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Abstract

This article studies the data-adaptive inference of an optimal treatment rule. A
treatment rule is an individualized treatment strategy in which treatment assignment
for a patient is based on her measured baseline covariates. Eventually, a reward is
measured on the patient. We also infer the mean reward under the optimal treatment
rule. We do so in the so called non-exceptional case, i.e., assuming that there is no
stratum of the baseline covariates where treatment is neither beneficial nor harmful,
and under a companion margin assumption.

Our pivotal estimator, whose definition hinges on the targeted minimum loss esti-
mation (TMLE) principle, actually infers the mean reward under the current estimate
of the optimal treatment rule. This data-adaptive statistical parameter is worthy of
interest on its own. Our main result is a central limit theorem which enables the
construction of confidence intervals on both mean rewards under the current estimate
of the optimal treatment rule and under the optimal treatment rule itself. The asymp-
totic variance of the estimator takes the form of the variance of an efficient influence
curve at a limiting distribution, allowing to discuss the efficiency of inference.

As a by product, we also derive confidence intervals on two cumulated pseudo-
regrets, a key notion in the study of bandits problems. Seen as two additional data-
adaptive statistical parameters, they compare the sum of the rewards actually received
during the course of the experiment with, either the sum of the means of the rewards,
or the counterfactual rewards we would have obtained if we had used from the start
the current estimate of the optimal treatment rule to assign treatment.

A simulation study illustrates the procedure. One of the cornerstones of the theo-
retical study is a new maximal inequality for martingales with respect to the uniform
entropy integral.

Keywords: bandits; optimal treatment rule; pseudo-regret; targeted minimum loss
estimation (TMLE)



1 Introduction

This article studies the data-adaptive inference of an optimal treatment rule. A treatment
rule is an individualized treatment strategy in which treatment assignment for a patient
is based on her measured baseline covariates. Eventually, a reward is measured on the
patient. We also infer the mean reward under the optimal treatment rule.

The authors of [4] present an excellent unified overview on the estimation of optimal
treatment rules, with a special interest in dynamic rules (where treatment assignment
consists in successive assignments at successive time points). The estimation of the optimal
treatment rule from independent and identically distributed (i.i.d.) observations has been
studied extensively, with a recent interest in the use of machine learning algorithms to reach
this goal [20, B1, B2, 29, B0, 23| [17]. Here, we estimate the optimal treatment rule (and
its mean reward) based on sequentially sampled dependent observations by empirical risk
minimization over sample-size-dependent classes of candidate estimates with a complexity
controlled in terms of uniform entropy integral.

The estimation of the mean reward under the optimal treatment rule is more chal-
lenging than that of the optimal treatment rule. In [31, 2], the theoretical risk bound
evaluating the statistical performance of the estimator of the optimal treatment rule can
also be interpreted in terms of a measure of statistical performance of the resulting esti-
mator of the mean reward under the optimal treatment rule. However, it does not yield
confidence intervals.

Constructing confidence intervals for the mean reward under the optimal treatment
rule is known to be more difficult when there exists a stratum of the baseline covariates
where treatment is neither beneficial nor harmful [2I]. In this so called “exceptional”
case, the definition of the optimal treatment rule has to be disambiguated. Assuming
non-exceptionality, confidence intervals are obtained in [29] for the mean reward under
the (sub-) optimal treatment rule defined as the optimal treatment rule over a parametric
class of candidate treatment rules, and in [I5] for the actual mean reward under the
optimal treatment rule. In the more general case where exceptionality can occur, different
approaches have been considered [B], [11], 14, 16]. Here, we focus on the non-exceptional
case under a companion margin assumption [I8].

We rely on the targeted minimum loss estimation (TMLE) principle [26, 25]. We
can build upon previous studies on the construction and statistical analysis of targeted,
covariate-adjusted, response-adaptive trials also based on TMLE [6, [33] [7]. One of the
cornerstones of the theoretical study is a new maximal inequality for martingales with
respect to (wrt) the uniform entropy integral, proved by decoupling [8], symmetrization
and chaining, which allows us to control several empirical processes indexed by random
functions.

Our pivotal TMLE estimator is actually constructed as an estimator of the mean
reward under the current estimate of the optimal treatment rule. Worthy of interest on
its own, this data-adaptive statistical parameter (or similar ones) has also been considered
in [5 13], 14}, 15, 16]. Our main result is a central limit theorem for our TMLE estimator.
The asymptotic variance takes the form of the variance of an efficient influence curve at a
limiting distribution, allowing to discuss the efficiency of inference.

We use our TMLE estimator to infer the mean rewards under the current estimate of
the optimal treatment rule and under the optimal treatment rule itself. Moreover, we use
it to infer two additional data-adaptive statistical parameters. The first one compares the



sum of the rewards actually received during the course of the experiment with the sum of
the means of the rewards we would have obtained if we had used from the start the current
estimate of the optimal treatment rule to assign treatment. The second one compares the
sum of the rewards actually received during the course of the experiment with the sum
of the counterfactual rewards we would have obtained if we had used from the start the
current estimate of the optimal treatment rule to assign treatment.

Both additional data-adaptive statistical parameters are “cumulated pseudo-regrets”.
We borrow this expression from the literature on bandits. Bandits have raised a consider-
able interest in the machine learning community as relevant models for interactive learning
schemes or recommender systems. Many articles define efficient strategies to minimize the
expected cumulated pseudo-regret (also known as the “cumulated regret”), see [3] for a
survey. Sometimes, the objective is to identify the arm with the largest mean reward (the
best arm) as fast and accurately as possible, regardless of the number of times a sub-
optimal arm is played, see [10] for an in-depth analysis of the so called fixed-confidence
setting where one looks for a strategy guaranteeing that the probability of wrongly iden-
tifying the best arm at some stopping time is no more than a fixed maximal risk while
minimizing the stopping time’s expectation. Here, we derive confidence intervals on the
cumulated pseudo-regrets as by products of the confidence intervals that we build for the
mean rewards under the current estimate of the optimal treatment rule and under the
optimal treatment rule itself. Thus, the most relevant comparison is with the so called
“contextual bandit problems”, see [12, Chapter 4] for an excellent overview.

Organization

Section [2| presents our targeted, data-adaptive sampling scheme and our pivotal estimator.
Section [3] studies the convergence of the sampling scheme, i.e., how the sequences of
stochastic and treatment rules converge, assuming that a function of the conditional mean
of the reward given treatment and baseline covariate is consistently estimated. Section
is devoted to the presentation of our main result, a central limit theorem for our pivotal
estimator, to the comment of its assumptions and to an example. Section [5| builds upon
the previous section to build confidence intervals for the mean rewards under the current
estimate of the optimal treatment rule and under the optimal treatment rule itself, as well
as confidence intervals for the two cumulated pseudo-regrets evoked in the introduction.
Section [6] presents the results of a simulation study. Section [7] closes the article with a
brief discussion. All proofs are given in Appendix [A] Technical lemmas are gathered in

Appendix [B] and [C]

2 Targeting the optimal treatment rule and its mean reward

2.1 Statistical setting

At sample size n, we will have observed the ordered vector O,, = (Oq,...,0,), with
convention Oy = (). For every 1 < i < n, the data structure O; writes as O; = (W;, A;,Y;).
Here, W; € W consists of the baseline covariates (some of which may be continuous) of
the ith patient, A; € A = {0,1} is the binary treatment of interest assigned to her, and
Y; € Y is her primary outcome of interest. We interpret Y as a reward: the larger is Y,
the better. We assume that the reward space O = W x A x Y is bounded. Without loss



of generality, we may then assume that J = (0, 1), i.e., that the rewards are between and
bounded away from 0 and 1. Interestingly, the content of this article would still hold up
to minor modifications if we assumed instead Y = {0, 1}.

Let pw be a measure on W equipped with a o-field, ug = Dirac(0) + Dirac(1) be a
measure on A equipped with its o-field, and gy be the Lebesgue measure on ) equipped
with the Borel o-field. Define p = pw ® pa ® py, a measure on O equipped with the
product of the above o-fields. The unknown, true likelihood of O, wrt pu®" is given by
the following factorization of the density of O, wrt pu®m:

L£Qog.(On) = HQW,O(Wi) x (Aigi(1[W;) + (1 — A;)gi(0|W;)) x Qyo(Yi|As, Wi)
=1

= JI@wo(Wi) x gi(AilW;) x Qvo(YilAs, W), (1)
i=1

where (i) w — Qw,o(w) is the density wrt puw of a true, unknown law on W (that
we assume being dominated by pw), (i) {y — Qvo(yla,w) : (a,w) € A x W} is the
collection of the conditional densities y — Qy,0(yla, w) wrt py of true, unknown laws
on Y indexed by (a,w) (that we assume being all dominated by wy), (i) g;(1|W;) is
the known conditional probability that A; = 1 given W;, and (iv) g, = (91,--.,9n), the
ordered vector of the n first stochastic rules. One reads in (i) that W1,...,W,, are
independently sampled from Qw odpw, (i) that Y7, ...,Y;, are conditionally sampled from
Qv,o(-|A1, Wh)dpy, ..., Qyo(:|An, Wy)duy, respectively, and (iii) that each A; is drawn
conditionally on W; from the Bernoulli distribution with known parameter g;(1|W;).

We introduce the semiparametric collection Q of all elements of the form

Q = (QWdMW7QY('|a7w)7(avw) € Ax W)a or
K
Q = (QW ZDirac(wk), QY("a7w)a (av w) € Ax W)
k=1
with {w1,...,wg} C W. Here, Qw is a density wrt either upy or a discrete measure

Zszl Dirac(wy,) (thus, we can take the empirical measure of W as first component of Q).
Each Qy (-|a,w) is a density wrt py. In particular, Qo = (Qw,oduw, Qy,o(-|a, w), (a,w) €
Ax W) e Q. In light of define, for every Q € Q, Lgg,(0r) = [, Qw (W) x
9i(A:|W;) x Qy (Yi|Ai, W;). The set {Lgg, : Q € Q} is a semiparametric model for the
likelihood of O,,. It contains the true, unknown likelihood £¢, g,,-

Fix arbitrarily @ € Q. The conditional expectation of Y given (A, W) under @ is
denoted Qy (A, W) = [yQy (y|A, W)duy (y). To alleviate notation, we introduce the so
called “blip function” gy characterized by qy (W) = Qy (1, W) — Qy (0, W). If gy (W) > 0
(respectively, gy (W) < 0), then assigning treatment A = 1 (respectively, A = 0) guaran-
tees that the patient receives the superior treatment in the sense that her mean reward is
larger in this arm than in the other one. If ¢y (W) = 0, then the mean rewards are equal.
This characterizes an optimal stochastic rule r(Qy) given by

r(Qy)(W) = 1{gy (W) > 0}. (2)

It is degenerate because, given W, the assignment is deterministic. Such degenerate
stochastic rules are usually referred to as treatment rules in the causal inference literature.

When @ = Qo, we denote Qy = Qv,0, ¢v = gv,0, and 7(Qy) = ro.



The parameter of interest is the mean reward under the optimal treatment rule,

o = Egy (Qyalro(W), W) = / Qvo(ro(w), w)Quo(w)duy (w).

Let G be the semiparametric collection of all stochastic treatment rules g, which satisfy
g(1{W) =1 — g(0|W) € (0,1). From now on, for each (Q,g) € Q x G, we denote Pgp 4
the distribution of O = (W, A,Y) obtained by drawing W from Qy, then A from the
Bernoulli distribution with parameter g(1|W), then Y from the conditional distribution
Qv (A W)dpy. Let M={Pg,:Q € Q,g9 € G}. We actually see 1y as the value at any
Pgo.g (g € G) of the mapping ¥ : M — [0, 1] characterized by

V(Pog) = Eq (Qv(r(Qy)(W),W)).

Obviously, the parameter W(Pg,) does not depend on g. It depends linearly on the
marginal distribution Qwduy, but in a more subtle way on the conditional expectation

Qy.

We have not specified yet what is precisely g, = (g1,...,9n). Our targeted sampling
scheme “targets” the optimal treatment rule rg and y. By targeting ry, we mean esti-
mating QQy,0 based on past observations, and relying on the resulting estimator to collect
the next block of data, as seen in (|1f), and to estimate 1pg. Targeting 1y refers to our ef-
forts to build an estimator of 1y which allows the construction of valid, narrow confidence
intervals.

2.2 Targeted, data-adaptive sampling and inference

Let {tp}n>1 and {&,}n>1 be two user-supplied, non-increasing sequences with ¢; < 1/2,
lim, t, = too > 0 and lim, &, = & > 0. For every n > 1, introduce the function G,
characterized over [—1,1] by

Gn(z) = tal{z <&}
12—ty 5 1/2—t, 1

+(1 - tn)l{x Z fn}

For convenience, we also introduce G, = G, where n; > 1 is chosen large enough so
that t,, = te and &,, = {x. Function G, is non-decreasing and c,-Lipschitz with
: 1/2 —t, < 1/2 —te .

26n/3 2600/3

o

This particular choice of G, is one among many. Any other non-decreasing function Gn
such that G,(x) = t, for x < —&,, Gp(x) =1 —t, for x > &,, and G,, K,-Lipschitz with
Kn upper-bounded by a finite ko, could be chosen as well.

Loss functions and working models. Let ¢® € G be the balanced stochastic rule
wherein each arm is assigned with probability 1/2 regardless of baseline covariates. Let
g"f € G be a stochastic rule, bounded away from 0 and 1 by choice, that serves as a
reference. In addition, let L be a loss function for Qy,y and Q1 , be a working model

Qin={Qvp:8€B,} CQy ={Qy:Q c Q}



consisting of functions Qy s mapping A x W to [0,1] (in the above display, Qy denotes
the conditional expectation of Y given (A, W) under Q € Q). One choice of L is the quasi
negative-log-likelihood loss function L¥.. For any Qy € Qy bounded away from 0 and 1,
L*(Qy) satisfies

—L*(Qy)(0) = Y log(Qy (A, W)) + (1 - Y)log (1 — Qy (4, W)).

Another interesting loss function L for Qy is the least-square loss function LS. Tt is
characterized at any Qy € Qy by

LM(Qy)(0) = (Y — Qy (A, W))*.

Completing the description of the sampling scheme. We initialize the sampling
scheme by setting g1 = gP. Consider 1 < i < n. Since

Qv = argmin Eq, (L(Qy)(0)),
Qy€EQy

we naturally define
9" (A W)
95(A;[W5)

(3)

i—1

. 1

Bi € arg min i1 ZL(QY,ﬂ)(Oj)
BEBi J:l

and use Qy,g, as an estimator of Qy,o based on O;_1. It gives rise to qy,s, and r; such that

qyﬁi(W) = QYvBi(]‘7 W) — QY151(07 W), (4)
TZ(W) = 1{QY,52.(W) > 0}7

two substitution estimators of the blip function gy,o and optimal treatment rule 7o, re-
spectively.

For smaller sample sizes i, setting g; equal to r; would be hazardous. Indeed, there
is no guarantee that gy g, estimates well gy,9. Say, for instance, that gy g,(w) is large by
mere chance for all w € D; C W. If we used g; = r;, then future patients with W € D;
would systematically be assigned to treatment arm a = 1 and the poor estimation of gy,
on D; could not be corrected, if needed. Thus, we characterize g; by setting

9i(1W) = Gi(qv,5,(W)).

This completes the definition of the likelihood function, hence the characterization of our
sampling scheme.

Note that choosing t; = ... = t,, = 1/2 for a limit sample size ny would yield
g1 = ... = gny = 9", the balanced stochastic rule. Furthermore, the definitions of G,, and
gn, entail straightforwardly the following lemma:

Lemma 1. Setn > 1. It holds that

Jnf gn(ra(w)lw) = 1/2, ()
Jof gn(1—ra(w)lw) > tn. (6)

Lemma [1] illustrates the so called exploration/exploitation trade-off, i.e., the ability
of the sampling scheme to exploit the accrued information while keeping exploring in
search of potential discordant new piece of information (@ From a different perspective,
shows that treatment rule r, meets the positivity assumption.



Targeted minimum loss estimator. Let R be the set of all treatment rules, i.e., the
set of all functions mapping W to {0,1}. For each g € G and p € R, we define a function
H,(g) mapping O to R by setting

H,(9)(0) = w (7)

Introduce the following one-dimensional parametric model for Qy,o:

{Qv.8.gn.rn (€) = expit (logit(Qy,p, ) + €Hr,(9n)) : € € £}, (8)
where £ C R is a closed, bounded interval containing 0 in its interior. We characterize an
optimal fluctuation parameter by setting

n

! gn(Ai|W3)
€, € arg min — M r (E)(0;) ————=. 9
in 30 LQuis e ()O) 2 75 o)

Define Q;ﬁn,gn,rn = QY,Bn,gn,rn (671) and

S
Q/J'n, ; Z Qxﬁn,gnﬂ‘n (Tn(Wi)’ Wl) (10)
=1

Funded on the TMLE principle, t;; is our pivotal estimator.

3 Convergence

For every p > 1 and measurable f: W — R, let || f||, be the seminorm given by
1915= [ lavol x P Quodiw.

We introduce gy € G given by
go(1IW) = Goo(gy,0(W)). (11)
The stochastic rule gg approximates the treatment rule rg in the following sense:

190 (LIW) = ro(W)] <t {lavo(W)] = oo} + 31{lav0(W)| < €} (12)

Therefore, if ¢ is small and if |gy,o(W)| > €, then drawing A from go does not differ much
from drawing A from r¢. Rigorously, the distance in total variation between the Bernoulli
laws with parameters go(1|W') and 79(W) equals 2t,. On the contrary, if |gy,o(W)| < éx,
then the conditional laws of A given W under gy or rg may be very different. However, if
€0 is small, then assigning randomly A = 1 or A = 0 has little impact on the mean value
of the reward Y.

