent analytic sheaf / on X the sheaf F *° defined
by F*X*=F® ol C;o , which is a sheaf of C;o —modules. This sheaf admits a finite

free resolution in‘a neighbourhood of any point of X, thanks to the lemma:

Lemma 3.18 Let U be an open subset of R", G be a finite group of diffeomorphisms
of U and Z be a smooth analytic set. If W = U/G, then C,5,, is flat over pr; ' O,.

Proof Asin Lemma 3.5, it suffices to prove that (’)éexl y 1s flat over prl_1 O, . IfYisa
real-analytic manifold, let C;J be the sheaf of real-analytic functions on Y. Then, Cg is
flat over O, C,,; is flat over pr; ' C; and C,5,,, is flat over C,, ,, by [32, Th. 2]. O
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The Grothendieck group of the category of complex topological vector bundles on a
topological space Y will be called K(Y). Besides, the class in K(Y) of a complex vector
bundle E on Y will be denoted by [E]. Then Proposition 3.17 and Lemma 3.18 yield:

Proposition 3.19 If (X, A) is a relative analytic space and it F is a relatively coherent
sheaf on X, then the sheaf F °° admits a finite locally free resolution in a neighbourhood
of any compact subset of X. Besides, if 31 is a relatively compact open subset of X and
(E;) << 1 a locally free resolution of F°° on 4, then the element Y ((—1)'[E;]

of K rel(il) is independent of E, and depends only on the class of F in K re1(%).

In conclusion, we can associate with each relatively coherent sheaf F on X a topological
class [.7-" OO] in lim K(4f), where U runs through all the relatively compact open subsets

i
of X. Furthermore, if 3 is a closed subset of X and F is supported in 3, then the
topological class of F lies naturally in lim K 5 (40).
[

We are going to prove two fundamental properties of the topological class, namely the
functoriality by pullback and the homotopy invariance. We start with the first one.

Proposition 3.20 Let f be a weak morphism between two relative analytic spaces X
and X', 3 be a relative analytic subspace of X' and F be a relatively coherent sheaf on
X’ supported in 3. Then the pullback morphism

f*l 1(1_111 Ku/m:g(u/)% 141_111 Kﬂﬁf*l@)(u)
swcecex! Uccx

maps [.7-"00] to [(f!}")oo].

Proof We can assume that 7 °° admits a global locally free resolution on X’. Let
(Ei)g<;<y be such aresolution. Then for every nonnegative integer k, the cohomol-
ogy sheaf of f*FE, in degree k is Torf]ilcoo (f_l}"oo, C;O), which is isomorphic to
xl

TOGEIO;} (f_l]-", (9;561) > by Lemma 3.5 and Lemma 3.18. We define the sheaves N,
and Z, by N =ker (f*E, - f*E,_,) and Z, =Im (f*E,,, — f*E,). Then we
have exact sequences

(3-3) 0—N,—f*E,—TI,_,—0

and

(3-4) OHIk%/\/,{%ToG_’iIC;(f—IFW,C;O) —0.
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If 4 is relatively compact in X, then the sheaves To;}i ( flFee, C;O ) admit, by

—1 COO

x/
Proposition 3.19, a global locally free resolution on (. Since N, = E,, the repeated
use of Proposition 3.17 (iv) with the exact sequences (3-3) and (3—4) shows that the
sheaves N, and Z; admit global locally free resolutions on I, and that the following

identities hold in K Af-1 (3)(11):

[ E] = N + [Ticy] and (] =[] + [ Tort e F=.c5)].
As a consequence, Zf.\;o(—l)i[]‘*Ei] = Z?’:o(—l)" [Tm}i 0 (f_l}'OO,C;o)]. This

— IC}:/
yields the result. |

We can now come to the homotopy invariance of the topological class:

Proposition 3.21 Let %) be a relative analytic space over B x [0, 1], R be a relative
analytic subspace of ) and F be a relatively coherent sheaf on %) supported in R.
Assume that the pair (SR, 2)) is topologically trivial over [0, 1] (ie for any 1, in [0, 1], if
X =19, and 3 =R, , then there exists a homeomorphism between %) and X x [0, 1]
over B x [0, 1] mapping R to 3 x [0, 1]). Forevery ¢t in [0, 1], leti,: ,— 2 be the
natural inclusion. Then, via the homeomorphism between ), and X, the topological
class [(it*]-" )OO] in lim K 3 (40) is independent of 1.

Hccx

Proof Let il be an open relatively compact subset of X, ¢: X x [0,1]— ) be
a homeomorphism trivializing the pair (R,%)) and let ' = p(4l x [0, 1]). Then
is open and relatively compact in ). We take a locally free resolution (El) o<i<n Of
F > on . By the homotopy invariance property for topological K—theory, the class
Zf.vzo(—l)i [it*}" "0} in K5 (40) is independent of 7. By Proposition 3.16 (vi) and
Proposition 3.20, i,*E, is a locally free resolution of ;" 7 °° in {l. This yields the desired
result. d

3.5 Relative incidence sheaves

Let (X, J) be an almost-complex compact four-manifold and n be a fixed positive integer.

If W, W and W” are small neighbourhoods of the incidence loci Z, . ,, Z, and Z, 4

introduced in (2-5) and (2-6), let J,fill , J,fel and Jnrill be relative integrable complex

structures on W, W’ and W” respectively. To simplify the notations, we put

x1»

1
X[n] = X[ rel rel Jre
1 1)
J ‘/n+l ‘ln><l nx nx )

il Il gl el el a1 (tnlxin e
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Definition 3.22 The four relative incidence sets 9),,, ), |, Qj)n and an 41 are defined
by:

-9, = {wix) in W5 x W suchthat w € supp(é)}
= D1 = {E& w;y) in W’ [n+-1] X ywtn W such that w € supp(§)}

rel

- Qj)n {(¢&, w;x,p) in W rel Xxmyyx W such that w € supp(&)}

- @nﬂ ={(,w;x,p) in W[rle] Xy x W such that w € supp(&)}

The relative incidence sets 9),, 2, 1 @n and i)n 1 are relative analytic subspaces of

n+1 n n+1] .
w'ln ol 1% co W', W r[el I yotn W, WEJ Xy x W and WEel Xy, x W respectively.

For instance, if {¢;: U;—>; x V; },,, where V; and €; are open subsets of X and
C? respectively, is a maximal relative atlas on W', the associated atlas on W [n ] X w’
is the completed atlas of {¢!") x v, B U x,, U, M 0, x V; Vier- For any i
in I, let Y, ; be the incidence locus in Q["] X (); defined by (2-1). Then we have

(Cf)l[n] Xy, Cbi) [(U[n] Xy, U) Ny = Y, x V.

[n+1,n]
rel

Definition 3.23 (i) The relative exceptional divisor D, is the subset of W
defined by

D, = {(, & x, p) in W[r';“ " such that supp(€) = supp(£)}-

(i) The relative residual morphism p wintbnl o W is defined b
P Wi y

p(€,€5x,p) = (supp(£/€');x,p)

(iii) The relative diagonal A, is the subset of W x W defined by

XM x X
Arel = {(Wl, Wy X, p) in W XX(”)XX W such that w, = Wz}'

W[IZIH’ " of relative codimension one, the

Wi

The set D is a relative analytic subspace of
fibers Dyl ,p of D, over X" x x being the usual exceptional divisors in

defined by (2-2). The ideal sheaf 7, Dre] is locally free of rank one on W[rg b so that

[n+1, n]

o - .
Jp,, 1s a complex line bundle on W,

Let us give a list of notations which are extensively used in the sequel of this section as
well asin § 5.2 and § 6.
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Notations 3.24 SHEAVES

— The relatively coherent sheaves (’);l (’); 1+1 , 05’1 and (9£61 (resp. j ! jgiel .

1 | 1
j; and jfi+l) on WU x w W, WU ) W", W[;g1 X ) W and
W[r’grl Xy, W defined by Proposition 3.11 are denoted by O,, O, , |, O, and O,

(resp. Jy» Tpp1» jn and ‘7n+1)‘
— The ideal sheaf JDr: is denoted by L.

— The relatively coherent sheaf (’)X‘L] on W x W is denoted by O, .

X"Wxx

COHOMOLOGY CLASSES

— The restriction to X"*"" of the first Chern class of £ in H? (X["H’"], Q) is
denoted by /.
—If 0 < i < 2n+2, we define a class 4, , in H* (X" x X,Q) by the formula

Hin = Ci([énoo])|xln1xm-
MORPHISMS

— The natural morphisms from wirtbal o W["% and W are denoted by ¢ and v

rel rel
respectively.
"[n+ 1]

— The natural projections from Wrel o W' (resp. Wrel X yarn W, resp.

[n] [n+11 o (nt+1,n] '[n]
Wie rel X xxx Wrel X xwwx Wrel X ¢ x W) to Wrel (resp.

Wt resp. W resp. W resp. WLy are denoted by p (resp. g, resp.

rel rel rel rel
p,Tesp. g, resp. p).
— The morphism p: WY~ W has already been defined in 3.23 (ii).

— The morphism & : W[r;’l*‘ M W X W is defined by & = (¢, ).
W is defined by j = (id, p).

(ntl,n] _ _ yylntl,nl
Wrel Wrel X x X

~If f: X— X’ is a morphism of relative analytic spaces over X" x X, we define

Jw by

W, resp. W, resp.

— The morphism j:

fw=r X x idy: X X x W—s X' x w.

