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CHARACTERISATION OF SETS OF LIMIT MEASURES OF A CELLULAR
AUTOMATON ITERATED ON A RANDOM CONFIGURATION

BENJAMIN HELLOUIN DE MENIBUS AND MATHIEU SABLIK

ABSTRACT. The asymptotic behaviour of a cellular automaton iterated on a random configuration
is well described by its limit probability measure(s). In this paper, we characterise measures and
sets of measures that can be reached as limit points after iterating a cellular automaton on a simple
initial measure. In addition to classical topological constraints, we exhibit necessary computational
obstructions. With an additional hypothesis of connectivity, we show these computability conditions
are sufficient by constructing a cellular automaton realising these sets, using auxiliary states in order
to perform computations. Adapting this construction, we obtain a similar characterisation for the
Cesaro mean convergence, a Rice theorem on the sets of limit points, and we are able to perform
computation on the set of measures, i.e. the cellular automaton converges towards a set of limit
points that depends on the initial measure. Last, under non-surjective hypotheses, it is possible to
remove auxiliary states from the construction.

INTRODUCTION

A cellular automaton is a complex system defined by a local rule which acts synchronously and
uniformly on the configuration space A%, where A is a finite alphabet. These simple models have
a wide variety of different dynamical behaviours. We are interested in the typical asymptotic
behaviour starting from a random configuration, as this is usually done in simulations; different
approaches stemmed from such observations. It is well-described by taking the iterated image of
the initial measure under the action of the cellular automaton, and considering the limit points of
this sequence in the weak® topology.

It is natural to ask which sets of measures can be obtained as limit points in this way. Obviously,
any measure can be reached by iterating the identity on itself. Therefore, a more interesting ap-
proach is to start from some simple measure such as the uniform Bernoulli measure. In some sense,
this is similar to SRB measures which are “physically” relevant invariant measures obtained when
starting from the Lebesgue measure in continuous dynamical systems [You02].

Formally speaking, given a simple initial measure u, we want to characterise all reachable V(F, u),
the sets of accumulation points of the sequence (F!u);en of the images of 4 under the iterated action

of F, and V'(F, 1), the sets of accumulation points of <t+Ll ZZ:O Fj,u> N the Cesaro mean of the
te

previous sequence, for all possible cellular automata F'.

Previous works focused on the p-limit set, which corresponds to the union of the support of the
limit measures [KMO00, [Ka05]. Very complex p-limit sets can be constructed [BPT06, BDS10], and
our construction is partly inspired from these works.

Describing limit measures has been done for only few concrete nontrivial examples. There are
essentially two types of convergence quite well understood:
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e convergence towards a simple measure: for example, the cyclic cellular automaton on three
states introduced in [Fis90], starting from a Bernoulli measure, converges towards a linear
combination of Dirac measures supported by uniform configurations [dMST1];

e randomisation phenomenon for linear cellular automata: the Cesaro mean sequence of the it-
eration of a linear cellular automaton on a initial measure converges to the uniform Bernoulli
measure as soon as the initial measure is in a large class which contains Markov mea-
sures [Lin84, [FMMNO0, MMO98, PY02].

For any cellular automaton, starting from a Bernoulli measure or a Markov measure, we obtain
after a finite number of steps a hidden Markov chain which is well understood [BP11]. If we consider
a computable initial measure p (which means that there is an algorithm that approximates at a
known rate the probability that a word u € A* appears), then it is easy to see that Flu is also
computable. For example, a Bernoulli or Markov measure is computable iff its parameters are
computable real numbers.

The limit measure(s) are not necessarily computable since the speed of convergence is not known.
Nevertheless, we show in Section 2lthat there exists necessary computational obstructions. The main
problem is to prove the reciprocal, in other words: given a set of measures satisfying the computa-
tional obstructions, construct a cellular automaton which, starting on any simple initial measure,
reaches exactly this set asymptotically. Similar computational obstructions appear when character-
ising possible topological dynamics properties of subshifts of finite type or cellular automata: possi-
ble entropies [HM10], possible growth-type invariants [Mey11], possible sub-actions [Hoc09, [AS11]...
However, the construction is quite different here since starting from a random configuration requires
to self-organise the space, in the same spirit as the probabilistic cellular automaton of [Gac01] which
corrects the random perturbations.

In Section Bl we construct a cellular automaton F' such that, starting from any shift-mixing
probability measure p with full support, the limit points of the sequence of measures (F!u);cn are
described as the accumulation points of a computable polygonal path of measures supported by
periodic orbits. First of all the cellular automaton divides the initial configuration in segments and
formats each segment using a method similar to the one developed in [DPSTT11]. Computation
takes place in a negligible part of each segment and the result is copied periodically on the rest
of the segment. In order to have an arbitrarily large area of computation, segments are merged
progressively in a controlled manner. The difficulty of the construction is to synchronise all the
operations to ensure the convergence.

In the Section Ml we modify this construction so that we do not need auxiliary states, i.e., the
cellular automaton only uses the same alphabet as the limit measure(s). This is only possible,
however, at the price of some additional hypotheses on the support of the measures.

In Section [l we use these constructions to answer various questions, along with some open ques-
tions. The results are, for a fixed measure  in a large class of measures:

e characterisation of shift-invariant measures v such that there exists a cellular automaton F
which verifies Ffpu v (Corollary [I);
— 00

e characterisation of connected subsets of shift-invariant measures K such that there exists a
cellular automaton F' which verifies V(F, u) = K (Corollary 2l);

e characterisation of subsets of shift-invariant measures KX’ such that there exists a cellular
automaton F which verifies V'(F, ) = K’ (Corollary [);

e Rice theorem for shift-invariant measures and connected subsets of shift-invariant measures
reached by a cellular automaton (Corollary [7).

e counterparts of all these results without auxiliary states, using the modified construction

(Corollaries B}, [0l and [§]).



In Section (.4 we consider the case where the set of limit points depends on the initial measure.
Computational constraints appear to describe functions p —— V(F, ) that can be realised in this
way. Indeed, it is possible to “transfer” the computational complexity of the initial measure (using
it as an oracle) to the set of limit points. Modifying the construction of Section [8] we manage to
build a set of limit points depending on the density of a special state; however, we do not obtain a
complete characterisation.

1. DEFINITIONS

1.1. Configuration space and cellular automata

Let A be a finite alphabet. Consider A% the space of configurations which are Z-indexed se-
quences in A. If A is endowed with the discrete topology, A% is compact, perfect and totally
disconnected in the product topology. Moreover one can define a metric on A% compatible with
this topology:

Vz,y € .AZ, dc(x,y) _ 2—min{\i\ D XiFAYi, iEZ}‘

Let U C Z. For z € A%, denote zy € AV the restriction of x to U. Given a pattern w € AY, one
defines the cylinder [w]y = {z € A% : 2y = w}. Denote A* = J, A" the set of all finite words

w = wp.. . wy—1; |w| = n is the length of w. Also denote [w]; = [w];;yjwj-1) and [w] = [w]p =
[w][0,ju|—1], and ASF = U, < A" For any u € A" such that [u| < |w], define the frequency of u in
w as Freq(u,w) = mCard ({i € [0, Jw] = [ul] - w i pu) = u})-

The shift map o : A% — A? is defined by o(x); = z;41 for = (2y)mez € AZ and i € Z and a
subshift is a closed o-invariant subset of A%Z. For w € A*, ®w™ is the o-periodic word defined
by *wig ),y = w and ot Hwl(00p®) = g (®w™>) for all i € Z.

A cellular automaton (CA) is a pair (A%, F) where F : AZ — AZ is a continuous function that
commutes with the shift (0 o F = F o ¢). By the Curtis—Hedlund-Lyndon theorem [Hed69], it is
equivalent to a function defined by F(z); = F((%i4v)ucu,) for all z € A% and i € Z, where U C Z

is a finite set named neighbourhood and F : AYF — A is a local rule.

1.2. Sets of measures on AZ

1.2.1. Dynamical properties

Let B be the Borel sigma-algebra of A%. Denote by M(A?) the set of probability measures on A%
defined on the sigma-algebra B. Let M, (A?) be the o-invariant probability measures on A%,
that is to say the measures u such that pu(c=1(B)) = u(B) for all B € B. Cylinders corresponding
to finite words form a base of the topology, so a measure p € M, (A%) is entirely characterised by
{uu]) © we A}

Usually M, (A%) is endowed with the weak* topology: a sequence (iy)nen in M, (A%) con-
verges to i € My(A?%) if and only if, for all finite subsets U C Z and for all patterns u € AY, one
has lim,, 0 ftn ([u]y) = p([u]y). In the weak* topology, the set M, (A?%) is compact and metrisable.

A metric is defined by
1
Al ) = 3 o mae () — w((u)].
neN

Define the ball centered on p € M, (A%) of radius € > 0 as

B(i,e) = {v € Mo (A7) : du(pi,v) < e},
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and this definition is extended to balls around a set of measures. A measure p € M, (A?) is o-
ergodic if for every o-invariant B € B (0~!(B) = B p-almost everywhere), one has u(B) = 0 or
1. The set of o-ergodic probability measures is denoted by ./\/lg_erg(.AZ).

For U C Z not necessarily finite, denote by By the o-algebra generated by the set {[u]y : u €

AV U e U}. Define the weak mixing coefficients of a measure p € M, (A%) as
nite

u(ANB)
v, (n :sup{‘i—l tAEB_o, BEB oo #(A) >0, u(B)>0;.
M( ) (A pu(B) ]—00,0] [n,00] (4) (B)
A measure y € My(A?) is ¢-mixing if ¥, (n) — 0. Denote My_mix(A%) the set of -mixing

measures. In particular My _mix (A%) C My—erg (AZ).

For a measure yu € M,(A%), define the support of u supp(u) as the set of configurations of
AZ such that any open neighbourhood of these points have positive measure. u has full support
if supp(p) = A%, which is equivalent to p([u]) > 0 for all u € A*. Denote MU (A%) the set

full . (A%) the set of ¢-mixing measures with full

of ergodic measures with full support, and M " ..

support.

1.2.2. Classical examples

The Dirac measure supported by z € AZ is defined as d:(A) = 1ze4. Generally 0, is not o-
invariant. However, for any o-periodic configuration *°w®, it is possible to define the o-invariant
measure supported by “w> by taking the mean of the Dirac measures on the orbit under o:

— 1
511] - 50-1' 00 @)
jwl Z_ )
i€[0,|w|—1]

—

The set of measures {5w Tw e A*} is dense in M, (A?) [Pet83).

Given (pg)aca a family of elements of [0,1] such that > . ,p, = 1. The Bernoulli measure
A(pa) associated to (pa)aca is defined by

Apo) ([U]) = PusPuy - - - Pu, for all u =uqug ... u, € A™

1.3. Action of a cellular automaton on M,(A%) and limit points
1.3.1. Definition of V(F,u) and V'(F, p)
Let (AZ,F) be a cellular automaton and g € M,(A%). Define the image measure F,u by
Fuu(A) = p(F~Y(A)) for all A € B. Since F is o-invariant, that is to say F oo = oo F,
one deduces that Fi(M,(AZ)) C My (AZ) and Fi(Mo—erg(AZ)) C My_erg(AZ). This defines a
continuous application F, : My (A%) — M, (A?).
We consider in particular F!y the iterated image of u by Fj, and its Cesaro mean at time t € N
defined by ¢f (1) = 77 Yizo Fip € Mo (A”).
For a measure pu € MU(AZ), we are interested in the asymptotic behaviour of the sequences
(Ffp)ien and (of p)en. Define
o V(F, 1), the p-limit measures set, as the set of limit points of the sequence (F*u)en;
e V/'(F, 1), the Cesaro mean p-limit measures set, as the set of limit points of the sequence
(of 18)en.
Since Mg, (A%) is compact, V(F, ) and V'(F, ) are nonempty. When V(F, ) is a singleton {v},
Flp((u)) — v({u)).



1.3.2. Topological obstructions

Our main purpose is to characterise which sets of measures can be realised in this way. There
are topological obstructions for these sets: V(F, ) and V'(F, u) are closed and thus compact since
My (A?) is it.

Moreover V'(F, u) is connected. Indeed, let K be a connected component of V'(F,u) and as-
sume that V'(F,u) is not reduced to K. Since K and V'(F,u) \ K are closed in a compact set,
there exists a minimum distance d > 0 between them. Since daq(¢f (1), o1 (1)) = 0, the set

B(K, 2%)\B(IC, %l) contains arbitrarily many points in the sequence and thus contains a limit point,
this is a contradiction.

2. COMPUTABILITY OBSTRUCTIONS

In this section, we explore the computability obstructions of V(F, u) and V'(F, ) when the initial
measure 4 is computable.

2.1. Notions of computability
Definition 1. A Turing machine TM = (Q,T, #, qo, 0, Q) is defined by:

e T a finite alphabet and a blank symbol # ¢ T';

e () the finite set of states of the head; gg € Q is the initial state;

e 0:Q x (TU{#}) = Q x (TU{#}) x {+,—} the transition function.
e (Qr C @ the set of final states.

Initially, a one-sided infinite memory tape is filled with #, except for a finite prefix (the input), and
a computing head in state ¢g is located on the first letter of the tape. At each time step, given the
state of the head and the letter it reads on the tape — depending on its position — the head changes
state, replaces the letter and moves by one cell at most, according to the transition function. When
a final state is reached, the computation stops and the output is the value currently written on the
tape.

A function f: A* — A* is computable if there exists a Turing machine working on an alphabet
I' O A that, on any input w € A*, eventually stops and outputs f(w).