We now study the convergence of r, to ro and that of g, to go. In each case, the
convergence is relative to two measures of discrepancy. For r,, we consider the seminorm
v — rolly (any p > 1) and

A(Tnv TO) = |EQ0,TTL (QY,O(Aﬂ W)) - EQOJ“O (QKO(A7 W))’ (13>



By analogy, the measures of discrepancy for g,, are

l9n = gollp = [lgn(1]") = go(1[)p, (14)
A(Gn,90) = |EQ0,gn(QY,O(AaW)>_EQ(),go(QY,O(Aa W))l. (15)

Note that A(ry,r9) and A(gn,go) are the absolute values of the differences between the
mean rewards under the treatment rules r, and ryp and the stochastic rules g, and gy,
respectively. As such, they are targeted toward our end result, i.e., the inference of 1y, as
shown in the following lemma:

Lemma 2. Setn > 1. It holds that

< Yo — EQor, (Qvo(A, W) = A(rp,m0) < |lrn — 1o, (16)
< Yo = EQp.gn (Qv,0(A,W)) < Agn, 90) + too + o (17)

The next lemma shows that the convergence of gy, to qy,o implies that of 7, to ro.

Lemma 3. Setp > 1. If||qv,3,—qvoll2 = op(1), then ||rn,—ro|l, = op(1) hence A(ry,10) =
op(1).

Similarly, the convergence of qy,g, to gy, implies that of g, to go.

Lemma 4. Set p > 1. It holds that 0 < A(gn,90) < |lgn — 9ollp- Moreover, if ||y, —
qvoll2 = op(1), then |lgn — gollp = op(1) hence A(gn,go) = op(1).

4 Asymptotia

4.1 Notation

Consider a class F of functions mapping a measured space X to R and ¢ : R — R. Recall
that F is said separable if there exists a countable collection F’ of functions such that
each element of F is the pointwise limit of a sequence of elements of F'. If ¢ o f is well
defined for each f € F, then we note ¢(F) = {¢o f: f € F}. In particular, we introduce
the sets G1n, = {Gn(qy) : Qy € Qin}, (Qin) = {r(Qy) : Qy € Qin} (all n > 1) and
G1 = Un>1G1n.

Set § > 0, u a probability measure on X, and let F' be an envelope function for F, i.e.,
a function such that |f(x)| < F(z) for every f € F, z € X. We denote N (9, F, || - ||2,.) the
§-covering number of F wrt || - ||2,4, 4.€., the minimum number of L?(u)-balls of radius §
needed to cover F. The corresponding uniform entropy integral wrt F' for F evaluated at

dis Jp(6, F) = f05 \/log sup,, N (|| F'l|2,u, F, || - [[2,u)de, where the supremum is taken over
all probability measures p on the measured space X for which ||F'||2,, > 0.

In general, given a known g € G and an observation O drawn from Py, 4, Z = g(A|W)
is a deterministic function of g and O. Note that Z should be interpreted as a weight
associated with O and will be used as such. Therefore, we can augment O with Z, i.e.,
substitute (O, Z) for O, while still denoting (O, Z2) ~ Pg, 4. In particular, during the
course of our trial, conditionally on O;_1, the stochastic rule g; is known and we can
substitute (O;, Z;) = (0;, gi(AilW;)) ~ Pgy,g, for O; drawn from Pg, 4. The inverse
weights 1/g;(A;|W;) are bounded because G is uniformly bounded away from 0 and 1.



The empirical distribution of O,, is denoted P,. For a measurable function f : O x
[0,1] — R? we use the notation P,f = n=t> " f(0;, Z;). Likewise, for any fixed
Poge M, Pyuf =Eqgqe(f(O,Z)) and, for each i =1,...,n,

Poogif = EQyglf(Oi, Zi)|0i-1],

1 n
Poog.f = n Z EQo.g:1f(Os, Zi)| O 1]
i=1

The supremum norm of a function f : O x [0,1] — R? is denoted ||f||co. When
d = 1, we denote || f||3 P, = P, grefo. If f is only a function of W, then ||f|l2 =
I’ O! .

gref

H ’quO,1/2fH27PQO’

gref

For every Qy g € Q1 = Up>1Q1.5, the blip function Qyg(1,-) — Qy,s(0,-) is denoted
qy,3 by analogy with . We will often deal with seminorms || f|2 with f = Qy — Qv ,
for some Qy € Qy and Qypg, € Qi. A consequence of the trivial inequality (a — b)? <
2(ua® + (1 — u)b?)/ min(u, 1 — u) (valid for all a,b € R, 0 < u < 1), the following bound
will prove useful:

IN

1/2/gref

2 H|C]Y,o
ref
201/9 oo % 1@y ~ @y ollory (18)

The constant 2[[1/¢"f||s is minimized at ¢g**' = ¢°, with 2[|1/¢"(|oc = 4.

lay — av,poll2 X [1Qy = Qvallzr, .
o 0.9

IN

4.2 Central limit theorem

Our main result is a central limit theorem for ). It relies on the following assumptions,
upon which we comment in Section

A1. The conditional distribution of Y given (A, W) under @ is not degenerated. More-
over, Pg,(lgv,o(W)| > 0) = 1.

Ezistence and convergence of projections.

A2. For each n > 1, there exists Qy,g, , € Q1 satisfying
PQO7grefL<QY’Bn’O) - Q inf PQO:grefL(QY7B)'

Y,B € Qzl,n

Moreover, there exists Qy,5, € Q1 such that, for all § > 0,

PQo,grefL(QY7ﬁO) < mf PQO,grefL(QY)-
{de91:||Qy—Qy,Bo||2,pQ0 gmfza}

Finally, it holds that qy,5, = qy,o-
A3. For all p € R and € € &£, introduce

QY7ﬁO7go,p(€) = expit (IOgit(QYﬁo) + GHP(QO)) ) (19)

where H,(go) is given by with g = go. For every p € R, there exists a unique
€o(p) € € such that

60(:0) € arg I?in PQo,goLkl(QY,,Bo,go,p(E))' (20)
€c



Reasoned complezity.

A4. The classes Qi ,, L(Q1,,) and 7(Qy 5,) are separable. Moreover, the following entropy

conditions hold: Ji(1, Q1) = o(v/n), Ji(1,7(Q1,)) = o(v/n), Jr,(1,L(Q1,)) =
o(+v/n), where each F, is an envelope function for L(Q ;).

A4*. Let {6,}n>1 be a sequence of positive numbers. If §,, = o(1), then J1(6,, Q1) =
o(1) and J1(6,,7(Q1,n)) = o(1).

Margin condition.

A5. There exist 1,72 > 0 such that, for all ¢ > 0,

Pg, (0 < |gyo(W)| <t) < mt™.

We first focus on the convergence of the sequences of stochastic rules g, and empirical
treatment rule r,. By Lemmas [3| and E|, it suffices to consider the convergence of gy, .
By (18), we may consider the convergence of Qy g, .

Proposition 1. Under A2 and A4, both ||Qy3, — QyﬁOHz,pQ et = op(1) and |lqv,s, —
0>

avoll2 = op(1). Hence, for anyp =1, |[rn—rollp = op(1), [[g9n = gollp = 0p(1), A(rn, o) =
or(1), A(gn,g0) = op(1) by Lemmas[d and[{ If A1 and A5 are also met, then ||r, —

r0H27PQ07gref =op(1) and ||gn — 90H27PQO’gref =op(1) as well.

Define now the data-adaptive parameter

Yro0 = EqQy (Qvio(rn(W), W)) = Eqyr, (Qv.o(A,W)). (21)
By in Lemma [2| and Lemma |3} we have the following corollary to Proposition
Corollary 1. Under A2 and A4, 0 < g — ¢r,, 0 = op(1).

We now turn to the convergence of . Its asymptotic behavior can be summarized in
these terms:

Theorem 1. Suppose that A1, A2, A3, A4, A4* and A5 are met. It holds that i} —
Yr,.0 = op(l). Thus, by C’orollary P — g = op(1) as well. Moreover, \/n/%, (V) —
Yr,.0) is approzimately standard normally distributed, where X, is the explicit estimator
glven in

Theorem [1] is a toned down version of Theorem [2] that we state and comment on in
Section Section discusses their assumptions and Section 4.4] presents an example.
Theorems (1| and [2| allow the construction of confidence intervals for several parameters of
interest, as shown in Section [f]

4.3 Commenting on the assumptions
Assumption A1 consists in two statements. The first one is a simple condition guarantee-

ing that the limit variance of \/n(v); —y, o) is positive. The second one is more stringent.
In the terminology of [21], it states that (g is not exceptional. If Qo were exceptional, then
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the set {w € W : gyo(w) = 0} would have positive probability under Q)y. To a patient
falling in this set, the optimal treatment rule r(Qy,p) = 7o recommends to assign treatment
A =1 instead of treatment A = 0. This arbitrary choice has no consequence whatsoever
in terms of conditional mean of the reward given treatment and baseline covariates.

However, it is well documented that exceptional laws are problematic. For the estima-
tion of the optimal treatment rule rp, one reason is that an estimator will typically not
converge to a fixed limit on {w € W : gy,o(w) = 0} [21, 22), [16]. Another reason is that
the mean reward under the optimal treatment rule seen as a functional, ¥, is pathwise
differentiable at Qg if and only if, Qo-almost surely, either |gy,o(W)| > 0 or the condi-
tional distributions of Y given (A =1, W) and (A = 0, W) under Q) are degenerated [10],
Theorem 1]. This explains why it is also assumed that the true law is not exceptional
in [29] [15] 17]. Other approaches have been considered to circumvent the need to make
this assumption: relying on m-out-of-n bootstrap [5] (at the cost of a v/m = o(y/n)-rate of
convergence and need to fine-tune m), or changing the parameter of interest by focusing
on the mean reward under the optimal treatment rule conditional on patients for whom
the best treatment has a clinically meaningful effect (truncation) [11, 13} [14].

To the best of our knowledge, only [16] addresses the inference of the original param-
eter at a y/n-rate of convergence without assuming that the true law is not exceptional.
Moreover, if the true law is not exceptional, then the estimator is asymptotically efficient
among all regular and asymptotically linear estimators. Developed in the i.i.d. setting,
the estimator of [16] does not require that the estimator of 7y converge as the sample size
grows. It relies on a clever iteration of a two-step procedure consisting in (i) estimating
well-chosen nuisance parameters, including g, on a small chunk of data, then (i) con-
structing an estimator targeted to the mean reward under the current estimate of r¢ with
the nuisance parameters obtained in (7). The final estimator is a weighted average of the
resulting chunk-specific estimators. Adapting this procedure to our setting where data are
dependent would be very challenging.

Assumptions A2 states the existence of L-projections Qy,g, , of Qy,o onto each working
model Q1 , and their convergence to a limit L-projection Qyg, € Q1 = Up>191,,. More
importantly, it states that the blip function gy g, associated with QJy g, equals the true
blip function gy o associated with Qyp.

For any fixed treatment rule p € R, the limit L-projection Qy,5, can be fluctuated in
a direction H,(go) characterized by p and Qy,, see , ) and . Assumption A3
states that there exists a unique L¥-projection of Qy,p onto this p-specific one-dimensional
parametric model fluctuating Qy,g,. In particular, when p = r,, the estimator of 7y at
sample size n, Qy,o is uniquely L¥-projected onto, say, @y, One of the keys to our
approach is the equality Eq,(Q5y.q ., (r(W),W)) =4y, 0 = EQ,(Qy,o(rn(W), W)) even if
Qv,0 and Q?O’rn differ. Proven in step 3 of the proof of Proposition [7], which states that
Yy is a consistent estimator of ¢, o (i.e., ¥, — 1, 0 = op(1)), this robustness property is
a by product of the robustness of the efficient influence curve of the mean reward under
ry, treated as a fixed treatment rule, see Lemma

Expressed in terms of separability and conditions on uniform entropy integrals, A4 and
A4* restrict the complexities of the working models Q; ,, and resulting classes r(Q; ) and
L(Q1 ). Imposing separability is a convenient way to ensure that some delicate measur-
ability conditions are met. Assumption A4* partially strengthens A4 because choosing
op = 1/y/n (all n > 1) in A4* implies Ji(1,F,) = o(y/n) for both F, = Q, and
Fn =1(Q1,n) by a simple change of variable. Section presents an example of sequence
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{Q1n}tn>1 of working models which meets A4 and A4*. Its construction involves VC-
classes of functions, which are archetypical examples of classes with well-behaved uniform
entropy integrals. Restricting the complexities of the working models Q1 ,, r(Q1,,) and
L(Q; ) in terms of bracketing entropy is tempting because of the great diversity of exam-
ples of classes of functions which behave well in these terms. Unfortunately, this is not a
viable alternative, since bounds on the bracketing numbers of Q1 , do not imply bounds
on those of r(Q1.4,).

Inspired from the seminal article [18], assumptions similar to A5 are known as “margin
assumptions” in the literature. They describe how the data-distribution concentrates
on adverse events, i.e., on events that make inference more difficult. We have already
discussed the fact that inferring the optimal treatment rule and its mean reward is less
challenging when the law of the absolute value of |gy,o(7/)| puts no mass on {0}. It actually
occurs that the less mass this law puts around {0}, the less challenging is the inference.
Assumption A5 formalizes tractable concentrations. It has already proven useful in the
i.i.d. setting, see [15, Lemma 1] and [16, Condition (16)]. By Markov’s inequality, A5 is
implied by the following, clearer assumption:

A5**, There exists 7o > 0 such that

M = Eg, (lavo (W)™ 1{|gy,0(W)| > 0}) < 0.

4.4 An example

In this section, we construct a sequence {Qj ,, }n>1 of working models which meets A4 and
A4* see Proposition [2 Let F~ be a separable class of measurable functions from W to
[—1,1]\ {0} such that {{w e W: f~(w) >t} : f~ € F~,t € [-1,1]} is a VC-class of sets.
By definition, F~ is a VC-major class [28] Sections 2.6.1 and 2.6.4]. Thus, Corollary 2.6.12
in [28] guarantees the existence of two constants K~ > 0 and a~ € [0,1) such that, for
every € > 0,

B /1 2a7~
fogsup N el 7 o) < 5 (1) (22)
o

Let F* be a separable class of measurable functions from W to [0,2] such that, for two
constants KT > 0, a™ € [0,1) and for every € > 0,

ou) < KT <i)2a+ : (23)

For instance, F may be a VC-hull class of functions, i.e., a subset of the pointwise se-
quential closure of the symmetric convex hull of a VC-class of functions [28) Section 2.6.3].
(The suprema in and are taken over all probability measures p on the measured
space W.)

logsupN(€||2H2,m-7:+a [ -
m

We now use F~ and FT to define the sequence {Qj ,},>1 of working models. Let
F~ =Up>1F, and F T = Unzl]:f{ be rewritten as the limits of two increasing sequences
of sets {F,, }n>1 and {F,/ },,>1. Set n > 1 and define

By ={(f", /1) eFy xFf:0< fr+f,fr—f <2}
For each 8 = (f~, fT) € By, introduce Qy,3 mapping A x W to [0, 1] characterized by

(1-4)

Qrp(a,w) = Sty + )+ S raw) - o). )
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We define the nth working model as Q1, = {Qyg : 8 € By,}. It is separable because F~
and F are separable.

Because gy, = Qy(1,-) — Qv,(0,-) = f~ for every 8= (f~, fT) € B,, it holds that

r(Qin) = {1{qv,s(-) > 0} : B € By}
={{f (=0 ferc{i{fy ()=0}:f-eF}

which, by construction, is a fixed subset of a VC-class of functions, hence a VC-class of
functions itself. Moreover, 7(Q; ) is separable because F~ is separable and elements of
F~ take only positive or negative values. These properties and , are the main
arguments in the proof of the following result:

Proposition 2. The sequence {Q1,}n>1 of working models satisfies A4 (with L = L¥
the least-square loss) and A4*.

4.5 Asymptotic linear expansion and resulting central limit theorem

Theorem (1} is a summary of Theorem [2] below, whose main result is the asymptotic linear
expansion (31). The statement of Theorem [2| requires additional notation.

Let Qy., djy g, dyo and Xg be given by

Q;MA,W) = QY,,BO,QO,TO(G()(TO))(A? W)7

BivoW) = Qb o(ro(W). W) — Equ(@o(ra(W). W), (25)
dio(0.2) = MAZW iy op 4w, (26)
Yo = PQo,go(d;K0+d§/,o)2~ (27)

Analogously, recall that QY5 . = Qv,3,,g,,.(€n) and let djy, ., dy., and X, be given
by

Giyn(W) = Qi g (W), W) =5 (25)
1{A = rp(W .

Gi,0.2) = AWy op L), (29)

Sn = Paldiy, +dy,)% (30)

Note that d’{jv’n, d;‘,}n and Y, are empirical counterparts to d*‘;m, d*Y’0 and Y.

Theorem 2. Suppose that A1, A2, A3, A4, A4* and A5 are met. It holds that ) —
Yr,.0 =op(1). Thus, by C’omllary P —1o = op(1) as well. Moreover, ¥,, = Eo+op(1)
with g > 0 and

Vn = Urp0 = (Pn — PQyg, ) (dyo + diyg) +op(1/v/n). (31)

Consequently, \/n/%, (V) — ¥y, 0) converges in law to the standard normal distribution.

