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On the equivalence of unidirectional rogue waves
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Abstract

This paper deals with the reproduction of unidirectional extreme events in

a numerical wave basin. From a rogue wave measurement at a given lo-

cation, experiments or numerical simulations are conducted with the same

wave profiles using reproduction procedures. Although it is recognized that

many different physical mechanisms may be at play in freak wave formation,

reproduction procedures generally use frequency focusing to generate these

high waves. This paper intends to assess the validity of this approach. In

particular, it will focus on the relationship between an accurate reproduction

of the free surface elevation and the accuracy of the corresponding wave kine-

matics inside the fluid domain. A highly nonlinear model is used to compute

the occurrence of unidirectional freak waves in large periodic domain, which

are reproduced in a 2-D Numerical Wave Tank and compared. The study

presents an advanced reproduction procedure that deals with rogue waves
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embedded in an irregular sea state. It shows that, using the appropriate

reproduction procedure, it is possible to accurately reproduce free surface

elevation as well as kinematics induced by this extreme event.

Keywords: Extreme waves, Wave focusing, Non-linear wave interactions,

High-Order Spectral method, Numerical Wave Tank, Reproduction, Wave

kinematics

Introduction

In the open ocean, a wide variety of sea conditions may be encountered.

Marine structures must be designed to withstand, even the most extreme

wave fields. In this context, the existence of freak or rogue waves is now

acknowledged as a possible threat for large ships or any marine structure. The

New Year’s wave, observed in North Sea, is the first to have been monitored

and reported [22]. It has become a reference event for a large number of

studies, representing a realistic extreme event for the analysis of the response

of structures to such waves, e.g. see experiments in [10]. Note that other freak

waves have been monitored and reported, see the review in [25] for instance.

Wave-structure interactions are typically analyzed through experiments

or numerical simulations. However, it is not always obvious how to consider

the interactions with rogue waves. One possible approach is to consider

a given wave field that is known to produce extreme events (by means of

focusing, Benjamin-Feir instability, see e.g. [5, 45, 37]). Otherwise, the study

of these interactions usually relies on the reproduction of a given measured

event at sea, usually time series obtained from a point sensor installed in the

ocean. From these local measurements, a complete wave field is reconstructed
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to coincide with data at a given location. Procedures to accurately reproduce

the measured wave profile have been developed, initially in the context of

wave basins, but may also be applied to Numerical Wave Tanks (NWTs).

The simplest approach is the use of frequency focusing, assuming waves are

linear and unidirectional; more complex procedures attempt to account for

wave-wave interactions (see [20] for a review of classical methods for wave

reproduction; and [40, 32] for development of a promising new approach).

Note that some observations with spaceborne Synthetic Aperture Radars

(SARs) are now available, offering a directional information on the wave

field. However, it is for now mainly used as a source of statistical informa-

tion about the wave field i.e. to determine directional wave spectra (see [26]

for instance). To assess the accuracy of such a system in the description

of 3-D free surface elevation in a given sea state and consequently use it to

measure/detect extreme events, extensive validations are still needed.

Thus, classical reproduction algorithms always use the dispersive charac-

ter of gravity waves to create the extreme events by spatio-temporal focusing

in unidirectional wave field (with possible adjustments due to nonlinear ef-

fects). However, focusing (spatio-temporal or directional) is only one of sev-

eral physical mechanisms that play a key role in the formation of rogue waves,

see e.g. [24, 29]. Others include non-linear wave interactions (modulational

instabilities), wave current interactions, atmospheric forcing, etc.

This paper evaluates the validity of this approach (reproduction with fo-

cusing), and allows good reproduction of rogue waves with respect to free

surface elevation as well as wave kinematics inside the fluid domain. This
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is a key point in the analysis of the interaction of these extreme waves with

marine structures. The latter are up to now always based on 2-D (i.e. uni-

directional) wave fields for simplicity of experimental or numerical set-up.

Consequently, the present study is limited to unidirectional sea states. How-

ever, note that the directional spreading is important and essential to non-

linear physics (including rogue waves), see e.g. [21, 36, 41].

As stated earlier, data collected about rogue waves are limited to time

series of free surface elevation obtained from a sensor at a given location.

Thus assessment of the accuracy of the reproduced event can only be based

on these data. Consequently, we have chosen to adopt a numerical approach

to treat this problem. However, freak waves exhibit large amplitudes, high

steepness and short duration, making their simulation still challenging. In-

deed, the use of time-domain highly-nonlinear potential models appears to be

the most suitable approach for studying such extreme events. Note that we

limit our approach to unidirectional waves evolving in finite constant depth

without wind or current.

The non-linear potential model chosen is based on the High-Order Spec-

tral (HOS) method proposed by West et al. [42] and Dommermuth & Yue

[13]. This method has been validated on several test cases, which have

demonstrated its efficiency and accuracy, making it suitable for large scale

simulations. It has also been applied to modeling of freak waves in [15],

allowing us access to all information required for the description of the orig-

inal extreme events: free surface elevation, induced kinematics, etc. Several

physical phenomena have been studied thanks to this highly nonlinear model,
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e.g. non-linear energy transfers [35], modulational instabilities [19, 38], and

bi-modal seas [39] among others.

