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Abstract

This work is a companion paper of [19] and [18]. We continue to explore the connections
between large deviations for random objects issued from random matrix theory and sum
rules. Here, we are concerned essentially with measures on the unit circle whose support is
an arc that is possibly proper. We particularly focus on two matrix models. The first one
is the Gross-Witten ensemble. In the gapped regime we give a probabilistic interpretation
of a Simon sum rule. The second matrix model is the Hua-Pickrell ensemble. Unlike the
Gross-Witten ensemble the potential is here infinite at one point. Surprisingly, but as in [19]
and [18], we obtain a completely new sum rule for the deviation to the equilibrium measure
of the Hua-Pickrell ensemble. The extension to matrix measure is also studied.

Keywords: Sum rules, Kullback-Leibler divergence, orthogonal polynomials, spectral measures,
large deviations, random matrices



1 Introduction

Two of the most famous sum rules are Szeg6’s formula and Killip-Simon’s sum rule. They are
related respectively to the theory of orthogonal polynomials on the unit circle (OPUC) and to
the theory of orthogonal polynomials on the real line (OPRL).

In the OPUC frame, the Szeg6-Verblunsky theorem (see [40], Theorem 1.8.6, p. 29) concerns a
deep relationship between the coefficients involved in the construction of the orthogonal poly-
nomial sequence of a measure supported by the unit circle and its logarithmic entropy. More
precisely, the inductive equation between two successive monic orthogonal polynomials ¢, and
¢n (where deg ¢, = n, n > 0) associated with a probability measure p on the unit circle T
supported by at least n + 1 points involves a complex number «,, and may be written as

(1.1) Pnt1(2) = 200(2) —An@(2),  where  ¢,(2) = 2"¢,(1/2).

The complex number «,, = —¢,11(0) is the so-called Verblunsky coefficient. In other contexts, it
is also called Schur, Levinson, Szegé coefficient or even canonical moment ([15]).

The Szego-Verblunsky theorem is the identity

1 21
(1.2) — [ loggu(0)dd = "log(1 — [a|*),

21 Jo =

where the Lebesgue decomposition of p with respect to the normalized Lebesgue measure on T
is

Aul0) = 9u(60) 5 +dns(0).

and where both sides of (1.2) are simultaneously finite or infinite. Changing the signs in both
side in this equation leads to

(1.3) K(UNIF |p) = = " log(1 — |a[?)

n>0

where, for probability measures v and u, K(v|u) denotes the Kullback-Leibler divergence or
relative entropy of v with respect to u (see (4.1)), and UNIF is the normalized Lebesgue measure
on T.

In the OPRL frame, for a probability measure g having an infinite support, a.k.a. nontrivial
case (resp. with a finite support consisting of n > 0 points, a.k.a. trivial case), the orthonor-
mal polynomials associated to p (with positive leading coefficients) obtained by applying the

orthonormalizing Gram-Schmidt procedure to the sequence 1,x,22,... obey the recursion rela-
tion
(1.4) P (x) = apr1Pre1(x) + bpyp1pr(2) + agpr—1(2)

for k > 0 (resp. for 0 < k < n —1). The Jacobi parameters (ay), (by) satisfy b, € R, a; > 0.
Notice that here the orthogonal polynomials are not monic but normalized in L*(p).

To describe the Killip-Simon sum rule, we need some more notations. Let M;(I) denote the
set of all probability measures on I a subset of R or of the unit the circle T. For o~ < a™, let
S¥(a~,a™) be the set of all probability measures p on R with
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(i) supp(p) = JU NI, U{N Y where J C [a—,at], N-, Nt € NU {oo} and

A <A\ <--<a and A >X\ >--->a'.

(i) If N~ (resp. N) is infinite, then A; converges towards a~ (resp. AJ converges to o).

Such a measure p will be written as

Nt N-

(1.5) R BRI SR
i=1 i=1

The reference probability measure is now the semicircle law

(1.6) SC(d) = %\/4 Ty (2) dr.

Additionally, we set

V2 —4dt = 222 — 4 — 2]og ( 2z if x> 2,
2 & 2
2

oo otherwise

]:;c(x) =

and Fp(x) = Fj(—x) for x € R. Then, the Killip-Simon sum rule is the following equation
(1.7) (see [40] Theorem 3.5.5):

For a probability measure 1 € S;*(—2,2) with recursion coefficients (ay), (bx) as in (1.4),

(1.7) K(SClu) + Y FdaO) + > Fae(A) =D (36 + Glap)),

k>1

where G(x) = x — 1 — log x, and where both sides may be infinite simultaneously.

The common feature of formulas (1.3) and (1.7) is that they state equalities between non-negative
functionals. We can consider them as equalities of two discrepancies. On the left side it is the
reverse relative entropy with respect to some reference probability measure plus eventually a
contribution of the outlying point masses. On the right side it is a sum vanishing only when the
coefficients involved are those of the reference probability measure.

In [20] and [19], we revisit these results by giving a probabilistic proof based on large deviations
(as we we will explain below). This allowed in the OPRL case to discover new sum rules,
corresponding to the Marchenko-Pastur and Kesten-McKay measures, respectively. The main
interesting feature of (1.7) is the role played by the outliers of the measure p, i.e. its discrete
masses located out of the support of the reference measure. Coming back to the the OPUC case,
in the Szegé-Verblunsky theorem (1.2) there are no outlier as the reference probability measure
is supported by the full unit circle. Nevertheless, in the context of the unit circle, there are some
very interesting probability measures supported by a proper arc. In this paper, we give and prove
new original sum rules for families of reference probability measures that are possibly supported
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by a proper arc of the unit circle. One of our new sum rule (see Theorem 5.1) concerns the
reference probability measure HPy (see (3.17), d is a positive parameter) that is supported by the
a proper arc depending on d included in (0, 7) and whose density is proportional to [sin(2710)] 1.
Up to our knowledge, Theorem 5.1 is completely new.

Our method for finding and showing a sum rule relies on the large deviations properties for a
sequence of random measures built on random matrices. Let us give in a nutshell the scheme of
our probabilistic method. We interpret the measure p as the realization of a (random) spectral
measure of a pair (M, e) where M is a random normal operator (unitary or Hermitian) and e a
fixed vector in a Hilbert space H.

Let assume that dimH = n (n € N,). Then, p is a discrete probability measure which can be
encoded as

k=1

A classical assumption is the invariance by any unitary conjugations of the law of M. Under this
assumption, the joint density of (A1,...,\,) is proportional to the square of the Vandermonde
determinant multiplied by the exponential of some potential. Furthermore, the distribution of
the weights (wy,- - ,w,) is uniform on the simplex. This allows in the cases studied in [20] and
[19], with convenient assumptions on the potential, to show that the random measure defined
in (1.8) satisfies, as n grows, a large deviation principle (LDP). The speed of the LDP is n and
the rate function is the left hand side of (1.3) or (1.7) or its analogue. In the sum rules, the
right hand side is obtained as the rate function seeing the random measure as encoded by its
Verblunsky (OPUC) or Jacobi (OPRL) coefficients. Since a rate function is unique, the equality
of both sides follows straightforwardly.

Of course, there is a natural way to travel in both directions from T to R. This is the so-called
Cayley transform. So that, the results obtained for random measures on R may be carried to
random measures on T. Nevertheless, the confinement assumption made on the potential in [19]
is not always true in all the interesting cases on T. Two examples are particularly representative
and more or less emblematic of studies in OPUC and in equilibrium measures on T. The first
one is the Gross-Witten (GW) ensemble (gapped/ungapped regime), corresponding to a potential
continuous on T. The second one is the Hua-Pickrell (HP) ensemble, corresponding to a potential
infinite at one point. Both are distributions on the set (group) U(n) of unitary n x n matrices,
(see [35]). In the HP case, the potential on the real line satisfies the confinement assumption.
It is then possible to use the results of [19] to state directly a LDP principle for the spectral
measure. Moreover, since the deformed Verblunsky coefficients (see the Sections 4.2 and 6.3 for
the definitions of these coefficients) are independent with known distributions given in [8], the
coding with these coefficients gives rise to a LDP and by uniqueness, we conclude with a new
sum rule. This method is robust enough to be extended to the matrix case.

In the GW case, the potential on the real line satisfies only a weak growth assumption and we
cannot use previous results. Nevertheless, we may work directly on T, copying the scheme of
proof of the real case, looking carefully at the differences. We do not have exponential tightness
for the extremal eigenvalues anymore, but since the potential is finite everywhere, we take benefit



of the compactness of T. It was the secret of the paper of [24] to get the LDP for empirical
spectral distribution under the weak growth assumption. Besides and to be complete, we revisit
the gapped case, for which the LDP is a direct consequence of [20] and we give some probabilistic
evidence for the celebrated sum rule due to [38] (Theorem 2.8.1 therein).

The paper is organised as follows. In the next section we give some necessary notations and
assumptions. In Section 3 we describe the two main matrix models studied. Section 4 is devoted
to our large deviation results for random spectral measures. The sum rules obtained from large
deviation considerations are setted in Section 5 while extensions to matrix spectral measures are
discussed in Section 6. All technical proofs are postponed to the last section.

2 Notations, assumptions and tools

2.1 Two encodings of a probability measure on T

If U is a unitary operator on a Hilbert space H and e a cyclic vector for H, the spectral measure
of the pair (U, e) is the unique probability measure p on T such that

(2.1) {e,Ure) = / Fdu(z) (keZ).
T
Actually, p is a unitary invariant for (U, e). If the dimension of H is n and e is cyclic for U, let
A = €% .. )\, = € be the eigenvalues of U and let v, ...,1, be a system of orthonormal
eigenvectors. The spectral measure of the pair (U, e) is then
(2.2) pl) = Zwk5/\k )
k=1

with wy = [{¢y, €)|* and §, is the Dirac measure at a. This measure is a weighted version of the
empirical eigenvalue distribution

1 n
(23) n == o
k=1

Another invariant is the CMV (or 5-diagonal) reduction of U. Let us now describe shortly the
CMV mapping between 5-diagonal matrices and spectral measures.

We consider n x n matrices corresponding to measures supported by n points (trivial case) and
semi-infinite matrices corresponding to measures with bounded infinite support (non-trivial case).
In the basis (xx)r>0 obtained by orthonormalizing 1,2, 27", 2% 272 ... the linear transformation
f(z) = zf(2) (multiplication by the identity) in L?(1) is represented by the matrix

Qo ipo  P1Po 0 0
£o —Qa Q) — P10 0 0
0 o — QY Q
(2.4) Cu _ 0 2P1 - 201 __3P2 _P3P2
P2p1 P20 Qi3 P30
0 0 0 C_Y4p3 —Qy 0



with

(2.5) lag| < 1 and pr, = /1 — |y |?

for every £ > 0 in the non-trivial case and for 0 < k < n — 1 in the trivial case, with |a,_1| =1
[10]. If the measure is supported by n points, then the last line is

0 . 0 0 @2rp27»_1 - @Qragr_l ifn=2r + 1,
0 ... 0 poypar—1  —poQy_1 — Qorp1Qo fn=2r+2 r>0.