To generalise this definition to functions mapping arbitrary countable sets X — Y, we introduce
the notion of encoding.

An encoding for a countable set X is the choice of a finite alphabet I'x, a subset Vx C I'y of
valid encodings and a surjection ex : Vx — X. Intuitively, a word in I'y represents an element
of X, but an element can have several valid encodings and not all words of I'* are a valid encoding
of an element of X. Strictly speaking, the following definitions depend on the chosen encoding,
but empirically all reasonable choices lead to the same notion of computability. Therefore we fix
canonical encodings that will be valid throughout this article for N, Q and their products.

e Nor Z: I'={0,1} and to each binary sequence we assign the corresponding integer, with
the first bit encoding the sign for Z;

e X xVY: If I'y,ex and I'y,ey are the encodings fixed for X and Y, respectively, we put
I' =Tx UTy U{|} (disjoint union, i.e. assume | is a fresh symbol), and to x|y we assign

(ex(z), ey (y));
e Q: Take the encoding for Z x N* and compose the encoding function by (p,q) —

SRS

(surjection).



Definition 2. A function f: X — Y between two countable sets is computable if there exists a
Turing machine working on an alphabet containing I'x U 'y that, on any input x € Vx, stops and
outputs y € Vy such that f(ex(z)) = ey (y).

A set K C X is computable if 15 is computable.

2.2. Measures and computability
2.2.1. Definitions and some examples

Since a probability measure u € M, (A?) is characterised by the value of j([u]) for all words u € A*,
it can be seen as a particular type of function A4* — R. Here R is not countable but is a metric
space with a countable dense set. Therefore it is natural to define a computable function A* — R
as a function that can be approximated by functions A* — Q in a computable manner.

Definition 3 (Computability of probability measures). A measure u € M,(A%) is computable
(or Aj-computable) iff there exists f : A* x N — Q computable such that

lu([u]) = flu,n)| <277 for all u € A" and n € N.

A sequence of measures (p;);cn is a uniformly computable sequence of computable mea-
sures iff there exists f : A* x N x N — Q computable such that |p;([u]) — f(u,n,4)| < 27™. This is
a stronger statement than saying that all u; are computable.

A measure i € M, (A?) is limit-computable (or Ay-computable) iff there exists a uniformly
computable sequence of computable measures (p;);en such that lim; oo p; = p. Equivalently there
exists f : A* x N = Q computable such that

le([u]) = f(u,n)| — 0 for all u € A™.

Denote Mg P (A%) the set of computable measures and M?Q_Comp(AZ) the set of limit-computable
measures. Of course M (AZ) € M5 P (ALY,

Example 1. Let us provide some examples of such measures:

e any measure supported by a periodic orbit is computable;

e any Bernoulli measure or Markov measure with Computableﬂ (resp. limit-computable) pa-
rameters is computable (resp. limit-computable);

e if an effective subshift (i.e. such the set of forbidden patterns can be enumerated by a Turing
machine) has a unique o-ergodic measure p, then p is computable.

To obtain an approximation of u([u]) for a pattern u, we construct an algorithm as follows.
At step n, the algorithm enumerates the first n forbidden patterns and produces all words of
size n which does not contain any of these forbidden patterns. If the frequencies of u in all
these words are sufficiently close (less than the requested precision), the average frequency
is an approximation of p([u]). If not, we continue to the step n + 1, until an approximation
is found. This process must stop since, for all elements of an unique ergodic subshift, the
frequency of a pattern converges towards the measure of this pattern (we would otherwise
obtain another o-invariant measure). We deduce that p is a computable measure. This
proof can be found in [GHR11] with a more abstract point of view.

This class of measures is very large. For example, this is the case for any subshift obtained
by a primitive substitution or the orbit of a Sturmian word defined by some computable
slope. For more details about measures of primitive substitutions and Sturmian words, see
for example [FMI10].

Here the computability of a real is defined as the computability of the function that maps n to the n'" digit of
the real.
6



2.2.2. Approximation by measures supported by periodic orbits

It is well known that the set of measures supported by periodic orbits is dense in MU(AZ) for the
weak topology. The notions of computability for probability measures can be defined in an equivalent
way using this countable dense set and the distance daq which measures the approximation.

Proposition 1 (Approximation by measures supported by periodic orbits). It is possible to define
computable and limit-computable measure as approrimation of measures supported by periodic orbits.

(i) A measure p € My (A%) is computable if and only if there ewists a computable function
N —= A* such that dag (u,&?@) < 27" for all n € N.

(i) A measure u € My (A%) is limit-computable if and only if there exists a computable function
[N —= A" such that lim ) = p.
n—oo

Proof. (i) Let p € Mg™P(AZ). Given some n € N, we can enumerate words in A* in a computable
manner until we find a word f(n) such that |u([u]) — (5f( ([u])| <2772 for all u € AS"FL. Such

a word exists since the set {S; Tw € A*} is dense in M, (A%), and it is eventually found since p

and g; are computable. One has

1 1 1
A (11,570 Z s max () = Sy ()] < g + Y 55 < o
i>n+2

—

The converse is obvious since (n,u) = d7(,)([u]) is computable and we have

Yu € A*,

pl(ul) = 5o ()| < 2*daq (11,350 )

(ii) Let p € ME> COMP(AZ), There exists a uniformly computable sequence of computable mea-
sures (p;)ien such that lim; oo pu; = p. For each n € N, we enumerate words until we find

f(n) € A* such that da(pn,dppm)) < 27" Clearly f : N — A" is computable and we have
d (u,%) < dp(phy i) + dpg (fin, m) — 0. The converse is similar to the previous case. [

2.3. Action of a cellular automaton on computable measures

When a computable measure is iterated by a cellular automaton, the resulting sequence of measures
is uniformly computable. This is formalised in the following property.

Proposition 2 (Uniform computability). Let F : A? — A” be a cellular automaton. If p €
MGFTP(AT), then (Flu)ien is an uniformly computable sequence of computable measures.

Proof. By definition, there is a computable function f : A*xN — Q such that |u([u])—f(u,n)| < 27"
for all u € A*. Because F' is defined locally, F t(a:)[()’k} depends only on x4yt Where | = minUp

and 7 = maxUp. In other words, for all u € A*, there is a set Pred;(u) C A7+ such that
F~([u]) = Upepred, (u)[v]- Now consider the function

o (uyn,t) — Z f, lul +n+ (r—101).
vePredy(u)
7



It is computable by enumerating elements of A**("=D% and checking if F*([v]_;;) C [u] by iterating
the local rule on v. Finally:

[Fin(u]) = f'(u,n,6)] = |u U W= > flu+nt -0
vePred¢(u) vePred(u)
< Y ull) = flolul + A+ (e = D))
vePred(u)

< 2|u\+(r—l)t . 2—|u\—n—(r—l)t —9n
which means that (F!u)en is a uniformly computable sequence of computable measures. ([l

From this proposition, we deduce the first computability obstruction when the sequence (F!u)sen
converges toward a single limit starting from a computable measure .

Proposition 3 (First computability obstruction). Let F : A% — A” be a cellular automaton. If
€ MG (AL) and Flu o vithenve M2 ( ALY,
—00

We have obtained a computability obstruction on single limit measures. In the following subsec-
tions, we extend this obstruction to sets of limit points.

2.4. Closed sets in computable analysis
2.4.1. Definitions and some examples

We introduce computability notions on compact subsets of metric spaces which cannot be defined
using the characteristic function since the compact set is not necessary countable. A standard
reference book of the theory of computable analysis on metric spaces is [Wei00|, but this theory is
widely applied in the context of invariant measures (see for example [GHR11]). Computability in a

general metric space is defined according to a countable dense subset and a metric, (dy)ypea+ and
dq in the case of M, (A%).

Definition 4. A closed set K C M, (A%) is computable if the set
{(w,r) € A xQ : B(bw,r) K # 0}
is computable, that is, if its characteristic function is.

However, a set of limit points of a sequence (F!u)ien, for u € Mg™P(A%), is not necessarily
computable. We need to extend these definitions further in order to obtain an arithmetic hierarchy.

Definition 5 (X5 and Ils-computable function). Let X,Y be two countable sets, with Y being
ordered. A sequence of functions (f; : X — Y)ien (vesp. (fi; : X — Y), jen2) is uniformly
computable if (i,z) — fi(z) (resp. (i,j,z) — f; j(z)) is computable.

A function f : X — Y is II;-computable (resp. Yj;-computable) if f = inf;ey f; (resp.
f = sup,ey fi), where (f;)ien is an uniformly computable sequence of functions.

A function f : X — Y is Il,-computable (resp. Yo-computable) if f = inf;ey Supjen fij
(resp. f = sup;ey infjen fi;), where (fi;)(i j)en2 is an uniformly computable sequence of functions.

Definition 6 (X3 and IIy-computable closed set). A closed set K C M, (A?) is [I-computable
(resp. Yo-computable) if the set

{(w,r) € A xQ : B(dw,r) K # 0}

is IIa-computable (resp. X), that is, if its characteristic function is.
8



Remark. The symmetric notions of IIs- and Ys-computability come from an analogy with the real
arithmetic hierarchy [ZWO01l [Zie05|. These definitions extend naturally to IT,,- and ¥,,-computability.

Example 2.

o M,(A?) is a computable set.
e the set of shift-invariant measures supported by any effective subshift is a II;-computable

compact set (that is to say the set {(w, r)e A xQ : B(S;, )N K # 0)} is IT;-computable);

e let K C [0,1] be a closed IL,-computable se] and denote Ay € M, ({0,1}%) the Bernoulli
measure which charges 0 with the probability p and 1 with the probability 1 — p. The set
K ={)\,:p € K} is a Il,-computable compact set of M, ({0,1}%) and is connected if and
only if K is. Furthermore {a\, + (1 — a)); : p,¢ € K and « € [0,1]} is a II,,-computable
compact connected set of {0,1}”. This example extends naturally to larger alphabets and
Markov measures;

e denote i, € My ({0,1}%) the measure supported by the Sturmian subshift of slope a.
The set K = {po : @ € K}, where K is a II,-computable closed subset of [0,1], is a
I1,,-computable compact set of M, ({0,1}%) and is connected if and only if K is.

Proof of the second example. Let ¥ C A% be an effective subshift, which means that it is defined by
a set of forbidden patterns F and there exists a computable function f : i,u — {0,1} such that
u € F <= sup; f(i,u) = 1. Denote F; = {u € A* : sup;; f(j,u) = 1}.

There exists an effective sequence of integers (o );en such that:

| =

—
w

Vi € Mo (A%), Fw € A% dpq(p, 60) < =

~

This is due from the fact that M, (A?) is a recursively precompact metric space (see [GHRII]).
Now define:

W, = {w € AS %%ven}?wxﬂ dw([v]) < %} )
where the maximum is worth 0 when the set is empty, which means that the sum has a finite number
of terms: the maximum length of a word in F;.
Let A be the algorithm that, on input (u,r) € A* x Q and i € N,
(1) computes all elements of F; (evaluating a computable function over a finite set of arguments);
(2) computes all w € W; (a finite number of tests, and v — g;([u]) is a function A* — Q
which can be evaluated exactly);
(3) computes d;(3y,dy) = S0y ok maxyean 8w ([0]) — 6u([0])] for all w € Wi

(4) outputs 1 if there exists w € W; such that di(g;, 5;) <r+ 1 and 0 otherwise.
We prove the correctness of this algorithm, that is, we show that

inf A(u,r,i) = 1 <= B(0,,7) N My (Z) # 0.
1€

Notice that for every sequence (w;);en satisfying w; € W; for all ¢, any accumulation point u of
the sequence (5/;2.),@\1 satisfies p([u]) = 0 for all u € F, and therefore u € M, (X).

If inf;eny A(u,r,i) = 1 then for all i € N there exists w; € W such that di(&u\i, 5;) <r+ % Thus
one has dM(é/u;, &) <r-+ % + 1. We deduce that for any accumulation point  of (6/11;)2'61\? one has

dp(p,8y) < r and therefore B(8,,r) N Mq(X) # 0.

2The computability of a closed set of real numbers is defined similarly to the computability of a closed set of
probability measures.
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Conversely, let p € B(g;, 7) N My (). There exists a sequence (w;);en such that w; € AS% and
dpm(pt, 6w,) < 1. Since p € My(L), one has

o~ o~ o~

%ZdM(#yéwi)Z max by, ([u]) > 3" max 8y, ([u])

e u€FNAL 7eN u€F;NAL

which means that w; € W;. Furthermore,
~ o~ ~ o~ -~ —~ 1
dz((suyéwz) < dM(éuﬂswz) < d/\/l((suaﬂ) + dM(Nyéwz) <r+ ;

so A(u,r,i) =1 for all i € N.
We conclude that M, (X) is a IIj-computable set. O

2.4.2. Equivalent definitions of Il;-computability

The Ils-computability of a closed set can be defined in other equivalent ways, which requires to
extend notions of computability and Ils-computability to functions mapping metric spaces with
countable dense sets.

Definition 7. A sequence of functions (f, : My(A%) — R),ey is a uniformly computable
sequence of functions if:

1
- for every

e there exists a : Nx N x A* — Q computable such that ‘fn(g;) —a(n,m,w)| <
w € A* and n,m € N (sequential computability);
e there exists b: N — QT computable such that daq(u,v) < b(m) implies | f, (1) — fn(v)| <
% for all n,m € N (computable uniform equicontinuity).
A function f: M,(A%) — R is II;-computable if there exists a uniformly computable sequence
of functions (f,, : My(A%) — R),en such that f = inf, f,.
A function f : M, (A%) — R is ¥o-computable if there exists a uniformly computable sequence
of computable functions (fi; : Mg (A%) — R)(; jen such that f = sup; inf; f;;.