Consider ([25)). It actually holds that the centering term Eq,(Qy.o(ro(W), W)) equals
Yo = Eg,(Qyo(ro(W), W)) (see step one of the proof of Corollary [2in Section|A.2). This
proximity between Qy,p and Q{/,o follows from the careful fluctuation of Qyg,.
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Set Qf = (Qw,oduw, Q3o(-a, w), (a,w) € Ax W) € Q. The influence function dy., +
diyo In is closely related to the efficient influence curve Dy, (Qg, g0) at Pg; g, of the
mapping ¥, : M — [0, 1] characterized by

Uy, (Po,g) = Eq (Qy (ro(W), W),

the mean reward under @) of the treatment rule ry (possibly different from the opti-
mal treatment rule r(Qy) under @) treated as known and fixed. Specifically, in light of
Lemma [12] in Section [C]

dy0(0, Z) + diyo(W) = Dry(Qp; 90)(O)

when Z = go(A|W). Consequently, 3¢ = PQO,gODro(QS,go)Q-

If Qy,p, = Qv,0 (a stronger condition than equality qy,5, = gv,0 in A2), then Q3 =
Qv (because €(rg) from A3 equals zero) hence Qj = Qo and, finally, the remarkable
equality $o = Pg,.goDro(Qo, go)?: the asymptotic variance of /n(y} — 1y, o) coincides
with the generalized Cramér-Rao lower bound for the asymptotic variance of any regular
and asymptotically linear estimator of W, (Pg,4,) When sampling independently from
Pgo.g0 (see Lemma . Otherwise, the discrepancy between Yo and Pg, g, Dr,(Qo, 90)?
will vary depending on that between Qyg, and Qy,, hence in particular on the user-
supplied sequence {Qj,},>1 of working models. Studying this issue in depth is very
difficult, if at all possible, and beyond the scope of this article.

5 Confidence regions

We explore how Theorems [I| and [2| enable the construction of confidence intervals for
various possibly data-adaptive parameters: the mean rewards under the optimal treatment
rule and under its current estimate in Section the empirical cumulative pseudo-regret
in Section the counterfactual cumulative pseudo-regret in Section [5.3

Set a confidence level a € (0,1/2). Let {, < 0 and &;_,/2 > 0 be the corresponding a-
and (1 — «/2)-quantiles of the standard normal distribution.

5.1 Confidence intervals for the mean rewards under the optimal treat-
ment rule and under its current estimate

Theorems 1] and [2] yield straightforwardly a confidence interval for the mean reward under
the current best estimate of the optimal treatment rule, v, o.

Proposition 3. Under the assumptions of Theorems[d] or[3, the probability of the event

wrn,O S -
n

by
Un £ &may2 "]
converges to (1 — «) as n goes to infinity.

We need to strengthen A5 to guarantee that the confidence interval in Proposition
can also be used to infer the mean reward under the optimal treatment rule, ¢)g. Consider
thus the following.
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A5*, There exist y1 > 0, 79 > 1 such that, for all ¢ > 0,

P, (0 <lgvo(W)| <) < mt™.
Just like A5 is a consequence of A5** A5* is a consequence of A5** where one substi-
tutes the condition v > 0 for the stronger condition v > 1.
Proposition 4. Under A5** there exists a constant ¢ > 0 such that

(1 3
0 <t —r,0 <cllavp, — avo ”2 1)/ (34m), (32)

Set 3 = 1/4+1/2(1+12) € (1/4,1/2]. By (33), if |Qv.5, = Qvollz.p, or = 0p(1/07°),
then |lqv,s, — qvoll2 = op(1/n?), which implies 0 < 1y — 1y, 0 = op(1/y/n).

Therefore, if the assumptions of Theorems[1] or[g are also met, then the probability of

the event
* 271
wn + 51—04/2 7
V n

converges to (1 — ) as n goes to infinity.

Yo €

The definition of 3 in Proposition |4 justifies the requirement v > 1 in A5*. Indeed,
v3 < 1/2is equivalent to v > 1. Moreover, it holds that v3 = 1/2 (so that ||qy.5, —gv,oll2 =
op(1/n73) can be read as a parametric rate of convergence) if and only if o = 1.

5.2 Lower confidence bound for the empirical cumulative pseudo-regret

We call

1 n

En == E ;(Y; - QY,O(rn<Wz)7 Wz)) (33>
the “empirical cumulative pseudo-regret” at sample size n. A data-adaptive parameter, it
is the difference between the average of the actual rewards garnered so far, n=! PP 3
and the average of the mean rewards under the current estimate r, of the optimal treat-
ment rule ry in the successive contexts drawn so far during the course of the experiment,
n~S  Qyo(rn(W;), W;). The former is a known quantity, so the real challenge is to
infer the latter. Moreover, we are mainly interested in obtaining a lower confidence bound.

Define
zgz.%meaww«kwmwmm—%ww%sz

" = Z — (Qv.p, (rn (W), Wi) — 40 + dy,,(Oi, Z:))?,

™
M
Il

with 9 =n= 1 Y0, Qyg, (rn(W;), W;). Note that ¥¢ is an empirical counterpart to %§.

Proposition 5. Under the assumptions of Theorems[d] or[3, the probability of the event

ZY %+@fﬁ

converges to (1 — ) as n goes to infinity.
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5.3 Lower confidence bound for the counterfactual cumulative pseudo-
regret

In this section, we cast our probabilistic model in a causal model. We postulate the
existence of counterfactual rewards Y, (1) and Y,,(0) of assigning treatment a = 1 and
a = 0 to the nth patient (all n > 1). They are said counterfactual because it is impossible
to observe them jointly. The observed nth reward writes Y;, = 4,Y,,(1) + (1 — A,)Y,,(0).

We call

n

Co= ;(Yz Yi(ra(Wi))) (34)
the “counterfactual cumulative pseudo-regret” at sample size n. It is the difference between
the average of the actual rewards garnered so far, n=! >, Y;, and the average of the
counterfactual rewards under the current estimate r,, of the optimal treatment rule r¢ in the
successive contexts drawn so far during the course of the experiment, n=! >°% | Y;(r,(W;)).
Once more, the former is a known quantity, so the real challenge is to infer the latter.

Moreover, we are mainly interested in obtaining a lower confidence bound.

For simplicity, we adopt the so called “non-parametric structural equations” approach
[19]. So, we actually postulate the existence of a sequence {Uy, },>1 of i.i.d. random vari-
ables independent from {Oy, },,>1 with values in U/ and that of a deterministic measurable
function Qy,p mapping A x W x U to Y such that, for every n > 1 and both a =0, 1,

Yn(a) = QY,O(aa Wna Un)

The notation Qy is motivated by the following property. Let (A, W,U) € A x W x U be
distributed from P in such a way that (i) A is conditionally independent from U given W,
and (9) with Y = AQyo(1, W, U) + (1 — A)Qy (0, W,U), the conditional distribution of
Y given (A, W) is Qy,0(:|]A, W)duy. Then, for each a € A,

Ep (Qyo(a, W, U)[W) = Ep(Qyola, W,U)|A=a, W)
E]P’ (Y’A =a, W)
= QY,O(aa W) (35>

Although €, is by nature a counterfactual data-adaptive parameter, it is possible
to construct a conservative lower confidence bound yielding a confidence interval whose
asymptotic coverage is no less than (1 — «).

Proposition 6. Under the assumptions of Theorems[1] or[g, the probability of the event

1< /5§
en>* Y;'_ . a —
_n;_l Y + & -

converges to (1 — ') > (1 — «) as n goes to infinity.

The key to this result is threefold. First, the asymptotic linear expansion still
holds in the above causal model where each observation (O, Z,) is augmented with U,
(every n > 1). Second, the expansion yields a confidence interval with asymptotic level
(1— ). Unfortunately, its asymptotic width depends on features of the causal distribution
which are not identifiable from the real-world (as opposed to causal) distribution. Third,
and fortunately, ¢ is a conservative estimator of the limit width. We refer the reader to
the proof of Proposition [ in Section for details. It draws inspiration from [1], where
the same trick was first devised to estimate the so called sample average treatment effect.
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Linear contextual bandit problems. Consider the following contextual bandit prob-
lem: an agent is sequentially presented a context w; € R? has to choose an action
a; € {0,1}, and receives a random reward y; = f(at, wy) + &4, with f an unknown real-
valued function and e; a centered, typically sub-Gaussian noise. The agent aims at max-
imizing the cumulated sum of rewards. The contextual bandit problem is linear if there
exists 0 = (0o, 01) € R?? such that f(a,w) =w'6, for all (a,w) € {0,1} x R%. At time ¢,
the best action is aj = arg max,_( w, 0, and maximizing the cumulated sum of rewards

is equivalent to minimizing the cumulated pseudo-regret R = Zthl w,! (afOu; — atba,).

We refer to [12], Chapter 4] for an overview of the literature dedicated to this problem,
which bears evident similitudes with our problem of interest. Optimistic algorithms consist
in constructing a frequentist region of confidence for # and choosing that action a;4+1
maximizing a — maxy w;dz?a where 9 ranges over the confidence region. The Bayes-
UCB algorithm and its variants follow the same idea with Bayesian regions of confidence
substituted for the frequentist ones. As for the celebrated Thompson Sampling algorithm,
it consists in drawing @ from the posterior distribution of # and choosing that action
a¢4+1 maximizing a +—» w;rléa. Each time estimating 6 (which is essentially equivalent to
estimating the optimal treatment rule and its mean reward) is a means to an end.

Various frequentist analyses of such algorithms have been proposed. It notably appears
that the cumulated pseudo-regret R% typically scales in O(\/T ) with high probability,
where O ignores logarithmic factors in 7. This is consistent with the form of the lower
confidence bounds that we obtain, as by products rather than main objectives and under
milder assumptions on f/Qy,, for our empirical and counterfactual cumulated pseudo-
regrets.

6 Simulation study

6.1 Setup

We now present the results of a simulation study. Under g, the baseline covariate W
decomposes as W = (U, V) € [0,1] x {1,2,3}, where U and V are independent random
variables respectively drawn from the uniform distribution on [0, 1] and such that Py, (V =
1) =4, Pg,(V =2) = % and Pg,(V = 3) = %. Moreover, Y is conditionally drawn
given (A, W) from the Beta distribution with a constant variance set to 0.1 and a mean

Qy,0(A, W) satistying

Qvo(lL,W) = 1 (1 + 3cos(7rUV)> ,

2 4
Qyo(0,W) = % <1 + ;sin(?ﬂrU/V)) :

The conditional means and associated blip function gy, are represented in Figure (left
plots). We compute the numerical values of the following parameters: 1y &~ 0.6827 (true
parameter); VarpQ()’gb D(Qo, g*)(0) =~ 0.19162 (the variance under Py, g0 of the efficient
influence curve of ¥ at Py v, i.e., under Qo with equiprobability of being assigned A = 1
or A = 0); Varp,  D(Qo,90)(0) ~ 0.1666 (the variance under Pg, 4, of the efficient
influence curve of ¥ at P, 4., i-¢., under Qo and the approximation go to the optimal
treatment rule ro); and Varp, . D(Qo,70)(0) ~ 0.1634% (the variance under Pgp, ,, of
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the efficient influence curve of ¥ at Py, ,,, €., under Qo and the optimal treatment rule
7’0).

The sequences {t,}n>1 and {&,}n>1 are chosen constant, with values to, = 10% and
oo = 1% respectively. We choose ¢"f = ¢ as reference. The targeting steps are performed
when sample size is a multiple of 100, at least 200 and no more than 1000, when sampling
is stopped. At such a sample size n, the working model Q1 , consists of functions Qyg
mapping A x W to [0,1] such that, for each a € A and v € {1, 2,3}, logit Qv s(a, (U,v))
is a linear combination of 1,U,U?,...,U% and 1{(I — 1)/4, < U < 1/t,} (1 <1< 4y)
with d,, = 3 + |n/500] and ¢, = [n/250]. The resulting global parameter  belongs to
R6(@+at1) (in particular, R% at sample size n = 1000). Working model Q; ,, is fitted
wrt L = LX using the cv.glmnet function from package glmnet [9], with weights given
in and the option "lambda.min". This means imposing (data-adaptive) upper-bounds
on the ¢!~ and ¢2-norms of parameter 3 (via penalization), hence the search for a sparse
optimal parameter [3,,.

6.2 Results

We repeat N = 1000 times, independently, the procedure described in Section and the
construction of confidence intervals for ¢, o and confidence lower-bounds for the empirical
and counterfactual cumulative pseudo-regrets described in Section[5] We report in Table
four empirical summary measures computed across simulations for each parameter among
Yr,.0, Y0, €p and €. In rows ®: the empirical coverages. In rows b and ¢ the p-values
of the binomial tests of 95%-coverage at least or 94%-coverage at least (null hypotheses)
against their one-sided alternatives. In rows %: the mean values of the possibly data-
adaptive parameters. In rows ©: the mean values of ¥, (for 1, ), mean values of |, —

(=130 Y — ok 4+ Ea /B8 /n)|/|€n| (for €,), mean values of |G, — (™1 >0 | Y; — 9k +
Sav Ei/n)men‘ (for Cy,).

It appears that the empirical coverage of the confidence intervals for the data-adaptive
parameter 1., o and the fixed parameter 1o is very satisfying. Although 14 out of 18
empirical proportions of coverage lie below 95%, the simulation study does not reveal a
coverage smaller than 94%, even without adjusting for multiple testing. For sample size
larger than 400, the simulation study does not reveal a coverage smaller than the nominal
95%, even without adjusting for multiple testing.

The asymptotic variance of ¥ seems to stabilize below 0.18502. This is slightly
smaller than Varp, b D(Qo,g")(0) =~ 0.19162 (1916/1850 ~ 1.04) and a little larger
0>

than Varp, D(Qo, 90)(0) =~ 0.1666> (1850/1666 =~ 1.11). In theory, the asymptotic
variance of ¢}, can converge to Varp,  D(Qo,90)(O) if Qy,, converges to Qy,o. Rigor-
ously speaking, this cannot be the case here given the working models we rely on. This
is nonetheless a quite satisfying finding: we estimate 1;., o and 19 more efficiently than if
we had achieved their efficient estimation based on i.i.d. data sampled under Q)¢ and the
balanced treatment rule ¢ and, in addition, do so in such a way that most patients (those
for whom 7,(W) = ro(W)) are much more likely (90% versus 50%) to be assigned their
respective optimal treatments.

The empirical coverage provided by the lower confidence bounds on the data-adaptive
parameters £, and C, is excellent. Actually, the empirical proportions of coverage for &,
all larger than 96.5%, suggest that either &, or the asymptotic variance of its estimator
is slightly overestimated (or both are). Naturally, there is no evidence whatsoever of an
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effective coverage smaller than 95% for €,,. The empirical proportions of coverage for C,,
all larger than 98.9% and often equal to 100%, illustrate the fact that the lower confidence
bounds are conservative by construction.

Finally, the mean values of |, — (™1 Y0, Y; — ¥ + &a/2E/n)|/|€n] and |G, —
(=130 Y — bk + Ea/ 28 /n)|/|Cn| quickly stabilize around 1.30. They quantify how
close the lower confidence bounds are to the parameters they lower bound, at the scale
of the parameters themselves (which, by nature, are bound to get close to zero, if not to
converge to it).

6.3 Illustration

Figures [I| and [2| illustrate the data-adaptive inference of the optimal treatment rule, its
mean reward and the related pseudo-regrets with a visual summary of one additional run
of the procedure described in Sections and [5l We see in the top plot of Figure [I] that
each 95%-confidence interval contains both its corresponding data-adaptive parameter
¥r,.0 and . Moreover, the difference between the length of the 95%-confidence interval
at sample size n and that of the vertical segment joining the two grey curves at this
sample size gets smaller as n grows, showing that the variance of v} gets closer to the
optimal variance Varp, . D(Qo,70)(O). Finally, the bottom plot also reveals that the
empirical and counterfactual cumulated pseudo-regrets C,, and &, go to zero and that
each 95%-lower confidence-bound is indeed below its corresponding pseudo-regrets.

7 Discussion

We develop a targeted, data-adaptive sampling scheme and TMLE estimator to build
confidence intervals on the mean reward under the current estimate of the optimal treat-
ment rule and the optimal treatment rule itself. As a by product, we also obtain lower
confidence bounds on two cumulated pseudo-regrets. A simulation study illustrates the
theoretical results. One of the cornerstones of the study is a new maximal inequality for
martingales wrt the uniform entropy integral which allows the control of several empirical
processes indexed by random functions.

We assume here that there is no stratum of the baseline covariates where treatment
is neither beneficial nor harmful, i.e., that non-exceptionality holds [2I]. In future work,
we will extend our result to handle exceptionality, building upon [16] (where observations
are sampled independently). Extension to more than two treatments and to the inference
of an optimal dynamic treatment rule (where treatment assignment consists in successive
assignments at successive time points) and its mean reward will also be considered.
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A  Proofs

The notation a < b means that expression a is smaller than expression b up to a universal
multiplicative constant.

To alleviate notation, we introduce the indexing parameter ¢ € U,>15, x G; which
stands for a couple (8, g). For every ¢ = (8,9) € Up>1Bn x G1, p € R and € € &, we set

Qvcple) = expit (logit(Qy,s) + eHy(g)) (36)
and characterize Qy.c ,(€) o p given by
Qv,c.p(€) © p(W) = Qy,c,p(€) (p(W), W).
With ¢ = (Bn, gn) and Co = (Bo, 90), we set

Q;Cnfn = QY7CnyTn (en) )
QViorn = Qvicoraleo(rn))

where €(ry,) is defined in with p = r,. With both ( = (, and { = {y, we also
introduce Q;}CM o7, and d;,c,rn given by

Qi oTalW) = Qi (ra(W).W), (37)
ben(0.2) = MAZW e gr awy). (39

In particular, d;,cn v, = dy,, previously defined in 1) Finally, we denote QZ ry, AIY
Q@ € Q such that the marginal distribution of W under @ is the empirical measure and

Qv = Qic,

Lemmas and [ are proven in Section Proposition [1] and Theorem [2] in
Section and Propositions [4] [5] and [6] in Section Technical lemmas are presented
and proven in Section [B]

A.1 Proofs of Lemmas and

Proof of Lemma[3 The key to the proof is the following identity: for each g € G, we have

EQog(Qvo(A, W) = Eq,(Qy,0(0, W) + Eq,(qv,0(W)g(1]W)). (39)

This is a straightforward consequence of the decomposition Qy,o(A, W) = Qy,0(0, W) +
Agqy,o(W). Moreover, also holds when g takes its value in [0, 1], hence for all treatment
rules as well.