Actually, there is a one-to-one correspondence between such a matrix, called finite CMV matrix
and a finitely supported measure. If C is a such a matrix, we can take the first vector of the
canonical basis as the cyclic vector e. Let p be the spectral measure associated to the pair (C, e;),
then C represents the multiplication by z in the basis (xj) of orthonormal polynomials associated
to pand C = C,,.

More generally, if p is a non-trivial probability measure on T, we may apply the same Gram-
Schmidt process and consider the associated semi-infinite CMV matrix C,. Notice that now we
have |ax| < 1 for every k. The mapping p +— C, (called here the CMV mapping) is a one to one
correspondence between probability measures on T having infinite support and this kind of CMV
matrices. This result is sometimes called Verblunsky-Favard’s theorem (see [37], p. 432).

2.2 The Cayley transform, random matrices and invariant models

We will switch several times between R and T and between distributions of unitary and Hermitian
matrices. There is a natural connection between these two sets and also between these two sets
of matrices. This transformation is the so-called Cayley transform or stereographical projection.
We follow here partly [3] in its presentation. Let R = R U {oo} be the compactified real line,
which is topologically isomorphic to T. Let 7 be the Cayley transform defined by:

(2.6) CeT\{1} = 7(¢) ::iig
7(1) = 00

(2.7) :EER»—)T_l(x)zzli
7 Hoo) =1.

It is clear that 77! is a homeomorphism from R onto T\ {1}. Let us notice the important relations

2
V1+ 22’

2| —y|

= y 1—7—713: -
VI+22/1 42 | @)

(2.8) 7 (@) =7 ()

and with angular coordinates



and

2dx
1+22°

(2.9) do =

At the level of measures, we will consider three spaces. First M;(R) and M;(T) are the spaces
of probability measures on R and T, respectively, equipped with the topology of the weak con-
vergence. Finally we need to use the set M<;(R) of subprobabilities on R, equipped with the
topology of vague convergence. Let us define the mapping 7 : M;(T) — M (R) with 7(v)
defined by

(2.10) / F(2)d () () = / IO,

for any f € Cy(R), continuous and vanishing at infinity. The mapping 7 is continuous if we equip
M, with the topology of vague convergence. Notice that M;(T) and M<;(R) are compact
sets. We endow all these sets with the corresponding Borel o-algebra. The image of the uniform
distribution on T is the Cauchy distribution on R. Let U(n) be the set of unitary n x n matrices
and let I, the identity n x n matrix. The Cayley transform induces a transformation from
U(n) \ {I,} onto H(n), the set of Hermitian n x n matrices by

g, +U

M —il
(2.11) M =r(U) =i~ i

M +ilL,’

—=U=71"M)=

in the sense of functional calculus. We denote by P the normalized Haar measure on U(n). It
is classical that under P the array of eigenvalues has a density with respect to the Lebesgue
measure d(; . ..d¢, on T" which is proportional to

‘A<C17 e 7Cn>|2 ’

where A is the Vandermonde determinant. More generally, it is usual to equip U(n) with a
probability measure of the form

1 —ntr n
?6 t V(U)dP( )<U) y

n

(2.12) dP(U) =

with ZY the normalizing constant and where V satisfies a convenient integrability assumption.

The density of eigenvalues under IP’%,")

(219 A G exp (—n2v<cj~>> .

is then proportional to

If Q™ is the Haar measure on the additive group H™ of Hermitian matrices defined by

Hdek [T dwrm) [ dSM).

1<k<I<n 1<k<I<n
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the pushforward of P by 7 is the Cauchy ensemble whose density with respect to Q™ is
proportional to det(I,+M?)™". Let us compute the density of the (real) eigenvalues of M = 7(U),

which are the pushforward of the eigenvalues of U by 7, when U(n) is equipped with IP’g,n ). From
(2.8) we have, if (; # 1 for i < n,

A Gl = 200072 Ay Hux -y

and with (2.9) we conclude that the array of eigenvalues of M has a joint density proportional to

|A(xq, - ,:cn)\QeXp (—nZV(:cj)> ,

with respect to the Lebesgue measure on R”, where the potentials V' and V are related by
(2.14) V(z) = V(r (z)) +log(1+ %) .

The inverse relation is

V(e?) = V(— cotan 0/2) + log | sin /2] .

Of course, the same distribution of eigenvalues can be obtained by observing that the pushforward
of (2.12) by 7 is

n —ntrV(r—1 -n n
(2.15) APV (M) = e " VI D) det (I, + M?)~"dQ™ (M) .
Besides, it is known that in all these unitary invariant models, the matrix [¢y, ..., 1,] of eigen-

vectors (defined up to multiplication of each vector by a phase) is Haar distributed on U(n).
In particular, the array of weights (wi,...,w,) defined in (2.2) is uniformly distributed on the
simplex Y [ wg = 1.

Looking at the spectral measures, the above models can be generalized to log-gases. In this
framework n is the number of particles (or eigenvalues), denoted by Ai,...,\,, with the joint
distributions Hg," ) on T" having the density

a1 s
(2.16) #:Z_ge I T = Al

1<i<j<n

with respect to the Lebesgue measure d\ = d\; - - -d\,. Here 5/ = /2 and > 0 is a parameter
interpreted as the inverse temperature. Then it is possible to consider the CMV matrices having
these particles as eigenvalues and weights distributed according to the density proportional to

n

'—1
[ [
k=1



with respect to the uniform measure on the simplex (the Dirichlet distribution of parameter /3').
The correspondence (2.14) between the potentials is now more complicated: the pushforward by
T gives the relation

(2.17) V(z) =V(r(z)) + (1 — % + ﬁ_ln) log(1 + z?),

that is, either V' or V is n-dependent. It is possible to treat this general case, see Remark 3.5 in
[18], but for simplicity, we consider here only the case = 2.

2.3 Assumptions on the potentials

2.3.1 Real line

We will assume that the potentials V' on R are finite and continuous everywhere. The classical
assumption on the growth of the potential is

(R1s) Strong growth:

.. Vi)
2.1 1 f 1.
(2.18) it o ee]

Recently, Hardy [24] introduced the weaker assumption
(R1w) Weak growth:

(2.19) llinlainf (V(xz) —2log |z]) > —c0.
T|—00
Under (R1w), the empirical distribution ,ul(ln) of eigenvalues Ay, ..., A, has a limit gy (in proba-

bility), which is the unique minimizer of

R2) = &= [ Vidute) — [ Togle—sldu@ants). e MR

R
The minimal value is denoted as

Fy =&v(pv)-
Under (Rl1s), it is known that the support of py is compact. We will make in this case the
additional assumption

(R2) One-cut regime: the support of uy is a single compact interval [, a™] (o™ < a™).

The minimizer py is characterized by the Fuler-Lagrange variational equations

=2y ifzefa,at
(2.21) Jv () {2 2y ifa ¢ {a‘,oﬁ}

where Jy is the effective potential

(2.22) To(z) = V(z) -2 / log | — €] djur (€)

and &y is the so-called modified Robin constant. We will make use of the following assumption

9



(R3) Control (of large deviations):

Jv achieves its global minimum value on the complement of (™, ') only on the boundary
of this set.

Furthermore, to obtain a non-variational expression for the rate we need the following conditions:

(R4) Offcriticality:

duv(x) = ~S(x)v/{aT —0)(x —a)da
where S > 0 on [, at].

(R5) Analyticity: V' can be extended as a holomorphic function is some open neighborhood of
o™, a™].

We remark that for V' strictly convex, the assumptions (R2), (R3) and (R4) are fulfilled (see [6]
and [27]).

Proposition 2.1 ([19] Prop. 3.2) Ifthe conditions (R1s), and (R2) to (R5) are satisfied, then

[LSt)/t—a )t —at) dt ifr>at
fxa_ St/ (a= —t)(at —t) dt ifr<a.

(2.23) Fola) — & = {

2.3.2 Unit circle

—

Let o, € [0, 2] be two angles with ¢ < 1. We define [, 9] to be the arc [¢'¥, ¢¥] C T where we
go from €'¥ to €' in a counterclockwise direction. The potential V is supposed to be continuous
on T\ {1}. We make the additional assumption:

(T1) V is semicontinuous in 1. Without loss of generality we may assume that

V(1) = lim ilnf V(z) € (—o0, 0] .
z—r
This implies that there is a unique minimizer f, of

(2.24) b En) = / V(2)du(z) / / log |2 — Cldp(z)dp(C), 1€ My(T).
T T2
The minimal value is denoted by

(2.25) Ry = Evliny)

We will suppose that either the support of py is T or

—

(T2) One-cut regime: the support of py is a single arc [a—, at] C (0, 27).

10



In this case, uy is characterized by the Euler-Lagrange equations:

(2.26) Tl {z 28y if 0 € [a—, af]

> 926, if0¢[a,at],

where 7y is the effective potential

(2.27) o) = V() =2 [ togle” — ¢l dun(c).
R
and &, is the modified Robin constant. Like in the case of the real line, we make the assumption

(T3) Control (of large deviations):

Jy achieves its global minimum value on the complement of [a~, a*] only on the boundary
of this set.

When 0 + v(0) := V(e?) is convex, this condition is satisfied. Indeed, it is

iat

(2.28) Jrogle” = clamc) = [ 10

ia—

00—

sin

‘ dyiy(€'¥) + log 2

so that, for 0 < § < a~, the function 6 — Jy(el) is strictly convex, nonegative and vanishes for
0 = o, hence is positive on [0,607). An analogous argument can be made (mutatis mutandis)
for at < 0 < 2.

The additional assumptions to obtain a non-variational expression for the rate are on the unit
circle:

(T4) Offcriticality:

- l i0 i0 _ pia— 0 _ piat
duy(z) = =S(e )\/\(e ele”)(el? — ela™)| df
where S(el%) > 0 for 6 € [a—,a™].

(T5) Analyticity: V can be extended as a holomorphic function is some open neighbourhood in
C of the arc [a—, a™t].

Remark 2.2 Assumption (T1) is equivalent via (2.6) and (2.17) to Hardy’s assumption (2.19).

Proposition 2.3 If V satisfies assumptions (T1) to (T5), then

9,99 To(el®) — 6, = fea_ 5(?17)\/|(?17 — ?ia—)(?iT — ?ia+)|d7 if0 € (0,a7]
220 e e {fj+ S(em)/| (e — e ) (elm — elet)[dr if 6 € [T, 27)

11



2.4 Large deviations
2.4.1 Introduction

In order to be self-contained, let us recall the definition of a large deviation principle. For a
general reference of large deviation statements we refer to the book of [13] or to the Appendix D
of [1].

