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COCYCLE SUPERRIGIDITY FOR TRANSLATION ACTIONS
OF PRODUCT GROUPS

DAMIEN GABORIAU, ADRIAN IOANA, AND ROBIN TUCKER-DROB

ABSTRACT. Let G be either a profinite or a connected compact group, and I', A be finitely
generated dense subgroups. Assuming that the left translation action of I' on G is strongly
ergodic, we prove that any cocycle for the left-right translation action of I' x A on G with
values in a countable group is “virtually” cohomologous to a group homomorphism. More-
over, we prove that the same holds if G is a (not necessarily compact) connected simple
Lie group provided that A contains an infinite cyclic subgroup with compact closure. We
derive several applications to OE - and W*- superrigidity. In particular, we obtain the first
examples of compact actions of Fy x Fy which are W*-superrigid.

1. INTRODUCTION

1.1. Background. In the last 15 years, a lot of progress has been made in the classification
of measure preserving actions of countable groups on probability spaces, up to orbit equiva-
lence (see the surveys [Sh04l[Po07,[Fu09,/Gal0l[Val(]). Recall that two probability measure
preserving (p.m.p.) actions I' ~ (X, u) and A ~ (Y, v) are called orbit equivalent (OE) if
there is an isomorphism of the probability spaces 6 : X — Y which identifies the orbits of
the actions: #(I'z) = Af(x), for almost every = € X. For amenable groups, the classification
problem has been completely settled since the early 1980s: all ergodic p.m.p. actions of
infinite amenable groups are orbit equivalent [Dy59,[OWS0,ICFWET].

On the other hand, the non-amenable case is far more complicated, and its study has uncov-
ered a beautiful rigidity theory. In sharp contrast to the amenable case, it was shown that
within certain families of non-amenable group actions, OE implies isomorphism of the groups
and conjugacy of the actions. The first such rigidity phenomenon was found by R. Zimmer,
in the context of actions of higher rank semisimple Lie groups, by using his influential cocycle
superrigidity theorem [Zi8(),[Zi84]. Deducing OE rigidity from cocycle superrigidity results
has since become a paradigm in the subject. Remarkably, also by using Zimmer’s cocycle
superrigidity theorem, A. Furman proved that “most” ergodic p.m.p. actions I' ~ (X, p)
of higher rank lattices, including SL,(Z) ~ T" for n > 3, are OF superrigid [Fu9g§]. More
precisely, any free p.m.p. action A ~ (Y, v) which is OE to I' ~ (X, ¢) must be (virtually)
conjugate to it. Since then, numerous striking OE superrigidity results have been discovered

in [MS02}[Po03],[Po06}Ki06, To08, PV08| Fu09, Ki09,[PS09, D14, To14,[CK15,Dr15].

Many of these results have been obtained by applying techniques and ideas from S. Popa’s
deformation /rigidity theory. In all of these cases, one proves that much more than being

OE superrigid, the actions in question are cocycle superrigid [Po05,[Po06,To08,[PV08,[Fu09,
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PS09,TD14,To14,[Dr15]. The starting point was Popa’s breakthrough [Po05] showing that
any cocycle for a Bernoulli action I' ~ (X, uuo)" of a property (T) group I' with values in
a countable (more generally, a Ug,) group is cohomologous to a group homomorphism. In
subsequent work, Popa was able to remove the property (T) assumption on the group I' by
requiring instead that T" is a product of two groups, one infinite and one non-amenable [Po06].
The second author then obtained a cocycle superrigidity theorem for ergodic profinite actions
of property (T) groups I'. This shows that any cocycle for such an action with values
in a countable group is virtually (i.e. after passing to an ergodic component of a finite
index subgroup of I') cohomologous to a group homomorphism [[008, Theorem B|. For a
generalization of this result to compact actions of property (T) groups, see [Fu(9].

Motivated by the analogy with Popa’s cocycle superrigidity theorems [Po05,[Po06], it was
asked in [[o08, page 340] whether the conclusion of [[o08, Theorem B] holds for product
groups, such as I' = 5 x Fy. The interest in this question was especially high at the time,
since a positive answer combined with N. Ozawa and S. Popa’s work [OP07] would have
lead to the (then) first examples of virtually W*-superrigid actions. A positive answer was
obtained in [OP08, Theorem C] for certain profinite actions of product groups, but only
for cocycles with values into residually finite groups, and thus the desired W*-superrigidity
results could not be derived. So, while examples of W*-superrigid actions were eventually
found in [Pe09,[PV09] using different methods, the original question remained open.

1.2. Cocycle superrigidity. In this paper we settle the above question. More precisely,
we prove that profinite (and more generally, compact) actions of product groups are cocycle
superrigid, under fairly general and essentially necessary conditions (see Theorem [Al and
Remarks [[3 and [[4)).

Before stating our main results, let us recall some terminology. Let I' ~ (X, 1) be a nonsin-
gular action of a countable group I' on a standard (finite or infinite) measure space (X, ).
Let A be a Polish group. A measurable map w : I' x X — A is called a cocycle if it satisfies
the identity w(g192, ) = w(g1, gox)w(ge, x), for all g1, g € T' and almost every z € X. If
d : ' 5 A is a homomorphism, then the formula w(g, x) = d(g) defines a “constant” cocy-
cle. Two cocycles wy,wy : I' x X — A are cohomologous if we can find a measurable map
¢ X — A such that wy(g,z) = p(gx)ws(g, z)p(z) ", for all g € T and almost every = € X.

Definition 1.1. A nonsingular action I' ~ (X, ) on a finite measure space (X, p) is
called strongly ergodic if it does not admit a non-trivial sequence of asimptotically invari-
ant sets [Sc80,[CWRSI]. More precisely, any sequence of measurable sets A, C X such that
w(gAAA,) — 0, for all g € T', must satisfy that p(A4,)(1 — p(A,)) — 0. A nonsingular
action I' ~ (X, p) on an infinite measure space (X, u) is called strongly ergodic if the above
condition holds when g is replaced with an equivalent probability measure on X.

Remark 1.2. For p.m.p. actions I' ~7 (X, ), strong ergodicity is implied by, and usually
deduced from, spectral gap. The latter means that there is no sequence of unit vectors
F, € L*(X) © C1 which are almost invariant, in the sense that ||F}, o o0, — F},[l2 — 0, for all
gel.

Given a locally compact Polish group G, we denote by m¢ a fixed left invariant Haar measure.
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Theorem A. Let G be a compact Polish group and I'; A < G countable dense subgroups.
Consider the left-right translation action T x A ~ (G, m¢g) given by (g,h) - = grh™t, for
gel he A xeG. Assume that T' acts strongly ergodically and A is finitely generated.

Let w: (I' x A) x G — A be a cocycle in a countable group A.
Then the following hold:

(1) Assume that G is a profinite group and I' is finitely generated. Then there exists an
open subgroup Gy < G such that the restriction of w to (I'g X Ag) X Gg is cohomologous to a
homomorphism § : T'g x Ag = A, where I'o =T NGy and Ay = AN Gy.

(2) Assume that G is connected and G is a simply connected locally compact group together
with a continuous onto homomorphism p : G — G such that ker(p) < G is discrete. Then
the “lifted” cocycle w : (I x A) x G — A given by w((g,h),z) = w((p(g),p(h)),p(x)) is
cohomologous to a homomorphism 6 : T x A — A.

Before giving concrete families of actions to which Theorem [Al applies, let us make a few
remarks regarding its hypothesis and related results.

Remark 1.3. Theorem [A] covers general “separately ergodic” compact actions of product
groups, under a mild strong ergodicity assumption. Indeed, recall that a p.m.p. action
I' ~ (X, p) is called compact if the closure of I' in the automorphism group of (X, u) is
compact. Left-right translation actions on compact groups are clearly compact. Conversely,
it can be shown that any compact p.m.p. action of a product group I' x A whose both factors
I' and A act ergodically and freely is conjugate to a left-right translation action.

Remark 1.4. Strong ergodicity is a necessary condition for cocycle superrigidity with count-
able targets. Indeed, let I' ~7 (X, ) be an ergodic but not strongly ergodic p.m.p. action.
Assuming that every finite index subgroup of T" acts ergodically, it was shown in [Kel0, Corol-
lary 27.5] that o admits cocycles into any countable group A # {1} which are not cohomol-
ogous to homomorphisms.

Remark 1.5. Several results in the literature establish cocycle superrigidity for general
separately ergodic actions of products of locally compact Polish groups [MS04,[FMO07,BF13].
In these results, one assumes that the target group A is a group acting isometrically on a
negatively curved space [MS04] or a semi-simple algebraic group [FMO7,BF13]. Theorem [Al
establishes cocycle superrigidity for a large, but specific class of actions of product groups.
On the other hand, it imposes no additional assumptions on the target group A, other
than being countable. The first such cocycle superrigidity results, where no assumptions are
placed on the target group A, besides being countable or more generally U, , were obtained
by S. Popa [Po05.[Po06] in the case of Bernoulli actions of property (T) and product groups.