Set n > 1. Applying with g = r, and g = rg yields

EQory (QYQ(A7 w)) = Eq, (QY,O(()’ W) + Eq, (QY,O(W>7'7L(W))’ (40)
EQo o (Qvo(A, W) = Eqy(Qy,0(0,W)) + Eq,(qv,o(W)ro(W)). (41)

Because Eq, »,(Qvo(A,W)) = Eqg,(Qvo(ro(W),W)) = 1y, substracting and
entails

Yo = EqQor, (Qvo(A, W)) = Eq, (qyo(W) x (ro(W) —rn(W))) < |lrn —roll1. (42)
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By definition of 7y, the above LHS expression is non-negative, hence it coincides with
A(ry, o). This completes the proof of .

We now apply with g = go to get
EQo.go(Qv0(A, W) = Eqy(Qy.0(0, W) + Eq, (qv,0(W)go(1[W)). (43)
Substracting and yields the new equality
0 < 9o — EQy,g0(Qvio(A, W)) = Eqq, (qv,o(W) x (ro(W) — go(1[W))).
Based on , a case-by-case study depending on the sign of gy,o(WV) finally reveals that
0 < 0 = EQy,g0(Qy0(4, W) < oo B ([ay,0(W)) + oo < Too + oo (44)

To obtain ([17)), we simply note that

Yo — EQq.g, (Qy,0(A, W))
= %0 — EQo,g0(Qv,0(4; W) + EQy g (Qv,0(A, W)) — EQo,g, (Qy,0(4, W))
< i +foo +A(gn790)

by and . O

0

IN

Proof of Lemmal[3 Set n > 1, p > 1 and n > 0. There exists a > 0 such that Py, (0 <
layo(W)| < a) <nP/2.

Note that |(r,, —ro)(W)| € {0,1}. Moreover, |(r, —70)(W)| = 1 implies gy, qv,0(W) <
0. This justifies the first inequality below. The others easily follow from the fact that
lgy.0(W)| <1 and a case-by-case study depending on whether 0 < |gy,o(W)| < a or not:

gy, 0(W)[ x [(rn — o) (W)[P lay,o(W)| x 1{gy,s,qv,0(W) < 0}

1{0 < [gvo(W)| < a} + H{|gv,o(W)| = a}
Xlay,o(W)| x H{|(av,8, — av,0)(W)| = o}

1{0 < |gv,o(W)[ < a} + 1{|gv,o(W)| = o}
x|qyo(W)| x & (av,5, — av,0) (W)

1{0 < |gv,o(W)| < a}

+a oy, oW)|Y2 x |(av.s, — avo)(W)].

IN A

IN

IN

Taking the expectation under Qw,oduw on both sides yields

2 x I(av,5, — av.0)|Qwodpw

I = 10l < Poy(0 < lavoW)] < @) + 0™ [ lava
hence, by choice of o and the Cauchy-Schwartz inequality,

lrn = roll5 < nP/2+ & Hlay,s, — avoll2.

Therefore, ||r, —70||, > 1 implies |lqy5, —qvoll2 > an?/2. Consequently, |lgy,5, —avoll2 =
op(1) does yield ||r,, — 9|l = op(1). This completes the proof. O

Proof of Lemmalfl Setn>1,p>1,p=p/(p—1) (p =00 if p=1) and p’ = min(p, 2).
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By with ¢ = g, and g = go, we obtain
A(gn: 90) = [EqQqlavo(W) x (gn(1IW) — go(1[W))]].

Applying successively the triangle inequality and Holder’s inequality yields

A(gn, 90) < Eq, (|gvo(W)[ X [gn (W) — go(1{W)])
< ||gn_90”p’

which is the result first stated in the lemma.

Suppose now that n is large enough so that G, = Guo. Since G is coo-Lipschitz, it
holds that

gy, 0(W)| X [gn(1[W) — go(LIW) P = |gv,o(W)| X |Go(qv,,(W)) — Goo(qy,o(W)) [P
S lavioW)| X av,g, (W) — avo(W)[P
< layo(W)| % lav,s, (W) — ayo(W)[7,

where the last inequality is due to the fact that |gy5, — gv,0| < 1. Taking the expectation

under Qw:odpuw gives the bound |lgn — golly < llav.a, — avol%'” < lav,s, — avoll " This
completes the proof. O

A.2 Proofs of Proposition [1] and Theorem

Let us prove Proposition [I}

Proof of Proposition[1. The convergence ||gy3, —qy,s,|| = op(1) follows immediately from
and the convergence ||Qys, — Qv.3, |2, Py gret = op(1). This convergence is a con-
sequence of Lemma |Z| with © = 91, ©,, = Q1 ,, d the distance induced on © by the
norm || - ||2’pQ0’ngf, M,, and M, characterized over © by M, (Qy) = Py, jret L(Qy) (which

does not depend on n after all) and M,(Qy) = Pog™'L(Qy)/Z = n= 130 | g"H(4; |
Wi)L(Qy)(0;)/Z;. Assumption A2 implies that (a) and (b) from Lemma [7| are met
(take 7, = Qy,5, and 77 = Qy,3,,)- It remains to prove that (c) also holds or, in other
terms, that ||M, —M,llo,, = op(1).

For any Qy € ©, characterize £(Qy) by setting £(Qy)(O, Z) = g™ (A|W)L(Qy)(0)/Z.
Then we can rewrite ||[M,, — M,l|g,, as follows:

HMn - MnHQ1,n = Hpne - PQO,gfchHQLn - ”(Pn - PQngn)e”Ql,n = HPn - Pngan(Ql,n)'

The separability of ¢(Q; ) follows from that of L(Q;,). Let F, be the envelope func-
tion for L(Q;,) from A4. By construction of g,, Z is bounded away from 0, so there
exists a constant ¢ > 0 such that cF), is an envelope function for ¢(Q;,). Moreover,
Jer, (1,4(Q1n)) = O(Jp,(1,L(Q1,,)) = o(v/n) by A4. Therefore, Lemma |§| applies and
yields || P, — Py g, lleco,.,,) = or(1) by Markov’s inequality. Thus, we can apply Lemma
It yields that ||Qyg, — Qyﬁ()Hg,pQO’gmf = op(1), which is the desired result.

Assume now that A1 and A5 also hold and set arbitrarily ¢ > 0. Because |r,, — rg| €

{0,1}, we can upper-bound ||r,, — TOH%,PQO,gref as follows:

Ira=70lB.p, e = Pagest{lavol > £} x lrn = ol + Py gres1{lavol <} x o = 7ol
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< t_l_PQ07gref|q}/’0| X |rn — ol + PQoygref(O < |qy,0| <t)
< - roll3 4 £

Optimizing in ¢ yields

2(1+
Irn = rolla.py, e S Il = roll3? 21572 = 0p(1).

We obtain that

2(14
lgn = goll2.2y e S llgn — oll3* > = 0p (1)

along the same lines as above. This completes the proof. ]

We now turn to the first part of Theorem

Proposition 7 (consistency of ¥ ). Suppose that A2, A3 and A4 are met. Then it holds
that 1 — ¥y, 0 = op(1).

Proof of Proposition[7. This is a three-part proof.

Step one: studying €,. Let us show that €, — €g(r,) = op(1). We apply Lemma
with ©® = &, d the Euclidean distance, Z,, and Z, characterized over £ by Z,(e) =
PQo.go DYir (Qv,co.r (€)5 90), and Zi(€) = Py Dy, (Qy,c, i, (€), Gn)gn/Z, see 7 and
for the definitions of Qy,¢, r,(€) and Qy¢, r, (€).

From the differentiability of € — LX(Qy.¢, . (€)), validity of the differentiation under
the integral sign, and definition of €y(ry,) in A3, we deduce that Z,(ey(r,)) = 0. By
definition of €, (9), Zn(e,) = 0 too. Moreover, (d) from Lemma [§] is met. Indeed, by
differentiability of € — Dy, (Qv,¢co,r, (€),90) and validity of the differentiation under the
integral sign, Z, : £ — R is differentiable on £ with a derivative given by

Qv o, (€) ory x (1 — QY,¢o,rn (€) orn)
go ©Tn

Z’;L(‘E) = —PQo.g

where g o ry, is characterized by go o (W) = go(rn(W)|W). By construction, Qy,cr(€)
and go are bounded away from 0 and 1 uniformly in ¢ € Up,>1B8, X G1, p € R and € € €.
Therefore, there exists a universal constant ¢ such that |2/, (¢)] > ¢ > 0 for all € € &.
Consequently, by the mean value theorem, for all ¢ € &, |Z,(€)| > c|e — €o(ry)|. This
entails condition (d).

Applying Lemma [§] finally requires verifying that (‘e) is met, i.e., proving that ||Z,, —
Znlle = op(1). Introduce F,, = {fpe:p € 7(Qin), € € £} with

1{A = p(W)}

fre(0,2) = 7

(Y = Qv,o,p(€) (4, W)) (45)
for each (p,€) € r(Q1,n) X £. We start with the following derivation:

1Zin(€)=Zn(e) e

P, (frn,e + ]-{"4_Z7Wf (QY,CO,TTL (6) - QY7Cn,rn (6))> - PQo,gnfrn,e

1{A = Tn(W)}
A

= sup
ecf

< 1P = Poo gl 7, + 50D | P (Qvo,rn(€) = Qvigara(€))] - (46)

ec€

23



e Consider the first RHS term in (46)). Set (p1,€1), (p2,€2) € 7(Q1n) x €. Since Z is
bounded away from 0 and Y — Qy¢, p, (€2)(A, W)| < 1, it holds that

HAZ A Gy gy (1) — Qv palen)) (4. W)
+1{A = p1(W) = L{A = p2(W)}|
Y = Qrpue2) (4W)
Z
(Qygo.or (€1) = Qvgo.pn (€2)) (A, W)

+1(Qvico.01 (€2) = Qv g,p2(€2)) (A, W)
+|p1(W) — p2(W)].

|(fp17€1 - fpz,62)(OaZ)| <

N

Because expit is 1-Lipschitz, £ is bounded and gy is bounded away from 0, this
entails the bound

|(Forer = Fponea) (O, 2)] S e — 2] + |ea| x |(Hp, (90) — Hp,(90))(O)]
+p1 (W) — pa(W))]
S ler — el + [pr(W) — p2(W)]. (47)

This upper-bound notably implies that F,, is separable because 7(Q1,,) and £ (seen
as a class of constant functions) are separable. By A4, Ji(1,7(Q1,)) = o(v/n).
Since £ is bounded, there exists a bounded envelope function F for £ seen as a class
of (constant) functions and Jp(1,€) is finite. Assume without loss of generality
that F is also an envelope function for F,,. By and the trivial inequalities
(a+b)? < 2(a®+b%) and Va + b < /a+V/b (valid for all a,b > 0), Jp(1, F,) = o(y/n)
(we will use repeatedly this argument in the rest of the article, without mentioning its
details). Therefore, we can apply Lemma |§| and conclude, with Markov’s inequality,
that |, — Poyg, |7, = op(L).

e Consider next the second term in the RHS of . It is upper-bounded by

Ap = Sug Pn|QY,Co,m (€) — QY.(nrn (el/z.
€c

Since expit is 1-Lipschitz, Q1 , is bounded away from 0 and 1, and logit is Lipschitz
on any compact subset of 0, 1], it holds that

A, < Sug P, HOgit(QYﬁn) - IOgit(QYﬂo) + e(Hy, (gn) — Hy,(90))| /Z
€c

5 Pn|QY,ﬂn - QKBO’/Z + Pn|1/gn - 1/90’/2
= PQug.|Qv,s, — Qv,l/Z + PQognll/gn — 1/90|/Z
(P — PQo,g.)|Qy8, — Qv,pol/Z + (P — Pgog,)|1/9n — 1/ 90|/ Z48)

Using the fact that ¢* is bounded away from 0 and 1 and the Cauchy-Schwarz

inequality, we readily see that Pg, g, |Qyv,s, — Qyv,5|/Z < Pgyget|Qv,5, — Qv,p,| <

1Qv.5, — Qg 2P, gref op(1) by Proposition [1| whose assumptions are met here.

We control PQo,gn\l/ gn — 1/go|/Z similarly, using additionally that g, and gy are
uniformly bounded away from 0 and 1 and that, for n large enough, G,, = G, is
Coo-Lipschitz. Indeed, for n large enough, P, g,[1/9n—1/90|/Z < Pg, gretlgn — 90| <
lgn = goll2,p, e and

||9n — gol|2,P

Qo,gTCf

1Goo(av,5,) = Goolav,o)ll2.p,, s
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S lavs, = avsollzpy, e
S ||Qy7ﬁn - QY7ﬁO 2)PQ07gref = OP(1)7 (49)

as recalled earlier. Thus, the sum of the two first terms in the RHS expression of
is Op(l).

We now turn to the third term of the RHS sum in . For any )y € Q1, introduce
h1(Qy) characterized by h1(Qy)(0, Z) = |Qy (A, W) — Qy,5,(A, W)|/Z. Obviously,

|(Pr = PQo,g)|Qv,5, = Qv,0|/ 2] < [[(Pr = Po.gu)hill @1 = 10 = Pao.gnlln (@10

The separability of Q; , implies that of h1(Qj ). Since Z is bounded away from 0,
it holds that h;(Qp) is uniformly bounded by a constant ¢ > 0 which can serve
as a constant envelope function, and J.(1,h1(Q1)) = O(Ji(1,{|Qy — Qvg, :
Qv € Qial}) = O(Ji(1,Q1,)) = o(y/n) by Ad4. Therefore, Lemma [J] applies
and Markov’s inequality yields || P, — Pgq.g,lln,(0,.,,) = or(1). We control the last
term similarly. Let n be large enough so that G,, = G. For any Qy € Q1, introduce
ha(Qy) characterized by hao(Qy )(O, Z) = [1/Goc(qy (A, W))—1/Gc(ay,8, (A, W))|/ Z.
We have

|(Pr = PQo,g.)11/9n = 1/ 901/ 2] < [[(Pr = Py g )h2ll @1, = 150 = Poo.gn llna(01,0)-

The separability of Q; , implies that of ho(Q; ). Because Z is bounded away from
0 and because G is coo-Lipschitz and bounded away from 0 and 1 too, it holds that
ho(Q1) is uniformly bounded by a constant ¢ > 0 which can serve as a constant
envelope function, and J(1,h2(Q1,)) = O(Ji(L,{lgy — qvz| : Qv € Qin})) =

O(N(L{|Qy — Qvp,l : Qv € Qin})) = O(Ji(1, Q1,n)) = o(v/n), as we have seen
before. Thus, ||P, — Pg, g, llny(01.,) = op(1), hence the sum of the tow last terms in

the RHS expression of is op(1). We conclude that A,, = op(1).

Combining the results obtained on the first and second RHS terms in yields the
desired convergence ||Z,, — Z,|l¢ = op(1). We are now in a position to apply Lemma
which implies the stated convergence €, — €y(r,) = op(1).

Step two: studying Qy. , . Let us now prove that HQ?Q“T” — Q;,éo,rnHZPQO,gref =
op(1). For this, we equip Q1 X G1 X & — Q1 x G x € with a seminorm |||-|||; such that, for
any two (QY,I)gla el)a (QY,27927 62) € Ql X gl X 57

(@v.1, 915 1) = (@vy2, 92, )y = [Qvit = @vzllo.p, e +ll91 = 92ll2,p, o + €1 — €2
Proposition [1f and the first step of this proof imply that

I(Qy..s Gns €n) — (Qy,55 905 €0(rn))l; = op(1).

We also equip the set QF — QF with a seminorm ||+, characterized as follows: for any
two (QY,p)pGR’ (Q/Y,p)pe’R S Q@a

2,P

’H(QY,p)peR - (ng,p)péﬂmz = 2272 HQY,p - Q/Y,p Qo,g7et”

Let f: Q1 x Gy x & — OF be given by f(Qy,g,€) = (f»(Qy,g,¢€))per where, for each
pER,
fo(Qy, g,€)(O) = expit (logit(Qy (A, W)) + eH,(9)(0)) . (50)
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Set (Qyv,1,91.€1), (Qv2,92,€2) € Q1 x G x € and p € R. Because (i) expit is 1-Lipschitz,
(i) Q7 is bounded away from 0 and 1, and logit is Lipschitz on any compact subset of
10, 1], (i) Gi is uniformly bounded away from 0 and 1, (iv) £ is a bounded set, it holds
that
1£p(@v1:91,€1) = Fo(Qv2, 92, €2)ll2.p, e
< [|logit(Qy;1) — logit(Qy,2)
+ [I(e1 — €2) /g

SIQva—@valop, . tlo—glp, .. t+la-—el

= ‘”(QY,M g1, 61) - (QY,27927 62)‘”1- (51)

2,P, et T l€2(1/91 = 1/02) 2P, oo

Q’PQo,gref

Noting that the RHS expression does not depend on p then taking the supremum in p € R
to the left yields

If(Qv,1,91,€1) — £(Qv2, 92, €2)llly S (Qv,1,91,€1) — (Qvi2, 92, €2) ;-

Therefore, the convergence [[|(Qy,s,,, gn, €n) — (Qv, 8,5 90, €0(n))|l|; = op(1) implies the con-
vergence ||| f(Qy.g,,, gn: €n) — F(Qv,5, 90, €0(rn))ly = 0p(1). In particular,

||an(QY,,3n’gn7€n)_fT‘n (QYaﬁO’QO7eo(rn))||27PQ07gref = ‘|Q§/7Cn7’r’n_Q;,C()J’nHz:PQO’gref = OP(l)’

as we claimed.

Step three: studying 1y, Let us first demonstrate that Eqy, ,(Q3.¢, . omn(W)) = ¥y, 0,
then that ¢} — ¢, 0 = op(1). We have already shown that Z,(ey(r,)) = 0. Equivalently,
by conditioning first on (A, W) (second line) then on W only (third line),

0= Zuleo(ra) = Eoues (W(Y Qe (A, W)))

_ 1{A =r, (W)} «
= EQog <go(A|VV)(QY,O(A7W) — Q¢ (4, W))>

= Eqog (Qvo(rn(W), W) = Q3 ¢y, (rn (W), W))
= Va0 = EQuo @y, ©n(W)) (52)
hence the claimed equality.