Proposition 4. Let K C My(A?%) be a closed set. The following are equivalent:
(1) K is Ila-computable;
(2) dic : p— mingex dp(p, v) is Xo-computable;
(3) K = f1({0}) where f : Ms(A%) — R is a II;-computable function.
Proof.
1 = 2: Assume there is a computable function f : N?> x A4* x Q — R such that, for every

we A" and r € Q, B(g;,r) NK # () < inf; sup; f (4, j,w,r) = 1. Consider the sequence

(dm,wm cp— (1 — f(i,j,w,r)) max (O,r - dM(éw,,u))>(i7j’w7r)€N2xA*XQ.
The function (4, j, w,r,w') —> di,j7w,r((5/;/) is computable as a product of computable functions
(sequential computability) and every d; ;. , is 1-Lipschitz (computable uniform equicontinuity),
hence this sequence is a uniformly computable sequence of functions. We now show that dx =
Sup,, , Sup; inf; d; jwr-

For any (w,r) such that inf;sup; f(i,j,w,r) = 0, we have di(6,) > r, and thus for all u €
My (A?%) one has:

SUping d () = max (0.7 = daa(B,p2) ) < mae (0. (5u) = daa(B, 1)) < dic(p).
(3

If € K, we conclude that sup; ,, . inf; d; jw(1) = 0 = dic(p).
10



—

Now let u ¢ K. For all ¢ > 0, there exists w such that day(dw,p) < €. Let r € Q be such

that 0 < d;c(g;) — r < g, which implies that B(gg,r) N K = 0 and so inf; sup; f(4,j, w,r) = 0.
Furthermore dic () < d;c(g;) +dm (5/;, ) <1+ 2, we deduce that

P o~

supinf d; jw,r(1) =1 — dap(Sw, 1) <7 — 26 — dpa (6w, 1) < dic(p) — 3e.
i J
The latter is true for every e > 0, we deduce that sup; ,, . inf; d; jw (1) = dic(p).

2 = 3: Let (d;j : M,(AL) — R)(i,j)en2 be a uniformly computable sequence of computable
functions such that dx = sup;cyinfjen di;. By considering sup(d; ;,0) (which is uniformly com-
putable since x — sup(z,0) is computable), these functions are assumed nonnegative w.l.o.g.
Denote g;, = inf{d; ; : j€{0,...,n}}.

o) =0 = Y 5 (inf 00 ) =0

ieN JeN
1/,
=25 (00 =0
€N
1
= mf »  5:9in(n) =0,
1eN

where the last equivalence is obtained by the monotone convergence theorem, g; , being decreasing
inn. Let fr:pp— Y icn % Gim(t). (fn)nen is a uniformly computable sequence of functions, since
computing (n,w’) — fn(éfujl) up to precision 27" only requires to compute the values of d; ; (5/;/)
for i,j € {0,...,r}, and the computable uniform equicontinuity of (f,)nen is a consequence of the
computable uniform equicontinuity of (d; ;) jjen2. Thus K = f ~1(0) where f = inf, f,.

3= 1:Let (f,: My(A%) = R),en be a uniformly computable sequence of functions such that
f =inf ey fn. We assume w.l.o.g that the sequence is decreasing. For i € N, we note:

1
di(p,v) =y o= max |p([u]) — v([u)),

2" ueAn

n=1

so that 0 < dam(p,v) — di(p,v) < % For any n € N;w' € A* and i € N, define

Kpoi = {(w,r) EA* X Q : di(0u,dy) <1 and |f;(d,)] < l}.
n

The function (n,w’,i,w,r) — 1g_, (w,r) is computable and thus the characteristic functions
1k, ., are uniformly computable. Define:

K = ﬂ U K, owi and thus 1x = inf sup 1g , ..
N . SWy neN w' A n,w’,i
ne wlg\? ieN

The set K is Ils-computable by definition, we are going to prove that
K ={(w,r) € A" xQ : Bu,r) KA}

Let (w,r) € K. For all n € N, there exists w,, € A* and i, € N such that dM(g;,Eu\n) <r
and [f;,| < L. By compactness, there exists y € My (A%) such that dag(dw,p) < 7 and f(p) =

lim;, 00 fi, (w;, ) = 0. Thus B(S;,r) NK # 0.
11
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Conversely, consider u € B(dy,7) N K. Since f(u) = 0, for all n € N there exists i, € N such
that |fi, (1)| < . Thus one has |f;,(v)| < L for all v € B(p,b(2n)). Let w, € A* such that

2n°
gu: € B(S;,r) N B(u,b(n)). One has |f;, (w,)] < 1, that is to say (w,r) € Ky u,,i,. Since it is
verified for all n € N, one deduces that (w,r) € K. O

Remark. There exist other equivalent definitions for ITa-computable closed set. See [dM14] for
some complements.

2.5. Computability obstruction for V(F, ;) and V'(F, i)

We now state the computability obstruction for subsets of M, (A%) reachable as limit sets of the
sequence (F!u)ien (p-limit measures sets).

Proposition 5 (Second computability obstruction). Let F : AZ — A% be a cellular automaton and
€ MP™P(AZ). Then V(F, ) and V'(F, i) are nonempty Ila-computable compact sets.

Remark. If a Ils-computable closed set of measures is reduced to a single measure, then this
measure is limit-computable. Thus Proposition Bl implies Proposition

Proof. Let f,, : v — dm(F'u,v). Since p is computable, (fn)nen is sequentially computable.
Moreover |fn,(v) — fu (V)| = |[dp(EPp, v) — dpaqg (F s, V)| < dpg(v, V') 80 (fr)nen is computably uni-
formly equicontinuous. The result follows from the fact that dy g, (v) = liminf,, o0 dp (F p,v) =
sup,,, inf,,~, fn(v), using Proposition @l

The same reasoning holds for V'(F, ). O

Remark. When the initial measure is not computable, it can be used as an oracle. These obstruc-
tions will be generalised accordingly in Section [£.4]

2.6. Technical characterisation of Il,-computable compact connected sets

IIs-computable compact set of measures can be described as the limit points of a sequence (EU:)%N
corresponding to some uniformly computable sequence of words (wy,)nen. However, for technical
reasons, the p-limit measures set of the construction presented in Section [ corresponds to the limit
set of an infinite polygonal path composed of segments of the form

[&,&} - {t& F(1-t),:teo 1]} C M, (A%

where u,v € A*, and is in particular connected. This is why we describe in the following proposition
how compact, IIo-computable, connected sets can be covered by a polygonal path corresponding to
a uniformly computable sequence of words.

Definition 8. Let (wy,)nen be a sequence of words of A*. Denote V((wp)nen) the limit points of
the polygonal path defined by the sequence of measures (dy,, )nen:

V((nner) = () U [8uns B |-

N>0n>N

Proposition 6. Let K C My(A%) be a non-empty Ia-computable, compact, connected set (Ila-
CCC for short). Then there exists a uniformly computable sequence of words (wy)nen Such that

K= V((wn)nGN)'

Proof. By Proposition [ there is a uniformly computable sequence of functions (fy,)nen satisfying

K = f~1({0}) where f = infpen frn. Let @ : Nx N x A* — Q and b : N — QF be the computable
12



functions given by Definition [l Without loss of generality, we can assume that b is a decreasing
function and b(7) = 0.

For k € N, deﬁne

of =min{f <t : Yue AS!, Jw € A= dy 5u,5 < b(k

arp =min{ L €N : M,(A%) = B(6,, b(k

uEA<Z

??‘|l\3

Vi = {u € A% : 3n < t such that a(n, k,u) <

2
V) = {u € AS% : In € N such that a(n, k,u) < E}
Since the periodic measures are dense in M, (A%), we have al, = ap when ¢ is large enough.
Furthermore o, — +oc.
k—+o00

Moreover, for u € A if f(6,) < 2 there exists n € N such that Fa(by) < 2 50 a(n, k,u) <
which implies that u € V. Conversely, if u € Vi, then there exists n € N such that a(n, k,u) <
S0 f(0) < fal®) < aln,ku) + 1 < 3.

CrLAM 1: V! isincreasing with regards to t and there exists Ty, such that Vg’“ = V.. Furthermore,
the function (k,t,w) — Lyt (w) is computable.

E LRSIV

Proof. For all k and t, Vi C V};H. Furthermore, if w € Vy, then w € V? for ¢ large enough.
Since V. is finite, there is a T}, such that V; = Vz’“.

The conditions for being included in V%, can be checked by computing computable functions
over a finite range of values, so (k,t, w) — Lyt (w) is computable. < claim 1

Notice that the T} are not necessarily computable, which means that even though each Vj is
finite, there is not necessarily a way to know when the enumeration is finished.

K= U B(dub®).

k uer

CLAIM 2:

Proof. For each element p € K and k € N, there is an element u; € ASew such that

dM(u,duk) < b(k), and therefore f( uk) S z. Thus there is m € N such that f,( uk) <t

One deduces that a(m, k,u) < fi( uk) + < k, which means that u; € V. In other words,
vkeNKC |J B (6u,b(/<:)> .

uEVy

Conversely, let u € (), U,ev, B (5;, b(k‘)) For all £ € N, there exists ux € Vj such that

uw e B <(5uk,b(k)). Following the same reasoning as before, there exists n € N such that
a(n, k,uy) < 2 and so

F) < )+ 7 < Fuld) +

We conclude that f(u) =0so p € K. < Claim 2
13
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We introduce Algorithm [I] for computing the sequence (wy,)nen which realizes K as the limit
points of the polygonal path defined by (04, )nen-

Algorithm 1: Enumeration of the sequence (wy,)nen.

Data: An algorithm computing (k,t, w) — Lyt (w)
Result: Enumeration of the sequence (wy,)nen

n < 0;
1. for t € N, by increasing order do
2. for k < t, by increasing order do
3. for each element w € Vi do
if n =0 then
W — W;
n <+ 1;
Go to the next element of V?:
else
ift>0andw € Vz_l then
| Go to the next element of V;

else
4. for ¢ < k, by decreasing order do
Enumerate all finite sequences without repetition uy,...,u—; € Vi
if a path wp—1 = ug,u1, ..., u; = w with dag(ug, ugr1) < 4b(i) is found
then

Wy = ULy oo, Wppi—1 <y and n —n+1;
Go to the next element of Vi;

if no such path was found for any i then
Wy, < W, n4—n+1;
Go to the next element of V1;

Notice that in the fourth loop, if a path is found, then it corresponds to the largest i < k for
which such a path exists. Now we prove the correctness of this algorithm. First notice that all
elements of all Vi is enumerated in (wy,)pen-

CramMm 3:  Ifp € K, then p € V((wp)nen)-

—

Proof. By Claim 2, there is a sequence of words (uy)ken such that ui € Vi and daq(0y,,, i) <
b (k) for all k € N. So uy appears at some point in the sequence (wy,)nen for every k € N. We

conclude that limy_, (5/1; = 1 € V((wn)nen)- <& Clainm 3

CLAIM 4:  For every € > 0, there exists a t. such that in the previous algorithm, if t' >t > t.,
w e ijl\V§€ and w' € VZ,H\VZ/,, /tilen/tﬁe path w = ug,...,w’ = w; built in the fourth loop
satisfies dic(v) < e for all v € Up<;<i[0u; s Ouiy |-

Proof. Let € > 0, there exists by compacity a n. € N such that f(u) < nis = di(p) < e.

Iterating the same argument, there exists k. > 3n. such that f(u) < ki; = di(pn) < b(ne).

Let t. = maxg<;<k. (1;) and assume w € V};H\V}fC and w' € Vg,“\Vt,, with ¢ >t > t.. By
definition of the T}, we have Vi = V! = V¥ for all n < k.. For w and w’ to be chosen by the
14



algorithm we must have k > k. and k' > k. with w € V and v’ € Vi so f(/\) < k% < n%
and f( N < k < —=, thus w,w’ € V,,_. Moreover, by definition of &, d;c(cs ) < b(ng) and
dic(bur) < b(ne).

Therefore J,cv, B <<§;,b(n5)> contains o, and &, as well as K in a single connected
component, since K is connected. This means that in the fourth loop of the algorithm, a

path can be found for some ¢ > n.. The path is entirely included in Uuev- B ((i“ b(z)) For
v € Uyev, B (&\L, b(i)), there exists u € V; such that f(v) < f(g;) 1<i< nis sodi(v) <e

by definition of n.. The result follows. <& Claim 4

Cram 5:  If p € V((wn)nen), then p € K.
Proof. Take any € > 0, and wait that the first loop reaches the value ¢t = t. where t. is defined
in Claim 4. At some point, a new element w, will be found in the third loop and it will
be added to the sequence already built (with a path of words before it). By construction,
wy, € Vi for some t > t., and the same is true for any element found in the third loop from
now on.
By Claim 4, this means that any pair of elements (wg,wgs1) with & > n added in the

sequence from now on satisfies Vv € [5/10:, (Z,:l], dic(v) < e. This is true for all £ > 0, so any

accumulation point of the polygonal path J, - N[@’m] is included in K. <& Claim 5
O

3. CONSTRUCTION OF A CELLULAR AUTOMATON REALISING A GIVEN SET
OF MEASURES

In this section, we prove a reciprocal to the computability obstructions of PropositionBland a partial
reciprocal to Proposition [ using Proposition [6l Given an uniformly computable sequence of words
(wn)nen in B*, we construct a cellular automaton realising V((wy )nen) as its p-limit measures set.
We remind that V((wp)nen) is defined as the set of limit points of the polygonal path defined by

the sequence of measures (0, )nen:

V((wn)nen) m U [wm wn+1}

N>0n>N

Theorem 1 (Realisation of a computable polygonal path of measures).
Let (wp)nen be a uniformly computable sequence of words of B*, where B is a finite alphabet. Then
there is a finite alphabet A O B and a cellular automaton F : A — A% such that:

e for any measure j € ./\/lfu_ll (A%), V(F, 1) = V((wn)nen).