Remark 1.6. Part (1) of Theorem [A] generalizes [OP08, Theorem C] which derived the
same conclusion under the additional assumptions that I" and A have property (7), the
action I' x A ~ (G, m¢) satisfies a certain growth condition, and A is residually finite.

Theorem [Al applies to a wide class of actions. Indeed, there is an extensive literature provid-
ing examples of translation actions on compact groups which have spectral gap and hence
are strongly ergodic. In the next two examples, we give an overview of these results, focusing
separately on the cases when G is a profinite group or a connected compact Lie group.
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Example 1.7. If T is a subgroup of SL,(Z), n > 2, then its congruence subgroups are
given by I'(m) = ker(I' — SL,(Z/mZ)), for m > 1. If G is any profinite completion
of SLy(Z) with respect to a sequence of congruence subgroups (e.g. G = SLy(Z,), for a
prime p), then as a consequence of Selberg’s 3/16 theorem [Se65], the translation action
I' ~ (G, m¢g) has spectral gap. Recently, this result has been vastly generalized, following
a 2005 breakthrough of Bourgain and Gamburd [BG05]. Specifically, let T' < SL,(Z) be
any subgroup which is Zariski dense in SL,, for some n > 2, and let G be any profinite
completion of I' with respect to a sequence of congruence subgroups (e.g. take G to be the
closure of I" in SL,(Z,), for a prime p). Bourgain and Varji’s work [BVI0] then implies that
the translation action I' ~ (G, m) has spectral gap. For the most recent developments in
this direction, see [SG16ab] and the references therein.

Example 1.8. In the early 1980s, it was shown that for all n > 2, there exists a countable
dense subgroup I' < G := SO(n + 1) such that the translation action I' ~ (G, m¢) has
spectral gap (see [Ma80,[Su81l[Dr&4]). In recent years, there have been remarkable advances
in extending this result to more general translation actions on connected compact Lie groups.
Thus, Bourgain and Gamburd proved that if I' < G := SU(d) is any countable dense
subgroup whose elements consist of matrices with algebraic entries, for some d > 2, then
the translation action I' ~ (G, m¢) has spectral gap (see [BGOG,BGII]). More generally,
Benoist and de Sacxé recently showed that the same conclusion holds if G is an arbitrary
compact connected simple Lie group [BdS14].

Part (2) of Theorem [Alapplies in particular if G is a connected simple compact Lie group and
I', A are countable dense subgroups such that I' acts strongly ergodically and A is finitely
generated. Our next theorem generalizes this result to non-compact such Lie groups G.
Moreover, it shows that the finite generation assumption on A can be removed in this case.

Theorem B. Let G be a connected simple Lie group, I'; A be countable dense subgroups,
and consider the left-right translation action ' x A ~ (G, m¢). Assume that T' acts strongly
ergodically and A contains a torsion-free element s such that the closure of (s) in G is
compact. Let G be the universal cover of G with the covering homomorphism p : G — G.
LetT = p~ () and A = p~1(A).

Let w: (I' x A) x G — A be a cocycle in a countable group A.

Then the “lifted” cocycle w : (T x A) x CE* — A given by w((g, h),z) = w((p(g), p(h)), p(x))
is cohomologous to a homomorphism 6 : I' x A — A.

As we explain next, the conditions of Theorem [Bl are satisfied by a large class of actions. In
particular, Theorem [Bl applies if G = SLy(R) and I', A are any countable dense subgroups
with I' C SLy(Q).

Example 1.9. Let G be a connected simple Lie group. Generalizing results of [BGOG,
BGI11,BdS14] in the case G is compact, it was very recently shown by Boutonnet, Salehi-
Golsefidy, and the second author that the translation action I' ~ (G, mg) is strongly ergodic
for any countable dense subgroup I' < G whose elements consist of matrices with algebraic

entries [BISGIH].

Remark 1.10. Let G be a connected simple Lie group and denote by A the set of s € G
such that (s) is compact. If G = SLy(R), then A = {s € G| |Tr(s)| < 2} U {Id}, hence
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A has non-empty interior. In general, A has non-empty interior if and only if the rank of
G is equal to the rank of its maximal compact subgroups; otherwise, A C G has zero Haar
measure (see Lemma [5.2)).

For a subgroup A < G, consider the following condition: (%) A contains a torsion-free element
s € A. By using the above result, it follows that if G = SLy(R) or G = Spy,(R), for n > 1,
then (%) holds for any countable dense subgroup A < G. On the other hand, if G = SL,(R),
for n > 3, then there exist countable dense subgroups A < G for which () fails (see Corollary
6.4 and Remark [5.5).

1.3. Orbit equivalence superrigidity. In the rest of the introduction we present several
consequences of Theorems [Al and [Bl We start by pointing out that the left-right translation
actions considered there are OE superrigid. To this end, we first review some terminology.

Definition 1.11. Let I' ~ (X, u) and A ~ (Y, ) be free ergodic nonsingular actions.

e The actions are conjugate if there exist a nonsingular isomorphism 6 : X — Y and a
group isomorphism 0 : I' — A such that 0(gz) = §(g)0(x), for all g € I' and almost
every r € X.

e The actions are stably orbit equivalent (SOE) if there exist measurable non-null sets
A C X, BCY, and a nonsingular isomorphism 6 : A — B such that §(I'z N A) =
Af(x) N B, for almost every x € A.

e We say that A ~ Y is induced from an action Ay ~ Yy of a subgroup Ay < A
if Yo C Y is a Ag-invariant measurable subset such that v(gYy NYy) = 0, for all
g < A \ Ao.

Remark 1.12. There are two canonical ways of producing SOE actions: by induction and
by taking quotients. To explain this, let A ~ (Y, ) be a free ergodic nonsingular action.

o If A ~ Y is induced from Ay ~ Y, then the identity map idy, : Yy — Yo C Y
witnesses that the actions Ay ~ Yy and A ~ Y are SOE.

e If ¥ < A is a normal subgroup such that the action ¥ ~ Y has a measurable
fundamental domain A C Y, then the actions A ~ Y and A/¥ ~ Y/Y are SOE, as
witnessed by the map A >y +— Xy € Y/3.

Remark 1.13. Let G be a locally compact Polish group. If g, h € G, then {z € G|gzh™' =
x} has positive Haar measure if and only if ¢ commutes with an open subgroup Gy < G and
h = kgk™!, for some k € G. Thus, if the centralizer of every open subgroup Gy < G in G

is trivial, then the left-right translation action I' x A ~ (G, mg) is free, for any subgroups
A< @G.

Corollary C. Let T, A < G as in Theorem[dl (1). Assume that any open subgroup of G has
trivial centralizer in G. Let A ~ (Y, v) be any free ergodic nonsingular action of a countable
group A.

Then A ~ (Y,v) is SOE to the left-right translation action I' x A ~ (G, m¢) if and only
if A Y s induced from Ag N Yy and Ay ~ Yy is conjugate to the left-right translation
action (I' N Gy) x (AN Gy) ~ (Go, me, ), for some open subgroup Gy < G.

Moreover, A ~ (Y,v) is OF to I' x A ~ (G, m¢g) if and only if the above holds and we
additionally have that |G : Go| = [A : Ag].
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Corollary D. LetI', A < G as in Theorem[dl (2) or as in Theorem[D. Consider the notation
I''A < G and put Z = ker(p). Assume that I' and A contain no non-trivial central elements
of G. Let A ~ (Y,v) be any free ergodic nonsingular action of a countable group A.

Then A ~ (Y,v) is SOE to the left-right translation action I' x A ~ (G, mq) if and only if
A Y s induced from Ay ~ Yy and Ay ~ Yy is congugate to (I'x A) /X ~ G /%, for some
subgroup ¥ < Z X Z which contains {(g,9)|g € Z}.

Moreover, if G is compact, then A ~ (Y,v) is OF to T x A ~ (G, mg) if and only if the
above holds and we additionally have that |X| = [A : Ao |Z].

1.4. W*-superrigidity. A free ergodic p.m.p. action I' ~ (X, p) is called W*-superrigid if it
can be “recovered” entirely from its group measure space von Neumann algebra, L>(X) x T
In precise terms, this means that any free ergodic p.m.p. action A ~ (Y, v) which gives rise
to an isomorphic von Neumann algebra, L>(X) x I" =2 L>*(Y) x A, must be conjugate to
' (X, p).

The first families of W*-superrigid actions were discovered following a surge in activity in
2009-2010. The existence of (virtually) W*-superrigid actions was established by J. Peterson
in [Pe09]. Shortly after, S. Popa and S. Vaes obtained the first concrete families of W*-
superrigid actions [PV09]. The second author then showed that Bernoulli actions T' ~
(Xo, po)* of icc property (T) groups I' are W*-superrigid [Io10]. Subsequently, several large
classes of W*-superrigid actions were found (see for instance the introduction of [Dr1f]).