Let vy = Eqy,(QV¢, ., ©Tn(W)). By , the fact that ¢g*f is bounded away from
0 and 1 and the Cauchy-Schwarz inequality, it holds that

1{A=r,(W)}
~ ol = |Boy et (S Q1 Q) AW
¥ = e, 0] ’ Qu 0.0 ( ST AW (QVgurn = o) (AT
S Qe = @viorall2py e = o0p(1). (53)

Therefore, it suffices to show that ¢} — ¥ = op(1) too to conclude.

Since QY,Cnﬂ"n ory is a function of W only, we can write

|y, — | = ’(Pn - PQO,gn)Q§'7Cn,7"n o rn‘ <[P — PQo,gnH]-",Q

where we define 7, = {Qy,¢,p(€) 0 p: (€ By X Gy, p € 7(Qin), € € E}. By construction,
F), is uniformly bounded by 1 which can serve as an envelope function. Moreover, for
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every 1 = (B1,01),¢ = (B2,92) € Bn X Gip,p1,p2 € 7(Qin) €1,€2 € &, because (i)
|(p1 — p2)(W)| € {0,1}, (i) expit is 1-Lipschitz, (i) Q1 is bounded away from 0 and 1,
logit is Llpschltz on any compact subset of |0,1[, and (iv) G; is uniformly bounded away
from 0 and 1, the following inequalities hold pointwise:

( Yo (€1) = Qvicapa(€2)) 0 o1+ (Qvicapm(€2) 0 p1 = Qv po(€2) © p2)]
< Qv (€1) = Qvicaps (€2)) © p1]
+ 11— p2| | (Qvicaypa(€2) © p1 — Qy s (€2) © p2) |
S Qv — Qvipy) o pil + len/g1(prl) — e2/g2(p1] )| + |1 — pa
S Qv — Qvigy) o pil + |g1(p1l-) — g2(p1l)] + lex — €2 + |p1 — p2f
< |(Qy,p — Qv,) o p1l + [(Qy,p, — Qvip,) o (1 — p1)| + [g1(p1]-) — g2(p1])]
+1g1(1 = p1]-) = g2(1 = p1|)| + le1 — ea| + |p1 — p2
=|Qv,p — Qv +|Qy 5, — Qy 5, + 2|91 — g2 + le1 — 2| +[p1 — p2|  (54)

’QY,Cl,m( ) YC2,P2 (62) © P2’

where, for every § € Up>1By, Qy 5 denotes the function gwen by Qyﬁ(A W) =Qyp(l—
A,W). This entails that F,, is separable because Q1 p, G1,n, € (seen as a class of constant
functions with envelope function F’ > 1) and 7(Q;,) are separable (the separability of
G1n follows straightforwardly from that of Qi ,, the definition of Gy, and continuity of
G,). Let n be large enough so that G,, = G. Inequality and the facts that (i)
Gin ={Gnlqy) : Qv € Qin} = {Gxlaqy) : Qy € Qi} with G coo-Lipschitz and (%)
lav.8 — av,p.] < 1Qvs — Qviga| +1Qy 5, — @y, | imply that

Jr (1, F)) Jr(1, Q1) + Jr(1,G10) + I (1,E) + Jp(1,7(Q1,n))

<
5 JF/(l, Ql,n) + JF’(lag) + JF’(LT(QLH)) = 0(\/77’>

by A4. Thus, Lemma |§| applies and Markov’s inequality yields || P, — Pg,.g, |7, = op(1)
hence [ —17’| = op(1). This completes the third step, and the proof of Proposition[r] [J
The second part of Theorem [2] revolves around a consequence of the following result.

Proposition 8 (first asymptotic linear expansion of ¥ ). Suppose that A2, A3, A4 and
A4* are met. Then it holds that

Un = Vro0 = (P = Pog) vy, + Dwir (QC, ) + 0P (1/V/n). (55)

The asymptotic linear expansion ([55|) is obtained from the exact linear expansion stated
in the next lemma.

Lemma 5 (exact linear expansion of ¥). It follows from the definition of 17 that

Vp = ¥ro0 = —FPgogDr, (an,rnago) (56)
(Pn = PQo,g)(dy.¢y i, + D (QF) 1))
+(Pn - PQngn) ((d§,gn,rn - d*Y,CO,rn>

Q¥ gurn = Qo) 07n) - (57)

Proof of Lemma[j. Equality readily follows from the definitions of D,., (szrn, 90)s
Yy and ¥y, 0.
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We now turn to . Let us denote by P,g, the empirical distribution of O,
weighted by g, (A4;|W;)/gi(4;|W;). By construction of the fluctuation and definition
of €, (9), it holds that P, g, Dy, (@3¢ .. .9n) = 0. Moreover, can be rewritten as
P,Dw,. (an,rn) = 0. Therefore, is equivalent to

w: - 17/}7"11,0 = (Pn - PQO?QO)DWJ’n (an,rn)
+ (Pn,gnDY,rn (Q;Cn,rnagn) — PQy,90 Dy, (Q*Y,Cn,rnago)) . (58)

Addlng and substracting (P, —FQqg,g0) Dw;r,, (QF, ., ) to the first term in the RHS expression
of (b8) implies

(Pn_PQoygo)DW,Tn (an,rn)
= (P = PQo,90) D, (G, ) + (P = PQo.g0 ) (DWir (Qc, ) = Do (@)
= (Pn— PQngO)DWJ‘n (on,rn> + (P — PQ0790)<Q§<’,§n,rn - Q;,Co,rn) SRAT
= (Pn - PQngn)DWﬂ”n (on,rn) + (Pﬂ - PQOygn)(Q;,(jn,rn - Q;’,Co,nl) ©Tn, (59)
where the last equality is valid because (P, — Pg, g,) operates on functions of W.

As for the second term in the RHS expression of , it equals

72 (gn (AilWi) 1{Ai = ra(W)} (. Qe (Ai, W)

9i(AilWi)  gn(Ai|W3)

1{A =r, (W)} .
—PQo,goWa/ - Qy,cn,rn)>

- %Z <1{ji(;- TnI%i)} (Yi = Qv (Ais W)
i=1 i\ %

HA=r,(W)} .
—PQo,mWw - QY,Cn,Tn)>

= (Pn - PQo,gn)d;,Cn,rn

= (P~ Paug )5y, + (Po— Pavs) (g, — dgr) (60)
The equalities , and imply . ]

We now build upon Lemma |5 to prove Proposition
Proof of Proposition[§ By in Lemma follows from

(Pn - PQngn) ((d;Cn,Tn - dik/y{(hrn) + (Q;Cnﬁn - Q?CO»?%) © Tn)
= (Pn - PQngn)(d*Y,Cn,Tn - d;,go,rn)
+ (Po = PQogn (@Y ¢, — Q¥igora) © Tn = 0p(1/v/n). (61)
This is a consequence of Lemma as shown hereafter in three steps.

Step one: preliminary. We will use the following notation: for all 3 € B,, and € € &,

AQys(€) = [r@yp) (Qvis, Gnlay,p),€) — fr(Qy.s) (Qv,6: 90s €0(r(Qy,p))) and
Adyg(e) Fr@y.s) Qv Gnlav,p), €) = flay. ) (@vi80, 90, €0(r(Qy;p)))
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where f,(Qy,g,¢) and f,(Qy,g,¢) are respectively characterized in and by

{A = p(W)}

LD - £,(@r.9.9(0). (62

f/l)(QYag>€)(O>Z) =
The two next steps mainly consist in controlling the uniform entropy integrals of the two
following sets:

Fn = {Adyg(e): e Bp,ecl},
F, = {AQygp(e)or(Qyp): B € By,e€E}.

From now on, we assume that n is taken large enough to ensure 5y € B, and G,, = G,
Ady g, (€0(r0)) = AQyg,(€0(r0)) = 0 (recall that ro = 7(Qy,,)). Consequently, 0 € F,
and 0 € F),.

Step two: studying the first RHS term in . Since Z is bounded away from 0 and 1,
the elements of F,, are uniformly bounded by a constant ¢ which can serve as an envelope
function for F,,. We assume without loss of generality that ¢ > max(1,sup.c¢ |€]). Obvi-
ously, (a) in Lemmal[10]is met for F,, by the resulting (constant) sequence of (constant) en-
velope functions. Moreover, Ady g, (€,) — Ady,g,(€0(r0)) = Ady g, (€n) = dy- o . —dyc
satisfies

=
>
.
=
@
3
=y
3/
|
>
.
=
=@
o
o
(=]
-
(=)
N
N—
Q
N

hence the convergence in probability ||Ady,g, (€n) —Ady,g, (€0(70))|l2, Pgy.gef = O p(1) follows
from the second step of the proof of Proposition [7}, whose assumptions are met.

It remains to prove that F,, is separable and satisfies (b) in Lemma Set arbitrarily

(B1,€1), (B2, €2) € Bp x € and define g1 = Gn(qyv,p,): 92 = Gnlqv,p,), pr = r(Qv,s,) and
p2 = 1(Qyp,). First, we note that

(B, (61) ~ Ady 5, (62))(0, 2)
= [HA= 2T gy (o) - HAZ TR A () 0)

S 1H{A = p1(W)HAQy s, (€1)(0) — AQy,p,(€2)(0))
+[(H{A=p1(W)} = 1{A = p2(W)})AQy,3,(e2)(O)],

which yields the pointwise inequality
|Ady, (1) — Ady,g, (€2)] S [AQyp, (1) — AQy g, (€2)] + |p1 — pal. (63)

Second, we focus on the left RHS term in . It holds pointwise that
’AQY’ﬁl (61) - AQY,,BQ(GQ)‘ < ‘fﬂl (QK517917€1) - fﬂl (QY,[‘}2792762)‘
o1 (Qv,05 901 €0(p1)) = fp1 (Qy,05 90, €0(p2))]

+1fp1 (Qv,5y 925 €2) — [12(Qv,p,, 92, €2)
+1£p1 (Qv,805 905 €0(p2)) — fp2 (R, 805 905 €0(p2)) |-
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For the same reasons as those which lead to and because G, coo-Lipschitz implies

91 = 92| S lav,s — avg| < |Qvip, — Qvigl + |Qy g, — @y p,l, we derive the following
pointwise inequalities from the previous one:

|AQy (€1) = AQyp,(2)l S [Qvg — Quvigol + 91 — g2l + &1 — €2 + |eo(p1) — €o(p2)]
+[Hp, (92) — Hp,(92)| + [Hp, (90) — Hpy (g0)
S Qv — Qval +1Qy 5 — Qyp,l
+le1r — e2| + |eo(p1) — €o(p2)]
+[Hp, (92) — Hp,(92)] + [Hp, (90) — Hp, (90)]- (64)

Consider the last term in the above RHS sum. Because G; is uniformly bounded away
from 0 and 1, we have [Hp, (90)(0) — Hy,(90)(O)| S [1{A = p1(W) — 1{A = po(W)}| =
lp1 (W) — p2(W)| (we already used this argument to derive in the first step of the
proof of Proposition . The last but one term is dealt with similarly. It remains to
control the most delicate term, |eo(p1) — eo(p2)|- Let Z1,Z2 be characterized over £ by
2j(€) = PQo.goDyp; (Qv,co.0;(€);90) = PQo.gofpse (3 = 1,2; see (45) for the definition of
fo,e). For the same reasons as in the first step of the proof of Proposition [7| (substitute
p1 or py for ry,), Zi(eo(p1)) = Za(eo(p2)) = 0 and |e — eg(p2)| < |Z2(e)| for all € € £.
Moreover, by , 1Z1(e) — Za(e)| < |lp1 — p2||2,pQ gref for all € € £, hence in particular
0

|Z2(eo(p1))| < llp1 — ngg,onygref. This entails the bound

leo(p1) — €o(p2)| S llp1 — p2ll2.p (65)

Qo’gref °

Consequently, implies the pointwise inequality

[AQy,p (e1) = AQyp,(€2)] S Qv — Qvial +1Qy 5, — Qy g,
+lpr = pol + [lpr = pallopy e + 161 —€2f. (66)

Combining and finally yields (with the same notation as in (54))

|Adyg (1) — Adyg,(e2)] S Qv — Qvigel +1Qy 5, — Qv |
Flpr = pol 4 llpr = pallopy e +ler — €2 (67)

Inequality @ entails that F,, is separable because Qi ,, 7(Q1,) and £ (seen as a
class of constant functions with constant envelope function ¢') are separable. Moreover,
since the definition of the uniform entropy integral involve a supremum over probability
measures, and also imply that, for each § > 0,

Je(6,Fn) S Je(8,Q1n) + Je(6,7(G1,n)) + Je(6,E).

Consequently, A4* guarantees that (b) in Lemma [10| is met. Thus, Lemma |10] applies
and yields /(P — Poog, ) (dyc, . — Ay ) = VU Pn — Py g, )Ady g, (€n) = op(1).

Step three: studying the second RHS term in . The elements of F,, are uni-
formly bounded by 1 hence by a constant ¢ > max(1,sup.c¢ |€|) which can serve as
an envelope function for F). Obviously, (a) in Lemma (10| is met for F,, by the result-
ing (constant) sequence of (constant) envelope functions. Moreover, implies that
AQyg, (en) 0 7(Qv,p,) — AQy,py(€0(r0)) 0 T(Qy,3,) = AQy,g,(en) 0 Tn = (Qvi¢u,ra(€n) —
Qv ¢orm(€0(rn))) o0 = (QV¢. .. — QY ) © T satisfies (with the same notational con-
vention)

30



|1AQy s, (€n) o T(Qy,,) — AQy,5,(€0(r0)) 0 7(Qv,5,)]
S @y, — Qvipel +1Qy 5, — Qy gl + 190 — 9ol + l€n — €0(rn)]-

Because g™ is bounded away from 0 and 1, this yields

1AQy,p, (€n) 0 7(Qy,5,) — AQy 50 (€0(70)) 0 7(Qy,60)lI2,P e
S Qvis, = @vigollo,ry et + 1190 = Goll2.p, o + len — €0(rn)| = 0p (1)

Q0.9

because each term in the above RHS sum is op(1) by Proposition [l the first step of the
proof of Proposition [7| and .

It remains to prove that F,, is separable and satisfies (b) in Lemma For this, set

arbitrarily (51, €1), (82, €2) € By, x &, define g1 = Gplqy,p, ), 92 = Gn(avs,), p1 = r(Qyp,)
and ps = r(Qy,s,), then note that

[AQy g, (€1) 0 p1 — AQy g, (€2) © o
< |AQyp (1) © p1 = AQyp, (€1) 0 p2| + |[(AQy,p, (1) — AQy g, (€2)) 0 pa.
Consider the first term in the above RHS sum. Because (i) it equals zero when p; and
p2 coincide, (ii) |p1 — p2| € {0,1}, and (iii) |[AQys, (€1) — AQyp, (€1)] < 2, we see that

it is actually upper-bounded by 2|p; — p2|. We now turn to the second term. By , it
satisfies the following pointwise inequalities:

[(AQyp (€1) = AQy,p,(€2)) 0 p2| S |Qy,p, — Qvip| + @y 5, — Qy 5,
o= p2l+ o1 = p2lla,py or +le1r —e2f.

We thus have

|AQy,p,(€1) © p1 — AQy,p, (€2) 0 pa|
S Qv — Q| +1Qy 5, = Qyp, [+ o1 = p2l + o1 = p2ll2,p, o + 161 — 2.

As argued in the previous step, the above pointwise inequality yields that F,, is separable
and that, for each 6 > 0,

Jo (6, F3) S Je (8, Qim) + Jo (0,7(Grn)) + Jr (6, €).

Consequently, A4* guarantees that (b) in Lemma[10]is met. Thus, Lemma [10]applies and

implies \/H(PH_PQo,gn)(Q;,gmrn _Q;7§07rn)orn = \/E(PH_PQ(hgn)AQYaﬁn (en)°T<QY,5n> =
op(1). Combining the conclusions of steps two and three shows that holds, and
therefore completes the proof. O

Proposition |8 has the following corollary. Proving it will complete the proof of Theo-
rem [2

Corollary 2 (second asymptotic linear expansion of 9} and resulting central limit theo-
rem). Suppose that A1, A2, A3, A4, A4* and A5 are met. Then holds. Moreover,
X = 2o+ op(1) with Xg > 0 and /n/E,(¢;;, — o, ) converges in law to the standard
normal distribution.
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Proof of Corollary[2 This is a four-part proof.

Step one: preliminary. Recall , , , , , and set
fO = d%k/V,O + EQW,O (Q*Y,Co,ro o TO(W)) + d;,ﬂ = Q;,Coﬂ'o org+ d;’,ﬂv
fn d%k/v’n + 77/);; + d;'7n - Q;Cn:"’n O Ty + d;n’
fO,TL = Q§7<077’n ©Tn + d;;vCO:rn '

A straightforward adaptation of the argument leading to in step three of the proof of
Proposition (7| also yields Eq,, ,(Qy.¢, », © 7o(W)) = to. It is then apparent that P,(f, —
) = Pgy.g0(fo—t%0) = 0. Now, note that ¥y, ¥,, defined in and can be rewritten

Yo = Py (fo— 7/)0)2 = PQ0790f(? Q/)g,
En = Pn(fn_w;:,) an n ’
and that 3y > 0 by A1. Introduce also S, = Py, g, (fo — %0)?.