Let U be a topological Hausdorff space with Borel o-algebra B(U). We say that a sequence (F,)
of probability measures on (U, B(U)) satisfies the large deviation principle (LDP) with speed a,,
and rate function Z : U — [0, oo if:

(i) Z is lower semicontinuous.

1
(ii) For all closed sets F' C U: limsup — log P, (F') < — inf Z(x)

n—oo Qp zel

1
(iii) For all open sets O C U: lim inf — log P,(O) > — inf Z(z)

n—00 (A, €O

The rate function 7 is good if its level sets {x € U| Z(x) < a} are compact for all a > 0. If in the
conditions above, we replace closed sets by compact sets, we say that (P,) satisfies a weak LDP.
In this case, we can recover a LDP if the additional condition of exponential tighness is fulfilled:

For every M > 0 there exists a compact set Kj; C U such that

1
limsup —log P, (U \ Kp) < —M .

n—oo an

In our case, the measures P, will be the distributions of the random spectral measures pu, and
we will say that the sequence of measures p, satisfies a LDP. All LDPs for spectral measures in
this section are in the weak topology.

2.4.2 LDP for ESD

The most famous LDP in random matrix theory is for the sequence of empirical spectral measures
(ESD) as defined in (2.3). The improved version (in the case 8 = 2) is

Theorem 2.4 (Hardy [24] Thm. 1.1) If the potential V in R satisfies assumption (Riw),

then under IP’%;Z), the sequence of random probability measures (ul(ln)) satisfies in My(R) the LDP
with speed n? and good rate function

where Ey is defined in (2.20).

An equivalent statement may be claimed via the Cayley transform (see also Remark 2.4 in [24]).

12



Theorem 2.5 If the potential V satisfies assumption (T1), then under ]P’gjn) (see (2.12)), the

sequence of random probability measures (u,(l")) satisfies in M (T) the LDP with speed n* and
good rate function

where Ey is defined in (2.24).

3 Our two main examples of matrix ensembles

3.1 Gross-Witten ensemble

The following model is important in the analysis of problems involving random permutations [2].
Let us consider the Gross-Witten measure on U(n), absolutely continuous with respect to the
Haar measure P with density:

dGwy) 1

(3'1) JP™ ( )': Zn(g)

exp %tr(U—i—UT)] :

where g € R, Z,(g) is the normalizing constant and U is the adjoint of U. For details and
applications of this distribution we refer to [25] p. 203, [23], [41]. The potential is

(3.2) Vo) = —gR(:).

If |g| <1 (ungapped or strongly coupled phase), the equilibrium measure GW, is supported by
T:

1 :
(3.3) GWg(dz) = %(1 +gcosh)dh, (z=¢", 0 c[—m n)).
Moreover, we have
(3.4) FY o= g2,
& = g4

Let us recall from Simon [38], p. 86 that the equilibrium measure has Verblunsky coefficients

.ZL'+ — I_
(3.6) a0, (GWy) = T g

where 4 = —g~!' 4 /g2 — 1 are roots of the equation
1 2
T+ - =—=,
z g

when |g| < 1 and o, (GWy) = (—g)""!/(n + 2) if |g| = 1. We remark that these distributions
have only nontrivial moments of order +1.

13



For |g| > 1 (gapped or weakly coupled phase), let 6, € [0, 7] be such that
(3.7) sin?(%) = [g| 1.

For g > 1, the equilibrium measure is

(3.8) GWg(dz) = %cos(g) \/sin2(%) —sin?*(£) 1 g0, d0 . (z = €°,0 € [-7,T)).

Moreover, the free energy and the modified Robin constant are in the gapped case

1 3

(3.9) FgGW = —g+§log(g)+1,
1

(310) €W = S(lo(e) ~5+1).

The result (3.9) is shown in [23]. Moreover, (3.10) is formula (4.14) in [2]. When g < —1, the
equilibrium measure is

(3.11) GWg(dz) = gsin(

™

N[

) \fsin?(2) — cos2(%) 1s—g, mr0g 46, (= = €7, € [0,27)).

—

0 has the same value as before. It is the same to say that the support of GWy is [ — 85, 7 + 6,].

() - . . (n)
Lett GW_, be the probability measure on H(n) obtained by pushing forward GW2; by 7. We
ge

d@\w(‘ng)ﬂ- ! tr— 2[dt] o
agm )= g P (18 e | e OIS
The potential is
r?—1 )
(3.12) Viog(z) = 851 +log(1 + z%).

For 0 < g <1 the equilibrium measure (supported by (—o0, 00)) is

1—g)z?+1
(1—g)r? + 8,

(3.13) GW_,(dx) = TP

(for g = 0 it is the Cauchy distribution). For g > 1, the equilibrium measure has a compact
support:

B 2v/1 + m? v/m? — 22

(3.14) ﬁffg(dx) 7Tm2 (1 + 1‘2)2

L nm () do,

where m® = (g — 1)~ 1.
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3.2 Hua-Pickrell ensemble

The following distribution has been introduced in [26] and appears later in [34]. We also refer
to [32], where the case of a complex parameter is studied. Further reference are [5] and [8]. The
Hua-Pickrell ensemble has the following density with respect to the Haar measure on U™:

dHP" 1 ] L
i (U) = 0 [det(L, — U))° [det(1, — U)]

(3.15)

Here, § is a complex parameter such that R§ > —1/2. Let ]I-A]Iﬁ’((;n) denote the probability measure
on H(n) obtained by pushing forward ]HHP’((;") by 7. We get

)

—~ (n
awpy” 1 e
aam D =75 [det (L, + H?)] ™" [det(L, + iH)] ™ [det (T, — iH)] ™" .

A particularly interesting case is the regime § = dn, which requires ®d > 0 for integrability. The
case d = 0 is of course the same as g = 0 in the Gross-Witten and corresponds to the Cauchy
ensemble. For simplicity of the computations we will consider here the symmetric case d > 0,
although it is possible to treat the general case. In the framework laid out in Section 2.2, this
corresponds to the potential

(3.16) Va(z) = —2dlog |1 — 2|

The equilibrium measure is

sin?(%) — sin?(%
(3.17) HP4(dz) = (1 +d) \/ (3) (3)

27 sin()

L(0,2n—00)(0)dl, (2 = e 0 e0,2n)).

04 € (0,7) is such that

- d
2/ 144’

s

(3.18) sin(

The support of the equilibrium measure is thus the arc [0y, 2 — 6,4]. We have

(3.19) FIP = (d+1)%log(d + 1)+ d*logd
1
—5(1 +2d)?log(1 + 2d) + 2d*log 2,
1+2d
(3.20) HP - — (@+1)log(d +1) — i log(1 +2d).

The orthogonal polynomials are the Geronimus polynomials with constant Verblunsky coefficients

d
3.21 = —— kE>0.
(321) = k2
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Pushing forward this measure on the set H(n) of n x n Hermitian matrices, we get the potential
(3.22) Va(z) = (d + 1) log(1 + 2?)

This model is sometimes called the modified Cauchy ensemble, see [17], [31], [30], [33] (Problem
11.4.15), or the Lorentzian ensemble [9]. The equilibrium measure on the real line is

. 1 /02 — 12
(3.23) HPy(dz) = P () da,
m(y/1+p2—1) l+=z ’

where p? = (1 +2d)d™? (see [4] Prop. 11.2.2, p. 359). Moreover

(3.24) FFP = (d41)%log(d + 1) + d*logd
1
—5(1 +2d)?log(1 + 2d) + (2d*> — 1) log 2,

~ 1
(3.25) = <d + 5) log(2d 4+ 1) — dlogd — (2d + 1) log 2.

Remark 3.1 The corresponding Jacobi coefficients of the tridiagonal representation are

2(14 2d) 1+2d
'2 pu— _— = k 1
(3.26) “ 1+ra? = T 1rap2 (k>1),
2d d?
2 by = ————— b, = —2 )
(3:27) YT 4a 0 (1+4d)?

We did not find the corresponding values in the literature.

As an application of Theorem 2.5 and Theorem 2.4, we have the following result, collecting all
the LDP’s for the empirical spectral measure as in (2.3) in our basic models.

Corollary 3.2

1. For any g € R, the sequence of distributions of (,ul(ln)) under GWén) satisfies the LDP in
M (T), with speed n* and good rate funtion Iy, with V =V, given by (5.2).

2. For any d > 0, the sequence of distributions of (,ul(ln)) under ]HHP’SZ) satisfies the LDP in
M (T), with speed n* and good rate funtion Iy, with ¥V = Vy given by (3.16).

3. For any g € R, the sequence of distributions of (,ul(l")) under @/Wén) satisfies the LDP in
M (R), with speed n* and good rate funtion Iy with V = V_, given by (3.12).

4. For any 4 > 0, the sequence of distributions of (,ul(ln)) under ]ﬁﬁP’g satisfies the LDP in
M (R), with speed n? and good rate funtion I, with V = Vg given by (3.22).

Point 1. is in [25] p. 225 and point 2. is in [8] Theorem 5.5. The points 3. and 4. are obtained
carrying the results to the real line by the Cayley transform.
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4 LDP for spectral measures

4.1 Measure encoding approach

In this subsection, we state LDPs for the weighted measures given in (2.2). They are element of
M (T). We first recall the main theorem of [19] on R, then we state the LDP on T improving
the result on R with weaker assumptions. To begin with, we recall the definition of the Kullback-
Leibler divergence, with a slight generalization for sub-probabilities.

Let p be a probability measure and v be a non-zero sub-probability measures on some measurable
space. The Kullback-Leibler divergence between p and v is given by

(1) Klulr) = [ 105 (%2 ) d

if p is absolutely continuous with respect to v and logZ—’lf € L'(u). Further, set K(ulv) = oo
otherwise. In our LDP, the rate function will involve the reversed Kullback-Leibler distance,
where p will be the reference measure and v is the argument. Recall the definition of the set
S¥(a~, a™) given in the introduction. It consists in probability measures

N+ N~
(4.2) p= > 0+ > 0
i=1 =1

In our extension of the Killip-Simon sum rule we will also consider reference measures supported
by the whole real line. To keep coherent notations, we write Sft(—o0, 0o) for the set of probability
measure with support R. In this case, Nt = N~ = 0. In the same vein, we define SEl(a*, a™)

in the case of subprobabilities. Notice that this last set may be seen as S?(a_, a’).

We now introduce the analogue on the circle. If [a~, a™] is an interval in (0, 27), let [ = [oz/*,?r]
and let S = Sf(a™,a™) be the set of all probability measures y on T with

(i) supp(p) = J U {e% ¥, U {e% }¥ where J € I, N-,N* € NU {oo} and 6F € [0,2).
Furthermore,

0<0; <0, <---<a  and 0 >0 > --->at.