O—"1Mmix

o if V((wn)nen) = {v}, then for any measure i € MM (AZ), Fiy v
— 00

o—erg

Furthermore we get an explicit bound for the convergence rate in the first point of the theorem.
Assume that w,, is computable in space O(y/n) (by repeating elements of the sequence (wp,)nen if
necessary), one has:

—

dpa(FLp V((wn)ners)) = 0<®>+sup @ V((waer)) : vE ) BonBunns]
n>C(logt)?

for some constant C' > 0. The first term of the upper bound corresponds to the intrinsic limitations
of the construction, the second term depends on the speed of convergence of the polygonal path
15



defined by gu: towards V((wp )nen), which is intuitively the quality of the approximation of V(F, u)
by a computable path.

This construction has many applications detailed in Section Bl We just mention here Corollary
which says that every compact, IIo-computable and connected subset of M, (B%) can be obtained
as the p-limit measures set of a cellular automaton F : AZ — AZ for any pu € MM . (A%).

In the rest of this section, we detail the construction of this cellular automaton and prove the
correctness of the construction in Subsection

3.1. Overview of the construction

This section presents a sketch of the construction. The alphabet A, where is defined the cellular
automaton, contains a symbol (for wall) persisting in time, except under special circumstances,
defining independent areas of computation (segments). Independently in each segment, three tasks
are performed in parallel:

Formatting: the initial contents of the segment are erased;

Computation and copy: each word w; is successively computed and concatenated copies of
it are written on the whole segment;

Merging: the length of the segment is checked at regular intervals, and it merges with the
segment to its right if it is too small.

The key task is the second, since the goal of the construction is that F!u gets close to each
measure (i; successively. This requires that the computation is performed synchronously between
all segments, so that each segment contains copies of the same w; at the same instant. To do this,
we define another symbol (init), which appears only in the initial configuration, creating a wall
and initialising computation and auxiliary processes. This process is detailed in Section B.2.11

Any symbol or process created in this way is referred to as initialised ; uninitialised processes
are those already present in the initial configuration over which we have no control, and that we
wish to erase. In particular, uninitialised walls are not considered as valid segment borders.

Apart from and [W], the new alphabet A is divided in different layers: the main layer
where the words w, are output and copied out, and auxiliary layers where computation and
other processes take place. This allows to perform all tasks in parallel.

Formatting. Since we have no control over the initial contents of each segment, we first want to
format the segment, that is, to erase uninitialised walls and uninitialised contents of the auxiliary
layers.

Most processes defined below are designed to self-destruct when they are not initialised. This is
detailed as each new process is introduced. The difficult task is to distinguish uninitialised walls
from initialised walls.

To do that, each initialised wall sends to its right a signal on a specific layer progressing at speed
one (formatting counter - see Section [3.2.4)), that keeps track of its age using a binary counter.
Meanwhile, each initialised walls also keeps track of its age under the form of a binary counter on
another layer, to its left, incrementing at each step (time counter - see Section 3.2.3)).

Time and formatting counters already present in the initial configuration (uninitialised) have a
nonnegative value at time 0, whereas those created by an symbol (initialised) have value 0 at
time 1, and they increment at the same rate. Thus, uninitialised walls have older time counters,
and by comparing time counters and formatting counters as they cross, we can erase older counters
and uninitialised walls. Figure [[lis an overview of those processes.

Computation and copy. Meanwhile, on another layer, a Turing machine is simulated in the space
delimited by the time counter. This machine successively computes each w,, (see Section B.3.2]) and
16



Figure [0

Figure [ and @

see Section [3.2.1]

FiGURE 1. Sketch of the bootstrapping and formatting processes. Vertical lines
are walls. Dashed parts contain time counters (section 3.2.3]) and Turing machines
(section [3:3.2). Slanted lines are formatting counters (section B.2.4)), white and grey
areas are respectively formatted and non-formatted.

writes concatenated copies on the main layer of the segment to its left (see Section B:3.3). For each
wy, this happens synchronously on the whole configuration, so as to approach the measure d,,,.

Merging. Synchronously at some time 7,,, segments of a given length n are merged with their left
neighbour. This allows us to enlarge computational space and decrease the density of cells with
nonempty auxiliary layers, so that they do not appear in the limit measure (see Section [3.4]). To
determine the length of its right segment, each wall sends a signal to the right on a dedicated layer
that bounces off the next wall and counts the return time. Figure [2] is an overview of copy and
merging processes.

Alphabet. We obtain an enlarged alphabet A = {, }U.Amain X Acomp X Atime X Aformat X Acopy X
Aperge- All those alphabets contain a symbol # (blank) representing the absence of information.

and are the two above-mentioned symbols;

Anain = BU {#} is the layer on which w,, is output and then copied out;

Acomp is the layer where Turing machines are simulated to compute w,, and other processes;
Atine is the layer on which time counters are incremented;

Asormat 18 the layer on which formatting counters move and are incremented, and where
comparisons are done;

Acopy is a layer used in the process of writing copies of the output on the main layer;

® Aperge is a layer used in the process of merging two segments.

We have B C A up to the identification b <= (b, #, #, #, #, #). If u € A, denote main(u), resp.
comp(u), time(u)...the projections on each layer (the result being # on [1] and ).

We detail the different alphabets in the following sections. As we will see, our construction needs
interactions at a distance at most three, so we can take Up = {—3,...,3} as the neighbourhood of
the local rule of F.

17
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FIGURE 2. Sketch of the copying and merging processes. Here all walls are ini-
tialised. Slanted thick lines are copy processes (see Section B.3.3]), slanted dotted
lines are merging signals (see Section [3.4)).

3.2. Formatting the segments

3.2.1. Bootstrapping

If two symbols are separated by two cells or less, the rightmost one is destroyed. Otherwise,
every [ 1] symbol turns into a , erases the contents of three cells to their right and left (including
walls), and initialises on its left a computation process and a time counter, and on its right a
formatting counter. No more or symbols can be created.

Definition 9. Let x € AZ. The set of positions [i, j] is a segment at time 0 if ; and z; are the
symbol and this symbol does not appear for intermediate coordonate in |i, j[. It is a segment
at time ¢ if F'(z); and F'(z); are initialized walls (that is to say z; = x; = [1]) and there is
not initialized walls between them at time ¢. Define the length of this segment as j — ¢ — 1.

Walls persist over time and are only destroyed under three circumstances:

e if the time layer of the computation layer of the cell to its left is empty (so the wall must
be uninitialised);

e by a growing time counter (see Section [3.2.3] and Facts 2] [6] and [7]);

e by the merging process detailed in Section B.4]

As the only exception, if a segment is of length three at time 0, then the leftmost prevents
the creation of a time counter for the rightmost wall at time 1 and the wall itself is destroyed at
time 2. Thus segments have minimum length four from time 2 onwards.

3.2.2. Counters

All counters are binary in a redundant basis, so that they can be incremented by one at each step
(keeping track of current time) in a local manner. Notice that in the following two definitions, the
indexing of the letters is inverted.

18



Definition 10 (Redundant binary basis). Let u = uq...u,—1 € {0,1,2}*. The value of u is
n—1
val(u) = Z u;2°.
i=0

Since the basis is redundant, different words in {0, 1,2}* can have the same value.

Definition 11 (Incrementation). The incrementation operation inc : {0,1,2}* —— {0,1,2}* is

defined in the following way. If uj,|_1 = 2, then [inc(u)| = |u| + 1, |u| otherwise, and:
1 if i = |u| and uy—; = 2;
inc(u); =4 w; mod2+1 ifi=0oru_3=2;
u; mod 2 otherwise.

Intuitively, the counter is increased by one at the rightmost bit and 2 behaves as a carry propagat-
ing along the counter. If the most significant bit was a carry, the length of the counter is increased
by one. Thus:

Fact 1. val(inc(u)) = val(u) + 1.

Taking a symbol as spark where the counter is incremented, in our case the symbol , and
another one to precise the end of the word, in our case #, this operation can be defined locally and
can be seen as the local rule of a cellular automaton.

3.2.3. Time

We use the alphabet Agine = {0,1,2,#}. In a configuration, a time counter is a word of maximal
length containing no # in the time layer. A time counter is attached if it is bounded on its right
by a wall , detached otherwise.

#od o o 1o
s # B # R #|2]1
N nE
sloile # # # # 21|
ORI I
slilolols # # » #[
IR I P P I VS R VS i I
Lt L

FIGURE 3. A detached time counter, and a time counter attached to an initialised
wall. Only the time layer is represented. 7 cells have arbitrary values.

At each step, attached counters are incremented by one while detached counters have their right-
most bit deleted (see Figure B]). Indeed, detached counters are uninitialised and can be safely
deleted. Formally,

o if up = , then time(F'(u)o) = time(up) mod 2+ 1;
o if time(uy) = #, then time(F(u)g) = #;
19



e otherwise, follow the incrementation definition (Definition [IT]).

When a counter increases in length, it may erase a wall by overwriting it. However, this is not a
problem, as we shall see in Facts 2] and

Fact 2. An initialised wall cannot be erased by a detached time counter.

Proof. A detached time counter is not incremented and can extend by one cell at most because of the
carries initially present in the word. But [1]symbols erase two cells to their right at initialisation. [

Fact 3. Let x € A” be the initial configuration. Each attached time counter u in F'(z) satisfies
val(u) >t — 1, the equality being attained if this counter is attached to an initialised wall.

Proof. No time counter is created except at ¢ = 1 (by [1]). Therefore such a counter was present
either in the initial configuration (with a nonnegative value), or was created at t = 1 by a [1] symbol.
It is incremented by one at each step in both cases. ([l

Thus we can use time counters to tell apart initialised walls from non-initialised walls, which is
the object of the next section.

3.2.4. Formatting and comparisons

We want to implement a counter in a new layer which is compared to the time counter when they are
in interaction. The formatting layer Asormas, contains the symbol # as all layers. A formatting
counter is a word of maximal length where the value of the cell in Agormat is different than #.
Formatting counters are defined and incremented at each step in a similar way as time counters,
but they have a range of different behaviours. Thus the other elements of Agormat are decomposed
into two layers Ayaiue = {0, 1,2, #} and Agiate where the possible value are:

“Go” state: The counter progresses at speed one to the right.
“Stop” state: Once a wall is encountered, the counter progressively (right to left) stops.
Comparison states: Once the whole counter has stopped, we locally compare the formatting
counter and the time counter, left to right, with a method we describe later which use the
Symb01 {_7 =T T+ +}
The wall is destroyed if the formatting counter is strictly younger, and the formatting counter is

destroyed otherwise (see Figures [fl and [@). In the former case, the counter progressively returns to
the “Go” state.

Changing state takes some time to propagate the information along the counter. Therefore,
counters passing from a “Go” state to a “Stop” state are temporarily in a situation where the left
part of the counter progresses whereas the right part has not. To avoid erasing information, counters
in a “Go” state have buffers, i.e. the value of the counter is only written on half the cells, the other
half containing (Go, #) (see Figure [)).

When its length increase, a counter never merges with another counter, erasing bits from the
right-hand counter instead in order to avoid merging: we say the right-hand counter is dominated.
Notice that it is impossible for a counter located to the right of another counter to be initialised,
and so it is safe to erase bits of it.

Fact 4. Let x € A” be the initial configuration. Any non-dominated formatting counter u of F'(x)
satisfies val(u) >t — 1, the equality being attained if the counter is initialised.

Proof. Similar to Fact B d
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FIGURE 4. One initialised and one uninitialised formatting counter. X symbols mark
the cells where values are prevented to appear to avoid merging: the right counter
is dominated. Only the formatting layer is represented.

Thus we guarantee that an initialised (hence non-dominated) formatting counter is strictly
younger than any uninitialised wall, and symmetrically. Uninitialised formatting counters can only
progress to the right to be destroyed by the nearest initialised wall. We will see that dominated
counters, whose value is arbitrary, are not a problem since they are erased before any comparison
takes place.

Definition 12 (Comparison method). Let u = upu;... and v = vovy... be two counters in
redundant binary basis (adding zeroes so that |u| = |v|). Let us note sign(u — v) the result of the
comparison between u and v, that is, 4,0 or —.
Case 1: if |u| = |v| =1, sign(u — v) = sign(uy — vo);
Case 2: if ug + |u1/2] > vo + |v1/2] + 1, then sign(u —v) = +,
and symmetrically;
Case 3: if ug + |u1/2] = vy + |v1/2] + € (for some ¢ € {—1,0,1}), then sign(u —v) =
sign((u) + 2e)ug -+ — vjva...),
where v} = u; mod 2 and v} = v; mod 2.

In other words, we do a bit-by-bit comparison starting from the most significant bit, consider-
ing that # is equal to 0, and taking into account the carry propagation “in advance”, so that the
incrementation and carry propagation can continue during the comparison. When the “local differ-
ence” ¢ is too small, the result cannot be determined locally and a remainder is carried (consider a
comparison between 120---0 and 11---12).