X" xx

The relative incidence sheaves O,, O, |, (5,1 and (5n 4 are related if the relative
integrable complex structures J,fe], J;ill and J;exll satisfy some compatibility conditions.
— If the compatibility condition (A) of § 2.4 is satisfied in the case m = n + 1, let
ke W S (X(") x X)Wl be the associated injection. If r denotes the base

change morphism from W’ x ) (X["] x X) to W' then r*O, = k*O, and
= k*J,.
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— If the condition (B) of § 2.4 is satisfied, a weak morphism s from W[rzlﬂ] to W”rgl’ﬂ]

can be obtained by composing the isomorphism WL’;“” =W L’QL” Xxotrn (X x X)

with the base change morphism from W” "1 5 o) (X x X) to W” 1 Then
$* Oy = On+1 and s*J,, 1 jn+1-

The sheaves (5n and 6;1 1 fit into an important exact sequence:

(n+1,n] W

Proposition 3.25 Let X be the relative analytic space W X x

(i) There is a natural exact sequence on X:

0—=jsL —= 1y O,y —= b3y O, —= 0.
(i) The relatively coherent sheaves j, L and p*L @ p3 O are isomorphic on X.
(P O, O8N, Tor e (Y3 Opyrs OF") and

1 rel .
Tor ¢ | (ng (9”,03E ) vamsh for any positive mteger i.

(iii) The three sheaves Tor! _,
Pw

rel

Proof Using Proposition 3.6, the proposition is an immediate consequence of the
analogous results in the integrable case. For instance, the exact sequence of (i) is
obtained via relative holomorphic charts on W using the exact sequence (2-3). O

We now turn to the computation of the classes y; ,.

Lemma 3.26 For every positive integer i, the classes y; , are independent of the
relative integrable complex structure J™' .

Proof Let JorelXl and J lreile be two relative integrable complex structures on a

neighbourhood W of Z,., such that |J3% | — J]| 0w and |J S 0 g are

0,nx1 1,nx1
strictly smaller than the bound &, given in Proposition 2.13. Then there exist a
neighbourhood U of Z,x; included in W as well as a relative integrable complex
structure J ' Xl on U x [0, 1] (considered as a relative differentiable space over the base
() 1 1 1 1
X" x X % [0,1]) such that 1,5, 101 = Joonxt (o @04 L5 0y = Iionst (- 1

X = (U x [0,1],J nri]l) let us introduce the incidence set

L= {E w;x,p,0) in XM x X such that w € supp &}

XM xxx[0,1]

Then iﬁn is a relative analytic subset of M %
tin [0, 17, if i,: XM x x,— xI"

XX x[0, 1] X. Furthermore, for any

X is the natural injection,

XWX x{t} X" xxx[0,1]
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then i,*(?ée is the incidence sheaf (9 on UM x Xy Us where U is endowed with

n

the relative integrable complex structure Jr Since the relative product Hilbert

><1 |Ux{t}"
scheme (X“’JX[IJ Jnrill) is a topological fibration over [0, 1], the required result is a

direct consequence of Proposition 3.21. |

We compute now the cohomology classes i, ,,. Let p: X" hnl o X be the restriction
of pryop to X"tH"1f X is the canonical homotopy class in [X["+l’”] ;XM

introduced in § 2.4, we define o in [X["H’"] D G X] by o =\, p).

Proposition 3.27 If 1 <i<2n+2, ;, = (=)o (I").

Proof Let us assume that (W, J,fill) and (W’ , J,fel) satisfy the compatibility condition
(A) of § 2.4 for m = n+ 1. Then X" = x| % X In this proof, we denote the two
relative analytic spaces W[”Jrl " and Wrel Xy, Wby X and X' respectively. The

homotopy class of the restriction of 7: X—= X’ to X""*"" js &

Let {¢;: U; where (2; and V; are open subsets of C?> and X" % x

i XV, }iel’

respectively, be a maximal relative holomorphic atlas on W. If ¢; = qb[."ﬂ’"] if v, =

P %y, ¢; andif O; = relxv U,, then the family {¢;: U0 Z0lr bl oy

i,rel iel

(resp. {7;: Oi*N>Ql[."] x §; X V; },c,) is a relative holomorphic atlas on X (resp. X').

For any i in I, let Y, ; be the incidence locus in Q[”] x €1; defined by (2-2), and let
0— A — B, be a locally free resolution of length two of the ideal sheaf 7, . (see
§ 2.1). By the very construction of global smooth resolutions for relatively coherent
sheaves (Proposition 3.19), we can assume, after shrinking W if necessary, that there
exists a locally free resolution 0 —= .4 — B of length 2 of j > on X’ such that for
any iinl, 0—=~, ' A® —=~71B>® isa subresolutlon of 0 — A|0, — B‘

oo -
(by a slight abuse of notation, we write .A;> instead of pr, LA, By T o o Q0 xV,

oo
P Oginl, o CQE”] 2 0,xV,
Let P(B) be the projective bundle of B (using Grothendieck’s convention), K be the
universal quotient line bundle on P(B), 7: P(B)— W[g Xy x W be the projection
and s be the section of 7 *A* ® K obtained via the morphism 7*A—7*B— K .

and B° instead of pr; ' B; ®

Lemma 3.28 (i) The vanishing locus Z(s) of s is canonically isomorphic to X.

ii) After changing base from X(") x X to X" x X, the section s is transverse to the
ging
zero section.
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(iii) If j is the embedding of X into P(B), then j*K ~ L

Proof (i) By Proposition 3.17 (i), we can split the injection of 7,~ 1A in .A| 0.
If .A| 0, = fyi_] (.A,-OO S5 Ri) is such a splitting, it induces another splitting B| o =
7 (B @ R;). The resolution 0 — A\, — B, is therefore isomorphic to

. _1 .
0— '(AX DR, 2 v N (B ®R;), where N; = <7’ OM’ 1(21) . For any

point p in Q["H " V;, we have an obvious bljectlon between the two sets {u in
(B2 b OR; |p) such that u vanishes on (A2 & i i‘p)} and {u in (B°|; SR, |p)

such that u = 0 on R, Ip and u vanishes .Aﬁ;}. If we consider the embedding of
IP‘(%_IBIPO) in ]P)(B|0i) given by the splitting of B\O,- , this means that Z(s) N 7 ~1(0;)
lies in IP’(%-_IBIPO) . Furthermore, it is easy to see that the embedding of Z(s) N7 _I(Oi)
in P(v;,"'B/®) is independent of the splitting. If 7: P(B3;)—= Q[[."] x €; is the
projection of the projective bundle of ;, if s is the section of 7 *.4;*(1) given by the
morphism 7*A; —= T *B; —= Op,(1) and if §;: P(y;'B) —>=P(B®) is the
natural isomorphism induced by +;, then Z(s) N W*I(Oi) =9 ! (ZG ) X Vi). The zero
locus Z(s) being canonically isomorphic to QI["H’ " we get a commutative diagram

P(~,'B) ; P(B°)
ylrth ] ZG )jx 1%
i,rel i

Thus Z(s) N 7 ~1(0,) ~ U™,

i, rel

(ii) Let p be in (Ql["] X Qi) x V;. We choose a neighbourhood U, x V,, of p such
that A;, B; and R, are trivial on U,, U, and U, x V,, of respective ranks r, r + 1
and m. Let g be a pointin 7~ '(p) N (Z(5) x V;). We can find an affine hyperplane
H, in C ! which does not contain zero and an hyperplane H, in C™ such that the
open subset (H; x H, x U,) x V,, of P(B @& R,;) contains g. The restriction of
s to Hy x {0} x U, is a holomorphic map from H, x U, to (C”) * corresponding
to the section 5, and s (Hy x Hy x U)) X V,— ((C’ @ Cn )" can be expressed as
s(uy, uy, 2, v)a, B) = s(uy, 2) () + uz(ﬁ) After changing base from X" % X to X" x X,
the variable v lies in the preimage of V; in X" x X, which is smooth. Since s is
transverse to the zero section, the result ensues.

. . [n+1,n]
(iii) We write J on W;'

wintL.nl — (Q[n] x ) x V;——=P(B) x V; ~ P(B>) ——P(B,)

as the composed of the following morphisms:

i,rel
13
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Since the restriction of O]P(B,-)(l) to QE"] x €Q; is the ideal sheaf of the exceptional

divisor in Q" x €;, the sheaves j*K and £ are isomorphic on W™ It is then
a routine verification to check that these isomorphisms patch together into a global

isomorphism between j*KC and £ . |

We now finish the proof of Proposition 3.27. Let r: P(B) Xy, (X" x X)— P(B)
be the natural base change map. Point (ii) of Lemma 3.28 imply that Z(r*s) is Poincaré
dual to the top Chern class of r* (7r AT ® IC) . Since the pull-back morphism r* is
injective in cohomology with rational coefficients, Z(s) is Poincaré dual to the top
Chern class of 7*A* @ K in Hy, ¢ (]P’(B), (@) . Besides, if ¢ is the first Chern class
of K in H*(P(B),Q), point (iii) of Lemma 3.28 imply that [ = J¥E xnr1m- As T i
proper, we get for 1 <i <2n+ 2:

7. = mi. e =7 (X].&) = 7, (c,(m* A" ® K).6") =) (AT, e
, k=0
:Z (A" 5;_((B*) = ¢, (A* = B*) = (=1)'¢;(T,°) = (= D'c;(0).
k=0
Let u (resp. v) denote the embedding of x(tnl (resp. X Il 5 x )in X (resp. in X').
Since o,0* =id and o,0* = id, we get

v¥e, (e = o, 0 v, ) = ou*TF T, (*E) = outjre = oI,

so that O'*li = (—l)iv*ci(énoo) = (-1 i - =

4 The boundary operator

4.1 Lehn’s formula in the almost-complex case

Let (X,J) be an almost-complex compact four-manifold, and W/, W be respective
neighbourhoods of Z, and Z, ., endowed with relative integrable complex structures
J™ and J™ . If £ is the invertible sheaf defined in Notations 3.24, let F be the

n nxl-
restriction of £ to X" "1, By the homotopy invariance of topological K—theory,

the class of F in K (X""*"") is independent of J, el and its first Chern class is /.

nxl1-

If {¢;: U—>Z, xV, }ies 1s @ maximal relative holomorphic atlas on W, the tautolog-

rel

e, patch together into a locally free sheaf T L]

: —1 mln]
ical sheaves pr;~ O, ®prr! O Ozl rel

zm
on Wl The restriction T of T/ to X'"! satisfies the properties (see [23, Prop. 5.3,

Lemma 5.4, Prop. 5.5]):
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(i) The class of T in K (x ["]) is independent of Jnrel.