(i) If N~ (resp. N*) is infinite, then 6} converges towards a~ (resp. 6, converges to a™).
We will also write A = el% as in the real case for the outlying support points. For a measure
p € St(a™,at) we may write it as in (4.2). Similar to the real case, we write S} (0,27) for
the probability measures supported by T. It should be clear that the Cayley transform carries
{u € ST|u(1) = 0} onto ST and ST onto SE,. Furthermore, as the circle is rotationally invariant,
classifying an outlier in (6;7) or (6;) is essentially arbitrary. Nevertheless, it is consistent with
our measure mapping. We endow the sets S{ and SF with the weak topology and 8%, and S%,
with the vague topology and the corresponding Borel o-algebra. - -
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We need one more definition in order to formulate the general result. Recall that Jy, has been
defined in assumption (A3). We define, in the general case, the rate function for the extreme
eigenvalues,

jv([L‘) — iIlfgeR j\/(g) if Z 0z+,

00 otherwise,

jv([L‘) — iIlfgeR j\/(g) if S Oz_,

00 otherwise.

(4.3) Ty (@) = {

(4.4) Fy (@) = {

On the unit circle, we have similar notations, with V' replaced by V. Notice that if V(1) < oo,
then Fy(1) < co. In this case let us denote

(45) Ry = Fv(l)

Theorem 4.1 ([19] Thm. 3.1) Assume that the potential V' satisfies the assumptions (R1s),

an . en the sequence of spectral measures under satisfies the wi
R2) and (R3). Then th tral 1™ under P satisfies the LDP with
speed n and good rate function

Ty(p) = K(pv | )+ Y S FF O+ Fo(Ay)

if 1 € S¥(a~,a™) and Ty (1) = co otherwise.
On the unit circle, we claim

Theorem 4.2

1. Assume that the potential satisfies (T1) and that the support of py is T. Then the sequence

of spectral measures 1™ under IP’g,n) satisfies the LDP in M1(T) with speed n and good rate
function

(4.6) Ty(p) = K(py | 1) -

2. Assume that the potential V satisfies the assumptions (T1), (T2) and (T3). Then, the

sequence of spectral measures ™ under IP%,") satisfies the LDP in My(T) with speed n and
good rate function

(4.7) Ty(u) = Kuy | ) + Y F5 ) + Y Fy ()

if w € St (o™, a™) and Iy(u) = co otherwise.

To transfer the LDP in Theorem 4.2 to the real line we use the mapping 7 given in (2.10) We get
the following corollary.
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Corollary 4.3

1. Assume that the potential V' satisfies the assumption (R1w) and that the support of py is

R. Then, the sequence of spectral measures ™ under IP’&;L) satisfies the LDP in M<;(R)
with speed n and rate function

(4.8) Zy(p) = K(pyv | 1)

2. Assume that the potential V' satisfies the assumptions (R1w), (R2) and (R3). Then the

sequence of spectral measures ™ under IP’&;L) satisfies the LDP in M<1(R) with speed n
and rate function

N+ N~
Ty (p) = Klpv | 1)+ Y S FF D) + D Fr (W) + mvlum <
n=1 n=1

if pe SE(a™,at) and Iy (p) = oo otherwise.

Proof: We only (prove the second point, since the other one is more straighforward. From the
definitions, 1 is Py ) almost surely not an eigenvalue, so that we may consider the two random
measures

v = " and M = F(V) = wds,
k=1

The mapping 7 is continuous, and Zy, is good. We may apply the contraction principle (Theorem
4.2.1 in [13]). We obtain the LDP in M<;(R) with good rate function

Z(p) = inf Ty(v).

vii(v)=p
Actually only those v such that Zy(v) is finite contribute to the infimum. Therefore, v €

ST (o, o) implies that 7(v) € SE (ay, o) with of; = 7(a3;). Under our assumptions,
has no atom at 1 and py = 7(py). For a v such as above, we have by pushforward by 7

K(py|v) = K(7(u)|7(v)) = K(py ) -

Moreover, the outliers of v different from 1 are carried upon outliers of p, and F,(¢) = Fy (7(()).
Now, assume that v has an outlier at 1, say v = vy + ady then u(R) = 19(T) = 1 — a, and the

~

contribution of 1 in Zy,(v) hence in f(u) is ky. This proves that Z = Zy, and ends the proof of
the corollary. O

As a consequence, we have for our models the following results.

Corollary 4.4
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1. Under ]HHP’gld . the sequence of spectral measures ™ satisfies the LDP in M, (T) with speed
n and rate function Ty where wy = HPy is given in (3.17) and Fi = fﬁp, where for
0<6<6by

. 0 sin? (04/2) — sin®(¢/2)
(4.9) Fo(é) = /0 (1+d)\/ (ZSmLp o s

and for 0 € (2w — 04, 27), Fip(e?) := Fpp(e™).

2. Under @;Z), the sequence of spectral measures 1\™ satisfies the LDP with speed n and rate
function Ty, where py = HPy is given by (3.23) and Fii = Fip, where for x > p

NaTs
\/1+p —1 1+¢

(4.10) de ,

and F —(v) = F_(~x) for v < —p.
Corollary 4.5

1. Under GW;"), g < 1, the sequence of spectral measures ™ satisfies the LDP in M (T)
with speed n and rate function I, where py, = GW, is given in (3.3) and (3.11).
If |g| < 1 there are no outlier and the rate function reduces to

Iy(p) = K(GWg [p) .

If g < —1, we have .7-“3 = .Fgw, where for 0 < 0 <7 — 0

) T—0g 0 \/Ecosg
Few (€) :/ 2|g| sing\/COSQEg—sirPgd(p:Zl/ 2\/uz—lalu,
0 1
and Floy (€%) = Fou(e7) if m+ 6, < 6 < 27

2. Under @\%/Wg, g > 0, the sequence of spectral measures ™ satisfies the LDP with speed n

and good rate function Iy with py = (f}\\/N,g as in (3.13) and (3.14).
If 0 < g <1, the support of py is R, the LDP is in M<1(R) and the rate function is

Ty (1) = K(GW _g|p).

If g > 1, the LDP is in M<,(R). We have Fi: = fgﬁ/ where for v > m

P AT m /€ — Vo
fgvvv(:p) :/m - (1+§2 d§ —4/ vu? —1du,

— o Jr _
and for v < —m, Foo = F oo (—2).
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4.2 Verblunsky coefficient encoding approach

To begin with, let us recall the simplest example. It is the Circular Unitary Ensemble where
U(n) is equipped with the Haar measure. Then the Verblunsky coefficients are independent.

More precisely, the n-uple a(™® = (ao, Cee Qg = ei¢) has the distribution
n e d
(4.11) AP (a0, an1) = (72001 (day)) ® §

([28]). From that, it is deduced in [20], Section 5.2 that the family of distributions of ™ under
CUE(n) satisfies the LDP (in M;(T) equipped with the weak topology) with speed n and good

rate function
o

() =Y —log(1—|ay*),
5=0
when «;, 7 > 0 are the Verblunsky coefficients of p. In the Hua-Pickrell case, the Verblunsky
coefficients are no more independent (except when d = 0). To recover a structure of independence,
it is necessary to introduce the so-called deformed Verblunsky coeffficients. Given a measure
€ My (T) with at least n distinct support points and monic orthogonal polynomials ¢q, . . ., ¢, _1,
define

(4.12) @:¢“U and 7y, = ap(be)t, k=0,...,n—1.
¢i(1)
This is equivalent to the recursive definition
. =2 5,
(4.13) Yo = Qy, %:akjl_lol—vj’ k=1,....n—1.

For a more detailed description and meaning of these quantities we refer to [8], Section 2.2.
In Theorem 3.2 therein, it is proved that under ]HHP’((;"), the random variables fyé"), e ,fyfln_)l are

independent and for £k =0,...,n — 2, the density of fy,(cn) on D is

L(n—k+38)T(n—k+0) 5

(4.14) e oy ey iy LUl DA Ul M U

and 7,(171)1 € T has the density

L(1+0)(1+96)

(4.15) FO+5+5)(1—O%1—©5

with respect to the Haar measure on T.

When 6 = nd, d > 0, a straightforward study of the density (4.14) leads to a LDP for 7](@) for j
fixed. It is a particular case of the matricial result (Proposition 6.6) proved in Section 7.3.3.
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Lemma 4.6 For fized k, (7", \™, ... 4/\") i satisfies under HP™ the LDP in DF with speed
n and good rate function

k
L(vo, - ) = ZHd(%-),
where
(4.16) Hay(y) = —log(1 — |y|*) — 2dlog [1 — [ + H4(0),
(4.17) H4(0) = (14 2d)log(1l+2d) —2(1+d)log(l+4d).

Using the classical method of projective limits (see the proof in Section 8), this allows to claim

Theorem 4.7 Under ]HHP’nd , the sequence of measures ™ satisfies the LDP in M (T) with speed
n and good rate function

TP (n) = 7 Hal).

In the Gross-Witten case, the Verblunsky coefficients are not independent (except when g = 0).
More precisely, the joint distribution is given by the following lemma.

Lemma 4.8 The law of (ao - O‘Ev 1) under GW( is given by
(4.18)
' n—1 d(b
dPg(") (a0, ..., 0pq =€) = Z,(g) " exp [ng% (Oéo - Z akak—1> (R =F1hm—js1(dey)) ® o
k=0

Proof: By definition, we have

dP

—E(U) = exp (Etr(U + UT)> = exp (ngR(trU)) .

dPy 2
Now, from the CMV representation (2.4), we get

N-1

(4.19) trU = —ag + Z QpQ_1
(see also Simon [38] p. 273). It remains to use (4.11). O

Given the explicit density in Lemma 4.8, we may conjecture a LDP for the spectral measure in
terms of its Verblunsky coefficients.

Conjecture 4.9 Under GW( , the sequence of measures ™ satisfies the LDP in My(T) with
speed n and rate function

JoW(n) = H(g) — gR (Oéo - Zakak—1> - Zlog(l — Jou[?)

k=1
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5 Sum rules from large deviations

5.1 Hua-Pickrell case

Our new sum rule is a straightforward consequence of Theorem 4.7 and Corollary 4.4.

Theorem 5.1 Let i € M, (T) with infinite support and let (vi)r>0 € DN be the sequence of
its deformed Verblunsky coefficients. Then, for any d > 0, we have > -, Ha(vk) = o0 if p ¢
ST (04,27 — 04). If p € ST (04,27 — 64), we have

N+
(5.1) K(HPq[p) + Z‘F;P (A1) _'_Z‘FHP ZHd Vr)
n=1 n=1

where both sides may be infinite simultaneously.