Formally, for each pair of bits (u,, v, ), we add 1 to each bit if the following bit of the corresponding
counter is 2, and depending on the value of u,, — v, + 2¢:

result < -1 -1 0 +1 > +1
new state - =_ = =4 +

If the result can be determined locally (cases 1 and 2), the state is changed to + or —, and the
result propagates to the right without further comparisons. Otherwise (case 3), the state changes to
=, which means future bit comparisons will decide the result in the same way. If there is a remainder
g, it is remembered for the next comparison by having three states =_, =4, =. See Figure [0l for an
example.
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FIGURE 5. A younger formatting counter encountering an older wall, which is de-
stroyed. Only the state layer of Asormat is represented, with greyed words for buffers.

" = | =+ |Stop|Stop value time

FIGURE 6. The comparison process in detail. Here the formatting counter is older
than the time counter and is destroyed. Only the layers Aiime and Asgormar are
represented.

After the comparison, two cases are possible:

e if the state of the rightmost bit is — or =_, the wall is strictly older than the counter.
The wall is destroyed and the state of the rightmost bit becomes “Go”. The counter then
progressively returns to the “Go” state.

e if the state of the rightmost bit is +, =4 or =, the wall is younger than the counter. The
rightmost bit is erased, and the rest of the counter is progressively erased in a similar way
as a detached time counter.
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The second case covers the case where both the counter and the wall are initialised (result =), which
means that the formatting counter has finished formatting its segment and may be erased. Also, if
the counter is dominated, then its leftmost bit is erased at each step, preventing the comparison to
start, until the counter is entirely erased.

To sum up, Asorpar = {#} U ({GO} X {O, 1,2, #}) U ({Stop, +, == =4 :—} X {07 L, 2})

When a formatting counter reaches the right wall of the segment, the segment is said to be
formatted. This implies that the segment contains no more uninitialised walls.

Fact 5. At time k(1 + [logk]), all segments of length k (for k > 3) are formatted.

Proof. Aslong as t < k(1+ [logk]), any initialised formatting counter has length [logt] < 2[log k]
(excluding the buffers) since it is in base 2. The counter progresses at speed one except when it
meets another wall. Each comparison takes a time equal to twice the current length of the counter
(again excluding the buffers). Furthermore, two consecutive walls are separated by three cells at
least (cf. Section B.2.1]). Thus, the segment is formatted in less than &k + % -2-2[log k| steps, which
is coherent with our first assumption. O

Fact 6. An initialised wall cannot be erased by a time counter attached to a uninitialised wall.

Proof. Consider two walls, the left being initialised and the right uninitialised. As explained in
Section B.271] we can assume they are separated by k& > 3 cells. The value of the time counter
attached to the right wall cannot exceed 273 at time 1 (since every symbol erases three cells to
its right at time 1), so it takes more than 2F —2¥=3 steps before the left wall is erased. According to
Fact Bl the right wall is destroyed in less than k(1 + [log k|) steps, and from then its time counter
takes at most k more steps to be erased.

For k > 5, k(1 + logk) + k < 2F — 2573 50 the counter is erased before it reaches the left wall.
For k = 4, any wall between them is destroyed at time 1, so the destruction time is actually less
than k + 2logk + k < 2F — 2F—3, O

3.3. Computation and copy
3.3.1. Simulating a Turing machine in a cellular automaton

Let TM = (Q,T',#,qo,9,QF) be a Turing machine. We simulate this machine in a cellular au-
tomaton F on the alphabet (I' U #) x (Q U #). The left part contains the content of the tape; the
right part contains the state of the machine for the cell where the head is located, and # everywhere
else.

The local rule of F is governed by the rules of the machine. That is, for all u € ((TU#)x (QU#))%,
and writing _ to denote an arbitrary value:

if the head is on uy and 6(ug) = (¢,7y, ), then F(u)g = (v, #);

if the head is on uy, 6(u1) = (¢, _,+) and ug = (7', #), then F(u)y = (7, q);
similarly if the head is on u_; and §(u—1) = (¢, _,—);

otherwise, F'(u)y = up.

When starting from a configuration filled with (#,#) everywhere except for a finite window with
only one head, the time evolution of the cellular automaton matches the time evolution the Turing
machine. The Turing machine considered in the proof does not stop, but by consistency we can
assume that when the machine has stopped (the state being in Qr), the local rule is the identity
function.
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3.3.2. Computation

Computation takes place to the left of each initialised wall. Acomp is divided into three layers, on
which three Turing machines are simulated, using the alphabet
3
-Acomp = ®(Pz U #) X (Qz U #)
=1
We adapt the simulation so that these Turing machines can read input from or write output to
another layer (when indicated).
We now describe the operations to be performed symchronously between times 7,1 and T}, that
we will fix later. Assume that, at time T;,_1, n is already written on the layer 1 and T,,_1 on layer
3. The machines:

(1) replace n by n+ 1 on layer 1 and stops;
(2) compute wy, on layer 2, outputting it on the main layer, and stops;
(3) compute T;, on layer 3, and stops;
When ¢t = T, (¢ being read from the time layer), the copying process triggers and the next compu-
tation starts, except when merging occurs; see next subsections.
All these operations must be performed in less than T, — T},,_1 steps. We now fix the value of T,
so that it is indeed possible.

A Turing machine with tape alphabet I' and set of states Q and using only a computational space
S stops in time S - |T'|¥ - |Q| which is the number of possible configurations. Otherwise, the same
configuration would be reached twice, entering a loop.

Therefore there exists a constant ¢ > 0 large enough that the operations on layers 1 and 2 can
be performed in space | /7] logy ¢ and time O(glv™). Furthermore, the function (r,n) —s V7
is computable in space |/ |logy  (length of the output) and time O(n3/2(logr)?) (compute |\/n]
in time O(n), then perform |/n| multiplications between numbers of length |/n|log, r at most in
time O((v/nlogy7)?)).

In other words, if we fix
Tn - Tn—l = qLﬁJ,

then the operation on layer 3 can be performed in space |/n]logy ¢ and time O(glv™). However,
we need an upper bound on the time at each step and not only an asymptotic bound. This is solved
by the linear speedup theorem for Turing machines: we can divide the computational time by any
fixed constant C' by replacing each machine M; by a new machine M/, such that M/ performs C
computational steps of M; at each step, increasing the radius as necessary.

Remark. We fixed T, so that the computation space is of size \/n at time T,, and constitutes an
asymptotically negligible fraction of its segment. We could choose instead of /n any other function
in o(n) which is time constructible.

Similarly to time counters, whenever they find an empty computational layer to their right (in-
stead of a wall or another computation state), computation states was replaced by the symbol
(#,#). Thus uninitialised computation states self-destruct progressively. This requires that the
Turing machines are adapted so that they never write (#, #) in a cell in the middle of a computation.

3.3.3. Copying

On the layer Acqpy, the cellular automaton copies periodically the words produced by the Turing
machine in view to make samplings of the limit measures, we just put Acopy = BU {#}.
At time T,, (n > 0), w, has been output on the main layer, followed by a symbol #. If the
segment is not in the process of merging, repeated copies of w, have to be written over the main
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layer. The Turing machine triggers the copying process by copying the rightmost letter of w,, from
the main layer to the copy layer.

First phase: As long as it has not met a symbol #, the word on the copy layer progresses at
speed -2 (that is to say if it is in the position [, j] it moves to the position [i — 2, j — 2]) and
at each step a letter is copied from the main layer to the tail of the word;

Second phase: The word keeps progressing at speed -2 but the head loses one letter at each
step and copies it on the main layer. The tail keeps copying letters from the main layer.

Intuitively, the cellular automaton performs a caterpillar-like movement between the copy and
main layers (see Figure [7] for an example). The process ends when it meets a wall.

time
1 [0 | #  #  #  # i #  #
1101 #1170
# L1 1 |9 % 3 #  #
P11 o1l #[1T1To0
#o#F V1| # # L H #
7 o 2lo0]1 #1110
H o HHTOTITT#  #
72 1l H# 1110 copy
Ho# #1101 # main
P 7 7 HF 11110
Ho#H I HF HFHFTTIT0]#
A R I I !
FoHHFHFIH G A HTT
7 | ?.??.?#HllloT.

FIGURE 7. Beginning of the copying process, with w,, = 1101. Only the layers Acopy
and Apain are represented.

Uninitialised copying processes may write arbitrary words on the main layer, but they progress
to the left at speed one and are destroyed by the nearest wall in this direction.

3.4. Merging

At time T, all segments of length n are forced to merge with their left neighbour, so that the
density of walls tends to 0. This means that merging is performed at time 7,, between a segment
larger than n to the left, and any number of consecutive segments of length n to the right. To
determine the length of each segment, a signal is sent to the right and bounces off the right wall,
and its return time is measured.

To do so, a merging counter of value 2n is initialised at time 7},_1 on the merge layer. The
value of n is copied from the first computing layer to the merge layer (with an additional 0 at the
end), using an auxiliary state (copy). This counter decrements at each step in a similar way
as incrementing counters, except it uses -1 as a negative carry. See Figure [§ for an example of this
process.
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If the signal returns at or before the end of the decrementation, a symbol (merge) is created
on the merge layer to indicate that the wall is to be destroyed at the next T,; this is the only case
where the copying process described above does not trigger. To sum up,

Amerge = {_Loa 1a ) } X {—>a <_} U {#}

Tyt

FIGURE 8. Determination of the length of a segment. Here the right segment is
of length 3 and the two segments merge at time 73. Only the merging layer is
represented, with the counter of the right segment omitted for clarity.

Fact 7. Left walls of segments of length ¢ are erased at time T, = min(Ty, 2t 1+ 10).

Proof. Except for the situation described above, the only other way for an initialised wall to be
erased is a time counter attached to an initialised wall, see Facts 2 and [6l A redundant binary
counter whose initial value is 0 reaches length £ at time 2° + ¢, the second term come from the carry
propagation. O

Uninitialised merging counters are destroyed in exactly the same way as uninitialised time coun-
ters. To prevent uninitialised merging signals from disturbing a merging process, any right merging
signal — erase incoming left merging signals <—. Merging signals arriving to a wall outside of a
merging process is simply ignored and destroyed.

3.5. Correctness of the construction

To sum up, we have two time sequences (T}, )nen and (7)) )pen such that:

e At time 7, the computation of w, is finished and the copy starts;
e At time 7T}, the segments of length n merge with their left neighbour.

Furthermore, those sequences are equal for n large enough.
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The computation, copy and merging processes described in the previous section have to be per-
formed between time T, and time T},41, which requires that the segments are not too large. In this
section, we control the length of segments at time 7,.

Proposition 7. T, = O(|v/n|qV™) where q is defined in Section 332,
Proof. Ty, => p_1 T — Tx—1. Since Ty — Tj, = qWEJ, and:

[vn]—-1 n lvn]
@lva) - DV < 3T @k + )b <YV < ST @k + 1) < 2V + 1)V,
k=1 k=1 k=1
the proposition follows. O

3.5.1. Acceptable segments
Definition 13. Denote:

Ffi,j] = {g; e A% | [i, 4] is a segment of Ft(x)}
I}, = {:17 € A% :0,1] is included in a segment of F'(z) of length k:}
0
= |_| F@’i 1) (disjoint union)
i=—k+e+1
and Fka = |_| F?,i-

1>k

Proposition 8 (Lower bound).
Let e MM (AZ). For alll € N, one has M(ngn) — 1.

o—eryg n—00

Proof. T,, = T for n large enough, so we do the proof for 7. Since p has full support,

,u(xG.AZ:xo: and x; # [1] for all i € {—2,—1,1,2,...,71}) #0.
By g-ergodicity of u, segments of length larger than n appear at time 0 in p-almost all configurations,
and those segments survive up to time 7}, by construction. In particular, rln w([[1]]) # 0.

By o-ergodicity of F*T n w, the cell 0 is p-almost surely included in some segment at time 7}, and
this segment has length larger than n by definition of 7). By o-invariance, the probability that [0, ]
crosses a border of the segment tends to 0 as n tends to infinity. O

Definition 14. Let x € A%, [i, ] a segment at time ¢ € [T},, T),41]. It is acceptable if j —i — 1 <

NG
K, = \/Th+1 — T),. For n large enough, K, = ql—zj'

full

Proposition 9 (Upper bound). Let p € MI™ . (A%). One has p(T}% . ) — 0, that is to say:
1 n o0

n—

p({z € AZ:(0,1] is in an acceptable segment of F'(x)}) b 1
—00
and the rate of convergence is exponential.

Proof. Again, T,, = T}, for n large enough, so we do the proof for T),. Any segment at time 7,
corresponds to a segment larger than n merged with 0 or more consecutive segments of length n at
time 7, _; (only the left wall of segments of size n are destroyed at time 7). See Figure [ for an
illustration of this decomposition. Therefore we define:
Aﬁz,a = {2 € A”Z : starting from 0 there is a strip of  consecutive segments of size n in F'(x)}.
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First we bound the value of M(Aﬁm). For any m > 0, by considering one symbol out of every m:

st < (130 )

Lo ]
<p o™ ([[1]])
=0
(1) < (1+ G (mn) bl ([ L7

where v, are the weak mixing coefficients of 1 as defined in Section [L.2.11

Now take 2 such that [0,!] is included in a segment longer than k at time 7},. As we said before,
this segment is issued from the merging of one segment with 0 or more segments of length n — 1 at
time 7/ ;. Take any L > 2n and distinguish the two following cases concerning the segments at
time 7 _, it is issued from:

e There were less than L%J segments of length n: then the other segment is larger than k — L.