N. Ozawa and S. Popa proved that if I' ~ (X, u) is a free ergodic p.m.p. compact action of
a product of non-abelian free groups I' = F,,, x ... xF,, for k > 1, then L>(X) is the unique
Cartan subalgebra of L>°(X) x I', up to unitary conjugacy [OP07]. As a consequence, any
free ergodic p.m.p. action which satisfies L>(X) xT' = L*>°(Y") x A must be orbit equivalent
to I' ~ (X, p) [Si55]. In combination with Corollaries [C] and [D] this fact leads to the first
examples of W*-superrigid compact actions of Fy x Fy.

Corollary E. Let S be a non-empty set of primes, and denote K = Hpes PSLy(Zy,). View
PSLy(Z) as a dense subgroup of K, via the natural diagonal embedding. Let I' < PSLo(Z) be
a finitely generated non-amenable subgroup, and denote by G its closure in K. Let A ~ (Y, v)
be any free ergodic p.m.p. action of a countable group A.

Then L>®(G) x (I' x I') = L*(Y) x A if and only if we can find an open subgroup Gy < G
and a finite index subgroup Ao < A such that |G : Go] = [A : Ag], the left-right translation
action (I' N Gy) x (I'N Go) ~ (Go, me,) is conjugate to Ao ~ Yy, and A ~'Y is induced
from Ag ™~ Y.

Since PSLy(Z) is dense in K, by the Strong Approximation Theorem, Corollary [E] implies
that the left-right translation action PSLy(Z) x PSLy(Z) ~ K is virtually W*-superrigid,
for any non-empty set of primes S. Moreover, since PSLy(Z) = (Z/2Z) x (Z/3Z), the group
I' can be chosen to be a non-abelian free group of arbitrary rank.

Corollary F. Let G = SU(2). Let ¢ = arccos($)/2, for integers a,b with 0 < |a| < b and

ip
T F i%. Let T' < G be the dense subgroup generated by the matrices A = <60 6%,) and
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B — [cos¢ 1sin ¢
- \ising cosp

group A.

Then L*(G) x (I' x ') =2 L*(Y) x A if and only if the left-right translation action I' x T' ~

(G,mgq) is conjugate to A ~ (Y,v). Moreover, the same holds if I' is replaced by any of its
non-amenable subgroups.

) . Let A ~ (Y,v) be any free ergodic p.m.p. action of a countable

Note that as a consequence of [Sw94], T' is isomorphic to Fy (see the proof of Corollary [E]).

2. COCYCLE RIGIDITY FOR TRANSLATION ACTIONS

The purpose of this section is twofold. Firstly, we introduce and discuss basic properties
of the uniform metric on the space of cocycles. Secondly, we recall criteria for untwisting
cocycles for translation actions on compact and locally compact groups. These criteria will
be used in the proofs of our main results.

2.1. The uniform metric on the space of cocycles. Let I' ~ (X, u) be a nonsingular
action of a countable group I' on a probability space (X, pu). Let A be a countable group.
Given two cocycles wi,ws : I' x X — A, we consider the uniform distance given by

dy(wy, ws) = jlélrgu({w € Xlwi(g,x) # w2(g,2)}).

Whenever the measure p is clear from the context, we will use the simpler notation d(wy, wy).

Lemma 2.1. LetI' ~ (X, ) be a p.m.p. action of a countable group T'. Let wy,wq : T'x X —
A be cocycles into a countable group A. Let p = fy vdp(v) be an integral decomposition of
1, where p is a Borel probability measure on the space Y of I'-invariant Borel probability
measures on X.

Then d,,(wy,ws) < / d,(wy,wy) dp(v) < 4d,,(wr, ws).

Y

Proof. The first inequality is obvious. Towards proving the second inequality, we denote by
¢ the counting measure of A. Given any I'-invariant Borel probability measure v on X, we
define a measure preserving action I' ~ (X x A, vxc) by g-(z, h) = (gx,wy (g, x)hws(g, x)71),
and let 7, : I' — U(L*(X x A,v x ¢)) be the associated unitary representation. For n &
L*(X x A, v x ¢) we denote by [|n]|2, the corresponding 2-norm.

Let £ : X x A — C be the characteristic function of X x {1a}. Then [[{]]z, =1 and

(2.1) 17 (9)6 = €15, = 2 v({z € X|wi(g,2) # wa(g,2)}), for every g € T.
From this we deduce that if 1 is a 7, (I')-invariant vector, then
1
(2.2) dy (w1, w2) = 5 sup [, (9) — §l3, < 2In—&ll3,-
ge

Next, by 2D we have ||7,(9)§ —&||2,, < /2d, (w1, ws), forall g € T'. Let n € L*(X XA, puxc)
be the unique element of minimal ||.||5,, in the closure of the convex hull of {7, (¢)¢|g € I'}.

Then 7 is 7, (I')-invariant and || — &[|2,, < v/2d,(wr, w2). Since p = [, v dp(v), we deduce
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that 7 is m,(I')-invariant, for p-almost every v € Y. In combination with we conclude
that

dwn,w2) doly) < [ 2l €18, dolv) = 2n = €[R,, < 4d (s, ws),
Y Y
which finishes the proof. |

Corollary 2.2. Let I' ~ (X, ) be a p.m.p. action of a countable group T'. Let (Y, p)
be a standard probability space and consider the action I' ~ (X X Y, X p) given by g -
(x,y) = (gz,y). Let wy,wy : T' x (X X Y) — A be cocycles into a countable group A. For
y €Y and i € {1,2}, define the cocycle w! : T' x X — A by w!(g,z) = w;(g9x,y). Then

/ dy () dply) < Adep(wy, ws).
Y

Proof. Noticing that 1 x p = [, (p x d,) dp(y), the conclusion follows from Lemma 21 M

2.2. Cocycle rigidity for translation actions on compact groups. Let I" be a countable
dense subgroup of a compact group G, and consider the left translation action I' ~ (G, mg).
If I' has property (T) and G = ImI'/I', is a profinite completion of I', then the second
author proved that any cocycle w : I' x G — A with values into a countable group A is
cohomologous to a cocycle which factors through the map I' x G — I' x I'/T",,, for some n
(see [Io08, Theorem BJ). In [Fu09], A. Furman extended this result to cover a more general
class of compact groups, including simply connected compact groups G (see [Fu09, Theorem
5.21]). The proofs of these results rely implicitely on the following criteria for untwisting
cocycles.

Theorem 2.3. Let G be a compact Polish group and I' < G be a countable dense subgroup.
Let A be a countable group and w : I' x G — A be a cocycle for the left translation action
I~ (G,mg). Fort € G, define a cocycle wy : T' x G — A by wi(g, ) = w(g,xt™). Assume
that for some ¢ € (0, 55) we have that d(w,, w) < ¢, for every t in a neighborhood V' of the
wdentity 1 of G.

(1) [o08[Fu09] Assume that G is a profinite group. Then we can find an open subgroup
Go < G such that the restriction of w to I'g X Gy is cohomologous to a homomorphism
0:Tg — A, where I'g =T NGy,

(2) [Fu09) Assume that G is connected and G is a simply connected locally compact
group with a continuous onto homomorphism p : G — G such that ker(p) is discrete
in G, and denote T = p~*(I'). Then the “lifted” cocycle w : T x G — A for the
translation action T ~ (G, mg) given by w(g,z) = w(p(g),p(x)) is cohomologous to
a homomorphism § : T — A.

Proof. (1). For a proof of this part, see [[o13, Theorem 3.1].

(2). This part follows from [Fu09], but for the reader’s convenience, we outline a proof.
Firstly, the proof of [Fu09, Theorem 5.21] implies that for every t € V, we can find a
Borel map ¢, : G — A which satisfies mg({z € Glgi(z) = e}) > 3 and wy(g,z) =
oi(gr)w(g, x)p(x), for all ¢ € T and almost every z € G (see also the second proof
of [Io13, Theorem 3.1]). Moreover, for every t,s € V such that ts € V, we have that

015(1) = pi(xs™)p4(x), for almost every = € G.
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Let W be a symmetric neighborhood of the identity in G such that p(W?) C V. Fort € W,
we define ¢, : G — A by letting ¢¢(x) = @p)(p(x)). Since p(t) € V, we have that

(2.3) (g, xt™) = @y (gx)iw(g, z)Py(x) !, for all g € T and almost every z € G.

Moreover, if ¢, s € W then p(ts) € V and therefore we have that
(2.4) Grs(1) = Py(x5 1) Ps(x), for almost every r € G.

Since G is simply connected, the second part of the proof of [Fu09, Theorem 5.21] shows
that we can find a family of measurable maps {@; : G — A}, e which extends the farmly
{&r G — A}ew defined above in such a way that the identity 2.4] holds for every ¢, s € G.
Then note that the set of t € G for which identity 23 holds is a subgroup of G which contains
W. Since G is connected, we conclude that identity 23 holds for every ¢ € G.