From the extracted temporal signal, a reproduction procedure is set up

with a Numerical Wave Tank. In this paper, we intend to reproduce the

extreme event, embedded in an irregular wave field, which reflects the con-

ditions under which actual rogue waves appear. The wavemaker motion

is deduced using non-linear phase velocity [27] and possible iterations are

conducted for correcting the remaining phase shift. The NWT used is also

based on the HOS scheme, but adapted to take into account a wave gen-

erator, reflective walls and an absorbing beach, leading to the HOS-NWT

model [16]. This model has already been widely validated for free surface

elevation prediction as well as wave induced kinematics, with several com-

parisons to experiments on different sea states: from regular unidirectional

waves to directional irregular sea states. Consequently, comparisons of all

physical features of the ‘natural’ freak wave and the reproduction will be

available.

In Section 1, the nonlinear potential flow models will be briefly presented

in their two configurations: periodic domain and NWT. In Section 2, the

embedded reproduction procedure used is discussed and applied to the well-

known New Year’s wave for validation. In the last part, a large periodic

domain is simulated thanks to the HOS model and different freak waves are

detected in this configuration. From the corresponding wave signals, the

reproduction procedure is applied and both extreme events in open periodic

domain and in the wave basins are compared with specific attention paid to

5



the pressure and velocity fields at the moment of focusing.

1. Nonlinear wave models

This section presents the non-linear wave models used in the following

to simulate a rogue wave appearing in periodic (open) domain (HOS-ocean)

and the NWT used for the reproduction (HOS-NWT). These are based on

the HOS method proposed by West et al. [42] and Dommermuth & Yue [13].

Both models use the same core but have different initial and boundary con-

ditions. HOS-ocean computes the evolution of a given initial wave field in a

large periodic domain while HOS-NWT simulations start from rest with the

waves generated thanks to a wavemaker, propagated in the closed domain

(reflective walls) and possibly absorbed. More details on both methods (de-

tailed description, validation, etc.) can be found in [15] & [16] for HOS-ocean

& HOS-NWT respectively. Note that both models are now available as open

source [2, 1]. The methods are presented for the 2-D problem, but extension

to 3-D is straightforward, see [15, 16].

1.1. Formulation

We consider a rectangular fluid domain D of horizontal dimension Lx and

constant water depth h associated with a Cartesian coordinate system. Its

origin O is located at one corner of the domain with Ox axis representing

the horizontal axis and Oz the vertical axis oriented upward with z = 0

located at the mean free surface. We are working under the potential flow

theory (assuming the fluid to be incompressible and inviscid and the flow

irrotational). Under these assumptions, the continuity equation reduces to

the Laplace equation for the velocity potential φ.
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Boundary conditions close the system of equations. Lateral boundary

conditions are specific to the problem solved (open periodic domain in Sec.

1.2, NWT in Sec. 1.3). However, in both cases, in addition to bottom

boundary condition, they allow us to define a spectral basis on which the

velocity potential in the whole volume will be expanded. At the same time,

surface quantities are also expressed on a spectral basis allowing the use

of Fast Fourier Transforms (FFTs). z = η(x, t) describes the free surface

position, assuming no wave breaking occurs. We consider the non-linear free

surface boundary conditions (kinematic and dynamic) which are written,

following [44], using surface quantities η and φ̃(x, t) = φ(x, z = η(x, t), t) the

free surface velocity potential.

These non-linear free surface boundary conditions allow to advance in

time the two unknowns η and φ̃, once the so-called HOS method evaluates the

unknown vertical velocity. The HOS procedure relies on a series expansion in

wave steepness ǫ up to the so-called HOS order M of the velocity potential.

Expanding a Taylor series around z = 0 and collecting terms at each order

in wave steepness leads to a triangular system. A similar series expansion

for the vertical velocity leads to another triangular system, which is solved

iteratively.

The resulting numerical method is pseudo-spectral and exhibits very in-

teresting convergence properties. Thus, this HOS model features high effi-

ciency and accuracy compared to other advanced methods for wave propa-

gation, see [14].
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1.2. HOS-ocean

HOS models have been widely used for the study of wave propagation in

open domains starting from the original work of [42] & [13] up to the analysis

of complex wave phenomena [35, 38, 39, 19], including freak waves [15, 43].

In this model, periodic lateral boundary conditions are used, assuming the

domain to be infinite. This fixes the choice of spectral basis used to represent

variables and enables the use of FFTs to evaluate Fourier components from

a spatial description (direct or inverse).

With such an approach, the key point lies in the definition of an appro-

priate initial condition. The initial free surface elevation and free surface

velocity potential must be determined before propagating the corresponding

wave field in the HOS-ocean model. It has been demonstrated, in [12], that

the definition of linear initial wave fields for fully nonlinear computations

can lead to numerical instabilities. In order to avoid this problem, a transi-

tion period is introduced through the use of a relaxation scheme, allowing a

smooth transition from linear initial conditions (wave components extracted

from wave spectrum) to fully nonlinear computation.

We reiterate that several validations have been conducted that have demon-

strated the accuracy and efficiency of the model. We refer to the different

publications cited at the beginning of the section for details.