By shifting the configuration by L — [ cells at most, we can ensure that [0,(] is included in
this segment at time 7).
e There were more than L%J segments of length n. Therefore there is a strip of L%J segments

of length n starting at some j € [—k, k.

time j 0

strip

F1GURE 9. Illustration of the proof of Proposition [@ with @ = 9 and m = 3.

In other words,

0 E—1
T, i (1 Tn- i ([ ATh-
[ C U o’ <Fl72kl_L) U U o’ <AHLL1J> )

i=— L+l j=—k+1

From which it follows:

(2) p(TTee) < Lo (DU ) + 2kn <A:ﬁi J> -



Now take an arbitrary ng > 0 and a constant M > ng. For any n < ng and k > L, Using (1)) with

m = [2] inside equation (@) yields:

() < 2 (7 ) 26 [ (e 2] oy B
< Ly (T2t 1) + 26 [(1+ () ([))

Applying this equation inductively, and assuming k > ngL, we obtain:

®) i (E15) < 2 (R + 200 [+ 0,000 ([

For the first component of the right-hand term, we have:

k—noL

~1
(M5 pnor () < [ AP N ﬂ U []j+z’

j=—k+tnoL =0

k—ngL
| ok |

<l U N oA,

j=—ktnoL i=0

k—ngL k—ngL 1

< (b= noL)(1 + u(no)' 70 L ([vT)) e
the second line being obtained by considering one symbol out of every ng. To conclude, we fix the
values M = ng, L = ndv/ng, and k = K,y = \/Tny+1 — Iny- Since 1, (n) — 0 and Equation (@)

holds for any ng, we have ,u(FlT’,; k. ) — 0 and the rate of convergence is exponential. O
=N n—o0

3.5.2. Density of auxiliary states
By auxiliary state, we mean any element of A\, that is to say [1], and any element of A which
is not of the form (b, #, #, #, #, #).

Proposition 10. Fort large enough, an acceptable segment is formatted and contains only initialised
processes.

Proof. In a segment of length k, Fact [l ensures that the segment is formatted if ¢ > k(1 + log k).
All remaining uninitialised processes may take up to k more steps to be erased.
When T,, < t < Tp41, for an acceptable segment of length k, we have k(2 + logk) < K, (2 +

log(Ky,)) = o(Ty,) by Proposition [7l Taking n large enough, we conclude. O
Proposition 11. Let p € ./\/léu_llerg(AZ) and u € B for some fived €. For a given length k such

that n + 1 < k < K,,, we have:
b ]ft € [Tn + kyTn+1];

i (P~ (o) | T3 ) = b, (1)) = O <%> ;
o IftelT,,T,+k|,

(o 178 - (RS - W) | o ()

Proof. Take x € F[Tfl ot Since a segment of length k with n + 1 < k < K, is acceptable, it is

formatted, and any uninitialised symbol has been destroyed. Since |wy,| = O(y/n) (the length of the
output is smaller than the computing space), the copying process uses O(y/n) auxiliary cells.
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FIGURE 10. Illustration of Proposition [Tl The output is not correctly written in
dashed areas because of the destruction of a wall.

First point: The tail of the copying process progresses at speed one, so at time T, + k the copy
of wy, is finished, and until time T},+; the segment only contains copies of w,, except for the time
counter, computation and merging counter area (O(y/n) cells) and a merging signal (one cell).

Therefore for all z € I'7" . one has |Freq(u, FH )0 k-1)) — E;([u])‘ = M =0 (L), taking

(1A /n

into account the last copy of w,, in the segment which can be incomplete (|w,| < y/n), and since

k > n. Thus we have:
1
=0—=].
()
-1

p (P Qo) 1 T53) = 30w (P~ Qulo) | Ty g) e (T g | TER)

1 k—1 -
F o (P () T2 ) = B ([

To conclude,

i=—k+{
= . .
:kT < H <F ([ulo) | F[iil,i_,_k])
= . .
:Tg < K (F ([uli) | P[_nLk])

where the last two lines are by o-invariance of p. Since each term is at distance O (ﬁ) of gu:([u]),
the result follows.

Second point: When t € [T,,T,, + k|, the copy is still taking place, with t — T, cells containing
copies of wy, and the rest containing copies of w,_1, except for except for O(y/n) various auxiliary
states, and possibly defects when a wall has been destroyed at time 7}, (there are at most % of
them). Therefore

Freq (u, Ft(l')[O,k—l]) - <wa\1([u]) + Lt

n)))| = g0t = =0 ().

since k > n. Using the same reasoning as the first point, we conclude. O
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3.5.3. Proof of Theorem [l - first point

We prove the following: for a given computable sequence of words (wy,)nen, the CA F that we
described above satisfies that for any measure u € MM . (A%), V(F, 1) = V((wn)nen)-

o —miIx
Let € MM . (A%) and u € B4, By Propositions B and [, ( ff:”nﬂ F;ZF};) — 1 exponen-
tially fast, and T'} , = Fg’/}g for t € [T}, T, — 1]. Therefore:
Kn
¢ —t t t | —C
¢ > O’Tng?%{nﬂ Fop([u]) - Z p (F ([T ) 1 (Tip)| = O (e7°7).
k=n-+1

Take n large enough that 7, = T),. By Proposition [I1]

K

- kE—(t—T,)\ ——
t Ty n
o Pl = 3 ) (o (050 T )

k=n-+1

+un (52) 00 -0 ().

Let f, be the piecewise affine function defined by:
fot [To, Topa] — [0,1]

K
n t—Tn> . t—T, .
Cs 3w (L) (1) 4 T (1 ).
Nt ( 2 K Lk Tn+1 B an'u 0,>Ky

The second term is chosen so that f,,(7},) = 0 and f,,(T,,+1) = 1, but it converges to 0 exponentially
fast and thus does not affect the equation by more than O (T) Therefore:

max
Th St<Tn+1

Fip(a) = (£ () + (1 5005 (D) = 0 (2 ).

NG
e du (Ffﬂa [ﬁ: @]) =0 <%> :

so V(F, 1) C V((wp)nen). Since f,, is 2-Lipschitz on [T}, T,41], any v € [E:, EU:} is at distance

at most 2 of an element of the form (fn(t)éj,; +(1— Mt))@) for T,, <t < Tyt
We conclude that V(F, 1) = V((wn)nen)-
Rate of convergence. For clarity, assume that w,, is computable in space O(y/n) by repeating

elements if necessary.
By Proposition [l we have T}, = O(|y/n]qlV™) so, writing n(t) the current value of n at time t,

we have n(t) = ©(log(t)?) and O (%) =0 <@)

We find that the rate of convergence is:

At (LY (wn)nen)) < dna (Fipt S 1| ) + - Aot (0, V (wn)nen)

€| 0w, y-1 ’6wn(t)]

=0 (@) +sup S dap (v, V ((wn)nen)) 1 v € U { Wn > wn+1] ’

n>n(t)

by the last proof.
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3.5.4. Proof of Theorem [ - second point

Now we treat the case where V((w;)ien) = {v}. Let F be the cellular automaton associated with
this sequence as described above, and consider p € Mf,ullerg(AZ). Since p is not assumed to be
1-mixing, Proposition [0 does not apply, and there is no guarantee most segments are acceptable.

However large segments are still rare; more precisely, ,u(Fg -5 k—) 0 for all ¢ since all sets FB  are
1 - %w b
disjoint.
Cram 1:  Flfu([A\B]) 2 0, i.e., the density of auxiliary states tends to 0.
—00

Proof. Suppose we are in an initial segment of length k. Detached time counters, Turing
machines and merging counters initially present are destroyed in less than k steps. Similarly,
left merging signals and copy auxiliary states initially present progress at speed -1, so they are
destroyed before time k. Any uninitialised wall is destroyed after k(1 4 log k) steps at most,
and any counter attached to it are destroyed after less than k more steps. For all those states,
the probability of apparition after time k(2 + log k) is less than ,u(F87> p) — 0.

k—o0

At time T, all segments are longer than n, so the density of initialised walls and initialised
auxiliary states inside each segment is O % )

Only uninitialised formatting counters and right merging signals remain. Inside each seg-
ment, call non-formatted area the interval between the initialised formatting counter of the
left wall and the rightmost cell containing one of those two states. At each step, this area
decreases by one cell to its left but may grow by one cell to its right as a counter or signal
progresses. Notice that merging with other segments cannot increase this area since segments
of length n at time 7,, are formatted (see Figure [IT]).

y A

FiGure 11. Hlustration of the last part of the proof of Claim 1. Slanted lines are
formatting counters and grey areas are potentially non-formatted.

Therefore, a segment at time 7, can contain a non-formatted area longer than /n only if it
is issued from a segment longer than \/n initially. Other segments have a non-formatted area
smaller than y/n for a length larger than n. By o-invariance,

— 0.

n— oo

N (1)

p({x € A% | z¢ is in a non-formatted area}) < “—tellosm

Therefore, for a € A\B, we have F!u([a]) T 0. < claim 1
—00

CLAIM 2:  For any n € N, dy <Ff,u, Conv ((&;)Dn)) = 0, where Conv(X) is the convex hull
- — 00

of the set X.
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Proof. Consider a segment of length k at time T),. At time T, + k the copying process for w,
is finished, but since the segment is not necessarily acceptable, other copying processes may
have started in the meanwhile (see Figure [[2]). Therefore, the segment contains:

e auxiliary states, with negligible frequencys;

e strips containing repeated copies of wy,, then w41, wn4o...separated by ongoing copy

processes and the frequency of auxiliary copy states being negligible.

Consider a segment of size k at time T;, in the positions [i,i + k]. At time T}, + k it is filled
with copies of w,. When t > T,, + k, the positions [i,i + k] contain a succession of stripes
containing wy,wyn+1,... with N > n plus a negligible part of auxiliary states and defects.
The strip containing wj; is larger than ¢ since this word is produced in a segment of size larger

than i. One deduces that p (F_(T”“)([u]o) ] FZ};) is quite near of Conv(((i;.([u]))iZn) for
t > k. Since M(Fggk) 2 0, we have
= —00

dpg (FI, Conv(8)izn)) 2, 0.

t—o00

<& Claim 2

time
Tnthk T W
Tn+2 T
Wn+1
Tn+1 T
T, —+

k

Ficure 12. Hlustration of Claim 2. When t > T, + k, a segment of length & is a
succession of stripes containing w,, wy+1, ... plus a negligible part of auxiliary states
and defects.

The second point of the Theorem [ follows easily from Claim 2.

Remark. It does not follow from the last claim that the sequence (F!u) is close to any of the (5/1;
at any point, which is the reason why the result holds only for a single measure. Controlling the

length of the segments as needed in the proof of the first point requires 1-mixing.
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4. REMOVING THE AUXILIARY STATES

Before stating consequences of Theorem [II we consider in this section the case where the cellular
automaton does not use auxiliary states, that is, A = B. A straightforward extension is impossible:
if v is a full support measure, and F : A — A” a cellular automaton such that F!u — v for some
initial measure p, then F' is a surjective automaton which leaves the uniform Bernoulli measure
invariant. Therefore, starting from the uniform measure, F' can only reach the uniform Bernoulli
measure.

However, if the limit measure does not have full support, the previous results can be extended
by using a word not charged by the measure to encode the auxiliary states in some sense.

Theorem 2. Let (wp)nen be a uniformly computable sequence of words of B*, where B is a finite
alphabet, and assume there exists a word w that does mot appear as subwords in any of the wy,.

Then there is a cellular automaton F : B% — B% such that for any measure i € M];u_”mix(BZ),
V(F,,u) = V((wn)nEN)'

However, because of the destructive nature of the formatting counter in the construction, the
proof in Section B.5.4] cannot be adapted and we cannot weaken the hypothesis to u € Mgullerg(BZ)
when K is a singleton.

Proof. Let A D B be the alphabet and F' the CA associated to the sequence (wy,)nen by Theorem [II
Our aim is to provide an encoding of any configuration of A% in B% and a cellular automaton F”
that behaves similarly to F' after encoding.

Denote U; C B? the set of words of length d with prefix u, that do not contain v as subword
(except at the first letter), and that do not end with a prefix of u. #Uy d—> 00, so for d large
—00

enough, we can find an injection ¢ : A\B — Uy (encoding the auxiliary states), and we extend it
by putting ¢ = Id on B. For a finite word, we define p(uy ... u,) = @(uy)...p(uy), and this can
be naturally extended further to configurations ® : A% — B% by considering that ¢(ag) starts on
the column zero. Notice that this encoding is not o-invariant.

Let T C A% be the set of configurations such that the word u does not appear on the main layer
(T is a subshift of finite type). Since u marks unambiguously the beginning of a word of ¢(A\B),
the restriction ® : T — BZ is injective.

We can define locally a decoding ¥ : ®(T) — T such that ¥ o & = Id, by looking d cells to
the right for occurrences of w. If u appears, we are an output cell, that is, the image by ¢ of
a single letter b € B (corresponding to (b, #, #, #,#,#) for b € B in the previous construction);
otherwise, we belong in an auxiliary cluster, the image by ¢ of a letter A\ B that occupy d cells
while containing one letter of output. See Figure [I3] for an example.

FIGURE 13. Encoding of the auxiliary states with v = 101 and d = 3. In this case
Uy C 101 - A3 - 00.
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Intuitively, we want to build a cellular automaton that behaves similarly as the automaton de-
fined in Theorem [ where elements (b, #, #, #, #, #) are represented by output cells and all other
elements by auxiliary clusters. However, ® and ¥ are not o-invariant, so ® o F o W is not a cellular
automaton. Instead, we build manually a cellular automaton on B% that behaves in roughly the
same way as o F o W.