By arguing exactly as in the end of the proof of [Fu09, Theorem 5.21] it follows that we can
find a measurable map ¢ : G — A such that

(2.5) Gi(x) = o(at Hp(x)™", for almost every (z,t) € G x G.

For g € T, define Py G — A by letting Yy () = p(gx)1w(g, x)p(x). By combining 2.3 and
24, we derive that for all t € G we have 1, (xt™1) = th,(z), for almost every 2 € G. Fubini’s
theorem implies that there exists §(g) € A such that ¢,(2) = §(g), for almost every g € G.
Since 0 : I' — A is clearly a homomorphism, the conclusion follows. [ |

2.3. Cocycle rigidity for translation actions on locally compact groups. In the proof
of Theorem [Bl we will need the following untwisting result for cocycles of translation actions
on locally compact groups. This result was obtained in [[o14] Theorem 3.1] by adapting the
proof of [Fu09, Theorem 5.21] to the locally compact setting.

Theorem 2.4. [lol4] Let G be a simply connected locally compact Polish group, I' < G a
countable dense subgroup, and put R = R(I' ~ G). Let A be a countable group and w : R —
A be a cocycle. Assume that there exist a measurable set A C G with 0 < mg(A) < +o0,
a constant ¢ € (0, 55), and a neighborhood V' of 1¢ such that for every a € [R|A] and every
t €V we have

ma({x € Alw(a(z)t, zt) # w(a(x),x)}) < cma(A).

Then there exist a homomorphism § : I' — A and a measurable map ¢ : G — A such that
we have w(gz,z) = p(g2)6(g)p(x)™t, for all g € T and almost every x € G.

3. MAIN TECHNICAL RESULT

Lemma 3.1. Let G be a locally compact Polish group and T'; A be countable subgroups.
Consider the left-right translation action T' x A ~ (G, m¢g) given by (g,h) - = gzh™t, for
g€l he ANz e G. Assume that T acts strongly ergodically, A is finitely generated, and
Gy = A is compact.

Letw : (I'xA)xG — A be a cocycle into a countable group A. Fort € G, letw, : AxG — A
be the cocycle given by wi(h,y) = w(h,ty). For x € G andt € Gy, let w*, wf : A x Gy — A
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be the cocycles for the right translation action A ~ (Go, mg,) given by w*(h,y) = w(h, zy),
wi (h,y) = w(h, aty).

Then for almost every x € G, we have that d(wf,w®) — 0, ast — 1g,.

Moreover, if G = Gy (i.e. G is compact and A is dense in G), then d(w, w) — 0, ast — 1.

Before proving Lemma [3] let us outline its proof, whose main idea is inspired by [GTD15].

3.1. Outline of the proof of Lemma Bl For simplicity, assume that G = G, and put
i = mg. Our goal is to show that d(w;,w) — 0, as t — 1g. This is equivalent to proving
that the sets Bl = {z € Glw(h,z) = w(h,tx)}, for t € G, h € A, satisfy

. t
(1) /ilel/f\M(Bh) —1, ast — lg.

To this end, let A}, = {z € Glw(h,z) = w(h,zt™")} and A, = {z € Glw(g,z) = w(g,xt™")},

forte G,he A,ge . If U C G is a symmetric conjugation invariant neighborhood of 14,

then / w(B) du(t) = / w(AS) du(t), for any h € A. Using this fact, (1) reduces to proving
U U

(2) ]iln/f\,u(A‘;L) —1, ast — lg.
S

To prove (2) we use an idea from [GTDI15] on how to employ strong ergodicity. Specifically,
one first notices that g7'AjAA, C G\ (A, N Agth_lh), for any t € G,h € A,g € T'. Thus,
the sets {A!} are almost T-invariant, as ¢ — 1, uniformly in A € A. Since I' acts strongly
ergodically, it then follows that

(3) iUIAw(AZ)(l —u(A) =0, ast — 1g.
S

Since p(AL) — 1, as t — 1g, for any h € A, and A is finitely generated, it is immediate that
(3) implies (2).

3.2. Proof of Lemma 3.7l Let v be a Borel probability measure on G /Gy which is G-quasi-
invariant. We fix a Borel map r : G/Gy — G such that r(Gy) = 1g and r(z)Gy = z, for
every x € G/Gy. We identify G/Gy x Gy with G via the Borel isomorphism (z,y) — r(z)y,
and denote by p the Borel probability measure on GG obtained by pushing forward v x mg,
through this isomorphism. Then p has the same null sets as mg and is invariant under the
right translation action of Gj.

For a non-null measurable set U C Gy, we denote by my the normalized restriction of mg,
to U. The proof relies on the following claim.

Claim. For every ¢ > 0, there is a neighborhood U of 14, such that

/ d(w; ™, w @) du(z) dmy(t) < e.
G/GoxU
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Before proving the claim, let us show that it implies the conclusion of the theorem. For any
n > 1, by the claim, we can find a neighborhood U, of 15, such that

r{x r(x 1
/' (/(m%”mﬂndmwaﬁdmwgéi
G/Go NJU,

This implies that the set X of all z € G/Gy such that fUn d(w:(x),wr(:”)) dmg, (t) — 0,
as n — oo, is co-null in G/Gy. Fix x € X. If € > 0, then the set B of t € Gy such that
d(w:(x), w"®@)) < /2 is non-null. Otherwise, we would have that fUn d(w:(x), w"®) dmy, (t) >
e/2, for all n > 1. Next, for ¢,ty € B, we have d(wr(x_) , W) = d(wz(w),w;(w)) < e. Since

tity ! 1
BB™! contains a neighborhood of 1g, and € > 0 is arbitrary, we get that d(w, (m), w"®)) — 0,
as t — 1g,. Now, if z € Gy, then d(w} ™" w®)?) = d(w:g)_l,wr(’“)) — 0, as t — 1g,. Since
the set {r(z)z|x € X,z € Gy} is co-null in G, we conclude that d(wf, w*) — 0, as t — 1g,,

for almost every x € G. This implies the main assertion.

T

For the moreover part, assume that Gy = G. Recall that d(w, (x), w'®) =0, as t — 1¢g, for
almost every z € G/Gy. Since 7(Go) = 1g, w'e = w, and w;¢ = w,, the moreover assertion
follows.

We are therefore left with proving the claim.

Proof of the claim. Let S be a finite generating set for A. We may clearly assume that
e < 1. Since I' acts strongly ergodically on G, we can find a finite subset /' C I'" and some
0 > 0 such that if A C G is any measurable set with supgepu(g_lAAA) < 0, then either
w(A) < e/dor p(A) > 1—¢/4. Let U C Gy be a symmetric, conjugation invariant, open
neighborhood of 14, such that every ¢ € U satisfies

p({z € Glw(g,z) = w(g,zt™H}) >1—-6/2, forallge F, and

p({z € Glw(h,z) = w(h, 2t ")}) > ¢e/4, forall heS.
For g € T', h € A, and t € U, we define the sets Al = {z € Glw(g,z) = w(g,zt™")} and
Al ={x € Glw(h,z) = w(h,zt™')}. Fixt € U and h € A. For g € I we claim that

(3.1) gTALAAL C G\ (AL N AP D),
Indeed, if 2 € A} N A’g”hflh, then w(g,zr) = w(g,xt™') and w(g,zh™') = w(g, zt~*h~1).
Hence we have that z € A% if and only if w(h, z) = w(h, zt™") if and only if
w(h, gz) = wlg, ohYw(h, 2yuwlg, 1) = wlg, ot~ h Yw(h, 2t (g, 2t~) ™ = w(h, got™),
(the first and last equalities use the cocycle equation for I' x A) i.e., if and only if gz € Al .
Since t, hth™" € U, for g € F we have pu(A}) > 1 —0/2 and ,u(AZth*l) > 1—6/2. Since p
is right Go-invariant, we get p(A} N A’;th*lh) > 1—4. In combination with (B.1]), this shows
that for all g € F' we have

plg T ALAAL) <6,
so by our choice of ¢ it follows that

(3.2) either p(Al) < e/d or u(AL) >1—¢/4, forallt € U and h € A.
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Let A" = {h € A|u(A}) > 1 —¢/4, forallt € U}. By our choice of U, for all h € S and

t € U we have u(Al) > €/4, hence by ([82) this implies that p(Af) > 1 — /4. Therefore, A’

contains S. Note that Aj N AZ;thflhl C Aj,p,, for every ho,hy € A and t € Gy. Indeed, if

ze AN AZ;thflhl, then w(hy, x) = w(hy, vt7) and w(hg, vhi') = w(he, zt~*hy "), hence
w(hohy, ) = w(hg, vhy Hw(hy, ) = w(hg, 2t~ hy Hw(hy, 2t ) = w(hohy, 2t ),

ie., x € A}, . Therefore, if ho,hy € A" and ¢t € U, then hith;' € U and so we deduce that

(AL ) > u(AL, N AZ;thl_lhl) > 1—¢/2. Since 1 —¢/2 > ¢/4, it follows from (B.2]) that
(A, ) > 1 —¢e/4, whence hohy € A’. This shows that A" = A, hence we have shown that

(3.3) p({z € Glw(h,r) =w(h,zt™")}) >1—¢/4, forallh€ AandteU.