5.2 Gross-Witten case

As we saw above, we do not have an easy structure of the density of Verblunsky coefficients and
could not succeeded in finding a LDP in this encoding. Nevertheless, Simon gave in this frame
a sum rule ([38]). Here, the reference measure is supported by the full circle T and there is no
contribution of outliers.

Theorem 5.2 ([38] Thm. 2.8.1) Let p be a probability measure on T with Verblunsky coeffi-
cients (ag)xs0 € DY, Then

(5.2) K(GW_q|p) =1—1og2+ R(aw) +

where

h(a) = —log(1 — |af*) — |af*.
In particular,
(5.3) K(GW_1|n) < 00 =Y onsr — al* + |o|* < 0.
k=0

As an easy corollary, we have

Corollary 5.3 Let pu be a probability measure on T with Verblunsky coefficients (ax)x>0 € DN.
Then, for 0 < g < 1, we have

(5-4) K(GW _¢[n) = H(g) + & <9?(0zo) +

+ ) —log(1 — |aw|*) — glal?,
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where

14+ 4/1—g?
H(g) ::1—\/1—g2+logu.

2
In particular, we have

(5.5) K(GW_g|p) < 00 <= Jag|” < 00.

k=0

Remark 5.4 In the way to prove (5.2), Simon shows the equivalent relation:

(5.6) K(GW_q|u) =1—1log2+ R <a0 — Z ak@k1> + ) —log(1 — |ax]?).

k=1 k=0

In the same vein, (5.4) is equivalent to

(7)) K(GW glw) = H(g) + &R <ao -3 akak_1> £33~ loa(1 — Janf?).

k=1 k=0

For |g| > 1, we may still conjecture a sum rule. The left hand side of such an identity would be
given by the rate function of the LDP for the spectral measure encoded by the eigenvalues and
the weights (Corollary 4.5). The right hand side can be only conjectured. It is natural to state
the following conjecture.

Conjecture 5.5 Let pu be a probability measure on T with Verblunsky coefficients (ay)p>o € DV.
Then for any g < —1 and p € S} (7 — Og, 7 + ),

(5.8)

K(GWg ) + Y Fr )+ F () = H(g) —gR <ao - Z%%q) = > log(1— | ?).

= = k=1

If w ¢ ST (m — Og,m + 0,), the right hand side equals +oo.

This statement would be a direct consequence of Corollary 4.5 and of Conjecture 4.9, as soon as
the latter is true.

6 Matrix extensions

In this section we show how several results can be extended to the case of operator valued
measures. Indeed, the proofs are mostly identical to the scalar case or can be found in the
companion paper [18]. We omit most of the proofs.
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6.1 Matrix spectral measure

A matrix measure ¥ = (3, ;) of size p x p (p > 1) on T is, for any Borel set A C T, a matrix
of signed complex measures, such that ¥(A4) = (¥;;(A4)) € H(p) is Hermitian and non-negative
definite. A matrix measure on T is normalized, if ¥(T) = I,. We denote by M, 1(T") the set
of normalized p X p matrix measures with support in 7" C T. Given a unitary operator U and
a collection of vectors ey, ..., e, cyclic for U, one can define the spectral matrix measure ¥ of
(U,e1,...e,) similarly to (2.1) by the relation

(6.1) (e, Ute;) = / Kd(elSe) ), ke i el .p}
T

In fact, if U € U(n) with eigenvalues \; = €% ... X\, = €% and v1,...,1, is a corresponding
system of orthonormal eigenvectors, the spectral matrix measure is given by

(6.2) S =3 " Widy,,
k=1

where W), = w,(cp ) (w,(f f. Here, w,gp ) is the vector of CP consisting in the p first coordinates of
g Let ¥ € M, 1(T) be a quasi scalar measure. That is ¥ = I,0 where o € M;(T) is a scalar
measure. Further, let II be a normalized matrix measure with Lebesgue decomposition

II(dz) = h(z)o(dz) + 1I°(dz) ,

Then, we define
(6.3) K(Z|I) = —/logdet h(z) o(dz) .
T

Note that if we define a density

d¥ ([ do

dil — \ dIl,
componentwise, then it is possible to rewrite the above quantity in the flavour of the Kullback-
Leibler information (or relative entropy)

dx
K(Z|IT) = / log det —(z)do(z),
. dIl
if the density % exists and infinity otherwise (see [29] or [36]).

As in the scalar case, we can define a matrix version of the Verblunsky coefficients. Now, the
construction uses matrix orthogonal polynomials on the unit circle (MOPUC).
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6.2 MOPUC

We follow the notation of [22] and [11]. A p X p matrix polynomials F is a polynomial with
coefficents in CP*P. Given a measure ¥ € M, ;(T), we define two inner products on the space of
p X p matrix polynomials by setting

(F,G))p — /T F(:){dS(2)G(2) € CP,
(F,G)), = TG(z)dZ(z)F(z)T c Crx?.

A sequence of matrix polynomials (¢,) is called right-orthonormal if, and only if,

(i @) r =03,

Analogously to the scalar case, we can construct orthonormal polynomials satisfying a recursion
and the matrices appearing in this recursion are the so-called matrix Verblunsky coefficients
(see [11] and the historical introduction therein). For the sake of completeness, we give some
more details. First, assume that the support of X is infinite. We define the right monic matrix
orthogonal polynomials @ by applying the block Gram-Schmidt algorithm to {I,, zI,,, 2%L,, ... }.
In other words, ® is the unique matrix polynomial ®%(z) = 2"I,+ lower order terms, such that
("1, @) g = 0 for k =0,...,n — 1. The normalized orthogonal polynomials are defined by

wo =1L, 905 = @f/{ﬁ,

Here the sequence of p X p matrices £ satisfies, for all n, the condition (/@5)71 k>0, and is

such that the set {¢%} is orthonormal. We define the sequence of left-orthonormal polynomials

{k} in the same way except that the above condition is replaced by sk, (Hﬁ)_l > 0. The
matrix Szeg0 recursion is then

(6.4) 2ok —phok. = ol (eh)
(6.5) 2ol — ol pl = (eh)al,

where for all n € N,
e o, belongs to B, the closed unit ball of CP*? defined by
(6.6) B, :={M € C: MM' < I},

e p, is the so-called defect matrix defined by

(67) pf = (Ip - anaL)l/Q ) pL - (Ip - aj%an)l/Q ’

n

e for a matrix polynomial P with degree n, the reversed polynomial P* is defined by
P*(2) := 2"P(1/2)".
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Notice that the construction of the recursion coefficients uses only the matrix moments of the
matrix measure. Verblunski’s theorem (the analogue of Favard’s theorem for matrix orthogonal
polynomials on the unit circle) establishes a one-to-one correspondance between matrix measures
on T with infinite support and sequences of elements of the interior of B, (Theorem 3.12 in [11]).

Now, for a matrix measure having a finite support, the construction of the Verblunsky coefficients
is not obvious. In [16] Theorem 2.1, a sufficient condition on the moments for such a construction
is provided. It is related to the positivity of a block-Toeplitz matrix, as it is also mentioned in
[38] at the top of p. 208.

6.3 Deformed Verblunsky coefficients

This section is devoted to a detailed study of the deformed Verblunsky coefficients in the matrix
setting, consisting in identification of their different definitions and properties. To make the
reading easier, we recall the essential results of the scalar case proved in [§].

6.3.1 Scalar case

Motivated by the study of the (scalar) Hua-Pickrell ensemble, Bourgade et al. [8] introduced the
so-called deformed Verblunsky coefficients. They could be defined in various ways.

OPUC recursion and the Schur machinery Let us assume that p € M;(T) has either a
finite support consisting in n points, or infinite support and we will say n = oo and k < n—1 will
mean k > 0. Then, starting with the orthogonal polynomials ®;, in L?(1) we define for k < n—1
the functions

(6.8) bp(z) = 2;2
(69) le) = - Tt

From the Szeg6 recursion (1.1), we have

and recursively
(6.10) Op(z) = [ [z = (2)

k—1 ~
1 —27v(z . - _
(6.11) Ye(2) = ay, H 1= #5(2) with 7;(z) = v;(z71).
The deformed Verblunsky coefficients are by definition
Vi = Y1)
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and may be computed recursively as

_ 1=
Yo = Qo %—Oékjnol_%
If n is finite, the obvious relation ®, (1) =[]0~ (1 — %) may be lifted up, when (U, ) is given, as
n—1
det(I—U) = ®,(1) = [J(1 =)
=0

To explain the connection with Schur parameters, let us recall that the Carathéodory function
of a measure p € M;(T) is defined as

eif 1 » .
6.12 F(z) = | ——=du(e"
(612 ()= [ G
and its Schur function f : D — D is defined through F' by:
1 F(2) -1
J(2) = ZF(z)+1°

The Schur algorithm allows to parametrize the Schur function f by a sequence of so-called Schur
parameters. For a € D, let

(6.13) T.: ¢ (C—a)(l-aQ)™,
The reverse mapping is T"_,,. Let us define the sequence
(6.14) fol2) = f(2) , fi(2) = 27 T, (f5(2)) 5+ a; = f;(0).

We say that f is the Schur function associated with the sequence («y, aq, .. .).
The Geronimus theorem states that these are exactly the Verblunsky coefficients.

From the basic recursions:

Q,11(2) = 2P,(2) —a, P (2)
(6.15) Dr0(2) = D) - anzy(2),

we deduce that the sequence of quotients by (z) defined in (6.8) satisfies the recursion

2bp—1(2) — ap—1
1 b =
(6.16) (2) 1 — zag_1bp_1(2)’

ie.

bt (2) = 2 Ty, (Be(2))
In other words, b, is the Schur function corresponding to the reversed sequence
(—Qg—1,- -+, —ao, 1) (see [39] Prop. 9.2.3), we say that the sequence (by) is the sequence of
inverse Schur iterates.
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Decomposition by reflections When n is finite, a geometrical interpretation is possible.
It relies on the decomposition of U into a product of complex reflections parametrized by the
coefficients v, k=10,...,n — 1.

A n-(complex) reflection  is an element of U(n) such that r —I,, has rank 0 or 1. If e and m # e
are unit vectors of C", there is a unique reflection r such that r(e) = m, and it is

L _(m—e) (m—e) -

(6.17) Bk wy ey

If I := span {e, m}, then r leaves F'* invariant. Now setting

. 1—
1=lem) s p=VI=TPF, & = 1=,

then, in the basis (e, g) of F' obtained by the Gram-Schmidt procedure, the restriction of r to F’

has the matrix .
=y - (7 PeY

Let U € U(n), e be a cyclic vector for U and let (g1, - ,€&,) be the orthonormal basis obtained
from the Gram-Schmidt procedure applied to (e, Ue,--- , U™ te). We define recursively n reflec-
tions as follows. r; is the reflection mapping e = ; onto Ue = Ue; and for kK > 2 r; is the
reflection mapping € onto T,;llrl;l2 17 'Ue;. Then U =7r{-- -7, and

<€k,7“k€k> = Yk -

6.3.2 The matrix case

In what follows we set 1 = I,,.