Provided the neighbourhood is larger than [—4d, 4d], each cell can “read" the cluster in which it
belongs, and the three clusters to its right and left. At time 0, if a word u is not the prefix of a word
of Uy, it is replaced by a word b% and can never be created again. To avoid creating an auxiliary
cluster by mistake, we fix to this purpose a letter b € B such that b% ¢ Uy. Similarly, auxiliary
clusters that are destroyed for any reason leave behind them output b cells.

Remark. For clarity, in all diagrams of this section, we suppose that B = {0,1}, d = 3 (it would
be much larger in a real implementation) and we represent auxiliary clusters as blocks with layers,
instead of words from B?. Also we fix b = 0 in the definition above.

The different parts of the construction are modified in the following way.

° and clusters, time counters, and Turing machines have the same behaviour as in the
previous construction. However, since the counters take more space, it is necessary to erase
3d cells to the left and right of each cluster at time 0.

W 010 ’(1)‘ 1|1 ]1]0]1

W l(l)l | lil 1 (101 copy
W ? ’(1)‘ | ’i‘ 11011 ?
W 7 | 2 I}I | l(l)l 01 main
w [l

W el

FIGURE 14. End of the copying process described in Figure [[l copying the word 1101.

e The tail of copying processes progresses to the left at speed one, and behaves normally as
long as it does not meet another auxiliary state (see Figure [[4]). When the process has
finished the copy, it is destroyed and leaves b cells behind.

e Formatting counters progress to the right at speed d. This is too fast to keep information
on the output layer, so the counter leaves behind output cells b defined above. Any other
signal it meets (e.g. copying process or length-measuring signal) is similarly erased.

e When close to a time counter, it may happen that the formatting counter cannot progress
by d cells exactly (see Figure[IH)). In this case, it is offset by less than d cells, and formatting
clusters separated by small offsets in this way are still considered to be the same counter for
the rule of the automaton. The subsequent comparison process is unchanged.

e Merging signals which determine length of segments also progress at speed d. To avoid
possible interactions with copying processes (similarly to the case of formatting counters),
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ol olojolo|ololol]ol?> sine vine
| formatting formatting

0 0 0 0 0 0 formattin, ? time i
& : formatting time

0 0 0 formatting formatting ? time time
formatting formatting ? ? ? ? time time

FI1GURE 15. A formatting counter gets offset when entering the time counter area.
Notice the auxiliary clusters being replaced by output cells containing b = 0.

W —~— 71710 time time W
W 71710 ~— time time W
W »l2lololol] 2] “tome time W
W > 121000~ time “Prme_ W
W 7172101007 time _time W
W 71210001 °? _time time W
AW ? ? / ? time time AW
AW __— ? ? ? ? time time W

FIGURE 16. Determination of length. Here d = 3, to = 8 and o = 1, for a measured

length of 13.

the determination of length starts only after the copy is finished. Thus a merging signal is
only offset when entering the time counter area. After bouncing off the right wall, it returns
to the left wall where its offset can be measured. If it takes ¢y steps to return with an offset
of «, then the segment has length %0 -d + « (see Figure [I6]). This value is compared to n

and the rest of the process is not modified.

In this way, Propositions [ and [I0l still hold. We can check that at time ¢, with T,, <t < T},4+1, the
copy process followed by the process of determination of length for segments of size n + 1 still take
less than T,,11 — T}, steps. Furthermore, the frequency of auxiliary states is multiplied by a fixed

constant d. Hence the proof in Section B.5.3] can be adapted, and the theorem follows.
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5. PROBLEMS SOLVED WITH THIS CONSTRUCTION

In this section, we use Theorem [ to solve various problems, starting with the characterisation of
reachable limit measures and connected p-limit measure sets. We then consider the disconnected
case, the case when auxiliary states are not allowed, Césaro mean convergence and consequences of
these results for the decidability of asymptotic properties of cellular automata.

5.1. Characterisation of reachable p-limit measures set
5.1.1. The connected case

Reciprocals of the computable obstructions described in Section 2l follow directly from Theorem [l

Corollary 1. Let v € M?Q'comp(BZ) be a limit-computable measure. There is an alphabet A D B
and a cellular automaton F : A — A% such that for any pu € M (A7), one has Flu v
—00

o—erg
Proof. Combine Proposition [l with the second point of Theorem [l O

Corollary 2. Let K C M, (B%) be a compact, Tly-computable and connected (1lo-CCC) subset of
My (B%). There is an alphabet A O B and a cellular automaton F : A% — A such that for any

e MM (AZ), one has V(F, p) = K.

o—miT
This is in particular a full characterisation of limit measures and connected p-limit measures sets
that are reachable from some computable initial measure p € M, (A%).

Proof. Combine Proposition 6l with the first point of Theorem [l O

For both of these statements, a rate of convergence is given in Theorem [I], and this rate depends
partly of the quality of the approximation of the target measure or the target set by a uniformly
computable sequence of computable measures supported by periodic orbits.

Open question 1. Can the rate of convergence be improved, or can we prove that this is the best
possible rate?

The following corollary is the counterpart of Corollary 2] using Theorem 2l Corollary [l does not
have a counterpart since its proof uses the second point of Theorem [II

Definition 15. A word u € A* is said to be not charged by a set K € M, (A%) if for all v € K,
v([u]) = 0.

Corollary 3. Let K C My(B?%) be a non-empty y-CCC subset of My(B%) that does not charge
a word w € B*. Then there is a cellular automaton F : B® — BZ such that for any measure
W e M];u_”miz(BZ), V(F,pu) = K. In particular, any limit-computable measure which does not have
full support can be obtained by this way.

Proof. Since K does not charge u, we can assume without loss of generality that no word in the
uniformly computable sequence (wy, )nen associated to K by Proposition [6l contain u as subword. In-
deed, if not we replace by an other word, this transformation does not have influence on V((wy, )nen)
since u does not have. Thus Theorem [2] applies. O

We leave open in particular the case of limit measures with full support which can happen only
if F' is surjective. For Corollaries Bl and [0}, solving this case would imply to characterise the possible
asymptotic behaviours of surjective automata. In this case a similar construction seems difficult
since the state which appear only in the initial configuration cannot be coded.

Open question 2. Which sets of measures can be reached at the limit by surjective cellular au-
tomata?
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5.1.2. Towards the non-connected case

In Corollary 2 the p-limit measures set is assumed to be connected. Indeed, in the construction of
Theorem [II each word w, is copied progressively on each segment, so that we reach the closure of
an infinite polygonal path which is connected. However, non-connected p-limit measures sets also
have some obstructions. For example, if V(F, u) is finite, we have the following proposition.

Proposition 12. Let F : AZ — A% be a cellular automaton and p € My (A%) such that V(F, i) is
finite. Then Fy induces a cycle on V(F, ).

Proof. Let d = min{dm(v,V') : v,v/ € V(F,pu) with v # v/} > 0 and consider v € V(F, pu). It is
possible to extract a sequence (n;);en such that da(Fyiu,v) < % and dpg (F:”H,u, v) > %d. Since

dm(FP i, V(F, 1)) — 0 and B(v, 4) N V(F, p) = {v}, we have dp(F{" 1,v) — 0. By continuity
n—oo 11— 00
of F, one has dy(F" ™y, F,v) — 0.
11— 00

One deduces that for all v € V(F, u) there exists v/ € V(F, u) such that Forv = /. So there is
k € N such that V(F,u) = {wo,...,vk—1} and Fyv; = v;41 where the addition is modulo k. O

Furthermore, if p is computable, then V(F, u) is Ila-computable and every isolated point is Ag-
computable. In particular if V(F,u) is finite, every point is As-computable. We exhibit some
examples of more sophisticated behaviours based on the construction in Theorem [Il The first one
is a family of cellular automata where V(F, u) is a finite set of connected components mapped by
some periodic CA, which is a partial reciprocal of Proposition The second one is a family of
cellular automata where V(F, ;1) has an infinite number of connected components.

Example 3 (Finite set of connected components). Suppose K = {vg,...,v_1} C My (B%) is a
finite set of o-invariant limit-computable measures such that Gv; = v;41 for some periodic cellular
automaton G : BZ — BZ (GP = Id for some p € N). Then there is an alphabet A O B and a cellular
automaton F : AZ — A% such that V(F,pu) = K for u € Mf,ullerg(AZ). Indeed, let F' be the cellular
automaton satisfying Ffu — 1 obtained by Theorem [, and consider the cellular automaton that
applies G on the main layer and applies the local rule of F' once every k steps. Since G is periodic,
the sample produced by the process of copy stay near form {vg,...,vx_1}.

The same idea holds if K is a finite union of II5-CCC sets which are mapped by a periodic cellular

automaton G : BZ — BZ.

Example 4 (Infinite set of connected components). We give a sketch of a modification of the
construction of Theorem [l to obtain examples of cellular automata where V(F, 1) has an infinite
number of connected components. This is the first such example to our knowledge. The construction
uses the firing squad cellular automaton introduced by Mazoyer [Maz96] Fys : Bl — BLs, which
has the following properties:

e the alphabet contains 4 states { o, | 0 } C Brs:
. -1 L 8 s
oifzp,= @ - BB then FZ (), = B "

e the state 'F' does not appear in (Fés(x)j)(t,j)_e[o,n}><[0,2n—1}~
Consider a uniformly computable sequence (K;);en of disjoint IIo-CCC subsets of Mg (B%). There
is a uniformly computable sequence of words (wy, )nen of B* such that V((wn)nen = U;en Ki- Define

wh = wy, X || ol ¢ (B x Bgs)* and consider the cellular automaton F : A% — A? given by
Theorem [ which produces V((w))nen), with A D B x Bps. We modify F' to obtain F' in the

following way:.

e at time T;,, when the copy of w, is initiated, we initialise a counter on another layer to count

the length k of the segment;
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e at time t = T;,41 — 2k, the state [@ appears on the left border of each segment (this is a
computable number and the time counter keeps track of current time);

e All 7' symbols are immediately transformed into | | symbols.
This requires the segments to be shorter than 7,1 — T}, cells, but the probability that [0,!]
belongs to such a segment tends to 1 as time tends to infinity (Proposition [@)). Furthermore, the
state F) appears « only at times (7},)nen. Therefore, in those segments, Fiu approximates the

—

measure dy,, X § .. at time Ty, 41 and the measure 5/w\n X (5/: at time T}, 41 + 1.
For an initial measure € MM . (A%, one has V(F, p) = (U, K;) x 8 - UK’ for some K’ C

o—mIxX

M, (B X (Bps \{ F! })Z>. In particular, V(ﬁ , ) has an infinite number of connected components.

Open question 3. s it possible to characterise all compact subsets of MJ(.AZ) that can be reached
as p-limit measures set of some cellular automaton when u is computable?

5.2. Convergence in Cesaro mean

In this section, by adapting the enumeration (wy,)nen, we obtain similar results on V'(F, u), the
set of limit points for the Cesaro mean sequence. It is easy to prove that V/'(F, p) is nonempty,
connected and included in the convex hull of V(F, u).

Corollary 4. Let B be a finite alphabet and K' C My (B%) a a-CCC set. There exist an alphabet
A D B, and a cellular automaton F : A* — A% such that for any p € Mﬁu_”mm(AZ), one has
VI(F,p) =K'

This a full characterisation of sets that can be reached from some initial measure p € Mg™"P(A%)
as p-limit measures set in Cesaro mean. This corollary is a consequence of the following stronger
result, where we have control over both V(F, u) and V'(F, p).

Corollary 5. Let B be a finite alphabet and K' C K C My (B?) two My-CCC sets. There exist an
alphabet A D B and a cellular automaton F : A2 — A% such that for any p € ./\/léu_llmiz(AZ), one
has:

o V(F,p) =K;

o V(F,p) =K'

This is a full characterisation of pairs of connected subsets (K, K’) such that ' C K that can be
reached from some initial measure y € Mg " (A%) in this way.

Proof. We use notations from the proof of Proposition [fl Notably (wy)nen and (w))nen are the
uniformly computable sequences of words associated to K and K’, respectively, and Vj, and Vi are
defined with regard to K.

We define a new sequence of words (w!'),en in the following manner, using a similar method as

Proposition Bl For n € N, let i,, < n be the maximal value such that one can find a path w, =
UQy ULy ey Uy = Wh U1y ey Uy = Wy WIth wp, .o q, Uy, ... upy € Vli and dpyg(ug, ug+1) <
4b(iy,) for all k € [0,1].

Let P, : {0,...,pp} — an be such a path. Since an C ASintl this path is of length p,
2| A|ntt < 2| A|lwnl+ < 2| AL,

IN

For i € [| A", A|"T1)°], we define:
- if 0 < A+ pa, W] = Poli — [A");
- otherwise, wl! = w,.
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and let F' be the CA associated to (w)),en by Theorem [l Since all elements of (wy,)nen appear,
we can prove as in Proposition [6] that V(F, u) = V((w!)nen) = K.

n

A B C

m | | |
” [ [ [

|
[
0 wi_y Tz T2 g, w; T g2

FIGURE 17. Intuitively, we prove A + B < C, then B <« A.