Since U is conjugation invariant and symmetric, by using B.3] for every h € A we have that

(v x mg, X my)({(z,y,t) € G/Gy x Gy x Ulw(h,r(x)y)
(v x mg, x my)({(z,y,t) € G/Gy x Gy x Ulw(h,r(x)y) = w(h
(nx mp)({(z,t) € G x Ulw(h,z) = w(h,zt™")}) > 1 —c/4.

(h w(h, r(x)ty)}) =
(h Jr(a)yt™)}) =

Finally let A act on (G/Go x U x Go,v X my X mg,) by right translations on the last
component. Define the cocycles wy, wq : AX(G/GoxUxGy) — A by letting wy (h, (z,t,y)) =
w(h,r(x)y) and we(h, (z,t,y)) = w(h,r(z)ty). Then the last displayed inequality implies
d(wy,wy) < e/4. Since wy(h,(z,t,y)) = w:(x)(h, y) and wy(h, (x,t,y)) = w @ (h,y), by
applying Corollary we get

/ d(w, ™, w @) dv(z) dmy(t) < 4d(wy, ws) < ¢,
G/GoXU
which proves the claim and the lemma. [ |

4. PROOF OF THEOREM [A]

In this section, we prove Theorem [Al We begin with the following elementary result.

Lemma 4.1. Let G be a locally compact Polish group and I' < G a countable dense subgroup.
Let A be a countable group, ¢ : G — A be a measurable map, and 61,05 : I' — A be
homomorphisms such that p(gx) = 61(g9)e(x)d2(g) ", for all g € T and almost every x € G.

Then there exists an open subgroup Gy < G such that ¢ is constant on every left Gy coset,
i.e. there is a map ¢ : G/Goy — A such that ¢(x) = ¢(xGy), for almost every x € G.

In particular, if G is connected, then ¢ is constant, i.e. there is h € A such that p(x) = h,
for almost every x € G.

Proof. For t € G, define A; = {z € Glp(xt) = p(x)}. Then A; is invariant under the left
translation action I' ~ (G, mg). Since this action is ergodic, A; must be null or co-null, for
every t € G. Let Gy < G be the subgroup of ¢t € G such that A; is co-null in G. Since A is
countable, there exists a neighborhood V' of the identify in G such that A; is non-null, for
every t € V. It follows that V' C G and hence Gy is open in G.
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Next, notice that the set {(z,t) € G x Go|p(z) = p(zt)} is co-null in G x Gy. Let B be the
set of z € G such that ¢(x) = p(xt), for almost every ¢ € G. Fubini’s theorem implies that
B is co-null in G. Let x € G. Since Gy is non-null, we can find y € vGo N B. Finally, if we
define p(zGy) := ¢(y), then the conclusion follows. [

4.1. Proof of Theorem [Al Let w: (I' x A) x G — A be a cocycle into a countable group
A. Let v be the restriction of w to A x G. For t € GG, define the cocycle v, : A x G — A by
ve(h,y) = v(h,ty). The moreover part of Lemma B.Ilimplies the existence of a neighborhood
V' of 1¢ such that d(v;,v) < for any t € V. We continue by proving separately the two
assertions of Theorem [Al

33’

(1) Assume that G is a profinite group and I is finitely generated. The first part of Theorem
implies the existence of an open subgroup Gy < G such that the restriction of v to Ag x G
is cohomologous to a homomorphism 0 : Ag — A, where Ag = AN Gj.

Thus, there is a measurable map ¢ : Gy — A such that p(xh ) w(h, x)p(x) ™t = §(h), for all
h € Ag and almost every x € Gy. Let 'y = 'NGj and define a cocycle 7 : (Tgx Ag) x Gy — A
by letting 7((g,h), z) = p(gzh~")w((g, h), x)e(x) "

Let g € T'y. Since 7(h,x) = §(h) we deduce that for all h € Ay and almost every = € G we
have

(4.1) 7(g,2h™")8(h) = 7((g, h),x) = 8(h)7(g, ).

Next, since I is finitely generated and ['y < I" is a finite index subgroup, I'y admits a finite
generating set S. For g € Iy and t € G, let A, = {z € Go|7(g,2) = 7(g,tx)}. By using &1}
the beginning of the proof of Lemma [ZT] implies the existence of an open subgroup G < Gy
such that A} is co-null in Gy, for every g € S and t € G;. Moreover, since G; < Gy has
finite index, after replacing Gy with Nyeq,gG19~", we may assume that Gy is normal in Gj.

Let I'{) be the set of g € I'y such that Ag is co-null in Gy, for all t € G;. Then I'j < Ty is a
—1
subgroup. Indeed, if g1, g2 € Ty and ¢ € Gy, then we have A? D D gy TARY: A, (by the

9192

cocycle property) and A 1= glAg It (by the normality of G1).

Since I') contains S, and S generates I'g, we conclude that I'jy = T'.

Define I'y =T'y NG and Ay = AgNGy. Let g € T'y. Since Ag is co-null in Gy, for all t € G,
we get that 7(g,z) = 7(g,tx), for almost every (x,t) € G; x G;. Fubini’s theorem implies
that we can find §(g) € A such that 7(g,2) = d(g), for almost every x € G;. Hence, for every
g € 'y and h € Ay we have that 7((g, h),x) = §(g)d(h), for almost every = € G;. It follows

that the restriction of w to (I'y x Ay) x Gy is cohomologous to the resulting homomorphism
0: Fl X A1 — A.

(2) Let @ : (I x A) x G — A be the “lift” of w. The second part of Theorem 23 implies
that the restriction of @ to A x G is cohomologous to a homomorphlsm §: A — A. Thus,
there is a measurable map ¢ : G — A such that (zh)(h, z)p(x)~' = d(h), for all
h € A and almost every z € G. Define the cocycle 7 : (I' x A) x G — A by letting
7((9,h), x) = @(gzh™)w((g, h), x)p(x) .

Let g € . Since 7(h,z) = 6(h) we deduce that @Il holds for every h € A and almost every
x € G. Lemma 1] implies that we can find 6(g) € A such that 7(g,z) = d(g), for almost
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every © € (. Hence, for any g € I' and h € A we have 7((g, h),x) = 6(g)d(h), for almost
every = € G. Tt follows that @ is cohomologous to a homomorphism ¢ : T’ x A — A. [ |

5. PROOF OF THEOREM [Bl

5.1. A bounded generation lemma. Before proving Theorem [Bl we establish a lemma
asserting that if a dense subgroup A of a simple Lie group G contains an element which
(topologically) generates a torus, then G is locally boundedly generated by tori generated
by elements in A.

Lemma 5.1. Let G be a connected simple Lie group of dimension d, and A < G be a dense
subgroup. Assume that A contains a torsion-free element s such that the closure of (s) is
compact.

Then we can find g1, ..., gqa € A and k > 1 such that the closure G; of {g;) is isomorphic to TF,
for all1 <i<d, and Hle(Gi NV) contains a neighborhood of 1, for every neighborhood
V Of 1g.

Proof. Let G be the connected component of the closure of (s). Since Gy is a non-trivial
connected abelian compact Lie group, it is isomorphic to T*, for some k& > 1. Moreover, if
g € (s) is such that (g) = (s) N Gy, then Gy is the closure of (g).

Denote by g and go the Lie algebras of G and Gy, respectively. Let Ad: G — GL(g) be
the adjoint representation of G. Since A is dense in G, the linear span of Ad(A)(go) =
{Ad(h)(n)|h € A,;n € go} is an Ad(G)-invariant subspace of g different from {0}. On the
other hand, since G is simple, g admits no non-trivial proper Ad(G)-invariant subspace.
Therefore, there must exist hy, ..., h,, € A such the set {Ad(h;)(go)|1 < j < m} spans g.

For 1 < j < m, let g; = hjghj_1 € A. Then the closure G; of (g;) is isomorphic to T*.
Moreover, since the Lie algebra g; of G is equal to Ad(h;)(go), we deduce that g is equal
to the span of g;,1 < j < m. Thus, we can find a basis by, ...,bq of g such that for every
1 < i <d, b; belongs to g;,, for some j; € {1,...,m}.

