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Angular momentum, Hydrogen-oscillator connection and the relation between hydrogen atom basis

The angular momentum states may be realized by the wave functions of two dimensional harmonic oscillators in polar coordinates. Using the generating function of these wave functions, Schwinger's generating function of Clebsh-Gordan in Fock space and Gauss integral, we determine the generating function of the couplings function of two angular momentums in coordinates representations. We deduce from the last function the connection of the wave function of the hydrogen atom and the four dimensional harmonic oscillator. We also find the expression of the relation between the spherical and parabolic wave functions of hydrogen atom. In addition, we find a new bilinear generating function involving the products of Laguerre polynomials.

Introduction

The problem of the hydrogen atom has played a central role in the development of quantum mechanics [START_REF] Messiah | Mécanique quantique 1-2[END_REF][START_REF] Bethe | Quantum Mechanics of One-And Two-Electron Atoms[END_REF][START_REF] Schiff | Quantum Mechanics[END_REF]. The Schrödinger equation was solved in spherical coordinates ) , , (   r and parabolic coordinates ) , , (    by several authors [START_REF] Bethe | Quantum Mechanics of One-And Two-Electron Atoms[END_REF]. On the other hand, a lot of work has been devoted to the connection of the wave function of the hydrogen atom and the four dimensional harmonic oscillator [START_REF] Cornish | [END_REF][5][START_REF] Kibler | On the use of the group SO(4, 2) in atomic and molecular physics[END_REF][START_REF] Torres Del Castillo | Bound states of the hydrogen atom In parabolic coordinates[END_REF]. The calculation of the relation between the spherical and parabolic wave functions has been studied with the help of: group theory, ) 4 ( ) 3 ( SO SO  [START_REF] Wybourne | Classical Groups for Physicists[END_REF], path integral [START_REF] Duru | [END_REF] and other methods [10][11].

In this work, we shall study these problems with the help of generating function method and Schwinger's approach of angular momentum in Fock space [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF][START_REF] Bargmann | [END_REF][START_REF] Hage-Hassan | Generating function method and its applications to Quantum, Nuclear and the Classical Groups[END_REF][START_REF] Hage-Hassan | A note on the normalization of the momentum eigenfunctions and Dirac delta function[END_REF][START_REF] Hage-Hassan | On the hydrogen wave function in Momentum-space, Clifford Algebra and the Generating function of Gegenbauer polynomials[END_REF].

To apply the Generating function method [START_REF] Hage-Hassan | Generating function method and its applications to Quantum, Nuclear and the Classical Groups[END_REF] we proceed as follows:

A-We observe that the basic of harmonic oscillator in polar or cylindrical coordinates [START_REF] Karimi | Radial quantum number of Laguerre-Gauss modes[END_REF][START_REF] Hage-Hassan | Angular momentum and the polar basis of harmonic oscillator[END_REF] is a realization of the angular momentum, SU [START_REF] Bethe | Quantum Mechanics of One-And Two-Electron Atoms[END_REF]. We determine the generating function of the cylindrical bases of the oscillator using the generating function of the harmonic oscillator [START_REF] Messiah | Mécanique quantique 1-2[END_REF]. B-We determine the generating function of the hydrogen atom wave functions, C-Using Schwinger approach in Fock space [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF][START_REF] Bargmann | [END_REF] and Gauss integral we obtain the generating function of the coupling of two angular momentums,    m m m j j j 



.

And if we take m1-m2 = 0 as constraint and    we derive the connection between the hydrogen atom and the harmonic oscillator. D-We finally find the exact expansion of the hydrogen wave functions in spherical coordinates on the wave functions in parabolic coordinates [page: 317, 11]. E-By an elementary calculation we deduce from the coupling of generating function a new bilinear generating function that involves the products of Laguerre polynomials. In the section two of this paper we quickly review the generating functions of Wigner's Dmatrix, spherical harmonics and the hydrogen atom basis. Section three is devoted to a revision of the determination of the generating function of the double polar basis oscillator. In sections four and five we derive the generating function of ) 4 ( ) 3 ( SO SO  and the derivation of the relation between the hydrogen atom bases. We devote section six to the derivation of the new bilinear generating functions of Laguerre polynomials.

Schwinger's Approach and generating functions of Clebsh-Gordan coefficients and hydrogen atom basis

We make a summary of the determination of the generating functions [START_REF] Messiah | Mécanique quantique 1-2[END_REF]: of matrix elements of finite rotation, Schwinger's coupling of two angular momentums and hydrogen atom basis.

2.1

The harmonic oscillator a-The Schrödinger equation of the oscillator is
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The wave equation is
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b-The raising 

x a ˆ and the lowering operator x a ˆ are defined by:
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In Dirac notation we write:
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c-The generating function of the harmonic oscillator is given by:
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The analytic Hilbert space  
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is called Fock space [START_REF] Bargmann | [END_REF] and the measure of integration is:
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The Schwinger's state of angular momentum

a-The Schwinger's realization of SU(2) in terms of boson operators [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF] is:
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b-A realization of SU (2) in the space of analytic functions or Fock space is:
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The generating function of the matrix elements of finite rotation

The generating function of matrix elements of finite rotation
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The generating function of spherical harmonics

Taking account of the formula [START_REF] Edmonds | Angular Momentum in Quantum Mechanics[END_REF] ), (

) ( 2 / 1 ) , 0 ( 2 r Y l D lm l m j             (2.13) We put t t   2 1 1 2 4 
  then we find the generating function of spherical harmonics.
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and has the components
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3 Schwinger generating function of the coupling of two angular momentums

The coupling function of two angular momentums in the analytic Hilbert space or Fock space is given by:
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The Clebsh-Gordan coefficient

jm j j m j m j ) ( 2 1 2 2 1 1
is related to 3-j as well-known [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF].