(i) The cohomology class —2¢,(T"™) in H*(X",Q) is Poincaré dual to the
fundamental cohomology class of 0X "1 where

oxM = {(¢&x)inX [l Such that there exists p in x with length (§) > 2}
is the so-called boundary of X™.
(iii) If XA and v are the homotopy classes introduced in § 2.4 in the case m = n + 1,

then v* T — \* Tl = F in g (xF1H).

If m and n are positive integers with m > n, we define a class 11" in K (X[m’"]) by
the formula 7" = »* T — X\* T Then (iii) implies that 72'*"" and F are
equal in K(X["+l’"]) )

Let us recall Lehn’s definition of the boundary operator [26, Def. 3.8]:

Definition 4.1 Let H = @,.,H* (X", Q).
(i) The boundary operator 0: H— H is defined by

o[(@zo] = (e (TM) U)o
(ii) If A is an endomorphism of H, the derivative A’ of A is defined by the formula
A =[0,A]=00A —Ao00D.

We now state a partial extension of Lehn’s main formula [26, Th. 3.10] for almost-
complex four-manifolds.

Theorem 4.2 Let (X,J) be an almost-complex compact four-manifold. Then there
exist classes (e,),~ In H?(X,Q) such that for all integers m, n and for all rational
cohomology classes « and 3 on X,

[q:z(a)a qm(/B)] = —nm qn+m(a/8) + 5n+m70(/x e|n‘045> ldH .

Proof Exactly as in [26, Lemma 3.9], we start by proving that correspondences
actions induced by homology classes on incidence varieties are stable under derivation.
We denote by PD the Poincaré duality map between the homology groups and the
cohomology groups of a compact topological manifold.

Lemma 4.3 Let m, n be two positive integers with m > n, u be a rational homology
class on X™™ and u,: H* (X["], Q) — H* (X[m], Q) be the correspondence map
given by the formula u, (1) = PD~' [v,(u N A*7)]. Then (u,) = [unc, (I1%"™)]

x°
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Proof For every rational cohomology class 7 on X",
()7 = (T") Uu,m — u, (e (T™) U T)
= PD™ (1 A" D) Ny (T7) = v, (N A* (e (T U 7)) |
=P v, (wn [(v*e (™) = A*e, (T™)) UA*7] )|
=P~ v, ([une (18] nA*r)

= [u Nc (Ij[rm’ "])] *(7').

By this Lemma, the proof of the theorem boils down to computing the commutator of
two correspondences. Lehn’s proof can be adapted exactly as we did in [23] for the
Nakajima relations. This yields (see [22, § 4.3] for a detailed exposition):

— For all integers m and n such that m + n is nonzero, there exists an excess multiplicity
o, m in Z such that for all rational cohomology classes a and 8 on X, the commutation

relation [q},(0), d,, ()] = #y, m Quim(@B) holds.

— For every nonnegative integer k, there exists an excess intersection class ¢, in
H?(X, Q) such that for every integer n and for all rational cohomology classes « and 3
on X, the identity [q)(c), q_,(8)] = ([ el af3) idy holds.

The terms p,, ,, and e, are the excess contributions. The multiplicity , , can be
computed locally on X, so that Lehn’s proof is valid and gives y,, , = —nm. a

Unlike the multiplicities f, ,,, the excess classes ¢, involve the global geometry of X.
We compute these classes in § 4.3 under the additional assumption that X be symplectic.

Corollary 4.4 When « runs through a basis of H*(X,Q), the operators 0 and q,(a)
generate H from the vector 1.

Proof The corollary is a straightforward consequence of the commutation relations
[q/l(a)vqm(l)] = _mqm+1(a), m > 0. O
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4.2 Holomorphic curves in symplectic four-manifolds

Until now, we have only considered integrable structures in small open sets of (X,J).
To compute the excess classes e, appearing in Theorem 4.2, we construct pseudo-
holomorphic curves in X for perturbed almost-complex structures. To do so we use the
following theorem of Donaldson, which is a symplectic analog of Kodaira’s embedding
theorem:

Theorem 4.5 [12, Th. 1] Let (V,w) be a symplectic manifold of dimension 2n such
that w is an integral class and let @ be a lift of w in H*(V,Z). For any sufficiently
large positive integer k, the Poincaré dual of kw in Hy,_»(V,7Z) is the homology class
of a closed symplectic submanifold of V. More precisely, if J is an almost-complex
structure on V compatible with w, there is a positive constant C such that for any
large integer k, there exist an almost-complex structure J, on X and a J, —holomorphic
submanifold S, of codimension two in V such that kw is Poincaré dual to S, and that
Wy = Jlen < C/VE.

We apply this theorem to our situation:

Proposition 4.6 Let (X, w) be a symplectic compact four-manifold, J be an adapted
almost-complex structure on X and N be the second Betti number of X. Then
there exist almost-complex structures (J,-) |<i<y arbitrary close to J in C %_norm and

two-dimensional submanifolds (Ci) |<i<y Such that:

(i) For any i with 1 < i < N, C,; is J;,—holomorphic and J; is integrable in a
neighbourhood of C;.

(ii)) The homology classes of C,,...,Cy span H,(X,Q) over Q.

Proof Let «y, ...,y be closed differential two-forms on X such that the w + o;’s
are rational symplectic forms whose cohomology classes span H*(X, Q). Then there
exist almost-complex structures (7,-)1 <i<y On X such that for every 7, 7,- is adapted to
w + «;. Besides, if g is a Riemannian metric on X and if £ is a positive real number,
we can assume by choosing the «;’s small enough that Hjl —-J HC({ g<eforl <i<N.
Let m, ..., my be positive integers such that m (w + «), ..., my(w + ay) are integral
classes. By Theorem 4.5, there exist a positive integer k, a family (J7), .,y of almost-
complex structures on X and a family (C;), ;< of two-dimensional submanifolds of
X such that for 1 <i < N, C; is J/-holomorphic, |J/ — 75”(*0,g < e and km;[w + ;]
is Poincaré dual to [C;]. Thus, for each integer i between 1 and N, J/ defines an
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almost-complex structure on C;, which is integrable since C; is two-dimensional.
Furthermore, J; endows the normal bundle N, /x With the structure of a complex
vector bundle over the Riemann surface (C;, J/). By the Koszul-Malgrange integrability
theorem [13, Th. 2.1.53], there exists a structure of holomorphic line bundle on Nc,- /X
Let U; be a tubular neighbourhood of C; in X, diffeomorphic to a neighbourhood
of the zero section in N, /X Pulling back the integrable complex structure on N, /X
by this diffeomorphism, we obtain an integrable complex structure J/" on U; whose
restriction to C; is equal to J;. Since we are free to restrict U;, we can assume that
1" = Jilco g vy < €,sothat |7 —J|co, , < 3e. If £ is small enough, this implies
that there exist a relatively compact neighbourhood V; of C; in U; as well as a smooth
family (J)y<,<; of almost-complex structures on V; such that J, = J,,,. J; = J/,,

and for every #in [0, 1], [/ — J;|co , v, < 3€. Let x be a smooth real-valued function
on X supported in V; such that x = 1 in a neighbourhood of C;. We define an

1

almost-complex structure J; on X by Ji(p) = J, (,,(p). Then J; is integrable on V;, C;
is J;—holomorphic and [J; — J| o < 3. O

4.3 Computation of the excess term in the symplectic case

Our aim in this section is to prove Lehn’s formula in full generality for symplectic
four-manifolds:

Theorem 4.7 Let (X,w) be a symplectic compact four-manifold and J be is an
almost-complex structure compatible with w. If n is a nonnegative integer, the excess
contribution e, of Theorem 4.2 is given by

1
e =73 n(n — e, (X).

This means that for all integers n, m and for all rational cohomology classes « and (3
onX,

/ ’n| —1 / .
s Um - - n+m - T 5 5n m X d '
0.0 0,] = —m{a, )~ 5= b0 | 10008 i}

In the integrable case, the statement of the theorem is [26, Prop. 3.15], with slightly
different notations. We start by an outline of Lehn’s original proof [26, § 3.4], then we
show how to adapt it in the symplectic case. In the sequel, if Z is a triangulable cycle in
a topological manifold Y, we denote by [Z] the cohomological cycle class of Z.