We have
A" + p A 0
AT = (A7 5 pg) AR = AP e
In other words, the subset [0, |A["* + p,] is (asymptotically) of negligible density in [0, |.A|("1)?],
Since Ti41 — T; = qL*ﬂJ (where ¢ is defined in Section B.3.2)) is an increasing sequence, the subset
[O,T‘ is of negligible density in [O,T‘A‘(nﬂ)z]. This means that, putting ¢,.1 = T‘A‘(nﬂ)z,

A‘nQ +pn]
d((’0£+1 ('u)’ 5w'ln+1) njo 0-

Furthermore, notice that for z,y € Ry, when y < \/z, we have |\/x+y| < [\/z] + 1 and
vz —y| > |vx] —1. Thus :

n2
o [A]"Z"+1 | n+1
Iﬁ‘A‘nQ_l_pn zq"A"rLQ < q 2|A| N

ARV (e

T T w2 =T
A 4 = AR T e g%

and therefore
T2 g, — T2

— 0.
n—oo

T4 +p,
This means that, putting ¢, = T\ g2 4> d(gpiz (1), 0wr ) — 0.

n—o0

To sum up, we have two sequences of times to < t{, < --- < t, <t < ... such that, for all n € N,
the Cesaro mean sequence (of (11))en is (asymptotically) close to 8, between times ¢, and t,,

and is close to 9, L, at time ¢, 1. Furthermore, between times #, and t, 41, ! (1) is by definition

a convex combination of ¢l (1) and m, and thus it is close to the segment [@’5/1”:1:] We
conclude that asymptotically, the sequence is close to V((w!],)nen), and thus its set of limit points
is K'. O
Open question 4. Is it possible to extend Corollary[d when K' is not included in K?

Using Example Bl we can only provide some examples where V(F, u) N V' (F, ) = 0.
This result has a counterpart with no auxiliary states, using Theorem

Corollary 6. Let K' € K C M, (B%) two nonempty Iy-CCC sets that both do not charge the same
word u € B*. Then there exists a cellular automaton F' : B — B such that for any p € MJ;u_”miz(AZ),
o V(F,p) =K;
o V(F,p)=K".
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5.3. Undecidability consequences

We give an undecidability result extending a result of Delacourt on u-limit sets [Delll].

Corollary 7 (Rice theorem on p-limit measures sets). Let P be a nontrivial property on non-empty
I5-COC sets of My (B%) (i.e. not always or never true). There is no algorithm that can decide,
given an alphabet A and a CA F : AZ — A%, whether V(F, ) satisfies P for yu € M (B%).

og—miT

Proof. We proceed by reduction to the halting problem. Since P is nontrivial, let Ky and Ko
be two TIs-CCC sets that satisfies and does not satisfy P, respectively. By Proposition [6l there
exists two uniformly computable sequences of words (wp)nen, (W) )nen € (A*)Y such that K; =
V((wn)nen), Ko = V((wp, )nen)-

Now let T M be a Turing machine. Define the sequence (w!),en in the following way.

e If 7 M halts on the empty input in less than n steps, w) = wy,.

e Otherwise, w!! = w),.
This sequence is computable by simulating n steps of the Turing machine and outputting the
corresponding word. Therefore, we can use the previous construction to build a CA F such that
V(F, ) = V((wh)nen). If TM halts on the empty input, then w] = w, for n large enough;
otherwise, w/! = w], for n large enough. Thus, V(F, u) satisfies P if and only if 7M halts. O

In Corollary [ the alphabet is considered as an input of the problem. A similar result with a
fixed alphabet requires to use the construction of Section Ml

Corollary 8. Let B be an alphabet, 1 € ./\/l(f,u_llmm(BZ), u € B*, and P be a nontrivial property on

non-empty lls-CCC sets that do not charge uw. There is no algorithm that can decide, given a CA
F : BZ — B%, whether V(F, i) satisfies P.

A direct extension would not be possible. If X\ is the uniform Bernoulli measure, the problem
of whether V(F, \) contains only the uniform Bernoulli measure is equivalent to the surjectivity of
F, which is decidable [AP72]. In the non-probabilistic setting, the only decidable property about
the asymptotic behaviour of CA is surjectivity [GR10]. However, the question of which nontrivial
properties on limit measures and p-limit measures sets with full support are decidable remains open.

Corollaries [1 and 8 extend naturally for a single limit and the Cesaro mean sequence.

5.4. Computation on the set of measures

In this section, we modify the construction to perform computation on the space of probability
measures, that is, we want the p-limit measures set to be a function of the initial measure; this
requires to keep some information in the construction. When the initial measure is not computable,
we can use this information as a “source” of noncomputability to reach p-limit measures sets that
would be unreachable otherwise.

5.4.1. Computation with oracle

It is possible to construct an arithmetical hierarchy for computability of measures. More precisely,
a measure is Aj-computable if it is computable and a measure p is A,-computable for n > 2 if
there exists a computable function f: A4* x N*~1 — Q such that

p(u])) = lim  lm ... lHm f(u,ig,...,0—1) Yu e A%

p—1—>00 by —2—>00 11 —00

Similarly as Proposition Bl if p is A,-computable and F!u v then v is A, i-computable.
—00

In the same way, one can introduce naturally the notion of II,-computable closed set. If u is
A, -computable then V(F, u) is II,41-computable.
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In fact, the obstructions shown in Section 2] can be generalised to obstructions on u — V(F, u),
including cases where the initial measure is not necessarily computable, by considering computability
with access to an oracle u € M, (A%). In all the following, we fix a subset M C M, (A%).

A Turing machine with oracle in M has the same behaviour as a classical Turing machine,
except that an oracle u € M is fixed prior to computation. The machine can query the oracle at any
time during the computation by writing u € A* and n € N on an special additional oracle tape
and entering a special oracle state. At this step, the content of the oracle tape is considered as the
oracle input and, after one step, the contents of the oracle tape are replaced by an approximation
of p(Ju]) up to an error 27" and the computation resumes.

Let X,Y two countable sets. A function f : M x X — Y is computable with oracles in
M if there exists a Turing machine with oracle in M which takes as input z € X and returns
y = f(u,x) €Y, up to reasonable encoding.

Definition 16. A function ¢ : M — M, (B%) is computable with oracles in M if there exists
a computable function with oracles in M f : M x N — B* such that |p(n) — %| < 27m,
This is an extension of the previous definition where the image is not countable, hence the abuse of
notation.

A sequence of functions (f, : M x My(A%) — R),en is a uniformly computable sequence
of computable functions with oracles in M if:

e there exists a : M x N x N x A* — Q computable with oracles in M such that
— 1
Frn(py 0w) — a(p,n, m,w)| < P for all p € M,w € A* and n,m € N;

e there exists b : M x N — Q computable with oracles in M such that da(v,v") < b(u, m)
implies | fn(1t,v) = fu(p,v')| < X for all p € M and n,m € N.

Let £ be the set of compact subsets of M, (B%). Defining the computability of a function
¥ : M — R can be done in various ways, similarly as in Proposition @l For example, ¥ is
II2-computable if the distance function p, v —— dy(,(v) is Xg-computable with oracles in M.

The proofs of Section @ can be adapted in this framework. For any cellular automaton F on A%:

e i+ F,pu is computable with oracles in M, (A%) (equivalent to Proposition []);

o v V(F,p) and p — V'(F, u) are Ia-computable with oracles in Ms(A%) (equivalent
to Proposition [l);

o if U : M — R is a Ils-computable function with oracles in M and if every element of
U (M) is connected, then there exists a computable function f : M x N — A* with oracles
in M such that U(u) = V((f(@,n))nen), where V((f(u,n))nen) is the closure of the limit
points of the polygonal path (equivalent to Proposition []).

5.4.2. Towards a reciprocal

In this section, we give a partial reciprocal to these obstructions. To use the initial measure p €
M, (A?) as an oracle, we need to keep some information from the initial configuration. We adapt
the original construction in the following way:

Each segment keeps a sample of the initial configuration, using the frequency of patterns inside
this sample as an oracle in the computation. We need to ensure that the frequency of a pattern
u € AF in this sample is close to u([u]) with a high probability. For this, we use Theorem III.1.7
of [Shi96] applied on a measure y € MM . (A%) that ensures we have an exponential rate of
convergence for every length. Formally, for any k,m,n € N, ¢ > 0:

7 n /N Card(A)* _ nee?
i ({r e A% s mas{ludtu)  Freatuaul} > ) < (o mpvmt (1) 2
ue Ak
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However, in our construction, we are unable to keep all information from the initial configuration
since the formatting process destroys information in the segment. In all the following, we will only
keep information about the density of [1] symbols, and the reached p-limit set of measures depends
on this parameter only. The same method could be adapted to keep information about longer words,
only considering the positions of [1] symbols.

Theorem 3. Let U : MM  ({0,1}%) — & be a Ily-computable function where | is the set of

compact connected subsets of My (BZ). Assume that if p,u’ € Mf;“flmm({o,l}z) are such that
u([1]) = w/([1]), we have ¥(u) = W(u').

Then there exists an alphabet A D B and a cellular automaton F : AL — A% such that for all
pe MM (AZ), we have V(F, i) = U(rp) where 7 is the 1-block map defined by m(z); = 1 when

o—mix

x; = [1], and (z); = 0 otherwise.

Notice that since only one density is considered, it would be equivalent in this case to consider
a Ils-computable function with oracles in R and define a function R — K. We kept the statement
more technical to be consistent with the general case.

Proof. Let f: MM . ({0,1}2)xN — A* be a computable function with oracles in MM . ({0,1}%)
such that WU(u) = V((f(u,n))nen) and consider the associated Turing machine with oracle.

Let F' be the cellular automaton defined in Theorem [I] that simulated the Turing machine corre-
sponding to ((f(u,n))nen). Of course we need to specify the behaviour of the automata when the
machine performs an oracle query.

We add a new layer Ayracie in which each segment at time ¢ stores the frequency of the state

in this segment at time 0. To do that, we modify the construction in the following way:

e We subdivide the layer Agracie in two parts, on which each wall keeps on its left:

— the first counter for the number of symbols that have been destroyed in its left

segment;

— the second counter for the length of this segment, 0 if the segment is not formatted.
Another counter accompanies each formatting counter, measuring the length of the segment
as it progresses.

The second counter is initialised as 0. When the time counter attached to this wall makes a

comparison with an initialised formatting counter (the comparison returns the result “="),

the second counter stores the length of the segment. It may take the value 0 again if it
merges with a non-formatted segment (see Figure [I8]).

e When a wall is destroyed by a merging process, it sends to its right an oracle signal at
speed 1 containing the information stored in its oracle counters. Such a signal should not
cross a formatting counter, so it is slowed down if necessary.

e When a wall’s counters are (c1,c2) and a signal (¢}, c¢}) comes from its left, there are three
cases:

— If ¢ = 0, the left segment cannot be formatted; the signal cannot come from an
initialised wall and can be safely ignored. The counters does not change.

— If ¢g # 0, the left segment has been formatted and all false signals erased. Thus
the information comes from an initialised wall. The new number of symbols is
dl =1+ | + 1 to take the merging into account.

x If ¢, = 0, the segment just merged with a non-formatted segment and ¢ = 0;
* otherwise ¢ = cp + .
The counters take the values (¢f, ).

See Figure [[8 We remark that if the length of the segment is k, the information can be

coded in space log(k), and it is possible to actualise the values before another signal can

come from the left.
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FiGURE 18. Each wall has its counter displayed when its value changes. Slanted
thick lines are formatting counters, dotted lines are signals transmitting information.

e If two symbols are too close in the initial configuration, they are destroyed by the
bootstrapping process (see Section B.2.1]). If a is in a group of separated by two
cells or less, the rightmost sends a formatting counter and the leftmost one starts a time
counter. Thus a group of separated by two cells or less behave as a single symbol for
initialisation purposes. Each symbol except the leftmost one is transformed immediately
into an oracle signal (1,d), where d is the distance to the nearest to its left. The other
cells present initially are erased.

e The Turing machine simulation described in Section can be adapted to simulate a
Turing machine with oracle. When there is an oracle query for the value of p([[1]]) with
precision 27 at time t € [T},, T}, 1], there are two possibilities:

—if n7s < 27% the Turing machine uses the information stored in the oracle layer to
return the frequency of on the segment at time 0, and this corresponds to an
approximation of p([[1]]) with sufficient precision;

—ifn7s > 27" the computation stops, and the last word successfully computed is output.
The same thing happens until a time when enough information is available.

Let us check that V(F, u) = () for p € MM . (AZ). Tt is clear that the density of auxiliary
states tends to 0, so if the sample approximates correctly p([[1]]), the sequence of words (wy,)nen
produced by the cellular automaton correspond to (f(u,n))nen up to some repetition. Thus we
only need to prove that the probability that a cell belongs to a segment whose sample corresponds

to a “bad” approximation tends to 0 when ¢ tends to co. Recall that FE‘C"].] ={z € A% | [i,j] is a
segment at time T, }.

B, = W ({ZE e A% : 2 belongs in a segment with a “bad” sample at time Tn}>
_1
- > w({eery  n(m) - Frea(@ o)l > n7t })
1<0,7>0
_1
- S ke <{3: & Il < |u(([T) — Freq([T), zou)| > n~s }) ,
k>0
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by o-invariance. By restricting ourselves to n < k < K,,, and for any m € N large enough that

Yu(m) < 1:
j)

o=

Ky
By < p(Tiug,) + > ken({re A% () - Frea([D) 2| > n~
k=n

.2
= p (P(IJ?ZZKn) + K2(1 4+ m)u(m)™ (n+ 1)Card(4) g—gn3
— 0.
n—oo
The result follows. -

This result may seem surprising since the same cellular automaton has very different asymptotic
behaviours depending on the initial measure.

Open question 5. Can Theorem[3 be extended to characterise functions ® : MM ({0,1}2) — &

o—miT

that are realisable as the action of a cellular automaton F' in the sense that for all pn, V(F, p) = ¥(p)?
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