For each (ﬁCJZTﬂ) € {(vaCOyTOaO)y(f07<077'07¢0)7(fnndarmO)v(fanurmw;)}a it
holds that

1 n
Pqo.gn (f = @ZJ)Q = n ; PQo,gi(f - 7/))2
= Pgog (@, or— 1) +2(Q%c, or — 1) Dy, (QF ., 90))

1 & 1{A =r(W)} 5
+=Y Popg——————— (Y = Qi
n & Qo,90 909i ( Y.(, )

= Pgogo (Q3cror— 1) +2(Q%c, or — 1) Dy (Qy.c,90))

1{A =r(W)} . 11
+Pgy g0 —————(Y — @Qy¢,)” % - Z p
i=1 7

90
and, similarly,

PQo.g0 (f - ¢)2 = Pgo.g ((Qik’,(j,r or — w)Q + 2(@;@7« or— ¢)DY,7~(Q§/7C,T,QO))

1{A = T(W)}(Y _ Q;( )2 % i

+P,
Qo,90 % G, %

Since (Y — Q;}C’T)2 < 1 and because g, g™ and all g;s (i > 1) are bounded away from 0
and 1, applying the Cauchy-Schwarz inequality then yields

|PQo,gn (f - ¢)2_PQ0790(f - 7/})2|

HA=r(W N 1 1 1
= PQo,go{gO()}(Y - QY,C,T)2 ( E - g())
1 K3

Zf_i

n

% > (g — %)

i=1

Qo,go

27PQ0,gref

Step two: studying X, and Xg. By Lemma@ (presented after this proof), teaches
us that E(S,) = Xp + o(1) and S, = o + op(1) (take (f,v) = (fo,%0) in

Let us show now that ¥, = X + op(1) by proving %, — S, + (¢ — wo) =X,—S,+
op(1) = op(1). We use the following decomposition:

Sp—Sn+ (W2 —y3) = Puf?— Pgyg.fd
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= (Pn_PQO:gn)fg_’_PQOygn(f?%_fg)
= (Pu— Poog)fa + Pooge(fn — f§) +or(1),  (69)

where the last equality holds because Py, g, %> = Pg,.g0f> + op(1) for both f = f and

f = faby (take (f,4) = (fo,0) and (f,4)) = (fn,0)) and Lemma [6] Let us consider
in turn the two RHS terms in (69).

e From now on, we assume that n is taken large enough to ensure G,, = G. For all
B8 € B, and € € &, let

dy,5(€) = f1(0y. ) (@v,5: Gnlav,p). €)
where f;) is defined in . Introduce
Fn ={Qvpl€)op+dyg(e): BE Bp,g= Gnlavp), ¢ =(8,9),p=1r(Qyp),c € E}.

In particular, f2 = (Qy.¢, . (€n) © T + dy.s,(€n)) € (Fa)? = {f2: f € Fu}. The
following upper-bound motivates the definition of F,:

‘(Pn - PQOygn)f3| < ||Pn - PQo,gn”(]-'n)Q'

If | P, — Pgog.ll(F)2 = op(1) then (P, — Pg,g,)fs = op(1) too. We prove the
former convergence by applying Lemma [0 and Markov’s inequality.

Since F,, is uniformly bounded, there exists a constant ¢ > max(1,sup.c¢ |€|) which
can serve as an envelope function to both F, and (F,)%. Set arbitrarily (81, €1),
(/82762) € B, x 57 define g1 = Gn(QYﬂl)7 g2 = Gn(qY,ﬁ2)7 Cl = (61791) , CQ =
(B2,92), p1 = 1(Qv,p,), p2 = 7(Qvp,), and let fi = Qv pi(€1) 0 p1 + dyp (1),
fo = Qviyps(€2) 0 p2 + dyg,(e2). Because |ff — f2| < |fi — fa, it holds that
Je(1,(Fn)?) < Je(1,F,) and the separability of JF,, implies that of (F,)2. So, we
now focus on F,.

Obviously, [fi — fo| < [|Qv¢ci,p(€1) 0 p1 — Qycap(€2) © p2| + |dy,p, (€1) — dy,p,(e2)]-
The first RHS is controlled in . We deal with the second one in the same spirit
as in step two of the proof of Proposition |8} First,

|(dy, g, (€1)—dy,5,(€2))(O, Z)|

= :l{A_Zpl(VV)}(Y - fpl (QY,ﬁugla 61)(0))
_ I{AZZpQ(W)}(Y — Fon(Qy . g2, €2)(0))

S A = (W)} Qv 91, €1)(0) = fa (Qyiy, 92, €2)(0))]
+1(H{A = (W)} = H{A = p2(W)}) f1,(Qy:,, 92, €2) (O)]

which yields

|dy,g, (1) = dy,gy (€2)| S |fo1 (Qvip1, 91, €1) = fo2(Qy,850 92, €2)| + |p1 — pal.
Second, the previous pointwise inequality implies

|dy,p,(€1) = dyp, (€2)] S [Qyip — Quvigal + 191 — g2 + |1 — €2 + |p1 — pal.
In summary,

|fi1= Fol S1Qv,p — Qvgo| + Qy 5, — Qy | + 191 — g2| + |e1 — €2 + [p1 — p2f- (70)
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Since Qi hence G, (already proven), r(Q1,) and £ (seen as a class of constant
functions with constant envelope c) are separable, (70)) implies that F,, is separable.
Moreover, also implies

Jc(lwfrn) S Jc(la Ql,n) + JC(LT(QLN)) + JC(L 5)

(see the argument following (54)) which yields in turn that J.(1,F,) = o(y/n) by
A4. Thus, (F,)? is separable, J.(1,(F,)?) = o(y/n), Lemma |§| applies and teaches
us that E(|| P, — PQo.g,l(5,)2) = o(1), and finally Markov’s inequality implies ||, —
PQo.g.ll(F.)2 = op(1). This completes the study of the first term in the RHS of .

To rely more easily on all the results obtained so far, we first note that

[Pogo (fr = F) < 1PQogo(Fi = Fom)| + [Pooge (o — £3)]
PQ0790|fr% - g,n’ + PQo,go|fg,n - fg|
PQo,go|fn - fO,n‘ + PQo,go|f0,n - f0|
”fn - fO,n

where the last upper-bound follows from the Cauchy-Schwarz inequality and the fact
that go and ¢g"f are bounded away from 0 and 1. Now,

IN N N

2»PQ0‘gref + ||f07n - f0|’2’PQO,gref7

1= Fonllzry, e < 1 @Vgrn = @) 0 Tallzpy e+ i = gyl

0:9 Qo,gref

and we already proved that [(Qy.¢, . — Q¥ )0 TnHz,PQ

gret = op(1) (see step two
0

of the proof of Proposition and ||d5,, —d5 . . | 2Py, gret = |Ady s, (€n) 2Py, gret =
op(1) (see step two of proof of Proposition E) Therefore, || f,— fon 2Py ret = op(1)
0>

and it suffices to show that || fo, — f0\|27pQ
0

convergence Py, g,(f2 — &) = op(1).

As previously, we first note that

= op(1) too to obtain the desired

gref

1 fon=Foll2.py, et < 1@V, 070 =@V om0 0702, et T8V G0, =B o 12,2 grer -

By and in step two of the proof of Proposition [8, it holds that

2’PQ0,gTEf

+H7an - ’r0||27PQO7gref

||Q§:C077"n ©Tn — Q?Como © T0||27PQ07gref S HGO(Tn) - 60(7"0)

S Hrn _TOH27PQO’gref

with HTn — 7”()”27]3(20’

gref

=op(1) by Proposition whose assumptions are met. Once

again, we control the last remaining term in the same spirit as in step two of the
proof of Proposition |8 from the upper-bound

(v gomn = Bvigor)(O: )] S [H{A = (W) HQV ¢y — Qigo,ro)) (A W)
1A =r (W)} = H{A = ro(W)}|
S leo(rn) = eo(ro)| + [rn (W) = ro(W)] (71)

we deduce that

||d§7<07rn B dik/yCO:TO 2’PQ0,gTEf S ||Tn - TOHZ’PQO,gref = OP(l)

In summary, ”fo,n — fol
term in the RHS of .

2Py ret = O p(1), and this completes the study of the second
0>
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By combining the results of the above two-step study of the RHS sum in and
itself we finally get the stated convergence 3, = X + op(1), thus completing step two of
the current proof.

Step three: deriving from . The asymptotic linear expansion rewrites as

7/);; - @Z}rn,O = (Pn - PQo,gn)fO,n + OP(l/\/ﬁ)
= (Pn - PQngn)fo + (Pn - PQO:gn)(fO,n - fo) + OP(l/\/’E)?

hence follows from the convergence (P, — Pg,.g.)(fon — fo) = op(1/+/n), which is a
consequence of Lemma

For each n > 1, introduce the class

}—7/1 = {Q;,Covp °p+ d;‘/,Co,P —foipe T<Q1’")}'

In particular, fo, — fo € F,, (take p = r;,), and we have already proven in the previous

step of the current proof that || fo, — foll2, Py gt = op(1). The class F, is uniformly
0>¢

bounded, so there exists a constant ¢ > 1 which can serve as an envelope function to
both F/, and r(Q1 ). Obviously, the resulting (constant) sequence of (constant) envelope
functions satisfies condition (@) in Lemma Set arbitrarily p1, p2 € 7(Q1,n). We have

’(Q;Co,m °p1+ d*Y,Cmﬂl B fo)_(Q;ﬁo,m °p2+ d*Y,Co,PQ B f0)|
= |Q*Y,C0,ﬂ1 °pP1L— Q*Y,Cmm ° pa| + |d*Y,Co7pl B d§,(0,pz|‘

By , in step two of the proof of Proposition [8 and with (p1, p2) substituted
for (rp,70), this inequality yields

|(Q;,Covp1 °p1+ d;Coym —fo) - (Q;Coypl °p2+ d?(mm — fo)l
S leo(p1) = eop2) [+ |1 = p2| S llpr = p2ll2.py e + 101 = P2l

Consequently, F;, is separable because r(Qj,) is separable. Moreover, since the def-
inition of the uniform entropy integral involve a supremum over probability measures,
the above pointwise inequality entails that, for each § > 0, Ju (6, F),) S Jo(6,7(Q1n)),
so that condition (b) in Lemma is met by A4*. Applying Lemma then gives

(Pn — Pgo.g,)(fom — fo) = op(1/y/n), hence the validity of (31).

Step four: deducing the limiting normal distribution from . We first argue that
(31)) implies the converges in law to the standard normal distribution of /n/0 (1% — ).
This is a consequence of [24, Theorem 3.3.7] because (i) S,,/E(S,) — 1 = op(1), and (ii)
for each a > 0, E(P, f31{f2 > o*nE(Sy,)}) = o(E(S,)) trivially holds since fo is bounded
and E(S,) = Xo+o(1) with ¥g > 0. Then Slutsky’s lemma and ¥,, = ¥¢+op(1) yield the
convergence in law of \/n/%, (¢} — 1) to the same limiting distribution. This completes
the proof. O

Lemma 6. If ||g, — g0 2P, et = op(1), then |[n=t > (gi — 90)”2,13%79rcf converges to

0 both in probability and in L'.
= op(1) implies

Proof of Lemmal@ Since G is uniformly bounded, |lg, — go||27pQ gref
0

E(|lgn — go”Q’pQ gref) = o(1). Now, by convexity then Cesaro’s lemma,
0

E

27PQO’gref) = 0(1)

% ;(Qi — 90)

<=3 5 (g~ 90)
i=1

2’PQ0,gref
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This convergence in L' implies the convergence in probability because G is uniformly
bounded. O

A.3 Proofs of Propositions [2}, [4], [5] and [6]

Proof of Proposition[3 Set a probability measure fi on the measured space AxW. Denote
i the marginal probability measure induced by i on W. Let {0,}n>1 be a sequence of
positive numbers such that ¢, = o(1) and set € > 0.

Since 7(Q1,n) is a subset of a fixed VC-class of functions taking values in [0, 1], there
exists a constant ¢ > 0 such that, for all 0 < e < 1,

247(Qun)s || l20) S log(e™) +e

log sup N (g]|1
I

[28, Theorem 2.6.7], where 1 serves as a fixed (and constant) envelope function for r(Q; ;)
and the supremum is taken over all probablhty measures p on W. It follows easily that
J1(0n,7(Q1m)) S fo log(e=1) + cde = o(1). In particular, the choice d, = 1/+/n yields

Ji(1, 7“(Ql,n)) = o).

We now turn to Qi,. Let {f; : 1 < j < N(&, 77, | - [l2,z)} and {f;r 1 <5<
N(e, F*,|| - ll2,a)} be two collections of functions from W to R such that the unions of
the LQ( ) balls of radius € centered at f or ff cover F~ or FT, respectively. Choose
arbitrarily Qyg € Qin, with 8 = (f7,f") € B,. We may assume without loss of
generality that ||f~ — f1 ll2,n < € and ||fJr — f{fll2,z < e. Introduce 81 = (fy, f;7) and
Qy,p, defined as in with (3 substituted for 5 (the fact that 1 may fall outside B, is
not a concern). NOW, observe that

Qv = Qva P < (If = frl+ 1 = 1) <2(F = P+ = £P)

hence

1Qv,s — Qv llos < V2 (IF~ = fillza + IIFT = fifll2) < 2v2e.
This entails that N (g, Q1.n, |- |l2.2) < N(e/2v2, F~, |- |l2.a) X N(e/2v2, F*, ||-||2,4). Since

1|2,z = 1, [|2]l2z = 2 and because ||1|2,z = 1 where 1 serves as a (constant) envelope
function to Qi ,, , and the previous bound imply the existence of o € [0,1)
(independent of fi) such that

1 (0%
ios N el Q1) % (£)' (72)

e

Taking the supremum over all probability measures ji on the measured space A x W and
integrating wrt € then yield Ji (0, Q1) = o(1). In particular, the choice 6, = 1/y/n gives
Ji(1, Qi) = o(v/n).

We now turn to L'5(Q;,), which admits 1 as a (constant) envelope function. Simply
observe that

IL(Qy,5)(0) = L(Qy,3,)(0)] = [(Y = Qya(A,W))* = (Y = Qv (A, W))*|
= [2Y = Qv;3(0) = Qv,5,(0)| x |Qy,5(0) = Qv,p,(0)|
S 1Qv,s(0) — Qv (0)],

which entails Ji(1, L5(Q1.,)) = O(J1(1, Q1)) = o(1). This completes the proof. O
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Proof of Proposition[{ Arbitrarily set ¢ > 0. By the LHS equality in , shown while
proving Lemma [2], we first get

0<tho—tr,0 < Eqy(layo(W)| x [rn(W) —ro(W)))
Eq, (lav,o(W)| x L{ry(W) # ro(W)})
Eq, (lavo(W)| x H{ry (W) # ro(W)}
x (H{lavo(W)| =t} + {lav,o(W)] < t})).

Recall that rn(W) # ro(W) is equivalent to gy, qy,8,(W) < 0 and therefore implies
[(qv,8, — av,0)(W)| > |qv,0(W)|. Thus, the above inequality entails

0.< Yo — tr,0 < B (I(av,s, — av0)(W)| x Hl(av,s, — av) W) = lavo(W)] = 1})
+ Equ (lavo (W) x (av,3, = avo) WP x Wlavo(W)] < 1}) . (73)

First, we note that the left term in the above RHS expression is bounded by

Eq, (I(av,s, — av,0) (W) x H{|(qv,5, — av,0) W)| > lgy,o(W)| > t})
<|qY,0(W)| " (qv,8, — av,0)>(W)
t

< EQO

. ) =t"|lqv,3, — avoll3-

Second, Holder’s inequality and A5* yield that the right term in the RHS expression of
is bounded by

2/3 2/3
lav.s. = avolly” x Po, (0 <lavo(W)| < 0" £ 7Play5, — avolly’
In summary, we have proven that

_ 2/3
0< %o —tr,0 St 2llav,s, —avolls + t272/3\|¢1¥,ﬁn - QY,0H2/

Optimizing in ¢ finally yields (32). In conclusion, [lqy,s, — qv,oll2 = op(1/n?*) does imply
Yo = ¥r,,0 = op(1/y/n) because 2(1 +72)/(3 + 72) x 13 =1/2.

The claim on the confidence interval readily follows from Proposition [3] and the prop-
erty 1o — ¥y, 0 = op(1/y/n). This completes the proof. O

Proof of Proposition[d. Since ¢ and n=1 Y"1 | V; are known quantities, we focus on
& * 1 - *
VA = Vi U+ & =~ 3 Y | =i (6 = PaQvoora). (74)
i=1

By definition of ¥, o and , it holds that
\/HQEL = \/ﬁ(w:; - wrn,0> - \/E(Pn - PQO:gn>QY,O OTn
= \/E(Pn - PQo,gn)(d’{/,o + d*W,O —Qypo T0)
+Vn(Pn — Pqog,) Qv 0 (Tn — 10) + 0op(1).

Arguments similar to those developed in Section to prove Corollary [2| successively
yield 3 = 3§ + op(1), V(P — Pog,)Qv,0 © (rn — 10) = 0p(1),

Vi = V(P = Poo g)(dy0 + Qi — @ro©70) + 0p(1) (75)
and the convergence in distribution of 1/n/SENE to the standard normal distribution.
This justifies the validity of the proposed asymptotic confidence interval. O
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Proof of Proposition[f This is a three-step proof.

Step one: preliminary. Let us assume for the time being that we also observe the vari-
ables Uy, ...,U, in addition to Oq,...,0Oy,. The resulting counterpart to O,, is denoted
O = ((01,01), ..., (0n, Uy)) with convention Qg = (). Likewise, the resulting counterpart
to the empirical measure P, is P,. Since the sequence {U, },>1 consists of i.i.d. variables
independent from {Oy, },>1, a distribution Pg 4 € M for (O, Z) yields univocally a distri-
bution Pg , for (O, Z,U). For a measurable function f : O x [0,1] x & — RY, we denote
Pof=n"13"", f(Oi, Z;,Us) and Pq 4 f = Ep,, ,(f(O, Z,U)).