Define 7 : RY — G by letting 7(x) = exp(z1by)... exp(xqby), for every z = (x;)1<i<q € R%
Since the derivative of m at 0 € R? is invertible, the inverse function theorem implies that
7 is a homeomorphism between a neighborhood of 0 and a neighborhood of 15. Let V' be
a neighborhood of 15. Then W = {z = (2;)1<i<a € R%| exp(z;b;) € V, for every 1 <i < d}
is a neighborhood of 0. Since 7(W) C H?:l(Gji NV), it follows that conclusion holds for
Gjry - Gjy € A |

5.2. Proof of Theorem Bl Let w: (I' x A) x G — A be a cocycle into a countable group

A. Let (:}’ be the universal cover of G' and p : G — G the covering homomorphism. Let I' =
pHI), A=p~H(A), and w : (I'x A)xG — A be given by w((g, h), x) = w((p(g), p(h)), p(z)).

Our goal is to show that w is cohomologous to a homomorphism. To this end, we will
analyze the restriction of w to subgroups of A with compact closure. More precisely, for
the next two claims, we fix a finitely generated subgroup Ay < A such that Gy = Ay is
compact and connected. We denote by Gy its universal cover, by ¢ : Gy — Gy the covering
homomorphism, and put Ag = ¢~ L(Ay).
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Claim 1. There exist measurable maps ¢ : G x Gy — A and 7 : (I' x Ag) x G — A such

that

w(g,q(h), zq(y)) = ¢(gz, yh™")7((g,h), ) (z, y) ",

for all (g, h) € T x Ay and almost every (z,y) € G x Gy.

Proof of Claim 1. For x € G and t € G, we define cocycles w”, wy : Ag x Gy — A by letting
w*(h,y) = w(h,zy) and wf(h,y) = w(h,zty). Since I' acts strongly ergodically on G and
Ag is finitely generated, Lemma Bl implies that d(wf, w®) — 0, as t — 1¢,, for almost every
x € @.

By applying the second part of Theorem 2.3, we deduce that the lift of w® to Ay x Gy is
cohomologous to a homomorphism. Thus, for almost every x € GG, we can find a measurable
map ¢, : Go — A and a homomorphism 4, : Ag — A such that

(5.1)  w(q(h), 2q(y)) = @u(yh ™ )6.(R)p.(y) ™, for all h € Ay and almost every y € Go.

Moreover, we may assume that the map G x Gy 3 (z,y) — o(z,y) = @.(y) € A is
measurable. Indeed, consider the action Ag ~ (G x Go, ma X méo) by right translations on
the Gjp-component, and a cocycle for this action given by o(h, (z,y)) = w(q(h), zq(y)). Now,
the ergodic components of this action Ag ~ G x Gy are of the form {z} x Gy, for some z € G.
By equation [5.1] the restriction of o to every such ergodic component is cohomologous to a
homomorphism. By applying [FMW04, Theorem 3.4 and Corollary 3.11] it follows that o
is cohomologous to a cocycle which does dot depend on the Gy-component. In other words,
there is a measurable map ¢ which satisfies 5.1l

Next, we consider the action T'x Ag ~ (G'x Gy, mg xmg,) given by (g,h)-(x,y) = (g, yh™").
Then the formula p((g, h), (z,vy)) = w(g, q(h), zq(y)) defines a cocycle for this action. We de-

fine 7 : (T'xAg)x(GxGo) — Abyletting 7((g, h), (z,y)) = p(gz, yh =) p((g, h), (z,y))e(z, y).
Then 7 is a cocycle for the same action as above, and 5.1l gives that

(5.2) 7(h, (x,y)) = 04(h), for all h € Ay and almost every (z,y) € G x G.

Let g € I'. By combining with the cocycle equation for T' x Ay we derive that for almost
every z € G we have

7(g, (x,yh™))0.(h) = 040 (h)7(g, (x,5)), for all h € Ay and almost every y € G.

Since Gy is connected, Lemma EZI] implies that the map Gy > y — 7(g,(z,y)) € A is
constant, for almost every x € G. Together with we get that the map G x Gy 3
(x,y) — 7((g,h), (z,y)) € A only depends on the z-coordinate, almost everywhere, for all
(9,h) € T x Ay, proving the claim. O

Next, let R :~R(f ~ é)~ and define the cocycle v : R — A by letting v(gx,x) = (g, x),
for every g € I' and « € G. For a measurable set A C G with mg(A) < oo, and t € G, we
define

c(A)t) = aes[l%)A] mea({x € Alv(a(x)t, xt) # v(a(x),z)}).

We next use Claim 1 to derive that ¢(A4,¢) — 0, as t € p~'(Gp) converges to 1. By using
a “bounded generation” argument we will then further show that c¢(A,t) — 0, as t — 14.
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This will allow us to apply Theorem 2.4 to v, and conclude that @ is cohomologous to a
homomorphism.

Claim 2. Let A C G be a measurable set with mgs(A) > 0 and ¢ > 0. Then there exists an
open neighborhood V' of 1¢ such that ¢(A,t) < ¢, for every t € p~1{(GyNV).

Proof of Claim 2. By letting h = 15  in Claim 1, we deduce that for almost every s € Gy we
have

(5.3) w(g,rq(s)) = ©(gx,8)7(g,x)p(x,s)~", for all g € I' and almost every = € G.

Let W be an open neighborhood of 14, such that for almost every (s1,s2) € W x W we have

(5.4) ma({z € Alp(p(x), 1) # 0(p(x), 52)}) <

N o

Put V = ¢(W). Then V is an open neighborhood of 1¢,. Fix a € [R|A] and let v: A — T
such that a(z) = y(x)z, for almost every x € A. Let t1,to € p~ ' (GoNV) and let sy, 50 € W
such that p(t;) = q(s1) and p(ts) = q(s2). Assume that holds for s € {s1,s2} and B.4]
holds for (s, s2). By using the definitions of v and @ and [5.3] for every i € {1,2} and almost
every x € A we get

v(a(z)ts, ot;) = v(y(z)wt;, vt;) = W(y(x), vt;) = w(p(y(z)), p(z)p(ti)) = wp(y(x)), p(x)q(s:))
= p(p(y(2)p(x), s:)T(p(v(2)), p(2))@(p(2), )"
= p(p(a(x)), s)T(p(v(2)), p(z))e(p(z), )"

Since « preserves the restriction of ms to A, by combining the last identity with 5.4 we
derive that ms({z € Alv(a(x)ty, xt1) # v(a(x)ts, xt2)}) < c. Since our assumptions hold for
almost every pair (t1,ts) € p~1(GoNV) x p~H(GoNV), so does the last inequality. Since the
function (t1,t2) — ma({z € Alv(a(x)ty, zty) # v(a(z)ts, xty)}) is continuous, we therefore
conclude that ms({z € Alv(a(z)ts, xt1) # v(a(x)ty, zt2)}) < ¢, for all ty,t € p~H(GyNV)
and every a € [R|A]. This proves the claim. U

We are now ready to prove the following:

Claim 3. Let A C G be a compact set and ¢ > 0. Then there exists an open neighborhood
W of 1¢ such that ¢(A4,t) < ¢, for every t € p~'(W).

Proof of Claim 3. Let d be the dimension of G. By Lemma (.1l we can find gy,...,94 € A
and k > 1 such that the closure G; of (g;) is isomorphic to T*, for every 1 < i < d, and

H?Zl(Gi N U) contains a neighborhood of 1¢, for every neighborhood U of 1.

Let B be a compact neighborhood of 15. Then AB? is a compact neighborhood of 1. By
applying Claim 1, we can find a neighborhood V' of 14 such that

(5.5) c(AB%t) < 2, for every 1 <i < d and any t € p” (G, NV).
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Let W be the set of ¢ € G that can be written as ¢ = t;...t,, where t; € B and p(t;) € GiNV,
for every 1 <7 < d. Then the first paragraph guarantees that W is a neighborhood of 14.
Let ¢t € W and consider its decomposition ¢ = t;...t4 as above. If a € [R|A], then we have

{z € Alv(a(x)t, xt) # v(a(x),z} C U{x € Alv(a(x)ty...tir, xty..tipy) # v(a(x)ty.. by, xty.. 1) }.

Note that the map As 3 y — a(ys ')s € As belongs to [R|As], and that c¢(A, s) < ¢(A, s),
for every s € G and every compact set AcG containing A. Indeed, the latter inequality
holds because every o € [R|A] extends trivialy to an element of [R|A]. By combining these
facts with the fact that t; € BNp~Y(G;NV), for all 1 <14 < d, and inequality 5.5 we deduce

that
d—1

U

-1

c
At) < Aty .1 ABY ) <d-- =c,
c(A,t) < ;C( 1 +1) < — o +1) d ¢
for every t € W, thus proving the claim. O
Let A C G be a non-null compact set. Claim 3 implies that ¢(A,t) < & = mg(A), for any ¢

in a small enough nelghborhood of 15. Since G is simply connected, Theorem 2.4l implies
that the restriction of @ to T’ x G is cohomologous to a homomorphism ¢ : I' — A. By
continuing as in the proof of the second part of Theorem [Alit follows that @ is cohomologous
to a homomorphim 6 : T' x A — A. |

5.3. Cyclic subgroups with compact closure. In view of Theorem [Bl it is natural to
wonder for which Lie groups GG does every dense subgroup contain an infinite cyclic subgroup
with compact closure. It turns out that the answer is positive if and only if the rank of G is
equal to the rank of its maximal compact subgroups. Equivalently, any maximal connected
compact abelian subgroup (i.e. torus) of G is maximal abelian. The first step towards
proving this is the following lemma.