1.3. HOS-NWT

When dealing with a physical wave basin, waves are generated with a

wavemaker located at one end of the basin, starting from rest. This configu-

ration is specific and quite different from that presented in previous section.
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Thus, the need for a dedicated model has led to the development of a Nu-

merical Wave Tank, namely HOS-NWT, which is able to reproduce both the

wave generation process and their propagation in a wave basin.

In contrast to the HOS-ocean model, HOS-NWT considers the lateral

walls to be perfectly reflective. This change in boundary conditions leads to

another set of basis functions. However, this choice still enables the use of

FFTs in the method for the transformations between Fourier and physical

space (back and forth).

The initiation of waves by the wavemaker movement introduces an inho-

mogeneous condition at the wavemaker position x = 0. A specific procedure

has been developed for an efficient and accurate description of the wave-

maker. The main idea, following [4], is to introduce the concept of additional

potential. The potential φ, solution of the whole problem (generation and

propagation), is separated into two parts: φ = φspec + φadd. φspec is the pre-

viously described spectral potential in the fixed geometry tank with its free

surface, and φadd is the additional potential only accounting for the wave-

maker. In addition, an absorbing zone is modeled in the numerical model

through a local modification of the free surface dynamic boundary condition.

We refer to [16] for all details.

Specific attention has been paid to preserving the pseudo-spectral formal-

ism of this complete NWT (including wave generation, see [16]). This way, it

has been shown to achieve the same level of efficiency and accuracy as HOS-

ocean. Several validations have been undertaken, notably some comparisons

of free surface elevation and/or pressure fields with experiments conducted
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in the Ecole Centrale Nantes (ECN) wave basin (50m × 30m × 5m), includ-

ing complex 2-D and 3-D wave fields (regular and irregular waves, directional

focusing), see [16].

2. Reproduction procedure

Measurements of extreme events in open ocean are usually limited to free

surface elevation at a single location. This kind of measurement is widely

used and has revealed the existence of rogue waves in ocean. The most famous

such wave is probably the New Year’s wave (or Draupner wave) recorded on

January 1st, 1995 at the Draupner platform in the North Sea [22]. This freak

wave measured in real conditions has been widely studied as a reference event

(Hmax = 25.6 m occurring in a wave field characterized by a significant wave

height Hs = 11.9 m). Specific efforts were undertaken in order to try to

understand its physics and, since rogue waves are of particular importance

for ocean and naval engineering, different experimental campaigns have been

initiated to study the impact of such extreme waves on marine structures

[10, 30].

It is evident that there is a need to reproduce as accurately as possible

a free surface elevation signal recorded in open ocean in a wave basin. To

this end, various reproduction procedures have been developed, especially in

the context of physical wave basins, see e.g. [8, 11, 31, 20]. In this section,

we present a procedure applied to HOS-NWT that aims to reproduce an

extreme event embedded in an irregular wave field, which reflects the real

conditions in which rogue waves appear.

Note that the same kind of procedure may be used in physical wave basins:
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the various validations comparing HOS-NWT to experiments conducted in

ECN wave basin have shown that this is an accurate numerical method [16].

Furthermore, our physical and numerical wave tanks use the same descrip-

tion of wavemaker motion, making the procedure presented hereafter easily

transferable to physical wave basins.

We focus on the New Year’s wave [22]. The top chart in Fig. 1 presents

the free surface elevation measured at the Draupner platform as a function

of time. In Section 2.1, we present in detail the approach used for the repro-

duction, and in Section 2.2 the tools used for the estimation of its quality .

In Section 2.3, results obtained from the reproduction of this specific extreme

event are discussed.

2.1. Embedded reproduction scheme

The reproduction of a large event generally makes use of the dispersive

character of gravity waves. That is to say, the extreme event is intended to

be reproduced by frequency focusing, as presented e.g. by Chaplin [8]. In

addition, interesting enhancements or alternatives have recently been devel-

oped, see [11, 32, 20]. Different frequencies with a given energy are generated

so that they are in phase at the position and time of the focusing (xf and tf

respectively). The amplitude and phase of each frequency are then obtained

using linear theory, starting from the target signal one wants to reproduce.

The approach chosen here is to embed the extreme event inside the ir-

regular wave field that exists at the moment of focusing, as in [34]. This

irregular sea state can be characterized by the temporal signal containing

the freak wave, as presented in Fig. 1. The generation of large waves within
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an irregular wave field may be used for ship model testing, see e.g. [33, 34].

The main difference here with [34] is that we seek to control the shape of the

generated extreme event.

The first step is to choose the duration of the time window we want to

reproduce as well as the position of focusing xf . The time-window is chosen

sufficiently long (typically ≃ 50 Tp in the different tests presented here) to

contain a sufficiently representative description of the frequency components

of the reproduced wave field. Figure 1 presents an example of a time-window

chosen for reproduction. A ramp is also applied on the signal to make it

periodic and suitable for frequency analysis.
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Figure 1: Time history including the freak wave measured at the Draupner platform on

January 1st, 1995 (top) and time-window chosen for reproduction (bottom)

Next, the frequency content of the target time signal has to be truncated

at a maximum frequency fmax which defines, with xf , the minimum focusing

time tf (using the linear group velocity cg: tf =
xf

cg(fmax)
). Note that the
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frequency cut-off has to be chosen such that it does not alter the target

wave.