If X is a smooth projective surface and if C is a smooth algebraic curve on X, a result of
Grojnowski (see Lemma 4.8 below) describes explicitly the class [C™'] in B2 (X", Q)
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in terms of the classes q, (ey. .. q, ([C]) .1, where iy,...,iy are positive integers of
total sum n. l !

Let X([)"] be the set of elements in X" whose support is a single point. If C"™ denotes

the intersection C"! N OX"), the term 1 = / _[x8"] - [oC™] can be computed in two
different ways: X

(i) The integral [ is equal to q_,(1) ([0C ["]] ). Since C ("I and X' intersect generically
transversally, [8C["]] = [8X["]] . [C[”]] = —2¢,(T"). [C[”]] = —20([C[”]D. Thus,
I is a linear combination of terms q_,(1) qil([C]) ... q; acy... qiN([C]). 1, where
ij,...,Iy are positive integers of total sum n. These terms vanish except in two cases:

~N=1,i, =n. Then q_,(1) q,([C]). 1 = —/en [cl.
X
~N=2,i,+i,=n. Then q_,(1) x(ICD ¢,_,(IC]).1 = 0 and

a_,(D i (CD q, (CD) . 1 = —nkq;_,([C]) g, ([CD).1 = nk(n — k) [C]*.

|
This computation gives [ = ~ / en . [C]+ (”> [CT.
n Jx 2 ]
n

(i) The cycle "™ intersects transversally X" in its smooth locus. Besides, the
intersection C"' N X([)”J is C([)”J, which is canonically isomorphic to C. Therefore

1= /X ][] [oxM] = deg [0y (0X™)] = deg [0 o (9C™)] . which
is —n(n — 1) deg - Ky by direct computation.

The excess terms e, lie in the Neron-Severi group of X so that it is enough to show
that for every smooth algebraic curve C, /X{en — %nz(n -1 cl(X)} .[C]=0. This is
proved by comparison of the two expressions obtained for /.

Proof of Theorem 4.7. If v is a rational cohomology class on X of even degree, we
define the vertex operators (5;11(7))m>0 acting on [H by the formula

m (_l)nfl
> S, (1" =exp (Z , qn(v)t">-

m>0 n>0

Since -y is of even degree, the operators (qi(y)) ;>0 commute in the usual sense, so that
the definition of S,,(7) is unambiguous. The following lemma is due to Grojnowski
[24] in the integrable case; we refer the reader to [36, § 9.3] for a detailed exposition.

Lemma 4.8 Let J be an almost-complex structure on X in the deformation class
of J, and let C be a J-holomorphic curve on X. Assume that J is integrable in
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a neighbourhood of C. Then for any positive integer n, [C[”]] = Sn([C]) .1 in
H2n (X[n] Q) )

Proof Let V be a small neighbourhood of C in X such that Jis integrableon V, U be a
relatively compact neighbourhood of C in V, m and n be two positive integers such that
m>nand J™ be a relative integrable complex structure in a neighbourhood W of

nx(m—n)
an(m_n)_ FW=VxU™ x U(’”*”), let us assume that W C W, that J,fil(m_n)‘w =J
and that Jnril(m_n) is close to J in C°-norm. Then W "y (X[m’"],J,fil(m_n)) is exactly

the usual incidence variety U Ul \where U is endowed with the integrable complex
structure J. We denote by g;(«) the usual Nakajima operators on U, in order to
distinguish them from the almost-complex Nakajima operators on X. Then we have a
commutative diagram:

ﬁm_,,([C])i lqm_n([c])
Hc* (U[m], Q) H* (X[m], Q)

Besides g,([C]). 1 lies in H: (U™, Q) and its image in H* (X", Q) is ¢,(IC]). 1.
Since the identity of the lemma holds in Hf"(U n] Q) for the classical Nakajima
operators, we obtain the result. |

If (C,J) satisfies the hypotheses of Lemma 4.8, Lehn’s computations recalled above

1
apply verbatim and give / [en —3 n*(n — l)cl(X)} .[C] = 0. By Proposition 4.6,

X
H?*(X,Q) is spanned by cohomology classes of such holomorphic curves. Since the

. . . 1
intersection form of X is nondegenerate, we get e, = 3 n*(n—1) ¢ (X). O

The derivative of the Nakajima operators can be explicitly expressed using the Virasoro
operators £,(a) defined in [26, § 3.1]:

Corollary 4.9 If (X,w) is a symplectic compact four-manifold and if J is a compatible
almost-complex structure, then for every n in Z,

1
g (@) =n g, (o) — 5 n(|n| = Dy, (c;X) a).

For the proof, see [26, p. 180].
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5 The ring structure of H* (X", Q)

5.1 Geometric tautological Chern characters

Let (X,J) be an almost-complex compact four-manifold, n be a positive integer and A,
v be the homotopy classes in [X" " : x"] and [x"*"" : x"*1] introduced in
§2.4.

If E is a complex vector bundle on X, it is possible to associate with E a sequence
of tautological vector bundles (E™™) _ on X" These tautological bundles are
constructed in [23, § 5] using relative holomorphic structures on E, and their classes
in complex K-theory are shown to be independent of these auxiliary structures [23,
Prop. 5.3]. This construction yields tautological morphisms from K(X) to K (X ["]) )

If F is the class in K (X["H’ ”]) defined at the beginning of § 4.1, then the tautological
bundles E™ and E" ™! are related through the identity v *E" ™ = \*E 4 p*EQ F
in K(X"*""), which is a K—theoretical analog of (2-4) (see [23, Prop. 5.5]). This
gives in H**" (X (1, Q) the relation

v*(ch(E")) = X*(ch(E™)) + p* ch(E) . ch(F).

Lemma 5.1 Forevery class o in H**"(X, Q) and every positive integer n, there exists

a unique class G(a,n) in H*'*" (X [”], Q) such that G(a, 1) = « and for every positive
integer n,
v*Gla,n+ 1) — A*G(a,n) = p*a. ch(F).

Proof The Chern character on X gives an isomorphism between K(X) ®, Q and
H®"(X, Q). Therefore, we can define the classes G(«, n) in H®Ve" (X [”], Q) as follows:
if y is the unique class in K(X) ®; Q such that ch(y) = o, then G(cv,n) = ch(y [”]) )
Furthermore, G(«, n) is unique since v, v* = ﬁ id. a

5.2 Virtual tautological Chern characters

In this section, we extend Lemma 5.1 to odd cohomology classes. We adapt the method
originally developed in the projective case by Li, Qin and Wang in [30, § 5].

Proposition 5.2 For every class o in H*(X,Q) and every n in N*, there exists a
unique class G(a,n) in H *(X["], Q) such that G(a, 1) = « and for every positive
integer n,

v*Gla,n+ 1) — A*G(a,n) = p*a. ch(F).
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Remark 5.3 If X is a projective surface, if Y, is the incidence locus in X "l » X and
if td(X) is the Todd class of X, then G(«, n) = pr{ [Ch(@yn) . prya. pry td(X)] (see
[30, Lemma 5.8]).

Proof We adopt the notations of § 3.5, especially those of 3.24.

— The projection from W (resp. W', resp. W) to X is denoted by ¢ (resp. ', resp. ).
— The projection from W' x o W (resp. W] 11 o yaen W, resp. win W,

rel rel rel X xx
n+1 [n+1,n] ! 1"
resp. W[rel ] Xymyx W, resp. Wi Xymyx W) to W' (resp. W resp. W, resp. W,

resp. W) is denoted by 7, (resp. m,, resp. w3, Tesp. m,, resp. 7).

— The first and seconde projections from W X, , W to W are denoted by 7 and 7.

Thanks to Proposition 3.19, we can assume that O, On"il R 6;100 and (’3;};1 admit

global smooth locally free resolutions. Let p,, (resp. 1, |, resp. f,,,resp. fi,, ) be the
Chern character of the relative incidence sheaf O, (resp. O, , |, resp. O, resp. O, )

. 1
n Hg),, (W/r[enl] Xy W/) (resp. H%,Hl (W/;L’l]+ ] X o1 W”) > Tesp. H%n (W[rg XX x W)’
resp. H%n+1 (W[r'g“” X o x W) ). Since p (resp. g, resp. p, resp. g) is finite on ),

(resp. D41, resp. Qj)n, resp. i)n 1), we can define six cohomology classes as follows:

— K(a,n) = p,[p, -7 (. td(X))] in H* (W, Q),

rel
~K(,n+ 1) =q,[ft,; .75 " *(a. tdX)] in H* (WL, Q),
~ K(a,n) = p,[fi, . 5 t*(a. td(X))] in H* (W, Q),
~K(a,n+ 1) = q,[fi,,; . 7f t*(e. tdX))] in H* (WL Q),
= Gla,n) = K(a,m) , in H*(x",Q),
- G(o,n+1)=K(a,n + 1)|X[,1+1] in H*(xI"t1 Q).

Then, by Proposition 3.10 (ii),
@Z) *I?(OZ, n+ 1) - QZ)*I?(OZ, n) = ﬁ* [(%X/ /jn—i-l - QZ);/ /jn) . 7T5* t* (Oé . td(X))}
=p.[p*ch(L).pyy ch([OR]) . w7 t* (. Wd(X))].