The Schwinger generating function of the coupling
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It is important to note that the coupling state may also be written as  
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Generating function of hydrogen atom basis

The wave function

) (r nlm  
of hydrogen atom [START_REF] Messiah | Mécanique quantique 1-2[END_REF][START_REF] Bethe | Quantum Mechanics of One-And Two-Electron Atoms[END_REF][START_REF] Schiff | Quantum Mechanics[END_REF] with charge e is the solution of Schrodinger equation:
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We define the Laguerre polynomials ) (

) (
x L p  by the generating function [START_REF] Sansone | orthogonal functions[END_REF][START_REF] Hooft | special functions and polynomials[END_REF][START_REF] Erdelyi | Higher transcendal functions " and "Tables of integral transforms[END_REF][START_REF] Dattoli | [END_REF]:
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and μ is a fixed positive reel number.

We multiply
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, and summing with respect to p, l, m.

Then we obtain the generating function of the spherical basis:
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The generating function of the polar basis of harmonic oscillator

In this section we review the determination of the generating function of the polar basis [START_REF] Messiah | Mécanique quantique 1-2[END_REF],

or the cylindrical basis [START_REF] Karimi | Radial quantum number of Laguerre-Gauss modes[END_REF] of the harmonic oscillator which is the eigenfunctions of ) , (
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The angular momentum and the polar basis of Harmonic oscillator

To obtain the basis of eigenfunctions of z L we must take the transformation [1]  
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The new basis 2 1 , N N can be written in angular momentum notations (2.9) by:
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This basis is the eigenfunctions of z L and N with the values 2m and 2j.

The generating function may be written in the form:
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The Wave function of the cylindrical basis of the Harmonic oscillator

The stationary states are the solution of Schrödinger equation [START_REF] Karimi | Radial quantum number of Laguerre-Gauss modes[END_REF]:
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and the normalized amplitude [START_REF] Hage-Hassan | Angular momentum and the polar basis of harmonic oscillator[END_REF][START_REF] Edmonds | Angular Momentum in Quantum Mechanics[END_REF][START_REF] Sansone | orthogonal functions[END_REF][START_REF] Hooft | special functions and polynomials[END_REF] is:
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The generating function [START_REF] Hage-Hassan | Angular momentum and the polar basis of harmonic oscillator[END_REF] in term of Cartesian coordinates
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The generating functions of the product of double polar bases:

For simplicity of calculation we will use the generating function in coordinate representations (x1, y1) and (x2, y2):
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The generating function of the coupling of the double polar basis of harmonic oscillator

Making a comparison between the expressions ) ( 4 (2.18).We must therefore exchange t2 and t4 and make the couplings of:
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A-The coupling of two cylindrical basis of harmonic oscillator is given by: 
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Using the expression (2.7) and multiply (4.4) by
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And after summation we find generating function of coupling of the bi-polar basis:
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b-We can perform the integration of (4.7) using the Gauss formula.
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B-After integration and putting γ = -1 we find the generating of the basis    m
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Hydrogen-oscillator connection and the relation between hydrogen atom basis

We determine at the beginning the generating functions of states. After developing this generating function, we find the spherical basis and its connection with the parabolic of hydrogen atom wave functions. 

The generating function of
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    2 2 2 1 2 1 2 1 2 1 2 1 , 2 , 2          z y x x y y y y x x x (5.2) with 2 1 2 1 , c z , sin sin y , cos sin x             r os r r r

The expansion of spherical wave on the parabolic waves of hydrogen atom

Comparing the development of

) , , ( r u t G H   and ) , , ( r u t G   we find:              )! 2 ( )! 1 ) ( ) ( ] 1 2 4 [ 1 3 2 1 2 / 3 j J J r u l t N a jlm plm lm l p pl                2 1 2 2 ' 2 1 ' 1 ' 2 ' 1 ) 2 ) ( ] ) ( [ ) ( ) 1 ( 1 2 1 2 2 3 2 1 i im i m j jm m j j J j i i i e A m j m j lm j j t l   (5.3) and   2 / , 2 / 1 , 1 2 1 ' 2 ' 1 2 1 m m m n j j n l p j j           Using the parabolic coordinates 2 2 2 1 2 , 2           z r z r and                      2 1 2 1 )! 2 / ( )! 2 / ( ) 2 exp( ) ( ) , ( 1 i i i i i m j m j m j m j A A i i       2 / 2 2 2 / 2 / ) ( ] ) ( ) ( 2 1 m m m j m m j a n a L a L                 (5.4)
We find the expansion of the wave functions of spherical coordinates on the parabolic coordinates of hydrogen atom with the help of the 3-j symbols [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF]: So we find an expression that differs from the formula given in [START_REF] Wybourne | Classical Groups for Physicists[END_REF].

                               

The new bilinear generating functions of Laguerre polynomials

The development of the formula (4.9) is written in the form As a result, we find the new bilinear generating functions of Laguerre polynomials [START_REF] Dattoli | [END_REF]: (6.3) 

  ) ( ) ( ) ( 1 ) 1 ( )) ) ), ( 2 ) 
                                      ' 1 ' 1 ' ) 1 ( 
                        2 

  of the associated Laguerre polynomials and the spherical harmonics. So we find a function of the form )

  The Schwinger generating function of the coupling )



  and using the formula (2.14) we find:.

.

  And we deduce the Hurwitz transformation [16-17] R 4 →R 3 :