Using linear theory, it is possible to propagate this wave field backwards

from the focusing position xf up to the desired wavemaker position (chosen

by convention as x = 0) and to deduce its motion. In order to embed the

reproduction inside an irregular wave field, the back-propagation is realized

in such a way that the generation is taking place over a sufficiently long

duration. The idea is that when the shortest waves (part of the extreme

event) are generated, they are propagating in a wave field containing all

other frequency components. In this way, the wavemaker motion is similar

to what may be seen for the generation of an irregular wave field, as presented

in Fig. 2. Vertical lines indicate the repeat period of the wavemaker motion,

each sequence (lasting 512 s) will produce an extreme wave, but only the

second one can be considered to be embedded in the irregular sea from its

generation. We point out that in order to ensure high accuracy, the motion

of the wavemaker is evaluated so that free waves generated by it can be

controlled (and suppressed), see [7] for details.

Generation and propagation of such the considered wave field would be

expected to cause a phase shift between the reproduced event and the target

wave. This is due to nonlinear effects resulting in a change of wave speed for

each frequency component. Thus, the discrepancies between two signals will

be more important when xf is larger. However, in wave basin tests there is a

lower threshold for xf beyond which this focusing location cannot be further

reduced in order to avoid the influence of the evanescent modes existing close

to the wavemaker (decaying as exp(−kpx)).
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Figure 2: Wavemaker motion for Draupner wave reproduction

Since we are considering the case of the propagation of an extreme wave

embedded in an irregular sea, we can consequently assume that the prop-

agation takes place in an homogeneous state. Thus, it is possible to esti-

mate a theoretical phase shift following the third-order solution of Madsen

& Fuhrman [27]. The latter publication provides an expression of the third-

order phase velocities for an irregular wave field in finite depth. This is used

to determine a theoretical phase shift between linear (i.e. target) and non-

linear (i.e. reproduction) wave fields at a given location xf . This may be

used to correct the wavemaker motion, which had initially been determined

assuming linear theory.

Previous studies dealing with reproduction procedures have already tried

to correct the phasing of the different components iteratively [8, 20]. After the

theoretical correction presented previously, such a procedure is also applied

in our reproduction scheme.
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For an accurate phase adjustment, we use the decomposition of odd and

even nonlinear terms, as used in Johannessen & Swan [23]. The procedure

relies on the generation of a second wave field with components of the same

amplitude than the first wave field but with a π-phase shift applied. The first

generated wave field containing the extreme event presented before (with free

surface elevation η(t)) may be seen as a crest focusing, while the second is a

trough focusing (ηπ(t)). From those two simulations, we construct the odd

and even free surface elevation:

ηodd = (η − ηπ) /2 (1)

ηeven = (η + ηπ) /2 (2)

The odd free surface elevation contains the first (and third, fifth. . . ) com-

ponents, while the even free surface elevation contains the second (and fourth,

sixth. . . ) components. This way, we extract the second order terms of the

analysis, using ηodd for the determination of phase shift correction and new

wavemaker motion.

Note that it is also expected that a possible discrepancy in wave am-

plitudes may be experienced and attributable to the non-linear interactions

that enable the exchange of energy between different components (four-wave

interactions). However, as noted in [20], an exact control of the amplitude

at the position of focusing seems very difficult to achieve in such irregular

wave fields, even if some recent attempts have been made [31, 20]. Thus, we

restrict the adjustment procedure hereafter to phase corrections.
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2.2. Performance estimation

In order to evaluate the accuracy of the reproduction procedure with

respect to the target wave, different comparisons will be provided. The first

one concerns the temporal signal at the position of the focusing (see e.g. Fig.

3).

Then, to improve the analysis, a similar comparison between target and

reproduced waves is provided in the frequency domain. An example may

be seen in Fig. 4. The top chart presents the amplitudes of both waves in

the frequency domain, while the bottom chart depicts phase shift between

the target and the reproduced wave field at the focusing position xf . For

the phase shift, when appropriate, the theoretical solution of the third order

solution [27] will be depicted.

These comparisons do not allow the error made on the reproduction to be

quantified. Therefore, an estimation of the accuracy is provided by evaluating

a correlation coefficient defined as:

Rη(ηt, ηr) =
C(ηt, ηr)√

C(ηt, ηt).C(ηr, ηr)

where function C is the covariance, ηr the reproduced signal and ηt the target

signal. In the following, this correlation coefficient is evaluated on a time-

window of length 4 Tp centered on the extreme event.

For the final choice of the accurate reproduction (i.e. when Rη is suf-

ficiently large), the amplitude of the extreme event is also an important

parameter. The accuracy with respect to this crest amplitude is quantified
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by a second coefficient:

Rc =
max(ηr)

max(ηt)

2.3. Results on New Year’s wave

As stated earlier, 3-D character of the sea state is essential to non-linear

processes, including rogue waves. As a consequence, the New Year Wave

has been shown to be too steep to simulate in uni-directional waves [9].

Furthermore, it has been argued that there is strong evidence that it occurred

in a bi-directional sea [3]. However, following previous studies (e.g.[11]),

this real measurement at sea appears as an appropriate validation of the

reproduction procedure.