MOPUC recursion and the Schur machinery Let us define, for k =0,...,n — 1,

(6.18) bo(2) =1, . bi(z) = wb(2) (w"(2)

which is consistent with the definition, given in (6.29) of by = by (1):
-1

(6.19) be = wb(1) (#"(1)  and v, = b;lal.

As in the scalar case, we can make the connection with the inverse Schur iterates.

The Carathéodory function F is now matrix-valued, defined again by (6.12), and the Schur
function is ([11] Prop. 3.15)

f(z) = 2" (F(z) —1)(F(z) + 1) .
To define the Schur algorithm, we set for o € B, with aax’ < 1,
Ta(¢) = (P~ )1 —al)'p"

The reverse mapping is T_, and we notice that

(6.20) (Ta(Q) ' =Tu(C).
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Theorem 6.1 ([11] Th. 3.19) For the Schur functions fy,fi,... associated with Verblunsky

coefficients o, auy, . . ., the following relations hold:
(6.21) fr(2) = 2 'Tu,(5(2))

The connection with (6.18) is the following.

Proposition 6.2 ([11] Prop. 3.26) Fork > 1, by(z) is the Schur function associated with the
reversed sequence (—at;,_q,...,—oy),1).

Decomposition by reflections Let us first fix some more notations. Let € = [eq, ..., ¢e,] be a
N X p matrix consisting in p column vectors of dimension N = np. If U € U(N), we denote by
Ue the N x p matrix Ue := [Ue,...,Ue,] . The pseudo-scalar product of e with f = [f; -+ f)]
is a p X p matrix denoted by < f,e > and defined by

< f,e >>@'7j: <fl',€j> i,j:1,...,p.

Assume that e is cyclic for U (see definition 2.3 in [22]). For N = np withn > 2, let (e1,...,eq) be
the orthonormal basis obtained from the Gram-Schmidt procedure applied to (e, Ue, ..., U% te).
Neretin [32] defined a sequence of operations on unitary matrices of decreasing dimensions recalled
here. For m < n we decompose a unitary matrix U € U(n) into four blocks

(23

="(U)=D+C(l,— A)'BeUn—m).

n

with A a m X m matrix, and then define

Actually, I,,_,,, —="(U) = (I, — U) /(I,, — A) where M /N is the Schur complement of M with

respect to its upper left block (submatrix) N. This doubly indexed sequence of transformation
enjoys the projective property:
(6.23) B oEM =grtm

n—m n n )

as soon as r +m < n (see [32] Prop. 0.1). In the sequel, for ¢ > p, we denote by [M], the upper
left block of the ¢ x ¢ matrix M.

We define the successive iterations
(6.24) co(U) == [U], , ¢(U) == [EZ()), . 1<r<n—1.

Then Neretin proved ([32] Sect. 1.5)
n—1

(6.25) det(Iy — U) = [ [ det (1 — ¢, (U)) .
r=0
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These operators = are used to define the successive reflections. More precisely, we define
7(U)=U, 7(U) =Ly ®E¥  1<k<n-—1, #g(U) =1y
R;(U) = it (U)a;(U)', 1< j <m.

If U is written using an orthonormal basis (e,es,...,e,), then R; maps e onto Ue and is a
reflection since the rank of R; — Iy is the same as the rank of U — (1 @ ZX;) which is at most p
(see Prop. 2.5 in [7]).

More generally, for k£ > 2, Ry, is a reflection mapping e, onto R/L—1R1Tg—2 . .RIUek and

U - Rl ‘e RQ
In particular, let G be the matrix of a unitary operator U written in the basis (e;) obtained by
orthonormalizing the sequence e, Ue, ..., U™ 'e. Usually G is called the block GGT matrix :
of phal  phptal  phplpial
pf —owal —agplal —aoplpial

g .= QR(Oéo, ap,...)=10 P{% —ala; —alpgag
0 0 pZ —aal

Write R; for R;(G). Then Ry maps €; onto Ge; and is a reflection since the rank of Ry — Iy is
the same as the rank of G — (1 @ Z;) which is at most p (see Prop. 2.5 in [7]).

More generally, for k > 2, Ry, is a reflection mapping &, onto R2_1R;Tg_2 .. .Rigek and

g — Rl e RQ
Of course, we have
n—1
(6.26) det(1 — U) = det(Iy — G) = [ ] det(1 - ¢.(G))
r=0

We have the following identification.

Proposition 6.3 Let (U, e) be given and call G the matriz of U written in the € basis. Then for
k=1,....n

(6.27) Ci—1(G) =< €k, Ry >= 71 -

6.4 LDP for matrix Verblunsky coefficients

In a previous work ([22]), the first and last author studied the CUE case. If N = np, the matrix

Verblunsky coefficients «, . .., a1 are independent, and for j < n — 2, a; has the density in
Bp
(6.28) Ky (n—kyp det (I, — aal)"270P
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where K, (), is the normalizing constant. Note that all densities involved in this section are
with respect to

dM = [ d®Mw) ] d(SMu).

1<k,l<n 1<k,l<n

From this density, we deduced the LDP:

Proposition 6.4 ([22] Theorem 3.6) For N = np, let U € U(N) be drawn with the Haar
measure P&N) . Let further (a§n))0§j§n_1 be the matriz Verblunsky coefficients of the spectral

matriz measure of (U, ey, ...e,). Then, for any fived k > 1, (aé"), aﬁ"), e ,aé"))nzk satisfies the

LDP in (B,)* with speed N and good rate function

k
Iy, ..., o) = Z —log det (I, — aja;r») :

J=0

To study the Hua-Pickrell case, we define the deformed matrix Verblunsky coefficients as

L R, x -1 -1 1
(6.29) be = @b(1) (#"(1)  and v, = b;la].

Their interest is broader than the simple study in the Hua-Pickrell case. We have the following
result for the distribution of the deformed matrix Verblunsky coefficients. Its proof is postponed
to Section 6.3.

Theorem 6.5 Let N = np withn > 2. Let U be drawn in U(N) using the Hua-Pickrell probability
distribution with parameter 0. Let (7§"))0§j§n,1 be the deformed matriz Verblunsky coefficients
of the spectral matriz measure of (U, ey, ...e,). Then, 75”), e ,’751"_)1 are independent. Moreover,

forj <n—2, 7§") has in B, the density

) ) .

(6.30) EY) det (1, — )" det (I, — 41" det(L, — 4yt =29

where

(6.31) KO — o [[EY =G Dot b+ TN = (j+ Dp k)
. ®

SAD(N = (j+2)p+k)D(N = (j + Dp+k+6+9)

and 7,,_, follows the Hua-Pickrell distribution on U(p) with parameter o.
If ) = Nd, we get the following LDP for the deformed coefficients. We remark that if d = 0, the

rate function is the one of Proposition 6.4. Indeed, the matrices by are unitary by Theorem 3.9
in [11].
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Proposition 6.6 Let N = np withn > 2. Let U be drawn in U(N) using the Hua-Pickrell proba-
bility distribution HIP’E\J,V) (d>0). Let (7§"))0§j§n 1 be the deformed matriz Verblunsky coefficients

d
of the spectral matriz measure of (U, ey, ...e,). Then, for any fived k, ( Yo /an)a o a"//(ﬁn))nzk

satisfies the LDP in (B,)* with speed N and good rate function

Ik(707 C 77]9) - Z Hd,p(’)/j) )
j=0

with
(6.32) Ha () = —log det(L, — ") — dlogdet (I, — ) (I, —)") +pHa(0)

where Hy is defined in (4.17).

6.5 LDP for matrix spectral measures

Our next LDP holds for matrix spectral measures of (U, ey,...,e,), when U is drawn with the
general measure IP’%,N) on U(N) as defined in (2.12). In this case, the eigenvector matrix is
again Haar distributed. So that, the weights (W7,...Wy) are independent of the eigenvalues.
Moreover, they follow a distribution that is a matrix analogue of the Dirichlet one. For the
precise statement, we refer to Proposition 3.1 in [22]. Let us introduce the matrix analogue of
the set ST = S (a™,a™). For [a~,a™] an interval included in (0,27), let [ = [m] and let
S, =Sy (e, af) be the set of all normalized measures ¥ € M,,1(T) with

(i) supp(¥) = J U {e% ¥, U {®% ¥ where J € I, N-,NT € NU {oc} and 6F € [0, 2).

Furthermore,

0<0; <0, <---<a  and 0 >0; >--->a'.
(ii) If N~ (resp. N'*) is infinite, then 6] converges towards a (resp. 6 converges to a™).

We can write such a measure X as
N N—
(6.33) D=+ Tfoe+ Y I70,-,

for some nonnegative Hermitian matrices I'f,--- ,I'h, Ty, . T'y_ and A7 = €% . As before,
S;}: 1(0,27) is the extended notation for the case of matrix measures supported by T. The proof of
the following result is omitted. The steps to extend the scalar case to the matrix case in Theorem
4.2 are exactly the same as in [18]. Therein, the LDP for matrix measures on the real line is
established.
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Theorem 6.7 Assume that U s distributed according to ]P’ng), N = np, and that the potential

V satisfies assumptions (T1), (T2), (T3). Then the sequence of matriz spectral measures (Z};N))
of (U, ey, ...ep,) satisfies the LDP in M,,1(T) equipped with the weak topology, with speed N and
rate function

(6.34) TH(E) =KLy v | D) + ) F5 A+ Y F ()

ifY eS8 (a™,af) and I)(X) = 0o otherwise. Here, juy is the scalar measure as in assumption

(T2).

6.6 Sum rules

The matrix version of Szegé’s formula was established in [12] (see more recently [14]). A proba-
bilistic proof is given in [22].

Theorem 6.8 Let X € M, 1(T) with infinite support and let (ca)r>0 € (B,)N be the sequence of
its Verblunsky coefficients. Then

(6.35) K(I, - UNIF %) = >~ —log det(I, — ayarl).

j=0

Our next result is a matrix version of Theorem 5.1. It is a combination of Proposition 6.6 and
Theorem 6.7 (V is here the potential of the Hua-Pickrell ensemble). The proof follows the one
of the scalar case: Proposition 6.6 yields, by the projective method, a complimentary LDP for a
measure distributed according to the Hua-Pickrell ensemble. Then, the statement follows from
the uniqueness of a rate function.