Since ch([Of°]) is supported in A |, forevery 3 in H* (W X, , W, Q), we obtain
that ch([Ogo]) e B = ch([OZO]) .75 3. Using the diagram

- ok
[n+1,n] Pw
Wl‘el Xx(n) xX W Wx(n) XXW

p e

W[n+17 n] w

rel

ol
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we get
V*K(e,n+ 1) — ¢*K(a,n) = ch(L)p, p iy [ch ([OF]) . 7 t* (. td(X))]
= ch(£) p *(mg, ch([O:7]) .17 (r. td(X))).
Lemma54 (i) Ift=1Xy, 41 Wy yW—= X xX andifi: X— X x X
is the diagonal injection, then ch( [(’)XOD =7%i, dX)" L.
(i) A*Gla,n) = ¢ K (@, n) gpuir, -

(i) v*Gla,n+1) =¥ K(e,n+ Dyggrr -

Proof (i) The class [O{°] in Ky (Wyw, xW) is the pullback by the map 7 of the
class [CZC;(] in K Ay (X x X). Besides, the differentiable Grothendieck—Riemann—Roch
theorem for immersions [4, Th. 3.3] yields ch( [CZOX]) =i tdX)~!.

(i) If (W,J!)) and (W', J') satisfy the compatibility condition (A) of § 2.4, then
we have A*G(a,n) = ¢*I~( (a, ”)|an +1..- To conclude in the general case, we argue

exactly as in Lemma 3.26.

(iii) The proof is the same as (ii), replacing condition (A) by condition (B). O

By (i), we get mg, ch([OR7]) = mg, 1% i, tdX) ™ = r*pry, i, tdX) ™" = r*td(X) !,
so that ¥ *K(a,n + 1) — ¢ *K(a,n) = ch(L) p * t*«. By the points (ii) and (iii), we
obtain the relation A\*G(«, n) — v*G(a,n + 1) = ch(F) . p*«. This finishes the proof
of Proposition 5.2. a

5.3 The ring structure and the crepant resolution conjecture

In this section, X is a symplectic compact four-manifold endowed with a compatible
almost-complex structure.

We introduce operators acting on H = P, .y H * (X [n], Q) by cup product with the
components of the virtual tautological Chern characters constructed in § 5.2.

If o is a homogeneous rational cohomology class on X and if i, n are positive integers,
we denote by G;(c, n) the (|| 4 2i)—th component of G(«, n) and by &;(«v) the operator
on H that acts by cup product with G,(a, n) on H* (X", Q).

We now state a result, originally proved by Lehn for geometric tautological Chern char-
acters [26, Th. 4.2] and generalized by Li—Qin—Wang for virtual ones [30, Lemma 5.8].
We include a proof for the sake of completeness.
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Proposition 5.5 For all homogeneous rational cohomology classes «, (3 on X and for

any positive integer k, [Gk(a), ql(ﬁ)} = % q(lk)(ozﬁ).

Proof Let «, 8 be homogeneous rational cohomology classes on X and n be a
positive integer. The operator q,(3): H* (X["], Q)— H* (X["H], Q) is given by
q,(8). 7 = v,(A*7.p*pB). Therefore

Gla,n+1).(q,(8).7) — q,(8) . (G(a,n) . 7)
=v, (AT v*Gla,n+1).p*B) — v, (AN (7. G(a,n) . p*B)
= v, (ch(F). \*7 . p*(ap)) by Proposition 5.2
1
=Y o (c; (P X1 .p*(aB)).

k>0

On the other hand, since q, (a,3) is givenon H™ (X", Q) by the action by correspondence
of the Poincaré dual of p*(a3), we have by Lemma 4.3

i) = [(PD (" @p),]” = [(PD G @p) N ) ]
== [PD(p*(@B) N ey (F)F],
This yields the result. N

As explained in [26, Rem. 4.5], Proposition 5.5, Theorem 4.7 and Corollary 4.4 yield a
complete description of the operators &, ().

The forthcoming theorems 5.6, 5.7 and 5.9 extend to Hilbert schemes of symplectic
manifolds the analogous results for projective surfaces of [30, Th. 5.2], [31, Th. 4.1]
and, for Theorem 5.9, of [28, Th. 1.1] and [38, Th. 5.13]. The first two results are
formal consequences of the various relations between q,,(c), 9, £,(a) and &;(a) listed
in [31, Th. 2.1]. Thus, the two following theorems are formal consequences of Theorem
4.7, Corollary 4.9 and Proposition 5.5:

Theorem 5.6 If0 < i < n and if « runs through a fixed basis of H *(X ,Q), the classes
G, n) generate the ring H* (X", Q).

Theorem 5.7 For every integer n, the ring H* (X =], (@) can be built by universal
formulae from the ring H™ (X, Q) and the first Chern class of X in H*(X,Q).

In the case where b;(X) vanishes, Theorem 5.6 implies that the rings H™ (X (], Q) are
generated by the components of the tautological Chern characters ch(£ "1y where E
runs through all complex vector bundles on X .
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We now turn to the study of a particular case of Ruan’s crepant resolution conjecture.
Orbifold cohomology provides a geometrical approach to the rings H *(X [”], Q) If
J is an adapted almost-complex structure on X, the symmetric product X" is an
almost-complex Gorenstein orbifold. The orbifold cohomology ring Hy (X", Q) is

Z—graded and depends only on the deformation class of J (see [10], [1], [16]).

After works by Lehn—Sorger [27], [28], Li—Qin—Wang [29], [30], [31], Fantechi—
Gottsche [16] and Uribe [43], Qin and Wang [38, § 2.6] developed a set of axioms that

characterize H (X(”), Q) as aring. Here is their result, as stated in [1, Th. 5.24]:

orb

Theorem 5.8 Let A be a graded unitary ring, (X,J) be an almost-complex compact
four-manifold and H(H “(X, (C)) be the Heisenberg super-algebra of H*(X,C). We
assume that:

(i) The ring A is an irreducible ’H(H*(X, (C)) —module and 1 is a highest weight
vector.

(ii) For any o in H*(X,C) and for any nonnegative integer i, there exist classes
O,(a,n) in A‘a|+2i such that if © () is the left multiplication by € O;(«, n) on
A and if 0 = ©,(1), then "
— For all o, 3 in H*(X, C), for every nonnegative integer k,

(D@, 0,(8)] = i (@p).
— If 0y is the class in H™ (X, )3 mapped by the Kiinneth isomorphism to the
cycle class of the diagonal in X3, then Z Hay,9,,9,, (6x) = —60.
I+l +1,=0

Then the rings A and H:rb (X("), (C) are isomorphic.

(We use the physicists’ normal ordering convention

: qllqlqu3: = Qo Dy Ay > where {ll’ 127 13} = {m17m27 m3} and my < my < m3)‘

We apply this theorem to prove Ruan’s conjecture for the symmetric products of a
symplectic four-manifold with torsion first Chern class.

Theorem 5.9 Let (X,w) be a symplectic compact four-manifold with vanishing first
Chern class in H*(X, Q). Then, for every positive integer n, Ruan’s crepant conjecture
holds for X", ie the rings H* (x",C) and H}, (X("), C) are isomorphic.

Proof Let O, (a,n) = k! &, (c,n). The first condition of Theorem 5.8 (ii) is exactly
Proposition 5.5. The second condition is a formal consequence of the Nakajima relations
and of the formulae [qﬁl(a), qm(ﬁ)] = —nmq, (B, q,(0) =nL,(a). m|
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6 The cobordism class of X!"!

In this section, (X, J) is an almost-complex compact four-manifold, and no symplectic
hypotheses are required. The almost-complex Hilbert schemes X "] are endowed with a
stable almost complex structure, hence define almost-complex cobordism classes. By
classical results of Novikov [37] and Milnor [34], the almost-complex cobordism class
of X" is completely determined by the Chern numbers / . Ple (X e, (X ["])] ,
X n

where P runs through all polynomials P in Q [Tl, cee T2n] of weighted degree 4n,
each variable T, having degree 2k. We intend to prove the following result:

Theorem 6.1 The almost-complex cobordism class of X depends only on the
almost-complex cobordism class of X .

This means that if P is a weighted polynomial in Q [Tl, cee TZn] of degree 4n, there
exists a weighted polynomial P[T17 Tz] of degree 4, depending only on P and n, such
that
/ Ple,(x™), ... cp,(X"™h)] = / Ple,(X), c,(X)].
Xt X

This result has been proved by Ellinsgrud, Gottsche and Lehn [15, Th. 0.1] when X
is projective. In § 6.1, 6.2 and 6.3, we adapt the authors’ original proof in a relative
setting. Throughout this section, we use extensively the notations of § 3.5, especially
Notations 3.24.

6.1 Computation of 7X!" in K~theory

rel

Let J,fill (resp. J;el, resp. J,. ;) be a relative integrable complex structure in a

neighbourhood W (resp. W', resp. W) of Z, | (resp. Z,, resp. Z, ). We denote the
class of T™'W (resp. T™'W" M resp. T™'W/) resp. 7wy in k™ (W)
(resp. K™ (W) resp K™ (W) resp. K™ (W) by &, (resp. R, , resp.

rel
Ky T€SP. Ky p).

Lemma 6.2 The restriction to X" (resp. X (n+11) of the topological class of k, (resp.

K1) is the class of the complex vector bundle TX " resp. TX" ) in K(X™) (resp.