In this section, we present the results of applying the previously described

reproduction procedure to the New Year’s wave [22] with HOS-NWT. The

numerical parameters chosen are the following

• Domain length: Lx = 6000 m

• Water depth: h = 70 m

• HOS order: M = 3

• Discretization: Nx = 769 points/nodes (i.e. 1537 dealiased modes) and

Nz = 33 points for the wavemaker

• Duration of simulation: T = 1500 s

Figure 3 presents the results of the reproduction procedure in the time

domain without any phase correction. As expected, the temporal signal

exhibits a phase shift between the target wave and its reproduction. From
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the top chart of Fig. 3 it can be observed that the extreme event appears as

part of an irregular sea. Due to its phase shifting, the correlation coefficient

is consequently rather low: Rη = 0.26. In order to characterize this phase

shift, the frequency analysis is provided in Fig. 4.
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Figure 3: Comparison between reproduction and target wave (time domain) without any

phase correction, Rη = 0.26

First, we focus on the observed difference in amplitude of frequency com-

ponents between the target and reproduced waves. These occur during propa-

gation and may be attributed to the non-linear interactions, which enable the

exchange of energy between different components (four-wave interactions).

This frequency analysis confirms the possibility of correcting the phases

of the wavemaker motion using third-order theory, as presented in [27]. In-

deed, this theoretical phase shift agrees well with that measured between

the target signal and its numerical reproduction in HOS-NWT (see bottom

of Fig. 4). This means that the non-linear interactions are responsible for

the main discrepancies observed if no correction is applied. Note that the
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Figure 4: Comparison between reproduction and target wave (frequency domain)

extreme event must be embedded in an irregular wave field for the correction

to be valid (i.e. homogeneous sea-state).

Figures 5 & 6 present the results obtained when the phases of the wave-

maker motion are adjusted with respect to third-order theory. Note that

after this theoretical phase correction, same kind of differences in terms of

amplitude of frequency components is observed than in Fig. 4 and is not

represented here for clarity.

We can observe an enhancement of the phasing between reproduction and

target waves; the correlation coefficient is now Rη = 0.70. The frequency

analysis (Fig. 6) demonstrates that the proposed correction has eliminated

most of the phase shift observed with the first simulation. However, since

the physical mechanisms at play are highly non-linear, this phase correction

is often not sufficient, and successive iterations are run in order to achieve a

satisfactory reproduction.
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phase correction, Rη = 0.70. Tr = Trepeat = 512 s, xf = 10 λp
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The set-up of the quality estimator Rη is then interesting for assessing if

an iteration is satisfactory or not. This gives a fair estimate of the accuracy

of the reproduction procedure, with respect to both the extreme event and

the surrounding waves (one may adjust the time window of correlation com-

putation). The iterative process is consequently pursued and Fig. 7 presents

an accurate result after five iterations, exhibiting a high correlation coeffi-

cient of Rη = 0.94 and a corresponding crest amplitude ratio Rc = 0.85.

Note that, if needed, the iteration process can pay more attention to crest

amplitude, see Sec. 3.2.
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Figure 7: Iterative correction of phases, iteration 5, comparison with target, Rη = 0.94,

Rc = 0.85. Tr = Trepeat = 512 s, xf = 10 λp

Therefore, we have developed an efficient method for the reproduction of

extreme events, including freak or rogue waves in unidirectional wave fields.

Its application to the well-known New Year’s wave indicates its ability to

reproduce such an event with good accuracy in terms of free surface pro-

file. In the next section, we assess the reliability of reproduction schemes in

greater details, applying the one presented to different rogue waves detected

in simulations and paying specific attention to the kinematics of such highly

nonlinear waves.

21



3. Application to a series of unidirectional rogue waves

The previous section presented the reproduction scheme developed as an

efficient procedure for 2-D highly non-linear waves. As already stated, the

same procedure may be used in numerical and physical wave basins in order

to accurately reproduce specific large events occurring in real seas and for

which free surface measurements are available. In this section, we describe

such reproduction procedures in more details and explore whether the ability

to reproduce the free surface profile of a given wave is sufficient to capture all

its physical features. The interaction of an extreme wave with a structure is

mainly governed by the kinematics of the wave. Thus, we focus hereafter on

these characteristics of freak waves and their reproduction. In real seas, free

surface and velocity and/or pressures measurements are not usually available

for such extreme events. Consequently, we propose a numerical analysis based

on: i) simulation of the natural occurrence of different freak wave events in

open domain using HOS-ocean, ii) the reproduction of these events with

HOS-NWT and iii) detailed comparison of the kinematics for one specific

event.

3.1. Rogue waves in open domain simulations

The HOS-ocean model can be used to simulate an irregular sea-state in

a large periodic domain over long time periods. In this study, we restrict

the analysis to 2-D computations (i.e. unidirectional wave field) in which

the appearance of ‘natural’ freak waves is analyzed. Similar simulations in

2-D and 3-D have already been described in [15]. The considered water

depth is h = 200 m and the initial condition is an irregular sea-state given
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by JONSWAP spectrum: Hs = 4 m, Tp = 10 s, γ = 3.3. The numerical

parameters are reported in the following

• Domain length: Lx = 82 λp ≃ 13 km

• Duration of simulation: T = 2000 Tp ≃ 5h 30min

• HOS order: M = 8

• Discretization: N = 2048 points/modes (i.e. 9216 dealiased nodes)