Neglecting this new source of information, we carry out the exact same statistical

procedure as developed and studied in Sections and If we write
]P)Q(),gif = EPQO,gZ- [f(O’MZZaUZ”@’L—lL

1 n
Pog.f = EZPQUM%JC
=1

for the counterparts to Py, 4, f and Pg, g, f (each i =1,...,n), then reads

VnQf = V(Y — PuQyo o ry) (76)
and still holds and reads

Vi, = V(B — Poyg, ) (dyo + Qivgom, — Qvo 0 ro) +op(1). (77)

Step two: inferring in the causal world. For p = ro and p = 1y, we set Qy,gop(W,U) =
Qvo(p(W),W,U). Since ¥} and n=1 Y1 | V; are known quantities, we focus on

x/mﬁz\/ﬁ@:wn—;zyi) =V (¥, ~PaQvoora).
i=1

By , , and because implies Pg, g, (Qv,0—Qy.0)orn = Pgy,g0(Qy,0—Qy0)orn =
0, it holds that
Vil = VS — VnPu(Qyo 0 T — Qv 0 )
V(P — P, g,)(dyo + Qv ro — @v,0©70)
—Vn(Py — Pgy.g,)(Qy,0 — Qvo) 0 Tn + 0p(1)
= Vn(Pn —Pgg,)(dyo+ Qiveyry — @vio©70)
—Vn(P — Pgy.g,)(Qy,0 — Qvyo) 070
—Vn(Py = Pgy.g,) (Qvo — Qv) o7 — (Qy,0 — Qy,0) 0 70) + op(1).

Define fo = dy.+Qiy ¢y o — (@v0070—%0), X0 = (Qvio — Qv,0) 070, and X = Pg, g0 (fo —
X0)?. Arguments similar to those developed in Sectionto prove Corollarysuccessively
yield

\/H(Pn - PQngn)((QY70 — QY,O) OTp — XO) = OP(l)a
Vs, = (P, — P, g,)(fo — x0) + op(1)

and the convergence in distribution of 1/n/S§Q¢ to the standard normal distribution.
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Step three: inferring in the real world. At this stage, there is still one issue to solve: it
is not possible to infer 3§ because, contrary to fo which is a function of O, xq is a function
of (0,U) and we actually do not observe Uy, ..., U,. Fortunately, it holds that

¢ 2 2 & 2 &
26 = PQo,gofo — PQo.g0X0 = X5 — PQo,goX0 < X4 (78)
the inequality justifying our claim on the proposed asymptotic confidence interval.

It only remains to prove the LHS equality in , which is equivalent to Pg, 4, foXxo =
PQo.g0X3- First, we note that

PQo.g0 f0X0 = PQo.g0 (Qiv.co.re — (Qvi0 © 70 — %0)) X0 + Py.g0d3-0X0-
By the tower rule and , the first RHS term in this sum equals

Bp 0 [(@corn () = (Qui0 0 70(W) — )
x EPQovgo (QKO(TO(W)? W.U) - QY,O(TO(W), W)‘W)} =0.

Thus, proving the LHS equality in boils down to showing that the second term equals

PQy.00 X2 By definitions of dyg and of Y in the causal model, the tower rule and
imply that the second term equals

1{A =ro(W)}

Erg oo | AL @y o o (). W) = @yl (W), W)
X Epg oo (Y = QYo (ro(W), W)[A, W, U)]
= Brg o | AL (@ (W), W.0) - Qualro(W). )
< (@va(ro(I¥), W) - Qglra(1¥). )|
= gy, |- @tV W.0) - Qo992
B, [”AZZO(W” (Qvolro(W), W) = Qio(ro(W), W)

X Bpgy 40 (Quo(ro(W), W, U) = Quo(ro(W), W)\W)]
- EPQo,gO [(@Y,O(TO(W), VV, U) - Qy’(](ro(VV)7 W))2E(1{A:ZTO(VV)} ‘W, U):|

= Brgyay | (QuoralIV),9.0) = Qralra(I¥), )| = oy

This completes the proof. ]

B Technical lemmas

B.1 Lemmas for M- and Z-estimation

The first lemma is a simple adaptation of [28, Corollary 3.2.3].
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Lemma 7. Let M,, and M,, be two real-valued stochastic processes indexed by a metric
space (©,d). Consider a sequence of subsets ©, C © and the following assumptions:

(a) For each n > 1, there exists 7, € © such that, for all e > 0,

H;fl inf{M,,(0) — M, (1) : 0 € ©,d(0,7,) > e} > 0.

(b) For each n > 1, there exists 1, € Oy, such that M, (7)) = infgco, M, (0). Moreover,
Mo (1) = Mn(70) = op(1).

(¢) It holds that |M,, — M,|le, = op(1).

Under (a), (b), and (c), if 0, € ©,, satisfies M,,(0,) — My (75) < 0 for alln > 1, then
d(0n, 1) = op(1).

The corollary below will prove useful.

Lemma 8. Let Z,, and Z, be two real-valued stochastic processes indexed by a metric
space (©,d). Consider the following assumptions:

(d) For eachn > 1, there exists 7, € O such that Z,(7,) = 0 and, for all e > 0,

inf inf{|Z,(0)|: 0 € ©,d(0,7,) >} > 0.

n>1
(e) It holds that ||Z,, — Zy|le = op(1).
Under (d) and (e), if 0, € © satisfies Z,,(0,,) =0 for alln > 1, then d(6,,1,) = op(1).

Proof of Lemmal[7 Set n > 1. By (a), it holds that

(Mn(en) - Mn(en)) + (Mn(en) - Mn(t;))
+ (Mn(t;;) - Mn(t;)) + (Mn(t;;) - Mn(tn)) :

The above first and third RHS terms are both upper-bounded by |M,, — M,|le,. The
second RHS term is non-positive by definition of 6,,. The fourth RHS terms is op(1) by
(b). Thus, it actually holds that 0 < M,,(6,,) — M, (t,) < 2||M,, —M,||e, +opr(1l) = op(1)
by (c).

Set £ > 0. By (@), there exists a positive random variable A which is independent of n
and such that d(6,,t,) > € implies M,,(0,,) — M, (t,) > A or, equivalently, A=[M,,(0,,) —
M, (tn)] > 1. Now, by Slutsky’s lemma [27, Lemma 2.8], M,,(6,,) —M,(t,) = op(1) entails
A7 M,,(0,) — M (t,)] = op(1). Therefore, we conclude that d(6,,t,) = op(1) too. O

Proof of Lemmal[8 Foralln > 1and 6 € O, define ©,, = O, t} = t,,, M,(0) = |Z,,(0)| and
M, (0) = |2,(6)|. We note that (a) in Lemma [7] follows from (d), that (b) in Lemma
trivially holds, and finally that (¢) in Lemma [7] is a consequence of (e) and the reverse
triangle inequality. Now, for each n > 1, Z,(6,,) = 0 rewrites M,,(6,) — M, (t;) < 0.
Applying Lemma [7] yields the result. O
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B.2 Maximal inequalities and convergence of empirical processes

The following two results are the cornerstones of our theoretical study.

Lemma 9 (maximal inequality). Let F be a separable class of measurable, real-valued
functions, with envelope function F. Set n > 1. It holds that

E (VallPa — Poygull) S Tp(LF) % | Fllop, e (79)

Lemma 10 (convergence of empirical processes indexed by estimated functions). For
eachn > 1, let o, = {fo, : 0 € ©,n € T} be a separable class of measurable, real-valued
functions, with envelope function F,. Suppose the following holds:

(a) The sequence {F,},>1 satisfies the Lindeberg condition: HFnHQ’PQ = O(1) and,
- 0

for every 6 >0, ||F,1{F), > (&/ﬁ}HgJaQMref =o(1).

’gref

(b) If 6, = o(1), then it holds that Jg, (6n, Fn) = o(1).

If n, € T}, is such that supgee || fo,n, — fono H2,PQ0,gmf = op(1) for some ny € Np>1Un>p T,
then supgee [vn(Pn = PQo.g.)(fo.n, = fone)l = 0p(1).

The proof of Lemma [I0]notably relies on the lemma below. Its proof, a straightforward
adaptation of that of [33, Lemma 12], is omitted.

Lemma 11. For each n > 1, let F, be a class of measurable, real-valued functions
with envelope function F,, such that 6, = o(l) implies Jg,(0n,Fn) = o(1). Then (i)
JE, (6, Fn) = O(1) for every 6 > 0, and (ii) for every e > 0, there exist § >0 and ny > 1
such that Jg, (8, Fn) < e for alln > n;.

Proof of Lemmas[9 and[10. The proofs of Lemmas [0] and [I0] are best presented jointly.

Let us prove (@ from Lemma @ in three steps.

Step one: decoupling. By [8, Proposition 6.1.5 and Remark 6.1.6], it is possible to
enlarge the probability space and to define three sequences of random variables {e;, },>1,

{(02, 22} us1, {(O%, Z2)}n>1 and a o-field G such that

e {en}n>11s a sequence of independent Rademacher random variables, a sequence that
is moreover independent of {(Oy, Zy,) }n>1, {(OZ, Zfl)}nzl, {(OEL, ZE)}nzl;

e the distributions of (0%, Z}) and (OE,ZE) coincide with that of (O, Z71) and, for
every n > 2, the conditional distributions of (O, Z) and (051, Zfl) given G coincide
with that of (On, Zn) given {(01, Zl), ey (On—la Zn_l)};

e conditionally on G, the two sequences {(0”, Z°)},>1, {(O%, Z,hl)}nzl are independent
and each with mutually independent elements.

The new sequences {(0%, Z%)},>1 and {(O%,Z&)}nzl are said “decoupled sequences” to
{(Ona Zn)}nZl-

We denote Eg the conditional expectation given G and Eg the conditional expectation
given G and {(0%,Z%)},>1. We also characterize P?, PE)O g, and P by setting, for
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cach f: O x [0,1] = R, Pif = n" Y0, f(0], Z0), Py g, f =1t Tity Eglf(0}, 2))],
Pgbf =n! Z?:l Eif(OE, Zzb)
Step two: symmetrizing. Let ® be a non-decreasing, convex function mapping Ry to

R. Set n > 1. By construction of the decoupled sequences, it holds that E[®(n| P, —
Pao.g. ||l 7)] = E(Eg[®(n]| Py — Py, o |7)])- We now focus on Eg[®(nl|P; — Pp, . [|F)].

Note that

P, — Py o |7 = 2, Z2) — Eg(f(O%, Z5))

2, Z0) — BY(f(OL, Z0))

IN

0 22) - 105, 70 ] |
f

)

)] )
f
Observe now that, for every n-tuple (e1,...,e,) € {—1,1}",

! ==l )

since, for each 1 < ¢ < n, (Oi’ , ZE ) and (OE, ZE) are independent and equal in law (condi-

F

where the expectation Eg to the right now also concerns the (conditionally and uncondi-
tionally on G) independent (e1,...,&,). By the triangle inequality and convexity of ®, we
see that the RHS expression of is itself upper-bounded by

]:> ]

(o] ( B
il

so that Jensen’s inequality yields

> F(02,2)) - (0}, Z)

=1

@ (nll P~ Phog, ) < EG

f

By taking outer (conditional) expectation, we obtain

(5

Eg [@ (n| P, = Py g, lr)| < Eg |@ | |3 (01, 22) - (0%, 2)

n

3" A0, 2) — f(OF, 28

i=1

n

> el /(08 22) — f(O}. Z7)

=1

Eg

F(O8, Z2) — F(O°, Z%))

Eg @ (n|lP) = P, ,l17)| < Eg |@

ng + Eg

Zazf (02, Z2)

Zazf (0%, Z%)

(

1))

hence

Eg [q) (nHPﬁ - Pg)g,gn||.7:):| < Eg 0 Z])

(15
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In conclusion, we derive the symmetrization inequality

E[® (n]| Py — Poog.ll7)] < E[®(2n] PY[|7)]. (82)

Step three: chaining. Taking ® given by ®(z) =z (all z > 0) in readily yields

E (V| Py — Pgog,l7) < 2E(VallPY||7). (83)

Set now ®(z) = exp(z?) — 1 (all x > 0) and let || - || be the corresponding ®-Orlicz
norm [28, page 95]. Conditionally on (0%, 2%),..., (0%, Z"), the process v/nPY is sub-
Caussian for the L?(P?)-seminorm || - ||b2n by Hoeffding’s inequality [28, Lemma 2.2.7].
The number s’ = SUpfer ||f||%n upper-bounds the radius of F U {0} wrt || - ||%n Thus,
by [28, Theorem 2.2.4] (a maximal inequality whose proof essentially relies on a chaining
argument) and a change of variable, it holds that

sh
IVarle 5 [ \1+ 108N F 2P

) s /NFN . " -
< 1Pl [ 1+ 10g N[ 5 . F, L2(P3))de.

By definition of the uniform entropy integral, we therefore obtain

VAP o S 0T, (50 1 F 1 05 F)
a result which holds conditionally on (0%, Z3),...,(0%, Z2). Finally, we take the expec-

tation wrt to (03,23),...,(0%,2") and note that (a) s’ < ]|F||gn, (b) E(||F\|gn) <
”FHZPQO,gref‘ In view of this does yield

E (Vnl[Pn = Poog.ll7)

E (VAP = Poy g, li)

E (| Flly % T (53/ | Flfy 0 F)) (84)
JFn(17 ‘F) X ||FH27PQ07gref’

IN A

which completes the proof of .

We now show Lemma, . The proof follows closely that of [2 Part III, Theorem 6.16].
It has four steps.

Step one: preliminary. Introduce the classes F2 (random) and F0 (deterministic)
given by

F={fom, — fomo 1 0 € OF C F2 = {fo — foum : 0 € O,n € T}

Lemma states that \/n||P, — P, g, |l = op(1).

For an arbitrarily fixed § > 0, define

190) = {neTuisuplion  fomlhr, <0},

Fn(8) = {fom— fome :0 € O,neT(6)} C F,
FAS? = {h*:heFo()}, and
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b( ) _ Suphe]:g(é) HhHg,n _ ”PZ||]:2(5)2
1L +2Fa, 1+ 2F)5,

The classes fg, FO

n

(6) and F? admit H,, = 1 + 2F,, as an envelope function. Because its

n

definition involves P2, s?,(8) is random. Moreover, HHann > 1 and suppero(s) [|h %n <
12F, |3, yield that
$,(6) < min (1, sup uhuz,n> — min (1, 1P} rg(ap2) - (85)
heF0(5)

By and the Cauchy-Schwarz inequality, we have

(B (1Halls 0 T, (5,0, F26)) |
E (I Hall,) x E (T, (53,(6), F2(6))?) . (86)

[E (V2| Pu — Poognll7o)]

N

IN

Step two: studying s°,(5). We now show that there exists an integer n;(d) such that
E(s%(8)) < min(1,6%) for all n. > ny(8). The proof is based on and the decomposition

n

Fa(0)? = F1(6)? U F 5(5)? for
FO0 = {h1{2F, < pvn/2} i he Fo0)},
Foa(6)? = {h*1{2F, > pv/n/2} : h € F(8)}
where the constant p > 0 will be determined later.

Obviously, py/n/2 x 2F,, = py/nF, is an envelope function for ]-"271(5)2. By , we
thus have

b b
E (VAllP = Pyl 02) S Toviar, (L Fou(02) X loviFullepy - (87)

But Jp\/ﬁFn(l,Fg71(5)2) easily compares to Jg, (1, F,). Indeed, whichever are ¢ > 0,

h,h' € F2(5), and m a discrete probability measure such that 0 < mF,, it holds that
m(h? — h'?)?1{2F, < pvn/2} < (4F,)*m(h — 1')? < (pv/n)*m(h — 1')?,

hence
N (ellpv/nFnllm.2, Fo1(6)%) < N(el|Fullm.2, Fn),

from which we deduce that J, sz (1, F5(6)*) < Jg,(1, F,). This bound and yield

b
E (1P, = Py 50 y2) S pTm, (1, Fn) X || Py

I (88)

Furthermore, because (i) 2F, is an envelope function for FJ ,(6)* and (ii) the design
g, attached to the sequence {(O”, Z%)},>1 is bounded away from 0 and 1, it holds that

E (1P = Py llro 2 ) S 070, (1. Fn) X I1Fl{F > pv/i/2} 2y e

Since F2(8)? is the union of ]-'2’1(5)2 and ]-"22 (6)2, the previous inequality combined with
then yields
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b b
E (1P, = P, .l 705
5 p']Fn(]‘7‘Fn) X ||FnH2aPQO,grcf + pJFn(17‘Fn) X ||Fn1{Fn > p\/ﬁ/2}||2uPQ0,grcf'

By (a) in Lemma 10} | Fullar,, . = O(1) and [EA{E, > py/ii/2}lap, . = olL). By
Lemmal[l1] Jg,(1,F,) = O(1). Therefore, it is possible to choose p > 0 and find ny () > 1
such that, for all n > ny(9),

E (1P = Phy g, | ros2) < 0° (89)

Now, the definition of F0(§) and the above remark (ii) about the design g, yield the
additional inequality, valid for all sample size:

B (1P, I 732 ) S 0% (90)
By the triangle inequality, , and imply
B(s,(8)) < min (1, B (1P} 7gape ) ) S min(1, 6%)
for all n > n1(d). Markov’s inequality then yields that, for all £ > 0 and n > ny(9),
P (s;(a) > g) < ¢V min(1, 82). (91)

This completes the study of s°, ().

Step three: fine-tuning. Set arbitrarily a, e > 0. Note that the above remark (i) about
the design g, and assumption (@) in Lemma [10|imply the existence of a constant C; > 0
such that the following bounds hold on the leftmost factor of the RHS expression in :

B (I1Hal) S 1Fal .o < CF. (92)

By assumption (b) in Lemmaand Lemma there exist 0 < £ <1, Cy >0 and ng > 1
such that Jy, (&, F,) < ag/Cy and Jg, (1, F,)* < C3 for all n > ny. Let §o > 0 be such
that dg < aey/3/C1Cs. By assumption on 7, in Lemma we know that there exists
n3(d) > 1 such that P(n, & T2(d)) < ¢ for all n > nz(dp).