Theorem 6.9 Let X € M, (T) with infinite support and let (v, )r>0 € (B, be the sequence
of its deformed matriz Verblunsky coefficients. Then for any d > 0, > 7" Ha,(y;,) = oo if
by ¢ SEP(Qd, 2T — Qd) For X € Sgl(ed, 2r — Qd),

Nt N— 00
(6.36) K1, -HPa|) + Y Fiip(W0) + D Fup(A) =D Hap(v;),
n=1 n=1 7=0

where both sides may be infinite simultaneously, and Hgy, is defined in (6.32).

For the Gross-Witten ensemble, it seems difficult (at least at a first attempt) to adapt Simon’s

proof to the matrix setup. Nevertheless, the density of GWéN) with respect to the Haar measure
is proportional to

exp (Ng RtrU)
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and tr U = trCx. Further, trCy, can be computed in matrix terms, taking into account the CMV
form of U:
tI'CZ = tr Tn(ao, ceey an_l)

where
T : .
—ah.on ifn=2r+1,
Th(g, ... 0 1) = a) —apal — .. 2r ?rl |

—QQy. fn=2r+2 r>0,
and

o
(637) T(a07 ay, .. ) = a% — aoa'{ — Z(GQka£k+1 + a;kan‘—l)-

j=1

Let set the matrix companion of the Conjecture 5.8.

Conjecture 6.10 Let X € M, (T) with infinite support and let (cu.)x>0 € (B,)Y be the sequence
of its matrixz Verblunsky coefficients.

1. If |g| <1, then

(6.38) K(I, - GW_¢|¥) = Z —log det (1, — aja;) +gRtr T'(a,...)+ Hy(g),
=0

where T, . . .) is given by (6.37) and H,(g) is some constant.

2. If |g| > 1, then a similar identity holds, with an additional term on the left hand side which
18

N- Nt
S CFLON) D FL(),
n=1 n=1

(see Conjecture 5.8).

7 Proofs

7.1 Proofs of Section 2.4
7.1.1 Proof of Theorem 4.2

We can follow verbatim the proof of the corresponding theorem in the real case. The main idea
is to apply the projective method (the Dawson-Gértner Theorem, see [13]) to a non-normalized
version of the spectral measure. In a first step, we consider instead of ;™ the measure

i = Z YiOx,-
i=1
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Here, 71, ..., 7, are i.i.d. random variables with distribution Gamma(1,n~") (their mean is n™!).
The self-normalized vector built with this sample has a uniform distribution on the simplex. So
that, ™ /™ (T) recovers the original distribution of u(™. Further, we consider the measure

NtAj N—Aj
(7.1) m(EM) = 5P+ D A+ > 76
=1 i=1

n (4.2). Note that this projection is not continuous in the weak topology, and in [19] we
introduce a new topology generated by [L'(?) and the vector of outliers. On the set of normalized
measures, this topology is stronger than the weak topology and we can claim the LDP in the
latter topology. Ultimately, this also explains why our arbitrary distinction between A\ and A;
0,

creates no problems: the transition of an eigenvalue from €l to €1 is continuous in the weak

topology, but not in our new one.

A crucial ingredient in the LDP for m;(7i™) is the LDP for a finite collection of extreme eigen-
values. Of course, for the first statement of our theorem, this can be omitted. For A a subset of
R, let A (resp. AY) denotes the subset of A7 = A x -+ x A consisting in all non-decreasing
sequences (resp. non-increasing sequences) of A.

Proposition 7.1 Let j and ¢ be fized integers. Assume that V satisfies (T1), (T2) and the
control condition (T3). If 0 < o and a~ < 2, then the law of (0y,...,07,07,...,0;) under

(e
]P’g," ) satisfies the LDP in RI** with speed n and rate function

Tye(67,67) ZF* )+ Fy (%)

if 0T = (0),...,07) € [a", 2% and 6= = (07,...,0,) € [0, |" and Zy=(07,07) = oo other-

) J
wise.

Proof: We first mention the main points in the proof of the large deviation upper bound. Let
us stress that exponential tightness is inherent on the circle. The proof follows the same lines as
in [19] and makes use of the following lemmas.

Lemma 7.2 Let V be a continuous potential on T \ {1} satisfying (T1). and let v be a fived
mteger If IP’(" is the probability measure associated to the potential V,, = "LV, then the law of

u ) under IP’( satisfies the LDP with speed n® and good rate function
(7.2) i E(p) —inf E(v)
where £ is defined in (2.20).

Lemma 7.3 If the potential V is continous on T\ {1} and satisfies (T1), we have for everyp > 1

| 2y" BN |
(7.3) Tim nlog Z(,:L o) _le,_I_lek;jv(Zk) = —pinf Ju(2).
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Actually, to prove Lemma 7.2, it is enough to notice that there exists two constants ¢; < ¢y such
that

1. dpy
¢ < —log —2=
n

S Cy .
dp

Since the arguments for the two lemmas are the same as in the real case, we omit the proofs.

For the proof of the large deviation lower bound, we may make the same remark as above. We do
not need to show exponential tightness anymore. Besides we need the fact that under P, the
extremal eigenvalues converges to the endpoints of the support of py if its support is a proper
arc. It was a separate lemma in [19], but it is a direct consequence of the upper bound and
assumption (T3).

Lemma 7.4 Under Assumption (T1) and (T3), the distance of 0 and 6; to {a~,a™} converges
in probability to 0 for all 1 > 1.

Proof: We may use the large deviation upper bound of Proposition 7.1. The upper bound
involves the rate function [Jy — inf, Jy(x). This rate function may vanish somewhere on the
support of uy. But, it does not vanish outside of this support (by assumption (T3)). It follows
that the probability that the distance to {a~, a™} is greater than ¢ is exponentially small. ]

(n)

The next step in the proof of Theorem 4.2 is a joint LDP for the measure ﬁ‘ 10) restricted to
I(7) = I\ {\", A"} and the extremal eigenvalues. The crucial ingredients are the independence

2

of the eigenvalues and the weights and the LDP for ,ul(ln) at the faster speed n°. The following

result is a straightforward counterpart of Theorem 4.2 of [19].
Proposition 7.5

1. Assume that the potential satisfies (T1) and that the support of py is T. Then the sequence
of measures i'™ satisfies the LDP with speed n and good rate function

Z(p) = K(pv | ) + p(T) — 1.

2. Assume that the potential V satisfies the assumptions (T1), (T2) and (T3). Then the
sequence

(/]‘(;L()])u 9+7 97)

with 0% = (6F, ..., Hji) satisfies the LDP with speed n and good rate function

Z(u,l‘+,l‘_) = ’C(MV | N) + :u(]) -1 +1'9i(9+70_)'

The weights (77", ... ,fy;f, Y1 s---57; ) associated with the outlying eigenvalues satisfy the LDP in
R with speed n and good rate function

2j

Z y; if all y; are nonnegative,

oo otherwise.
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Using again the independence, we obtain from Proposition 7.5 the joint LDP for
(:u|[(] 9+ 9 77+777)

(omitting the outlying eigenvalues if the support of py is T). The rate function is the sum of the
rate function of Proposition 7.5 and Z,. From this collection, we may now conclude the LDP for
the projected measure Wj(ﬂ(")), by mapping continuously

('MII(J or.6” ’7+’7 |—>,u|1(] +Z< ;réewfr +7;5ei6;>.

It yields by the contraction principle the LDP for 7; (™) with good rate function

NtTAj N—Aj
T

(1) = Kl [0) + p(T) =1+ 37 FEE) + 3 Fi(e™).

Finally, the LDP for p(™ follows by taking the projective limit and normalizing. The arguments
are as in Section 4.4 of [19]. This concludes the proof of Theorem 4.2.

7.1.2 Proof of Theorem 4.7

We mimick the proof of Theorem 4.3 and 4.4 of [21]. The weak convergence topology on M;(T)
is equivalent to the topology of convergence of moments on DV, which is equivalent itself to the
convergence of the deformed Verblunsky coefficients. Let T' : M;(T) — D" denote the mapping
associating to each measure i the sequence of its deformed Verblunsky coefficients

C(p) = (vo(p), (), .. ).

Here, we set Y 1(t) = Yngo(pt) = -+ = 1if v,(u) € T. Let py : DY — DF be the projection onto
the first k coordinates. By Lemma 4.6, pu(I'(1™)) satisfies under HP") the LDP in D* with
speed n and good rate I;. We know apply the Dawson-Gértner theorem. When equipped with
the product topology, DY can be viewed as the projective limit

DN = lim D*

+—

J

so that under ]HHP’;Z), the sequence I'(u(™) satisfies the LDP in DY with speed n and good rate
function

Loo(30, 715+ ) = $up Le(pi(y0s ) = SupZHd v) =Y Ha(v)).

Actually, this LDP holds in I'(M(T)), as on the complement of this set the rate function equals
+00. Finally, it remains to apply the continuous mapping I'"! to obtain the LDP for u(™ with
the good claimed rate function JIF. O
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7.2 Proofs of Section 5
7.2.1 Proof of Corollary 5.3

The elementary decomposition
(1 —gcosh) =g(1 —cosb)+ (1—g)
and the definition of GW_; give
K(GW_g|p) = G(g) + gK(GW_1 |) + (1 — g) K(GWo |) — gG(1).

Here we set, for |a| < 1,

27 1 /1_ 2
(7.4) G(a) ::/ (1 —acosf)log(l —acosh) 5—9:1—\/1—a2+10g%.
0 T

Remark 7.6 The minimum in formula (5.4) is 0. It is reached uniquely at y = GW_g corre-
sponding to the Verblunsky coefficients given in (3.6).

7.3 Proofs of Section 6
7.3.1 Proposition 6.3

First, we have

L e, Rirer > =< ¢y, Z—lRZ—Q .. RTg&k >=<K Ri... Ri_1€r, G, >
=<K gﬁ'k(g)*é‘k, ger, >=< ﬁ'k(U)*é’k, g > =<K €, ﬁ'k(g)&k >= Ck_l(g) .

To compute ci(G) we start from the definitions of G and E?\n which yield

(7.5) Z2(GT) = O(ug) G (ay, as, . ..)

where, if u € U(p)
O(u) = < u OPvN—Qp)
On—2pp In—2p
and
ug = —ag + p (1 —af) 'pf,
so that
c1(G") = [ER (G, = uoe] .

More generally, looking for a recursion - thinking of (6.23) - , we notice that

(7.6) =p (é(u)gR<a0, o an,l)) — ()G (e, ..., an1)
where
(7.7) v =v(u,ap) = —ag + pE(1 — uad) tupl .