• Relaxation scheme for initialization: Trelax = 10 Tp

A wave-by-wave analysis (in space) is performed during the simulation in

order to extract the up-crossing wave heights inside the large domain at every

time-step. The time evolution of the maximum wave height ratio Hmax/Hs is

presented in Fig. 8. The limit Hmax = 2.2 Hs is the conventional definition

for a rogue wave.
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Figure 8: Time evolution of Hmax/Hs

From Fig. 8, we can observe that several freak waves appear during this

long-time propagation. The circles identify the 10 different extreme waves
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that will be reproduced in the NWT. This will assess the capabilities of

the presented scheme to reproduce different kind of waves in terms of free

surface elevation. Then, one of the case is chosen for a detailed analysis of

the induced kinematics inside the domain with comparison to the original

freak wave observed in periodic open domain.

3.2. Reproduction of different extreme events in a NWT

Using HOS-NWT, we apply the reproduction procedure described in Sec.

2.1 to the different numerical probe signals obtained in the HOS-ocean simu-

lation and containing the 10 identified freak events. Fig. 9 gives an example

of signal for the 1st freak wave detected in the domain. The HOS-NWT com-

putations use domain length Lx = 3200 m, HOS order M = 3 and Nx = 512

points/modes. This choice of numerical parameters allows to have an iden-

tical discretization in the periodic domain and the NWT simulations. This

way, the effective spectral widths are the same. We choose a time window of

Tr = 512 s ≃ 51 Tp and a focusing location xf = 10 λp.

For the different extreme waves, with no phase correction the behavior

is similar to what has been observed in the case of the New Year’s wave: a

large phase shift is observed between the target and the reproduction. Con-

sequently, theoretical phase correction was applied, followed by an iterative

process to correct this phase error. With theoretical phase correction, the

corresponding reproduction for the 1st freak wave is presented in Figs. 10 &

11 in the time and frequency domains respectively. This reproduced event

exhibits a correlation coefficient Rη = 0.55 with the target extreme wave and

Rc = 0.83.
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Figure 9: Time evolution of free surface elevation at the location of the freak wave (case

1).

0 200 400 600 800 1000 1200 1400 1600 1800 2000

−5

0

5

Time (s)

E
le

va
tio

n 
(m

)

 

 

1810 1820 1830 1840 1850 1860 1870 1880 1890 1900

−5

0

5

Time (s)

E
le

va
tio

n 
(m

)

Reproduction
Target

Figure 10: Comparison between reproduction and target wave (time domain) without

iterative phase correction. Rη = 0.55, Rc = 0.83
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Figure 11: Comparison between reproduction and target wave (frequency domain)

The results after three iterations are presented in Fig. 12 for the same

test case. Slight differences in the exact timing of maximal wave height can

be observed, as well as some high frequency oscillations. The latter can be

attributed to difficulties in controlling the phasing of all waves, particularly

those of higher frequencies. The phase errors of high frequency components

cause the observed oscillations. Despite these differences, we consider the

extreme event to be satisfactorily reproduced, as assessed by the accuracy

estimators Rη = 0.84 and Rc = 0.95.

Table 1 presents the results of the reproduction process for the 10 differ-

ent extreme events identified in the open ocean numerical simulation. The

characteristics of the original event as well as the accuracy estimators of the

reproduced event are indicated.

At first, we note that the cases appearing with a star in Tab. 1 indicate

the ones with a correlation coefficient Rη that may appear not accurate.
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Figure 12: Comparison between reproduction and target wave in time domain. Iterative

correction of phases, iteration 3. Rη = 0.84, Rc = 0.95

Freak number Hmax/Hs ηtmax Rη Rc niter

1* 2.4 5.3 m 0.84 0.95 3

2 2.3 5.6 m 0.94 1.0 2

3 2.2 5.2 m 0.93 0.84 2

4 2.6 7.1 m 0.92 0.68 8

5 2.3 4.9 m 0.92 0.91 4

6* 2.4 6.2 m 0.85 0.94 7

7* 2.7 7.6 m 0.76 0.87 4

8 2.5 6.7 m 0.92 0.75 1

9 2.2 6.0 m 0.96 0.87 1

10* 2.4 6.2 m 0.68 0.84 2

Table 1: Application of reproduction scheme on 10 different freak waves: features and

accuracy estimators
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However, in those cases the comparison is accurate with respect to the crest

elevation (Rc parameter). This has been verified that the (relative) low

correlation parameter is due to a small phase shift existing between the target

and reproduction signals (which are close to each other excluding this small

phase shift). Consequently, the choice of Rη criteria may not be optimal

for all configurations but it appeared that associated to the crest amplitude

ratio Rc, a compromise choice between these two criteria is efficient in the

determination of an accurate reproduction of the extreme wave of interest.

Then, we can observe that in most cases the reproduction is accurate with

respect to Rη and Rc and that it requires a low number of iterations for the

phase correction. However, this accuracy is clearly linked to the amplitude

of the extreme event and consequently to the non-linear processes involved

during its creation. For the highest waves (Hmax > 2.4 Hs or ηmax > 1.6Hs),

an accurate amplitude is more difficult to achieve. Thus, this reproduction

procedure have to be limited to freak waves which are not too extreme in

terms of non-linearity. To this end, the two proposed criteria are efficient to

assess the quality of the free surface profiles obtained. We also indicate here

that the reproduction process is sensitive to the choices of parameters (dura-

tion of reproduction, location, discretization...). Furthermore, it appears to

be essential to define the extreme event over a large number of frequencies.