Lemma 5.2. [Wi02] Let G be a connected Lie group and L < G a mazimal compact
subgroup. Let A be the set of g € G such that hgh™' € L, for some h € G. Let T < L be
a mazimal torus. Denote by Cq(T) the centralizer of T in G, and by Cq(T)° its connected
component.

(1) If T = Cq(T)°, then A has non-empty interior.
(2) If T # Cg(T)°, then A C G is null.

We are grateful to Alireza Salehi-Golsefidy for pointing out Lemma to us. After proving
Lemma [5.2] we realized that it also follows from [Wi02, Theorem 1]. Nevertheless, we include
a self-contained proof for completeness.

Remark 5.3. Note that L exists and is unique up to conjugation with an element from G.
Also, every compact subgroup of G is contained in a maximal compact subgroup (for all of
this, see e.g. [Bob0]). Therefore, A is precisely the set of g € G such that the closure of (g)
is compact.
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Proof. Since G is connected, L is connected (see e.g. [Bo50]). By the maximal torus theorem,
T < L is unique up to conjugation and every element of L belongs to a conjugate of T'.

Let g and [ denote the Lie algebras of G and L, respectively. Let Ad: G — GL(g) denote
the adjoint representation of G. Endow g with an Ad(L)-invariant inner product. Consider
the map 7 : G x L — G given by n(g,l) = glg~*. Let (go,lo) € G x L. Then it is
easy to see that the rank of the derivative dz(go,l) : g @ [ — g is equal to the dimension of
{a+b—Ad(ly)(b)|a € [,b € g} C g. Thus, dn(go, lo) is surjective if and only if {b—Ad(ly)(b)|b €
go [} = golif and only if there is no non-zero b € g & [ such that Ad(ly)(b) = b. We are
now ready to prove the two assertions.

(1) Assume that T' = Cg(T)°. Let Iy € T such that {ly) is dense in T. Let b € g © [ such
that Ad(lp)(b) = b. Then {e**|z € R} C Cg({ly)) = Ca(T). Hence, e** € T C L, for every
x € R. This implies that b € [ and thus b = 0. By the argument from above we deduce
that dm(go,lo) is surjective, for every hence for some gy € G. Finally, the inverse function
theorem implies that A = 7(G x L) has non-empty interior.

(2) Assume that T # Cg(T)". Then we can find an element b of the Lie algebra of Cq(T)
which does not belong to the Lie algebra of T. Then b ¢ [. Indeed, otherwise {e*’|z € R} C
Co(T)°NL=T. Let [y € L. Since T' < L is a maximal torus, we can find g € L such that
t :== glog™* € T. Then Ad(t)(b) = 0, hence Ad(ly)(d') = 0, where &' = Ad(g~')(b). Since
b ¢ [, if b denotes the orthogonal projection of &’ onto g, then b” # 0 and Ad(ly)(d") = 0.
By the above argument, this implies that dm(go,l) is not surjective, for every gy € G. As
a consequence, for every ly € L and gy € G, there is a neighborhood V' C G x L of (go, )
such that 7(V) C G is contained in a proper submanifold and hence is null. It follows that
A =mn(G x L) is null. [

Corollary 5.4. Consider the notation from Lemma [2.3.  Moreover, assume that G is a
semisimple real algebraic group.

(1) If Co(T)° = T, then every countable dense subgroup A < G contains a torsion-free
element s such the closure of (s) is compact.

(2) If Co(T)° # T, then there exists a countable dense subgroup A < G such that (s) is
discrete, for every s € A. Moreover, A can be chosen isomorphic to the free group
F,.

Proof. (1) By [BG02, Theorem 1], A contains a free subgroup Ag which is still dense in
G. Since A C G has non-empty interior, any non-trivial element s € Ay N A satisfies the
conclusion.

(2) Let a,b denote free generators of the free group Fy and w be a non-trivial word in a and
b. Consider the word map f, : G* — G, where f,(g,h) is the element of G obtained by
replacing a, b with g, h in the word w. We claim that f(A) is null.

By [Bo83, Theorem B] (see also [La04, Corollary 5]), the image f,,(G*) C G has non-empty
interior. Let B, denote the set of all (g, h) € G? for which the derivative df,(g,h) : gPg — g
is surjective. Then B,, is non-empty. Otherwise, by reasoning as in the proof of Lemma
(2), it would follow that f,(G?) C G is null. Since B,, C G? is Zariski-open and non-empty,
we deduce that it is co-null. In particular, f *(A) N B, is co-null in f,'(A).

w
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If (9, h) € B, then since df,,(g, h) is surjective, we can find a neighborhood Vi, ) € G? of
(g, h) such that f,;*(C)NV(ys € G? is null, for any null set C' C G. Since B,, can be covered
by countably many of the sets {Vign }gnep,, we get that f,;1(C') N B, is null, for every
null set C' C G. Since A is null, in combination with the previous paragraph, we derive that

[ Y (A) is null.

Finally, by [Ku51l, Lemma 3], we can find non-empty open sets X, Y C G such that (g, h) < G
is dense, for every g € X and h € Y. Since f;'(A) is null for every w € Fy\ {1}, we can find

(g.h) e (XxY)\( |J £'@A).

weF2\{1}

Let A < G be the group generated by g and h. Then A is dense in G. Moreover, every
non-trivial element s € A is of the form s = f,,(g,h), for some w € Fy \ {1}. Thus, s ¢ A,
hence the closure of (s) is not compact (see Remark (£.3) and therefore (s) must be discrete.

Remark 5.5. It can be easily checked that if n > 2, then the condition 7' = Cg(T)° holds
for G = SL,(R) if and only if n = 2. Moreover, the condition holds if G = Sps,(R), for
n > 1, but fails if G = SL,(C), for n > 2.

6. PROOFS OF COROLLARIES AND

This section is devoted to the proofs of Corollaries[Cland [Dl To this end, we recall from [To14]
Lemma 6.2] the following elementary result.

Lemma 6.1. [[ol4] Let T' ~ (X, ) be a nonsingular action and A ~ (Y,v) be a free
nonsingular action of countable groups I' and A. Assume that there exist nonsingular maps
0:X =Y, p:Y = X, and a group homomorphism 6 : I' — A such that p(Ab(z)) C Tz
and 0(gx) = 6(g9)0(x), for all g € T and almost every x € X. Define ¥ = ker(d), Ay = o(I),
and Yy = 0(X).

Then the action ¥ ~ X admits a measurable fundamental domain, the action T'/3% ~ X/%
is conjugate to Ag ™~ Yy, and the action A ~Y s induced from Ay ~ Y.

Moreover, assume that T' ~ (X, pu) and A ~ (Y,v) are ergodic and probability measure
preserving. Then for any measurable set C'° C X such that the restriction of 6 to C is
one-to-one, we have that

[A = Ao] w(0(C)) = 2] p(C).

Proof. The main assertion is precisely [[o14, Lemma 6.2]. To prove the moreover assertion,
notice that 6,u and v(Yy) 'v|Yy are equivalent, Ag-invariant probability measures on Yj.
Since the action Ay ~ Yj is ergodic (as A ~ Y is ergodic), we get that 6.pu = v(Yy) 'v|Y.
If C C X is a measurable set on which 6 is one-to-one, then §=1(0(C')) is equal to the disjoint

union | | s, gC. Hence,

[A: Ag] (0(C)) = v(Yo) w(0(C)) = p(071(0(C))) = u(|_] 9C) = IE] w(©),
which concludes the proof of the lemma. ’ |
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6.1. Proof of Corollary Since the “if” part of the main assertion is easy (see e.g.
Remark [[T2]), we will only prove the “iff” assertion. Assume that the actions I' x A ~
(G,mg) and A ~ (Y,v) are SOE. Let A C G, B C Y be non-null measurable sets together
with a nonsingular isomorphism 6 : A — B such that ((I' x A)z N A) = Af(z) N B, for
almost every = € A.

Since the action I'x A ~ (G, mg) is ergodic, we may extend 6 to a measurable map 6 : G — Y
such that 0((I' x A)z) C Af(x), for almost every x € G. Since the action A ~ (Y, v) is free,
the formula 0(gzh™') = w((g, h), z)0(x) defines a cocycle w : (I' x A) x G — A.

By applying part (1) of Theorem[Al we can find an open subgroup Gy < G, a homomorphism
§:Tox Ao — A (where 'y =I'N'G and Ag = AN Gp), and a measurable map ¢ : Gy — A
such that w((g,h),z) = ©(gzh™')d(g, h)p(z)~!, for all g € Ty, h € Ay, and almost every
r € Gy. Define 0y : Gy — Y by letting 0y(x) = p(z)~0(x). Then

(6.1) 0o(gxh™') = 0(g, h)bo(x), for all g € Ty, h € Ay, and almost every = € Gj.