Step four: wrapping up. Let n be larger than max(n1(dg), n2,n3(do)). It holds that

A=P (sup|\/ﬁ(Pn — Pgo.gn)(fom, — fon)| = a>

0O
= P (VAllPy ~ Poyg, 74 > o)
<P (n €T0(%)) + P (nn € T(%), v/nllPn — Pgo,g,ll 70 > O‘)
< e+ P (VnllPy = Poog. ll 79060 = @) -

By Markov’s inequality, , and , we obtain the inequalities

1/2
A /

IN

_ 1/2
e+ o B (J1Hall) " % B (i, (53,(0), F(0))?)
1/2

IA

e a7 01 x (P(,(00) > €) % Jin, (L F)? + T, (6 Fo)?)
e+a7l0; x (5_1 min(1,62) x C3 + (C;1a5)2) < 3e.

A

Since o and € were arbitrarily chosen, this completes the proof of Lemma O

45



C Pathwise differentiability

The next two lemmas are summaries of results stated and shown in [I5) [I6]. We state
them for the sake of completeness.

Lemma 12. Set p € R, a known treatment rule. Let ¥, : M — [0,1] be given by

Vp(FQ.9) = EQ (Qy (p(W), W)). (93)

The mapping ¥, : M — [0,1] is pathwise differentiable at every Pg 4 € M with respect to
(wrt) the mazimal tangent space. Its efficient influence curve at Py g is D,(Q, g) which

satisfies Dy(Q,9)(0) = Dw,,(Q, g)(W) + Dy,,(Q, 9)(O) with

Dwp(@(W) = Qv(p(W),W) = ¥,(Pyy),
H{A = p(W)}

Dy,,(Q,9)(0) = W(Y—QY(AaW))-

The wvariance Varp, , Dp(Q, g)(O) is a generalized Cramér-Rao lower bound for the
asymptotic variance of any reqular and asymptotically linear estimator of V,(Pg.g) when
sampling independently from Pg 4.

In addition, if g = ¢', then Eq 4(D,(Q', ¢')(O)) = 0 implies V,(Py o) = V,(Pg)-

The notation Dy ,(Q) conveys the notion that the first component of D,(Q, g) does
not depend on g. This is true because ¥,(Pg ) does not depend on g either.

Lemma 13. The mapping ¥ : M — [0, 1] is pathwise differentiable at every Pg , € M wrt
the mazimal tangent space. Its efficient influence curve at Pg 4 is D(Q, g) which satisfies

D(Q,9)(0) = Dw(Q, 9)(W) + Dy(Q, 9)(O) with

Dw(@Q)(W) = Qv (r(Qy)(W), W) = ¥(Pg,),

Dy(Q.9)(0) = ”A‘[(f ))( Dy~ guawy).

The wvariance Varp, , D(Q,g)(O) is a generalized Cramér-Rao lower bound for the
asymptotic variance of any reqular and asymptotically linear estimator of V(Pg 4) when
sampling independently from Pg 4.

In addition, if g = ¢, then Eqg 4(D(Q’,¢')(0)) =0 implies
U(Pyy) = Eq (Qy (r(Qy) (W), W)) .

In particular, if 7(Qy) = r(Qy) and g = ¢, then Eg4(D(Py 4)(0)) = 0 implies
U(Py ) =Y (P,g)-

References

[1] L. B. Balzer, M. L. Petersen, and M. J. van der Laan. Targeted estimation and
inference for the sample average treatment effect. Technical Report 334, U.C. Berke-
ley Division of Biostatistics Working Paper Series, 2015. URL http://biostats.
bepress.com/ucbbiostat/paper334.

46


http://biostats.bepress.com/ucbbiostat/paper334
http://biostats.bepress.com/ucbbiostat/paper334

2]

E. Bolthausen, E. Perkins, and A. van der Vaart. Lectures on probability theory and
statistics, volume 1781 of Lecture Notes in Mathematics. Springer-Verlag, Berlin,
2002. doi: 10.1007/b93152. URL http://dx.doi.org/10.1007/093152. Lectures
from the 29th Summer School on Probability Theory held in Saint-Flour, July 8-24,
1999, Edited by P. Bernard.

S. Bubeck and N. Cesa-Bianchi. Regret analysis of stochastic and nonstochastic
multi-armed bandit problems. Foundations and Trends in Machine Learning, 5(1—
122), 2012.

B. Chakraborty and E. E. M. Moodie. Statistical methods for dynamic treatment
regimes. Statistics for Biology and Health. Springer, New York, 2013. doi: 10.
1007/978-1-4614-7428-9. URL http://dx.doi.org/10.1007/978-1-4614-7428-9.
Reinforcement learning, causal inference, and personalized medicine.

B. Chakraborty, E. B. Laber, and Y-Q. Zhao. Inference about the expected per-
formance of a data-driven dynamic treatment regime. Clin. Trials, 11(4):408-417,
2014.

A. Chambaz and M. J. van der Laan. Inference in targeted group-sequential covariate-
adjusted randomized clinical trials. Scand. J. Stat., 41(1):104-140, 2014. doi: 10.
1111/sj0s.12013. URL http://dx.doi.org/10.1111/sjos.12013.

A. Chambaz, M. J. van der Laan, and W. Zheng. Targeted covariate-adjusted
response-adaptive lasso-based randomized controlled trials. In A. Sverdlov, editor,
Modern Adaptive Randomized Clinical Trials: Statistical, Operational, and Regula-
tory Aspects, pages 345-368. CRC Press, 2015.

V. H. de la Penia and E. Giné. Decoupling. Probability and its Applications (New
York). Springer-Verlag, New York, 1999. doi: 10.1007/978-1-4612-0537-1. URL http:
//dx.doi.org/10.1007/978-1-4612-0537-1. From dependence to independence,
Randomly stopped processes. U-statistics and processes. Martingales and beyond.

J. Friedman, T. Hastie, and R. Tibshirani. Regularization paths for generalized linear
models via coordinate descent. Journal of Statistical Software, 33(1):1-22, 2010. URL
http://www. jstatsoft.org/v33/1i01/.

A. Garivier and E. Kaufmann. Optimal best arm identification with fixed confidence.
Technical report, HAL, 2016. https://hal.archives-ouvertes.fr/hal-01273838.

Y. Goldberg, R. Song, D. Zeng, and M. R. Kosorok. Comment on “Dynamic treatment
regimes: Technical challenges and applications”. FElectron. J. Stat., 8:1290-1300, 2014.

E. Kaufmann. Analyse de stratgies baysiennes et frquentistes pour [’allocation
squentielle de ressources. PhD thesis, TELECOM ParisTech, 2014.
http://chercheurs.lille.inria.fr/ekaufman /TheseEmilie.pdf.

E. B. Laber, D. J. Lizotte, M. Qian, W. E. Pelham, and S. A. Murphy. Dynamic
treatment regimes: Technical challenges and applications. FElectron. J. Stat., 8(1):
1225-1272, 2014.

E. B. Laber, D. J. Lizotte, M. Qian, W. E. Pelham, and S. A. Murphy. Rejoinder
of “Dynamic treatment regimes: Technical challenges and applications”. Electron. J.
Stat., 8(1):1312-1321, 2014.

47


http://dx.doi.org/10.1007/b93152
http://dx.doi.org/10.1007/978-1-4614-7428-9
http://dx.doi.org/10.1111/sjos.12013
http://dx.doi.org/10.1007/978-1-4612-0537-1
http://dx.doi.org/10.1007/978-1-4612-0537-1
http://www.jstatsoft.org/v33/i01/

[15]

[16]

[17]

[18]

[19]

[20]

23]

[24]

[25]

A. R. Luedtke and M. J. van der Laan. Targeted learning of the mean outcome under
an optimal dynamic treatment rule. Journal of Causal Inference, 3(1):61-95, 2015.

A. R. Luedtke and M. J. van der Laan. Statistical inference for the mean outcome
under a possibly non-unique optimal treatment strategy. Amnn. Statist., 2015. To
appear.

A. R. Luedtke and M. J. van der Laan. Super-learning of an optimal dynamic treat-
ment rule. International Journal of Biostatistics, 2016. To appear.

E. Mammen and A. B. Tsybakov. Smooth discrimination analysis. Ann. Statist., 27
(6):1808-1829, 1999. doi: 10.1214/a0s/1017939240. URL http://dx.doi.org/10.
1214/a0s/1017939240.

J. Pearl. Causality: Models, Reasoning and Inference, volume 29. Cambridge Uni-
versity Press, Cambridge, 2000.

M. Qian and S. A. Murphy. Performance guarantees for individualized treatment

rules. Ann. Statist., 39(2):1180-1210, 2011. doi: 10.1214/10-A0S864. URL http:
//dx.doi.org/10.1214/10-A0S864.

J. M. Robins. Optimal structural nested models for optimal sequential decisions.
In D. Y. Lin and P. Heagerty, editors, Proc. Second Seattle Symp. Biostat., pages
189-326, 2004.

J. M. Robins and A. Rotnitzky. Discussion of “Dynamic treatment regimes: Technical
challenges and applications”. Electron. J. Stat., 8(1):1273-1289, 2014.

D. B. Rubin and M. J. van der Laan. Statistical issues and limitations in personalized
medicine research with clinical trials. Int. J. Biostat., 8(1), 2012. Article 1.

P. K. Sen and J. M. Singer. Large sample methods in statistics. Chapman & Hall,
New York, 1993. An introduction with applications.

M. J. van der Laan and S. Rose. Targeted learning. Springer Series in Statis-
tics. Springer, New York, 2011. doi: 10.1007/978-1-4419-9782-1. URL http:
//dx.doi.org/10.1007/978-1-4419-9782-1. Causal inference for observational
and experimental data.

M. J. van der Laan and D. Rubin. Targeted maximum likelihood learning. Int. J.
Biostat., 2:Art. 11, 40, 2006. doi: 10.2202/1557-4679.1043. URL http://dx.doi.
org/10.2202/1557-4679.1043.

A. W. van der Vaart. Asymptotic statistics, volume 3 of Cambridge Series in Statistical
and Probabilistic Mathematics. Cambridge University Press, Cambridge, 1998.

A. W. van der Vaart and J. A. Wellner. Weak Convergence. Springer, 1996.

B. Zhang, A. Tsiatis, M. Davidian, M. Zhang, and E. Laber. A robust method for
estimating optimal treatment regimes. Biometrics, 68:1010-1018, 2012.

B. Zhang, A. Tsiatis, M. Davidian, M. Zhang, and E. Laber. Estimating optimal
treatment regimes from a classification perspective. Stat, 68(1):103-114, 2012.

48


http://dx.doi.org/10.1214/aos/1017939240
http://dx.doi.org/10.1214/aos/1017939240
http://dx.doi.org/10.1214/10-AOS864
http://dx.doi.org/10.1214/10-AOS864
http://dx.doi.org/10.1007/978-1-4419-9782-1
http://dx.doi.org/10.1007/978-1-4419-9782-1
http://dx.doi.org/10.2202/1557-4679.1043
http://dx.doi.org/10.2202/1557-4679.1043

31]

[33]

Y. Zhao, D. Zeng, A. J. Rush, and M. R. Kosorok. Estimating individualized treat-
ment rules using outcome weighted learning. J. Amer. Statist. Assoc., 107(499):
1106-1118, 2012. doi: 10.1080/01621459.2012.695674. URL http://dx.doi.org/
10.1080/01621459.2012.695674.

Y. Zhao, D. Zeng, E. B. Laber, and M. R. Kosorok. New statistical learning methods
for estimating optimal dynamic treatment regimes. J. Amer. Statist. Assoc., 110(510):
583-598, 2015. doi: 10.1080/01621459.2014.937488. URL http://dx.doi.org/10.
1080/01621459.2014.937488.

W. Zheng, A. Chambaz, and M. J. van der Laan. Drawing valid targeted inference
when covariate-adjusted response-adaptive rct meets data-adaptive loss-based estima-
tion, with an application to the LASSO. Technical Report 339, U.C. Berkeley Division
of Biostatistics Working Paper Series, 2015. URL http://biostats.bepress.com/
ucbbiostat/paper339.

49


http://dx.doi.org/10.1080/01621459.2012.695674
http://dx.doi.org/10.1080/01621459.2012.695674
http://dx.doi.org/10.1080/01621459.2014.937488
http://dx.doi.org/10.1080/01621459.2014.937488
http://biostats.bepress.com/ucbbiostat/paper339
http://biostats.bepress.com/ucbbiostat/paper339

Uy jo sonfea-d :, pue , SMOY "soSeIoA0d [eoLndurd

‘D

TUal/ 1w/ 5= /M 03 + S — & UK -u) = 49l go
sonpea weawt ‘|“3|/|(u/5% NP3+ Y — K VUK _u) — “3| Jo sonfea ueowr ‘(901m3) ¥ JO sen[eA ueow ‘wojjoq 0y doy Wolj i, smoy ‘siojourered
oanpdepe-ejep A[qissod oy} JO soN[RA UBOWL :), SMOY "(g 9| UOIIOG 008) %F6 1SS J& PUR % GE IS Je 9FLIdA0D JO 150 [RIWOUI] SUIPUOSO1I0)

smoy suorjenuars pajeadol (00T = N OYI SSoIde sjnsal o} Jo uondiosa( :T 9[qRl

L8CE'T  GI6C'T  618C'T  €¢8¢’T  L0LC'T  G¢Gc'T  960€'T  ¢06C6'T  GC6CT | »

GEE0'0- 8IE0'0- OIV0°0- €9¥0°0- €€S0°0- PE€I90°0- TILO0- ¢¥60°0- LIVIO- | p

T T T T ! T ! T T B

1 1 1 1 1 1 1 1 1 q

000T 666 666 666 666 466 866 966 686 D “d
L9G€°T  POTET <CI0E€'T 9L6C¢°T 8¥8C'T 099¢'T 8GeE'T  TI0OE'T ¥86CT | »

¢€€0'0- G9€0°0- 90¥0°0- 0970°0- 6¢S0°0- 6¢90°0- G0L0°0- 9€60°0- TIVIO- | p

T 66660 T T ! ! ! T ! B

€966'0 L0660 8L66'0 66660 I €6660 T 1 €966°0 | q

196 596 896 €L6 6.6 0.6 €86 186 196 D “3
GERT'0  9¢8T°'0  GC8T'0  998T°0  TP8T0  6¥V8T°0  LV6T'0 08610 6£0C0 | »

28890  Le8Y'0  LEBI'0  LE89'0  Lc89'0  LE89'0  LE8I0 L2890 LC8I0 | p

€408°0 €TI¢L'0 Tce6'0 8ILG0 89S0 ¥668°0 FIO00 ¢IS0°0  88GT0 | »

¢00€'0 T0T¢'0  €0c5'0  90IT°0  ¥PE90  G¢97'0  T0000  OT000  ¥L00°0 | q

976 V76 0S6 176 ¢S6 6v6 916 L26 ¢€6 D O
GEKT'0  9¢8T°0  G¢8T'0  998T°0 I¥P8T'0 6¥8I°'0  L¥61°'0 08610 6€0C0 | »

0089°0 00890 66290 86,90 96290 26,90 GE€L90 6EL90 F4L90 | p

6€29°0 €S08°0 L0V6'0 LE8G'0  GCL®O  €99L°0 0¢6L°0 L997°0  B8G90°0 | »

T¢LT°0  <00€0 08L8°0 €98L°0 8407’0 6¢5¢°0 90T0O0  TL90°0  ST00°0 | 4

€76 916 166 Ga6 876 G¥6 €€6 6€6 866 D 0"+
000T 006 008 004 009 00§ 00¥ 00€ 00¢ Iojourered

U $9z1s o[dures 9)BTPOULIDIUL

20



Mean rewards

= _
2o —
o~ ] | | |
£ o
)
o _
* 5 <
Elk-N")
So
(I_) R
5 _
o
5 © |
Lo |
=}

I I I I I
200 400 600 800 1000

Sample size at targeting steps

Regrets

TTTLLE ks

I I I I I
200 400 600 800 1000

-0.05

;Yi =P

[0.95-lower confidence—bound]

1n
n

-0.15

Sample size at updating steps

Figure 1: Illustrating the data-adaptive inference of the optimal treatment rule,
its mean reward and the related pseudo-regrets (see also Figure [2). Top plot. The
blue horizontal line represents the value of the mean reward under the optimal treatment
rule, 1. The grey curves represent the mapping n — 19 +&g7 59,00/+/1, where o9 = 0.1634
is the square root of Varp, D(Qo,70)(0); thus, at a given sample size n, the length of
the vertical segment joining the two curves equals the length of a confidence interval
based on a regular, asymptotically efficient estimator of 19. The pink crosses represent
the successive values of the data-adaptive parameters ., 0. The black dots represent
the successive values of ¢, and the vertical segments centered at them represent the
successive 95%-confidence intervals for 1., o and, under additional assumptions, for 1y as
well. Bottom plot. The pink crosses and green circles represent the successive values of
the empirical and counterfactual cumulative pseudo-regrets &, and C,,. The black dots
represent the successive values of n~! Yo, Y; — 1k, and the vertical segments represent
the successive 95%-lower confidence bounds on &,, and C,,.
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Figure 2: Illustrating the data-adaptive inference of the optimal treatment rule,
its mean reward and the related pseudo-regrets through the representation
of the conditional mean Qy,, blip function ¢y, and their estimators (see also
Figure(l). Top left plot. The solid curves represent U — Qyo(1, (U,v)) for v =1 (in blue,
minimum reached at U = 1), v = 2 (in pink, minimum reached at U = 1/2) and v = 3 (in
green, minimum reached at U = 1/3). The dashed curves represent U — Qy (0, (U, v))
for v = 1 (in blue, maximum reached at U = 1/6), v = 2 (in pink, maximum reached at
U =1/3) and v = 3 (in green, minimum reached at U = 1/2). Bottom left plot. The
curves represent U — qyo(U,v) for v =1 (in blue, minimum reached close to 1/9), v = 2
(in pink, minimum reached close to 1/2) and v = 3 (in green, minimum reached close to
1/3). Right plots. Counterparts to the left plots, where Qy,o and gy are replaced with
Qy,s, and gy, for n = 1000, the final sample size.
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