Filtering the temporal wave signal of the freak wave detected in HOS-ocean

may lead to a substantial difference in the wave amplitude (see [32]). Thus,

since higher frequencies are the most difficult to control in terms of phasing,

it is very difficult to reproduce exactly those extreme events (and especially

the amplitude of the crest).
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However, we manage to set-up a correct reproduction of several freak

waves obtained by numerical simulations. They exhibit different character-

istics in terms of amplitude, wave height, wave shape, etc. Next section is

dedicated to the effective comparison in terms of kinematics on one example

of the previously reproduced freak waves.

3.3. Detailed comparison of freak wave and reproduced event

In this section, once good agreement has been achieved in free surface

elevation between the target and reproduced numerical rogue waves, we focus

on the comparison of the two wave fields in spatial domains as well as in terms

of velocities and pressure inside the fluid domain. If we are interested in the

interaction of such an extreme wave with a given structure, the kinematics

of the wave are of primary interest. Furthermore, these interactions may be

influenced by the spatial and temporal features of the studied rogue waves.

As seen in Sec. 1, the HOS method solves the problem of wave propa-

gation on the free surface. Volume information is consequently not directly

available. Specific procedures have been developed to evaluate velocities and

pressure inside the fluid domain from free surface quantities. This has been

adapted from the Dirichlet to Neumann Operator (DNO) model [6, 5] to

the HOS formalism in [17] or direct inversion of a matrix if high accuracy is

required [18].

In the concern of spatial features of extreme waves, Fig. 13 presents

a comparison of spatial profiles at the moment of the focusing tf over a

domain length of ≃ 10λp. This may be compared to Fig. 12 which presents

the comparison of temporal profiles at the focusing location xf (on a time
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extent of ≃ 10Tp).
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Figure 13: Comparison between reproduction and target wave in space domain. Iterative

correction of phases, iteration 3. Rη = 0.84, Rc = 0.95

As observed for the time evolution of the free surface elevation, phasing

of some high frequency components is not perfectly controlled. These are

consequently present over the whole spatial domain at the moment of the

focusing. However, except the presence of those small short waves, it is ob-

served that the reproduction procedure is also accurate in the spatial domain.

The main features of the original extreme event (observed at its moment of

appearance) are recovered over a large spatial extent. The accuracy estima-

tor Rc ensures that the crest elevation is correctly reproduced.

To study in details the velocity and pressure fields induced by the rogue

wave events, we compare in Fig. 14 the vertical profile of dynamic pressure

and horizontal velocity of the original freak wave detected in the open domain

numerical simulation and the one reproduced in the NWT. This comparison

is done at the location of the freak wave crest xf and at the moment of
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its appearance tf . The corresponding vertical profiles presented in Fig. 14

correspond to the case shown in Figs. 10 &12, respectively with and without

iterations.
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Figure 14: Comparison of vertical profiles of horizontal velocity (left) and dynamic pressure

(right) between reproduction (with and without phase iterations) and target wave

This figure shows that once the free surface elevation is accurately repro-

duced, the vertical profile of velocity and pressure is also the same between

the original freak wave and the reproduced one. Different numerical simu-

lations run during those developments have shown that the most important

factor in accurately reproducing the kinematics in the fluid domain is to have

the correct amplitude of the wave. Indeed, once the free surface amplitude is

correct (measured with Rc parameter), maximum values and vertical profile

of kinematic components will follow.

At the same time, without any phase iterations during reproduction pro-

cess, the vertical profile of horizontal velocity is less accurate with a deficit

of amplitude (that is clearly attributed to the lower crest amplitude charac-
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terized by Rc = 0.83 in this case). This is associated to a dynamic pressure

which is reduced compared to the original extreme event throughout the

whole water column. Consequently, the slight discrepancies observed on the

vertical profiles are essentially linked to the free surface amplitude of the

reproduced wave.

In the end, Figs. 15, 16 & 17 present velocity and dynamic pressure

fields at the moment of the extreme event tf . A boundary-fitted mesh is

used for the representation of these fields, for an accurate description of the

domain of interest. We now restrict the field of analysis to a shorter window

of 300 m (≃ 2λp) in the horizontal direction around the focused location xf

and with the collocation point used during the computation. For this shorter

space window, the discrepancies between the target and the reproduced rogue

waves are highlighted. Since we are interested in the wave motion, we restrict

the vertical domain to z ∈ [−40, η] meters, although the total water depth

is h = 200 m. The same contour levels are used in both figures for ease of

comparison.

It appears that the pressure and horizontal velocity fields are similar in

the original ‘natural’ freak wave obtained with HOS-ocean and the repro-

duced event in HOS-NWT. The amplitude of the three fields are correctly

reproduced at the crest. The two surrounding troughs however show some

discrepancies in terms of location and magnitude. In addition, as observed

previously, spurious high frequency components are present. This appears

more clearly on the vertical velocity field which is maximum at a location

other than xf . The latter is more influenced by the accuracy on the free
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Figure 15: Dynamic pressure field of the detected freak event in periodic domain and its

reproduction in a wave tank. Extreme event location is x = 0
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Figure 16: Horizontal velocity field of the detected freak event in periodic domain and its

reproduction in a wave tank. Extreme event location is x = 0
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Figure 17: Vertical velocity field of the detected freak event in periodic domain and its

reproduction in a wave tank. Extreme event location is x = 0
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surface profile in spatial domain.