K(X" ) given by the stable almost-complex structure on X" (resp. X" 1),
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Proof If Jnre] satisfies the conditions (C) listed in [44, p. 711], then x™ is smooth.

rel
Jn

Besides, the construction of the stable almost-complex structure of X"} L] performed in

rel
[44] shows that X" and T"™'W"] o

almost-complex structures satisfying the conditions (€) can be chosen arbitrary close
rel

have the same class in K(X "]). Since relative

to J in C%norm, Proposition 2.13 implies, after shrinking W if necessary, that J,
can be joined by a smooth path {‘]nr?:}ze[OJ] to another relative integrable structure
satisfying the conditions (C). By rigidity of the topological K~theory, the class of
T [W["] J rel] b in K (X ["]) is independent of 7. The result follows. O

rel>vn,t

Remark 6.3 For an arbitrary Jrfel, by Theorem 2.18 (ii), Xﬁ”rll is only a topological
manifold. Therefore, the advantage of using T™'W! is that this complex vector bundle

rel
is defined for any relative integrable complex structure J, rel,

Proposition 6.4 The following identities hold in K" (W]

rel) nd K rel (W[n+l]) res-
pectively:

rel

%n = P« (611 + 61\1/ - 6}1 . 6;/)a "Zn—l—l =4 (6n+1 + 61\1/—4—1 - 611+1 . O:—H)'

Proof Let ¢: U-">Z x V be a relative holomorphic chart on W’, p be the first
projection from Z™ x Z to Z"! and Y, be the incidence locus in Z"! x Z defined by
(2-1). Since p is finite on g),,, we obtain by Proposition 3.13:

! [prl_1 [p* HomO (an Yn)] prf1 OZ[,I]XZOZH[:’}] XZX V]

-1 —1 [n] rel ~ rel [n]
[pr ' TZ © o O, Oginzv) = (T Wrel)|

These local isomorphisms patch together into a global isomorphism between the two
relative holomorphic bundles p. Hom . w (jn, O ) and TW["] If i is a nonnegative
integer, Proposition 3.6 yields the 1somorphlsm

rel ~ =1 —1 i rel
Ext rel(O o )|U_ (prl EXtOZ[n]XZ(OYn’OZ["JXZ)®pr1_1O OZ["1><Z><V)‘

zInl %z

Since Y, has codimension 2 in Zn x z, Sxtérel ((5,1,Orel) = 0 for i < 2 by [14,
Prop. 18.4 and Th. 18.7]. Besides, jn locally admits a free resolution of length 2.
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Using Proposition 3.16 (i), we get the following equalities in K. el

2, ( rel 7y gy W) :

Ty 0y = Homya(3,,0,) ~ E31a(F,,0,) + £130(7,,,)
— Homy (7,.0,) — Ex12(0,,0,)
= Hom (T, 0,) — Ext . (0,,0™)
— Hom i (,.0,) - O

so that p*”;'-[omorCl (jn, (5,,) =P, [(Ore] — (5,Y) . (5,, + OY]. The proof of the second

identity is exactly the same. O

6.2 Comparison of 7X!"! and TX!"*!! via the incidence variety X!"+!."!

We use the notations of the previous section. The relative canonical bundle of W is
denoted by K5

Proposition 6.5 The following identity holds in K™ (whikhaly.

rel

Gl = 0 Rt L+ L7 K 5Oy — TEW 4 KyY)
—£.7'0Y - Y. 5k .70

ne

Proof By Proposition 6.4, ¥'k,. | = ¢'p, ((5n+1 + 61\1/“ - 6n+1 .(5,\1/“). Let us
consider the cartesian diagrams

w ¢W; W[n+1] %

W[rZIJr bl Xy x el Xy W
w v
e
and
wlnrhal s w2 i w

rel X" xx re X" x

| 1

wlntLnl ¢ Wil

rel
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Since p (resp. ¢) is finite on Qj)n (resp. anH ), Proposition 6.4 and Proposition 3.16
(iv) yield

(G !En+1 :ﬁ*l/’lgv(onﬂ + Oz\1/+1 —Onpy -O;/H) and
¢'Fp =Dy (0, + 0 —0,.0)).
Thus, we obtain by Proposition 3.25 and Proposition 3.16 (ii):
) g1 = &Ry + Do [ﬁ’c.m’v OA+DP'LYDiyOX =p' (L. LY) .7y (Oa. OX)
—P'L.PiOa -0 OF 'L 5 OX. 64y O,).

Note that £.LY = O™

W["'H’"] .

rel

Since 7 is injective on A

Let w: W x W— W be the first projection.

XMW x X

o> the diagram

[n+1,n] Pw
Wil Xy W WX W

|
W[n—H, n P 14

rel

and Propositions 3.16 (iv) and 3.25 (ii) give
'Ry =0y + L9 mON+ LY. D w08 —=p 1, (Op . O))
~ P L0k O)) = £V 5. [l OX 6y O,

Now 7,0, = OF, 1, 0% = KV, 0,.0% = O — T + K'Y and if
0: W—= W X, W isthe diagonal injection, Py OX =ph o KV =jp K"
thanks to Proposition 3.16 (v) and to the diagram

W[n+1, nl J W[n+1, n]

rel rel X x 4
ip lﬁw
g
w WX W

By Proposition 3.16 (ii) and (iii), we get:
VR =0, + L+ LD K =5 (OF - T+ KY)
~ . NN . N~
—@oN. [L-(¢woi) OF] = LY. @ o), (dwoi) O,

Since p oj = id and ¢y, o j = o, we obtain the result. O
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6.3 Cohomological computations

Lemma 6.6 If i is a positive integer, the following identities hold in H* (X n+1,m] Q):
(1) Ci ((z) y%n) ‘ X[;1+I,n] — )\ *Ci (X[n]) and Ci (’(/J 'gn+1) ‘ X[11+I,;1] =V *Ci (X[n+1]) .
(i) ¢;[(T O) ]| gorn = 0"t -
(i) ¢;(p* T™'W), g = p*e,(X).
Proof (i) By the homotopy invariance of topological K—theory, the cohomology class
ci(¢'%,) g1, in HY (X" Q) is independent of J'' . Thus, we can assume that
W and W’ satisfy the compatibility condition (A) of § 2.4. It follows from Lemma 6.2

that c; (gb !En) | xirtm = A (mn) | xin = A (X ["]) . Using the compatibility condition
(B) instead of (A) we obtain the second identity.

(i) By Proposition 3.20, [(7'0,)>] = *[O;°]. This gives the result.
(iii) Let W = W x y» X, where the base change morphism is given by the diagonal

injection of X in X ™ We consider the diagram:

Wit o
X[’H’L”] 5 X X

Then, c; (ﬁ * TrelW) it = p*ci(Trel W) X Since W is a neighbourhood of Ay in
X x X, T™ Wy ~ TX, so that c,.(Tre‘W)|X = ¢,(X). 0

For any nonnegative integer k, let d; be the k—th Chern class of [CZ‘;] in H*(X x X, Q).
If i: X— X x X is the diagonal injection, the differentiable Grothendieck—Riemann—
Roch theorem for immersions of [4, Th. 3.3] gives dy, = 1, d; = 0, dp = —i, (1),
dy = —i,[c;(X)] and d;, = 0 for k > 4. Thus i*d, =1, i*d; =0, i*d, = —c,(X),
i*dy; = —c(X)c,(X) and i*d; = 0 for k > 4.

Proposition 6.7 Let i be a positive integer. Then
4
@) id) "y g — O id) g, = > prf 15 (p,id)* di .

(i) v*c; (X[”H]) — N*¢ (X["]) is a universal polynomial in the classes I, p*c;(X) and

*
T W -
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Proof (i) Let Z, be the incidence locus in X x (X(”) XX xX ) defined by

x1x1

Z

n

rel
and let J, |,
Z

1x1- We can assume that (W,J ) and (W,J'S, ) satisfy as relative analytic

spaces the compatibility condition W X xmx (X™ x X x X) C W, the base change
map being given by the diagonal injection of X into X x X.

wix1 ={@; x, ¢, r) in X x (X(”) X X x X) suchthat p € xUqUr}

be a relative integrable complex structure in a neighbourhood W of

[n]

Exactly as in § 3.5, we can construct relative incidence sheaves O, and O, Lpon W

~ 1 . . .. ~ L At ~ ~
and XV};’fi as well as a relative exceptional divisor D,y in W™ Let b5 Vi
Py Js P, L, A, and O3 be the analogs of ¢y, Py, pw. J» p. L, A, and O,. In
this context, Proposition 3.25 takes the following form:

bl W relating O, and O

— There is a natural exact sequence on W Xy sy x 1
namely:
- ~ A ~ oA
0—j. L — W0n+14> W(’)n—>().

AP

Jk=p £®pVA"03; . . U

I~ — 7! * — ! * — !
- pﬁvoﬁ = pW(’)A, wW0n+l = wWOn+1 and ¢W(’)n = ¢Won

Arguing as in Lemma 6.3 and using Proposition 3.20, we get ¢, (ﬁ*@ Ly = pril
and for any nonnegative integer k,

= & [(PF02) ]y = (pyid) *d,

= e [(B5 Onit)®] sy = W00ty i
= [(65,0,)%] ity = i)y -
This yields the result.

(ii) This is a straightforward consequence of Proposition 6.5 and Lemma 6.6. O

We are now going to perform in our context the induction step of [15]. For any subset /
of {0,...,m}, we denote by pr, the projection from X (11 X™ to the product of the
factors indexed by /.