Next, denote p = 671 : B — A. Since the action A ~ (Y, v) is ergodic, we may extend p to
a measurable map p : Y — G such that p(Ay) C (I' x A)p(y), for almost every y € Y. Let
q: G — Gg be a Borel map such that ¢(z) € (I' x A)z, for all z € G.

Define pg = qop:Y — Ggy. Then py(Aby(x)) C ([y x Ag)z, for almost every = € G. Since
0y and pgy are nonsingular maps, by using and applying Lemma we deduce that if we
denote X = ker(d), Ag = §(I'g X Ag), and Yy = y(GY), then

e ¥ N (Gp admits a measurable fundamental domain,
o (I'y X Ag)/X ~ Go/X is conjugate to Ag ~ Yy, and
e A ~ Y isinduced from Ay ~ Y.

To finish the proof of the main assertion, it remains to prove that ¥ = {(1,1)}. Since X
preserves the probability measure mg, on G, we deduce that ¥ is finite. Let (g, h) € X. Since
¥ is a normal subgroup of T’y X Ay, we get that (aga=tg™1, 1) = (a,1)(g,h)(a,1)" (g, h) € %,
for all a € T'y. As 'y < Gy is dense and X is finite, hence closed in G x G, it follows that
(aga—tg™1 1) € X, for all @ € Gy. Since ¥ is finite, hence discrete in Gy x Gp, and Gy is
profinite, we can find an open subgroup G; < Gy such that aga=tg~! = 1, for all @ € G,.
Since the centralizer of GGy in G is trivial by assumption, we derive that ¢ = 1, and similarly
that A = 1. This proves that ¥ = {(1,1)}.

Finally, assume that A = G and B =Y, i.e. that §# : G — Y is an orbit equivalence. Let
C C Gy be a non-null measurable set on which 6 is one-to-one. Then v(6y(C)) = v(6(C)).
Since 6 is measure preserving, we conclude that v(6y(C)) = ma(C). On the other hand,
by applying the moreover part of Lemma to 6y we deduce that [A : Aglv(6(C)) =
ma(Go)tma(C) = [G : Golmg(C). Hence, [G : Go] = [A : Ag], as claimed. [ |

6.2. Proof of Corollary Since the “if” part of the main assertion is easy (see e.g.
[[o14, Example 1.5. (1)]), we will only prove the “iff” assertion. Assume that the actions
I'x A~ (G,mg) and A ~ (Y,v) are SOE. Let A C G, B CY be non-null measurable sets
together with a nonsingular isomorphism 6 : A — B such that ((I' x A)x N A) = Af(z)N B,
for almost every x € A.
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Since the action I'x A ~ (G, m¢) is ergodic, we may extend 6 to a measurable map 6 : G — Y
such that O((T" x A)z) C Af(x), for almost every x € GG. Since the action A ~ (Y, v) is free,
the formula 6(gxh™') = w((g, h), z)0(x) defines a cocycle w : (I' x A) x G — A.

By applying part (2) of Theorem [Al or Theorem Bl depending on the situation, we can
find a homomorphism ¢ : I x A — A and a measurable map ¢ : G — A such that for all
g €T, h €A, and almost every T € G we have w((p(g), p(h)), p(z)) = @(gzh=")d(g, h)p(z) .
Define 6 : G — Y by letting 6(z) = ¢()'0(p(z)). Then

(6.2) 0(gzh™) = 6(g,h)0(z), forall g €T, h e A, and almost every = € G.

Next, denote p = 71 : B — A. Since the action A ~ (Y, v) is ergodic, we may extend
p to a measurable map p : Y — G such that p(Ay) C (I' x A)p(y), for almost every
y €Y. Let ¢ : G — G be a Borel map such that p(q(z)) = z, for all z € G. Then
q((T x A)z) € (T x A)g(z), for all z € G.

Define j = qo p:Y — G. It is then easy to see that 5(Af(z)) C (I’ x Az, for almost every

z € G. Since both # and j are nonsingular maps, by using 6.2 and applying Lemma B w
deduce that if we denote ¥ = ker(8), Ag = 6(I' x A), and Yy = 6(G), then

e X ? admits a measurable fundamental domain,
e (I'x A)/¥ ~ G/X is conjugate to Ay ~ Yy, and
e A Y is induced from Ay ~ Y.

Denote by Z(G) the center of G. Since G is connected and Z is a discrete normal subgroup,
we get that Z C Z(G). Thus, if g € Z, then (g,¢9) € ' x A acts trivially on G. Since the
action Ay Yy is free, we get that (g, g) € X.

To finish the proof of the main assertion, it remains to show that ¥ C Z x Z. Since ¥ n G
admits a measurable fundamental domain, 2 = {g € T|(g, ) € X} is a subgroup of I which
is dlscrete in G. Let (g,h) € ¥. Since X is normal in I x A, for every a € T We have that
aga—tg~! € Q. Since Q < G is discrete and G is connected, we get that aga™ lg=t =1, for
every a € I'. Since I' < G is dense, we conclude that ¢ € Z (G) Similarly, we get that
he Z(@). Since I N Z(G) = AN Z(G) = Z, we derive that indeed ¥ C Z x Z.

Finally, assume that A = G and B =Y, i.e. that 6 : G — Y is an orbit equivalence. Let
C' C G be a non-null measurable set on which ¢ is constant and p is one-to-one. Let h € A
such that ¢(x) = h, for all z € C. Since §(z) = h='0(p(x)), for all z € C, we get that
v(0(C)) = v(8(p(C)). Since # is measure preserving and p is one-to-one on ', we further
get v(0(C)) = ma(p(C)) = | Z] ms(C). On the other hand, the moreover part of Lemma B.1]
implies that [A : Ag] ¥(8(C)) = |%| ma(C). By combining the last two identities we derive
that [A : Ag] |Z] = |X|, as claimed. [ |

7. PROOFS OF COROLLARIES [E] AND [F]

7.1. Proof of Corollary [El Put M = L>(G) x (I' x I'). Note that PSLy(Z) = (Z/27Z) *
(Z/3Z) and its non-amenable subgroups have property (HH)" from [OP08| Definitions 1].
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By applying [OP08| Corollary A] to the profinite action I' x I' ~ (G, mg) we get that
L*>(@G) is the unique Cartan subalgebra of M, up to unitary conjugacy. By [Sib5], any free
ergodic probability measure preserving action A ~ (Y,v) such that L>®(Y) x A = M is
orbit equivalent to I' x I' ~ (G, mg).

Next, as a consequence of [BVI0, Theorem 1], the left translation action T' ~ (G, mg) has
spectral gap, hence it is strongly ergodic. Moreover, by the Strong Approximation Theorem,
G is an open subgroup of K = [[ .4 PSLy(Z,). Since the centralizer of any open subgroup
of K in K is trivial, we deduce that the centralizer of any open subgroup of GG in G is trivial.
Altogether, we can apply Corollary [Cl to deduce the conclusion. [ |

7.2. Proof of Corollary [Fl Let H = SO(3). Then ® : G — H given by

- R? —y?) S +y°) -2 R(zy)
(7 ?f) )= —S(2? —y?) R(@*+y?) 2 3(zy) for all z,y € C with |z|* + |y|* = 1,
o 2R(xg)  29(ep)  Jal? —JyP

is a continuous onto homomorphism with kernel {£Id} (see e.g. [Ha03|, Section 1.6.1]).

If we put ¢ = b?> — a?, then a simple computation shows that

a Ve o 1 0 0
b b . N
(I)(A) = _% % 0 and (I)(B) = 0 0 5
0 0 1 0 —x& ¢

Since ¢ ¢ {0,+1, +1}, the main result of [Sw94] implies that the subgroup of H generated
by ®(A) and ®(B) is isomorphic to Fy. Therefore, I' is isomorphic to Fy as well. Moreover,
—Id ¢ T'. Indeed, otherwise there would be a non-trivial word w in A and B such that
w = —Id. But then, ®(w) = Id, or in other words the same word w in ®(A) and ®(B) is
trivial, which is a contradiction. This shows that I" does not contain any non-trivial central
element of G.

Next, put M = L*(G) x (T’ x I'). By applying [OP07, Corollary 4.5] to the compact action
I'xT' ~ (G, mg) we get that L*°(G) is the unique Cartan subalgebra of M, up to unitary
conjugacy. Let A ~ (Y, v) be a free ergodic probability measure preserving action such that
L>*(Y) x A = M. By [Sib3], this action must be orbit equivalent to I' x I' ~ (G, mg).
Altogether, since G is simply connected, we can apply Corollary [Dl and deduce that A ~ Y
is conjugate to I' x I' ~ (G, mg). [ |
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