Consequently, thanks to an appropriate choice of accuracy estimation

through the parameters Rη and Rc, it is then possible to ensure that the

vertical profile under the crest of the reproduced extreme event is accurate, as

is the temporal and spatial free surface elevations. The velocity and pressure

fields are also similar with possible local discrepancies away from the crest.

Reminding that the HOS numerical models have been widely validated

with several comparisons to experiments for free surface elevation as well as

pressure fields in the fluid domain [16], this result is of particular interest for

the study of extreme wave-structure interactions. The reliability of unidirec-

tional wave basin experiments in this context of freak waves is confirmed: we

have shown that if the temporal free surface elevation is correctly reproduced,

the main physical phenomena at play are taken into account, resulting in the

correct reproduction of fluid dynamics inside the fluid body.

Conclusion & perspectives

This study deals with the analysis of freak waves in unidirectional wave

fields and their possible reproduction in wave tanks (physical or numerical).

Since we are lacking, at the present time, physical data concerning rogue

waves in open ocean in terms of kinematics inside the fluid domain, this

‘natural’ freak wave is generated with a highly nonlinear HOS model. Such

model has been widely used to study the occurrence of these extreme waves,

and their performance validated. Similarly, due to the difficulty inherent in

providing experimental data for the whole fluid domain in physical oceanic
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wave basins, a numerical approach has been chosen for the representation of

the wave tank. Both numerical approaches (HOS-ocean and HOS-NWT) are

based on the HOS formalism, but differ in the sense that one is dedicated to

the simulation of an open domain condition and the other has been developed

as a Numerical Wave Tank.

An efficient reproduction procedure based on single point free surface

measurement has been developed. This is the most common reproduction

that is needed from measurements at sea. We have chosen to reproduce the

extreme event embedded in an irregular sea. The main steps are:

i) choice of focusing distance to wavemaker, xf ;

ii) choice of the frequency cut-off on input signal, fmax;

iii) back-propagation to the wavemaker using linear theory;

iv) theoretical phase adjustment using third-order theory;

v) evaluation of wavemaker motion;

vi) iterative correction of phase shift.

The approach has been tested and validated on the New Year’s wave and its

ability to reproduce a freak wave with sufficient accuracy in the NWT has

been demonstrated.

This new reproduction procedure was successfully applied to different

freak waves detected in an HOS-ocean long-time simulation. In the latter

computations, the equivalent of temporal wave probe signals of these ex-

treme waves were extracted and used in the reproduction procedure using

HOS-NWT. Temporal and spatial free surface profiles were thus obtained

and a detailed comparison of the pressure and velocities field was provided
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in one case. The ‘natural’ freak wave simulated in the open domain was com-

pared to the reproduced wave field in the wave basin. We observed that with

the appropriate choice of procedure, it is possible to accurately reproduce

the kinematics of the target extreme event in a wave tank (experimental or

numerical).

This original approach, associated to the previous validations of HOS nu-

merical models with comparisons to experiments for free surface elevation

as well as pressure fields [16], ensures the correctness of the reproduction

approaches in use, especially in physical wave basins. Up to now, compar-

isons were made only on temporal probe signals; this study overcomes this

limitation.

Furthermore, this study has highlighted the potential applications of the

HOS-ocean model. In the study of freak waves to date, the main interest

has been in the free surface elevation, with an emphasis on understanding

the physical mechanisms leading to the formation of such extreme events.

However, this model may also be used to study the kinematics inside the

fluid domain induced by these rogue waves in 2-D or 3-D.

The present study is limited to 2-D (i.e. one horizontal direction) since

it is based on single point free surface measurement (as is often the case in

open sea). However, we remind that the 3-D character of the wavefield is

essential to several non-linear processes. In future work we intend to focus on

the directional effects. This may be achieved using single point measurement

if in addition the directionality of the sea state at the instant of the rogue

wave apparition is known. Another possibility is to use different wave probes
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around the extreme wave (an application to a 3-D focused wave packet has

been reported in [16]). Furthermore, developments of SARs in ‘wave mode’

may offer in the near future interesting possibilities for describing 3-D free

surface elevation containing extreme events. Thus, these large scale descrip-

tion may be used as an alternative to single point measurements.

Another prospect may be to undertake more systematic studies on the

‘natural’ freak wave to be reproduced. In particular, it may be interesting

to investigate whether a freak wave generated by a specific physical feature,

for instance a Benjamin-Feir instability, is also correctly reproduced with the

procedure presented.

In conclusion, one of the principal interests in ocean engineering is the

study of the interaction between extreme waves and marine structures. Using

the different models and procedures developed, we are able to accurately

simulate the waves, and specific developments have been made to couple

HOS models of LHEEA Lab. (ECN) to Smooth Particle Hydrodynamics

(SPH) model to study violent interactions (including wave breaking and free

surface reconnections) [28].
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