Proposition 6.8 If m is a positive integer, let P be a polynomial in the cohomology
classes pr ci(X["H]), PIOy Mi py1s PG dis P ¢;(X) (1 < k1 <m) on Xl e xm,
Then there exists a polynomial P depending only on P, in the analogous classes on

x" x x™ 1 such that P= P.
X[n+l] ><Xm X[n] ><Xm+l
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Proof We consider the incidence diagram

[n+1 n]
(VV de)
[n+l] % XM [’1] % X % X™m

Since (v,1id) and (o, id) are generically finite of degrees n+ 1 and 1 respectively,

1
pP= id id)*P|.
/X[”+1]><Xm n+1 /X[”]XX’"H(U’I )* [(V,l ) ]

Let i be a positive integer. The class (v,id)* pry c; (X["+]]) — (0,id)* pr{ ¢; (X["])
is, by Proposition 6.7 (ii), a polynomial in the classes pry /[, (0,id)* pr{ ¢;(X) and

(0,id)* prg) p1; 5 and Proposition 3.27 gives (o, id), pry V= (—1)’.pr5k1 W, - Thus,
(0,id),(v,id) * prj ¢; (X [”+1]) —prgci(X ["]) is a polynomial in the classes prg; p1; , and
o ¢;(X).
By Proposition 6.7 (i), (v,id) * prgy f1; 41 — (0,id) " prg iy 4 , is @ polynomial in the
classes pry [ and (o,id)* pr{° ., d;. Applying proposition 3.27 again, we obtain that
(0,1d), (v, 1d) * proy f1; iy — PTg i1 Mi,n 1S @ polynomial in the classes prg; 41 , and
pri dj.
To conclude, we use the relations
(v,id)* prj;d; = (o,id)” pr,f+]7l+] d;
and (v,id) " pry’ ¢;(X) = (o,id) " pry’y | ¢;(X).

We can now finish the proof of Theorem 6.1. We write

[n] [n] _ D Do .. — D
/XMP(CI(X )iooem(X )> _/Xmllxxpl_/x“’”xxzpz_ /"P

where P is a universal polynomial in the classes pr;° ¢;(X) and pr}; d;. By the explicit
expression of the classes d;, we obtain that [y, P is a universal polynomial in the Chern
numbers cl(X)2 and ¢,(X). O

7 Appendix: existence of relative integrable complex struc-
tures

This appendix is devoted to the proof of Proposition 2.13. This proof is carried out in
several steps. We introduce at first some notations and terminology:
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—1If Y and A are two subsets of X x B and B respectively, we put Y = YNX xA).

—If Y isasubset of X x B, we say that Y is adapted to Z if Y contains pr, ! [pry,(Y)NZ].
—If W and W’ are open subsets of X x B, we write W < W’ if W N W’ is nonempty

and if W is included in W/

|Pr2(W)mP1'2(W/) |pr2(W)ﬂpr2(W’) '

Then we have:

Lemma 7.1 Let K be a compact subset of B. Then for any neighbourhood W of Z K
in X x B, there exists a neighbourhood U of K in B such that W| y is adapted to Z.

Proof Let 7: Z—= B be the restriction of the first projection to Z. Since 7 is finite,
7 is closed. Thus, if U = B\ w[((X x B)\ W) NZ], U is an open neighbourhood of

K in B, and WlU is adapted to Z. a

We are now going to study in detail some very special open subsets of X x B, which
are essentially tubular neighbourhoods of Z. The construction of these open sets relies
on the (probably well-known) lemma:

Lemma 7.2 Let Y be a differentiable orbifold endowed with its natural stratification,
S be a stratum of T and K be a compact subset of Y. Then there exist a neighbourhood
U of K in Y and a smooth retraction R: U— UN S.

Proof We start by alocal construction. Let x be a pointin S and U, be a neighbourhood
of x in Y such that U, is isomorphic as an orbifold to V/G, where V is an open subset
of R" and G is a finite group of diffeomorphisms of V. Let m: V— U, be the
quotient map and y be an element of 7! (x). We can assume that G is equal to the
stabilizer G, of y. In this case, s n U,) is exactly the subset of the points of V
fixed by all the elements of G; we denote it by VC.

Let us construct an embedding of U, into an Euclidean space. By Bochner’s linearization
theorem, we can assume that the finite group G acts linearly on V. This means that the
action of G is induced by a linear representation of G in GL(n, R) if we choose y as the
origin of R". Then G also acts on the algebra R[X|, ..., X,] of polynomial functions
on R” and the algebra R[X, . .., X,]¢ of G-invariant polynomials is finitely generated
[41, Appendix 4, Prop. 1]. Let ¢, ... ¢, be a set of generators and ¢ = (¢,,...¢,).
The map ¢: R"—= R? induces a smooth map 5 from R"/G to R which is easily
checked to be injective. Since U, is open in R"/G, <;~3 gives an embedding of U, in RY,
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Let us now prove that the restriction of 5 to $ N U, is an immersion. Since
Tye! Ve —~ SN U, is a difftomorphism, this is equivalent to show that the re-
striction of ¢ to V¢ is an immersion. Let p be a point in V¢, h be a tangent vector in
TPVG, and assume that ¢, (h) = 0. If we put ©; = ¢; — ¢,;(p) for 1 <i < d, then every
G—invariant polynomial P on R" can be decomposed as P v, + --- + P ), + P(p),
where the P;’s are G—invariant. This proves that P,(h) = 0. Let A be the algebra of
polynomial functions on the vector space (R”)¢. Then A is a quotient of R[X 1 Xl
and G acts trivially on A, so that A is a quotient of R[X|, ... ,X,19. Let us choose
a linear form u on (R™)® such that, via the identification between T, VY and (R"),
u(h) is nonzero. If  is a lift of u in R[X,, ..., X,], then u,(h) is nonzero, which is a
contradiction.

We can now argue as in the proof of the Whitney embedding theorem in the compact
case: using a partition of unity, we obtain an embedding I' of a neighbourhood
U of K into some Euclidean space R" such that F| uns 18 an immersion. Since
['(U N S) is a submanifold of R, after shrinking U if necessary, we can consider
a tubular neighbourhood Q of I'(U N S) in RY such that I'(V) is included in . If
R: Q—= T(UNS) is the retraction associated with this tubular neighbourhood, we
define R: U— U NS by composing R o T with the inverse of the diffeomorphism
I st UNS—=TUNS) . o
Let r be the injectivity radius of X. Since X is compact, r is positive. For any x in
X and ¢ satisfying 0 < ¢ < r, the exponential map exp,(x) at x associated with the
Riemannian metric g is a diffeomorphism between the Euclidean ball of 7, X of radius
e centered at the origin and the geodesic ball B,(x, ). The former being endowed with
the integrable complex structure J,, we get a canonical integrable complex structure on
the latter.

Let us fix a stratum B, of B and a compact subset K, of B,. We denote by d()) the
number of sheets of the covering map pr, 1z Z,— B,. If 7 is a sufficiently small
number in ]0, [, there exists a small neighbourhood V, of K, in B, such that for any b

inV,,if Z, = {x15+ -+, X400} > then the geodesic balls (By(x;, ) are pairwise

1<i<d(\)
disjoint in X. By Lemma 7.2, we can assume that there exist a neighbourhood U, of
K, in B such that U, N B, = V, and a smooth retraction R: U,— V,. Then we

put 2 =[]y, HXGZ\R/\(b) B,(x,n). Since 2 is a neighbourhood of Z,, , Lemma 7.1

K>
shows that € is adapted to Z if U, is a sufficiently small neighbourhood of K. We
call such an open set 2 an n—-neighbourhood of Z above K, . Itis easy to prove that if
W is any neighbourhood of Z 1Ky then there exists an 7—neighbourhood of Z above K,
contained in W if 7 is a sufficiently small positive real number.
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We now explain how to cover Z in a compatible way by a finite number of n—
neighbourhoods.

Lemma 7.3 Let W be an open subset of X x B adapted to Z, B, be a stratum of B
such that OB, is contained in pr,(W) and 7, be a positive real number. Then, for every
relatively compact open subset V of pr,(W) containing OB, , there exist a compact
subset K, of B, a positive real number 1) smaller than 1), and a n—neighbourhood (2

of Z above K, such that By C VUK, and Q < Wy

Proof Let U be a relatively compact neighbourhood of 9B, in B, NV and put
K, =B, \ U. Then K, is compactin B, and B, C VNK,. If K’ = (VN By \ U,
then K’ is a compact subset of B, included in K, and W is a neighbourhood of Z K
Thus, for 7 small enough, there exists an n-neighbourhood Q' of Z above K’ contained
in W. We can even assume that Q' = Q 0° where €2 is an n—neighbourhood of Z above
K, and O is a small neighbourhood of K’ in B. Since Q|0 cw, Q|0r1v - W\orwv’

sothatQSWW. m|

Then we get:

Lemma 7.4 For every positive real number 1,,, we can construct a finite covering
(W) <,y Of Z by open subsets of X x B such that:

— For each i, there exists 7); in 10,,] such that W; is a disjoint finite union of 7;,—
neighbourhoods of Z above compact subsets of the strata of B.

—Forevery i suchthat2 <i <N, W, SW,_, U---UW,.

— The integer N is smaller than the number of strata of B.