We need the following result.
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Lemma 7.7 If a € B(p) and u € U(p) then

(7.8) —a+ pf'(1 —ua")tup® = (p) " Hu — a)(1 — au) ot = Ty (u).
Let us assume that

(7.9) =P = O(u,)G" (e, . . ., 1)

where u; depends on o, ..., o_.
Applying (6.23), (7.6) and Lemma 7.7 we get

=G a0, en) = e, (016 ey, )
) (Ta, (w;)) 6% (js, - .-, 001),
and the assumption (7.9) is satisfied at rank j + 1 with
(7.10) w1 = To,(uy) .
Passing to the upperleft block, we obtain easily, for every 7 <mn — 1
c; = uja} :

Now, using (6.20), we see that 3, := uj_l satisfies the recursion

Bj-i—l - Taj (5])

or, reversing
ﬁj = Tfaij(ﬁjJrl)
which allows to conclude that 3; = b; and ends the proof of Proposition 6.3.

Proof of Lemma 7.7 : We have to prove E = (pf)"'Fpl. Actually, since pfa = ap” and

(p)? =1 — aal, we have
pE(p") ' = —a+ (1 - aa’)(1 —ua’)u.
Now, (1 —ual)u = u(1 — a'u) and then
p"E(p") ' = —a (1+a'u(l —alu)™) +u(l —alu)™!,

which is exactly F = (u — a)(1 — afu) 7L |
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7.3.2 Proof of Theorem 6.5

In [22] it is proved that when U(N) is equipped with the Haar measure, the distribution of
(o, ) is

n—1

(7.11) const - H det(1 — ol )N-r+2P H da,
r=0
where, for r = 0,...,n — 2, da, denotes the Lebesgue measure on B,, and dv,,_; is the Haar
measure on U(p).
Since 4, is af up to multiplication by a unitary matrix depending only on (ayg, -,y 1),

we deduce that, the pushforward of the Haar measure on U(N) by (v4,71, - ,¥,_1) has the
distribution

(7.12) const - H det(1 — ~lny, )N -2 H d~,

r=0

Now, by definition
dHPY)

dpg)

(U) = const - det(Iy — U)? det(Iy — U’

It remains to apply (6.26) and (6.3) to conclude that under ]HHP’ ), the variables (Yor Y15 " s Yno1)
are independent and for 0 < r <n — 2 the density of 2 in ]B% is then

const - (det(1 — 'y))g (det(l — 7T))6 det(1 — ~ )N -0+2p

Further, the variable -, _, has the distribution ]HHP’((SP ) on U(p). The value of the normalizing
constant (6.31) is then taken from formulas (2.9) in [32].

Remark 7.8 Theorem 1.3 of Neretin [32] says that if U(N) is equipped with the Haar measure,
then the distribution of (co(U),...,c,—1(U)) is also (7.12). From (6.25) we deduce that, under

]HHP’((S"), (co(U),...,cn1(U)) and (vg, Y1y -+ sYn_1) have the same distribution. The difference is
that the second array depends only on the spectral measure, and the first one depends more deeply
on U. In particular, we do not know the connection between these coefficients ¢(U) and o

7.3.3 Proof of Proposition 6.6

By independence, it suffices to prove the LDP just for one 'y ) with rate Hg,. Since the LDP is
a standard consequence of the explicit density in (6.30), we only give a sketch of the proof. First,
we get from the explicit expression of the constant in (6.31)

1
lim — log K"Y = pH,(0).

n—0o0 ’I’Lp
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Then, on the set {M € CP*P| MM' < 1,} the rate function is finite and continuous. Indeed, if
v € CP*P is a matrix with singular values smaller than 1, then I, — « is non-singular. On the
other hand, if v € B, \ {M € C»*?| MM'" < I,}, we have Hg,(v) = oo. This implies for any
~ € B, denoting by B.(y) the open ball centered at « with radius ¢ in the Frobenius norm, that
1 n
lim lim sup — log HIP’%? (’y( ) e B.(v)) = Hap(7),

=0 pouco NP J

1
lim lim inf — log HIP’%) (’)’(n) € B.(v)) = Hap(7).

e=0 n—oo NP J

From these limits, we get that (7§n)) satisfies the weak LDP with speed N = np and good rate
function Hg,. Necessarily, this sequence is exponentially tight, since it lives on the compact set
B,, such that the full LDP follows. O

References

[1] G. Anderson, A. Guionnet, and O. Zeitouni. An introduction to random matrices. Cambridge
University Press, Cambridge, 2010.

[2] J. Baik, P. Deift, and K. Johansson. On the distribution of the length of the longest increasing
subsequence of random permutations. J. Amer. Math. Soc., 12(4):1119-1178, 1999.

[3] D. Benko, S.B. Damelin, and P.D. Dragnev. On the support of the equilibrium measure for
arcs of the unit circle and for real intervals. Electron. Trans. Numer. Anal., 25:27-40, 2006.

[4] G. Blower. Random matrices: high dimensional phenomena, volume 367 of London Mathe-
matical Society Lecture Note Series. Cambridge University Press, Cambridge, 2009.

[5] A. Borodin and G. Olshanski. Infinite random matrices and ergodic measures. Comm. Math.
Phys., 223(1):87-123, 2001.

[6] G. Borot and A. Guionnet. Asymptotic expansion of 5 matrix models in the one-cut regime.
Comm. Math. Phys., 317(2):447-483, 2013.

[7] P. Bourgade, J. Najnudel, and A. Nikeghbali. A unitary extension of virtual permutations.
Int. Math. Res. Not., 18:4101-4134, 2013.

[8] P. Bourgade, A. Nikeghbali, and A. Rouault. Circular Jacobi ensembles and deformed
Verblunsky coefficients. Int. Math. Res. Not., (23):4357-4394, 2009.

[9] PW Brouwer. Generalized circular ensemble of scattering matrices for a chaotic cavity with
nonideal leads. Physical Review B, 51(23):16878, 1995.

[10] M. J. Cantero, L. Moral, and L. Velazquez. Five-diagonal matrices and zeros of orthogonal
polynomials on the unit circle. Linear Algebra Appl., 362:29-56, 2003.

42



[11] D. Damanik, A. Pushnitski, and B. Simon. The analytic theory of matrix orthogonal poly-
nomials. Surv. Approz. Theory, 4:1-85, 2008.

[12] P. Delsarte, Y.V. Genin, and Y.G. Kamp. Orthogonal polynomial matrices on the unit circle.
IEEFE Trans. Circuits and Systems, pages 149-160, 1978.

[13] A. Dembo and O. Zeitouni. Large Deviations Techniques and Applications. Springer, 1998.

[14] M. Derevyagin, O. Holtz, S. Khrushchev, and M. Tyaglov. Szegd’s theorem for matrix
orthogonal polynomials. J. Approx. Theory, 164(9):1238-1261, 2012,

[15] H. Dette and W. Studden. The theory of canonical moments with applications in statistics,
probability, and analysis. Wiley Series in Probability and Statistics,, 1997.

[16] H. Dette and J. Wagener. Matrix measures on the unit circle, moment spaces, orthogonal
polynomials and the Geronimus relations. Lin. Alg. and its Appl., 432:1609-1626, 2010.

[17] P. J. Forrester. Log-gases and random matrices, volume 34 of London Mathematical Society
Monographs Series. Princeton University Press, Princeton, NJ, 2010.

[18] F. Gamboa, J. Nagel, and A Rouault. Sum rules and large deviations for spectral matrix
measures. preprint hal-01264137, version 1.

[19] F. Gamboa, J. Nagel, and A Rouault. Sum rules via large deviations. J. Funct. Anal.,
(270):509-559, 2016.

[20] F. Gamboa and A. Rouault. Canonical moments and random spectral measures. J. Theoret.
Probab., 23:1015-1038, 2010.

[21] F. Gamboa and A. Rouault. Large deviations for random spectral measures and sum rules.
Appl. Math. Res. Express AMRX, (2):281-307, 2011.

[22] F. Gamboa and A. Rouault. Operator-valued spectral measures and large deviations. J.
Statist. Plann. Inference, (154):72-86, 2014.

(23] D.J. Gross and E. Witten. Possible third-order phase transition in the large-N lattice gauge
theory. Phys. Rev. D, 21(2):446-453, 1980.

[24] A. Hardy. A note on large deviations for 2D Coulomb gas with weakly confining potential.
FElectron. Commun. Probab, 17(19):1-12, 2012.

[25] F. Hiai and D. Petz. The Semicircle Law, Free Random Variables and Entropy, volume 77
of Mathematical Surveys and Monographs. Amer. Math. Soc., Providence, 2000.

[26] Luogeng Hua. Harmonic analysis of functions of several complex variables in the classical
domains. Number 6. American Mathematical Soc., 1963.

[27] K. Johansson. On fluctuations of eigenvalues of random Hermitian matrices. Duke Math.
J., 91(1):151-204, 1998.

43



28] R. Killip and I. Nenciu. Matrix models for circular ensembles. Int. Math. Res. Not.,
(50):2665-2701, 2004.

[29] V. Mandrekar and H. Salehi. On singularity and Lebesgue type decomposition for operator-
valued measures. Journal of Multivariate Analysis, 1(2):167-185, 1971.

[30] S. Mizoguchi. On unitary/Hermitian duality in matrix models. Nuclear Phys. B, 716(3):462—
486, 2005.

[31] J. Najnudel, A. Nikeghbali, and F. Rubin. Scaled limit and rate of convergence for the
largest eigenvalue from the generalized Cauchy random matrix ensemble. J. Stat. Phys.,
137(2):373-406, 2009.

[32] Y. A. Neretin. Hua-type integrals over unitary groups and over projective limits of unitary
groups. Duke Math. J., 114(2), 2002.

[33] L. Pastur and M. Shcherbina. Figenvalue distribution of large random matrices, volume 171.
American Mathematical Society Providence, RI, 2011.

[34] Doug Pickrell. Measures on infinite dimensional grassmann manifolds. Journal of Functional
Analysis, 70(2):323-356, 1987.

[35] LE. Pritsker. Weighted energy problem on the unit circle. Constr. Approx., 23(1):103-120,
2005.

[36] J.B. Robertson and M. Rosenberg. The decomposition of matrix-valued measures. Michigan
Math. J, 15:353-368, 1968.

[37] B. Simon. OPUC on one foot. Bull. Amer. Math. Soc. (N.S.), 42(4):431-460, 2005.
MR2163705 (2006e:42039).

[38] B. Simon. Orthogonal polynomials on the unit circle. Part 1: Classical theory. Colloquium
Publications. American Mathematical Society 54, Part 1. Providence, RI: American Math-
ematical Society (AMS), 2005.

[39] B. Simon. Orthogonal polynomials on the unit circle. Part 2: Spectral theory. Colloquium
Publications. American Mathematical Society 51, Part 2. Providence, RI: American Math-
ematical Society, 2005.

[40] B. Simon. Szegd’s theorem and its descendants. M. B. Porter Lectures. Princeton University
Press, Princeton, NJ, 2011.

[41] S. Wadia. A study of U(N) lattice gauge theory in 2-dimensions. arXiv preprint
arXiw:1212.2906, 2012.

44