Proof Let A be the finite set of strata of B and (A,;) 1<« be the partition of A defined
as follows: A, is the set of elements of A corresponding to closed (ie minimal) strata
in B, and the other A;’s are defined inductively for i > 2 by the expression

i—1

A;={Xin A\ (A, U---UA,_)) suchthat OB, C U U B,}-

j=1 peA;
For 1 <i < N,weput S, = U]l::l Uxen, By~ The S;’s are closed subsets of B. Let
A, ={\, ..., \}. For n, sufficiently sméll, we can pick pairwise 1), —neighbourhoods
of Z above the B )\’is (I <i < k). We denote their union by W,. Then pr,(W,) is a
neighbourhood of S, in B. Let V be a relatively compact neighbourhood of S, in
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pr,(W)). If Ay = {p,,..., 1}, we can find by Lemma 7.3 some compact subsets
Ky,....,K,ofB, ,...,B, and nz—neighbourhgods Q,...,9Q; of Z above K|, ... K,
(where 0 < 1, <n,)suchthatfor 1 <i</[, B, CVUK;and Q; < W1|V. If n, is
small enough, we can assume that the €2;’s are pairwise disjoint. If we replace W, by
W, % and if we put W, = [ il: 1 §2;, then pr,y(W)) is still a neighbourhood of S, in B
and pr,(W, U W,) is a neighbourhood of S, in B. Besides, W, < W,. To construct
W,, we add the strata in A; and so on. O

We now turn to the construction of relative integrable complex structures. If we
take a covering (Wi) 1<i<N of Z given by Lemma 7.4, each W, (more generally each
n—neighbourhood of Z above a compact subset of a stratum of B) is endowed with
a canonical relative integrable complex structure, but these various structures do not
match on the intersections W; N W;. This is why it is necessary to use a gluing argument.
We start by some preliminaries.

Let E be any finite-dimensional real vector space of even dimension 2k. If J(E)
is the set of complex structures on E, J(E) is a homogeneous space isomorphic to
GL(2k,R)/GL(k, C), so it is a submanifold of End(E). We define a subset J of the
vector bundle End(7X) by J =] wex J(T,X). Then J is a differentiable manifold
and the projection p: J— X is a smooth fibration. Besides, the almost-complex
structure J of X is a smooth section of this fibration. For ¢ > 0 and x in X,
we put J(T,X) = {M in J(T.X) suchthat |[M —J(x)|, < €} and we define
Je = H yex J(T,X). For any € > 0, J, is a neighbourhood of the image of J in J.
Furthermore, since X is compact, there exists €, > 0 such that for every € smaller than
€9~ Je 1s a smooth fibration whose fiber is diffeomorphic to an Euclidean ball.

Let 1 be a positive real number strictly smaller than r. For x in X and 7 in [0, 1], we
define u,: By(x,1)—= By(x,1m) by u,(x)(p) = exp,(x)[texp,(x)~"(p)]. For any y in
B, (x, 1), there is a canonical isomorphism ¢,(x,y) between X and T,(x)»X obtained
via the differential of exp o (x) from the canonical isomorphism between Texpg w1 (T X)
and T, expg(x)q(y)(TxX). Since X is compact, there is a positive constant A, depending
only on 7 such that lim;,,0 A, = 1, and for every x in X, every y in B,(x,7) and every
tin [0,11, |¢,(x, )], <A, and [¢,(x,») [, < A,. If x isin X and ¢ in [0, 1], let
be an almost-complex structure on Bg(x7 tn); if t = 0, we take the convention that J is

a complex structure on 7, X. Then we can define a rescaled almost-complex structure
R,(J) on B,(x,n) by the formula

Vy € By(x,n), Vh € T,X, R(DNMH) = ¢,0x,y) " [T (1)) (¢,(x, »)())].




Topological properties of Hilbert schemes of almost-complex four-manifolds (II) 65

Then, for every ¢ in [0, 1] and every almost-complex structures 70 and 71 on B, (x, ),
we have

”R[(‘]l) - Rt("o)”cqg7Bg()c7 77) S A727 H‘Il - JO HCO,g,Bg(x7 tn).

Remark that if J is an almost-complex structure on Bg(x, 1), then R,(j) = u,(x) *J if
t >0, and R,(j) = expg(x)* (7(x)) if t = 0. Thus, if £ > 0 and Jis integrable or if
t = 0, then Rt(j) is integrable.

We end with another estimate. For any x in X and any ¢ in [0, 1], R,(J)(x) = J(x).
Since X is compact, there exists a positive constant B, depending only on 7 such that

lim,,_,0 B,, = 0, and for every x in X and every ¢ in [0, 1], |J — R,(J)||Co’g73g(x7 n < By

We are ready to prove the essential gluing lemma:

Lemma 7.5 Let ¢, ¢’ and n be positive real numbers satisfying the conditions n < r,
0<e <e<g,and 5’A% + BW(A,Z7 + 1) < €, and let W be a n—neighbourhood of
Z above a compact subset K, of a stratum B, of B. If Jéd and Jlrel are two relative

. . . . rel
integrable complex structures in B o, e (W), then there exists a smooth family (J s )0 <5<l

of relative integrable complex structures in B, (W) joining Jorel and J lr el

Proof Let J; = R,(J;%") and J{® = Ry(J[™). Then the families (R,(J;*))

1
and (Rt(Jlre ))ogzgl
on W joining Jéel and J; o 7561 and 71rel respectively. Besides, for every ¢ in [0, 1]
and i in {0, 1},

IR~ Tleo g w < IR = RDl et gy + IR — T gy < A2/ + B,

0<r<1
are two smooth families of relative integrable complex structures

Lete = A% ¢’ +Bn’ V =pr,(W)NB, and R, : pry(W)— V be the smooth retraction
associated with W. Since ¢ is smaller than ¢, J=xxZ % is a smooth fibration over
Z v whose fiber is diffeomorphic to an Euclidean ball (hence contractible).

The relative integrable complex structures 7561 and 7{ ® define two sections Jiy and J)
of the fibration J xy Z v they are given for (x,v) in Z % by Ji(x,v) = Jif‘evl(x). Then

we can find a smooth family (J) of sections of Jz xy Z;, joining Ji, and Jj.

0<r<1
Each J] defines a relative integrable complex structure J; ™ on W as follows: for b in
pry(W), let v = R, (b) and Z|v ={x,,...,x;}. Then W, = ]_[;1:1 B, (x;,n) and Jt’rel is

equal to R, (J{(x,-, v)) on B,(x;, 7). Note that T = J! el for i = 0, 1. Besides,

”Jz/rel - JHCO,g,W < HJz/rel - RO(J)”co,g,W + [Ro()) _JHCO,g,W < A727§+Bn <E
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Thus we have found a piecewise smooth family of relative integrable complex structures
in B, .(W) joining Jgel and J; ¢l This family can be made smooth by reparametrization.
O

We can now finish the proof of Proposition 2.13. Fix e and & which satisfy the
conditions 0 < &’ < ¢ < ¢g,. If d is the number of strata of B and 7 is a positive
1<i<d by e, =¢ and, for 1 <i<d-1,
Eiyl = Af’7 g + Bn(A% + 1). Then we can find 7, > 0 such that for every 7 smaller
than 7)), the ¢;’s are strictly smaller than ¢ for 1 </ < d and B,, is strictly smaller than

real number, we define a sequence (51')

e’. We pick such an 7, and take a covering (Wi) of Z satisfying the conditions

1<i<N
of Lemma 7.3. Each open subset W, is endowed with a relative integrable complex

structure J;®' such that [/ — J| o ow <€

Since W, S W,, W, N W, is a finite disjoint union of 7, —neighbourhoods of Z (where
1, < 1) above compact subsets of the strata of B. The relative integrable complex

structures J 1r ° and 12rel being in B, . (W, N W,), there exists by Lemma 7.5 a smooth

family (Jtrel)1<t<2 in B, ., (W, N'W,) joining Jlrel and erel.
Let V be a relatively compact open subset of pr,(W,). If V is large enough, the
open sets (W”V, Wy, ..o, WN) still satisfy the conditions of Lemma 7.3. Let x be a
smooth function from pr,(W; U W,) to [1, 2] such that xy = 1 on V and supp(x — 2) is
relatively compact in pr,(W,). Then we define a relative integrable complex structure

Srel . ~rel I .
J™ in By, e, (Wyjy U W,) by the formula J,~ = J , , for b in V U pr,(W,). The same

argument can be used to glue J™ and J3r e together, and so on. Finally, we get a relative
integrable complex structure in B, . (W), where W is a neighbourhood of Z in X x B.
Thus B, . is nonempty.

We now prove the connectedness of B, _ for 0 < ¢ < ). Let J3" and J; be two
relative integrable structures in B, (W), where W is a neighbourhood of the incidence

set Zin X x B. We put ¢’ = ||Jore] - Jlrel lco g w- As we did previously, we can find
1o > 0 such that for every positive 7 smaller than 7),, the ¢;’s are strictly smaller than
e for 1 <i <d+ 1. For this 7,, we take a covering (Wi)l<i<N of Z satisfying the

conditions of Lemma 7.3 such that each W, is contained in W. Then for each i, J()rellvv[

and Jlrel|Wi are elements of B, . (W,), so that, by Lemma 7.5, there exists a smooth

8, €1
family (Jifetl)0<t<l in B, _,(W,) joining Jorel‘w[ and Jlrel‘Wi. Using exactly the same

rel

methods as before, we can glue the families {(J,-7 . H <i<y together and get a

)ogzgl
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smooth family in Bg v (W) joining JOrel to J lr °l where W is a neighbourhood of Z in

X X B.

The weak contractibility follows from the connectedness of B, . over the bases B x S”.
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