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Optimal scaling of the Random Walk Metropolis algorithm
under L” mean differentiability

Alain Durmus*  Sylvain Le Corff'  Eric Moulines! ~ Gareth O. Roberts?

Abstract

This paper considers the optimal scaling problem for high-dimensional random walk
Metropolis algorithms for densities which are differentiable in L mean but which may be
irregular at some points (like the Laplace density for example) and / or are supported on
an interval. Our main result is the weak convergence of the Markov chain (appropriately
rescaled in time and space) to a Langevin diffusion process as the dimension d goes to
infinity. Because the log-density might be non-differentiable, the limiting diffusion could
be singular. The scaling limit is established under assumptions which are much weaker
than the one used in the original derivation of [6]. This result has important practical
implications for the use of random walk Metropolis algorithms in Bayesian frameworks
based on sparsity inducing priors.

1 Introduction

A wealth of contributions have been devoted to the study of the behaviour of high-dimensional
Markov chains. One of the most powerful approaches for that purpose is the scaling analysis,
introduced by [6]. Assume that the target distribution has a density with respect to the d-
dimensional Lebesgue measure given by:

w(@?) = [[ nla). (1)

The Random Walk Metropolis-Hastings (RWM) updating scheme was first applied in [4] and
proceeds as follows. Given the current state X, a new value ka+1 = (ka+1 )4, is obtained by
moving independently each coordinate, i.c. Y&, ; = X, +£d=/2Z! | where £ > 0 is a scaling
factor and (Zy),>, is a sequence of independent and 1dentlcally distributed (i.i.d.) Gaussian
random variables. Here ¢ governs the overall size of the proposed jump and plays a crucial
role in determining the efficiency of the algorithm. The proposal is then accepted or rejected
according to the acceptance probability a(X(, Y%, ;) where a(z?,y?) = 1 A nd(y?)/x% (). If
the proposed value is accepted it becomes the next current value, otherwise the current value is
left unchanged:

X1 = Xj +td” 1/2Zk+1]1Ag+1 ; (2)
d

T {U T rxs, + ed*ﬂzzﬂ,»/w(xs,»} | G
=1
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where (Uy),~; of i.i.d. uniform random variables on [0, 1] independent of (Zy),,-

Under certain regularity assumptions on 7, it has been proved in [6] that if the X¢ is
distributed under the stationary distribution 7¢, then each component of (X{);>o appropriately
rescaled in time converges weakly to a Langevin diffusion process with invariant distribution m
as d — +o0.

This result allows to compute the asymptotic mean acceptance rate and to derive a practical
rule to tune the factor £. It is shown in [6] that the speed of the limiting diffusion has a function
of ¢ has a unique maximum. The corresponding mean acceptance rate in stationarity is equal
to 0.234.

These results have been derived for target distributions of the form where 7w(z) o
exp(—V(x)) where V is three-times continuously differentiable. Therefore, they do not cover the
cases where the target density is continuous but not smooth, for example the Laplace distribu-
tion which plays a key role as a sparsity-inducing prior in high-dimensional Bayesian inference.

The aim of this paper is to extend the scaling results for the RWM algorithm introduced in the
seminal paper [6)], Theorem to densities which are absolutely continuous densities differentiable
in L? mean (DLM) for some p > 2 but can be either non-differentiable at some points or are
supported on an interval. As shown in [3, Section 17.3], differentiability of the square root of
the density in L2 norm implies a quadratic approximation property for the log-likelihood known
as local asymptotic normality. As shown below, the DLM permits the quadratic expansion of
the log-likelihood without paying the twice-differentiability price usually demanded by such a
Taylor expansion (such expansion of the log-likelihood plays a key role in [G]).

The paper is organised as follows. In Section [2]the target density 7 is assumed to be positive
on R. Theorem [2| proves that under the DLM assumption of this paper, the average acceptance
rate and the expected square jump distance are the same as in [6]. Theorem [3[ shows that under
the same assumptions the rescaled in time Markov chain produced by the RWM algorithm
converges weakly to a Langevin diffusion. We show that these results may be applied to a
density of the form 7(z) x exp(—A|z| + U(z)), where A > 0 and U is a smooth function. In
Section [3] we focus on the case where 7 is supported only on an open interval of R. Under
appropriate assumptions, Theorem [ and Theorem [f] show that the same asymptotic results
(limiting average acceptance rate and limiting Langevin diffusion associated with 7) hold. We
apply our results to Gamma and Beta distributions. The proofs are postponed to Section [4] and
Section

2 Positive Target density on R

The key of the proof of our main result will be to show that the acceptance ratio and the
expected square jump distance converge to a finite and non trivial limit. In the original proof
of [6], the density of the product form (1)) with

() oc exp(=V(2)) (4)

is three-times continuously differentiable and the acceptance ratio is expanded using the usual
pointwise Taylor formula. More precisely, the log-ratio of the density evaluated at the proposed
value and at the current state is given by 2?21 AVid where

AVE =V (X4 -V (Xfl + Kd_l/QZf) : (5)
and where X ¢ is distributed according to 7% and Z¢ is a d-dimensional standard Gaussian ran-
dom variable independent of X. Heuristically, the two leading terms are ¢d—1/2 Z?Zl V(xd)zd
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and (2d~! ijl V(X3 (Z4)?/2, where V and V are the first and second derivatives of V', respec-
tively. By the central limit theorem, this expression converges in distribution to a zero-mean
Gaussian random variable with variance ¢2I where

= .2m7rx X .
I_/RV()()d (6)

Note that I is the Fisher information associated with the translation model 6 — m(x + 6)
evaluated at § = 0. Under appropriate technical conditions, the second term converges almost
surely to —¢21/2. Assuming that these limits exist, the acceptance ratio in the RWM algorithm
converges to E[1Aexp(Z)] where Z is a Gaussian random variable with mean —¢21/2 and variance
(?I; elementary computations show that E[1 A exp(Z)] = 2®(—£/2+/T), where ® stands for the
cumulative distribution function of a standard normal distribution.

For ¢t > 0, denote by Y;¢ the linear interpolation of the Markov chain (X{)g>¢ after time
rescaling:

Y = ([dt] — dt) Xy + (dt = |dt]) Xfyq (7)
= X{y + (dt— [dt]) d™ P2, 41 4 (8)

rae]’

where |-] and [-] denote the lower and the upper integer part functions. Note that for all £ > 0,
ka/d = X . Denote by (B;,t > 0) the standard Brownian motion.

Theorem 1 ([6]). Suppose that the target ¢ and the proposal distribution are given by —
and respectively. Assume that

(i) V is twice continuously differentiable and V is Lipshitz continuous ;

(ii) E[(V(X))?] < oo and E[(V(X))*] < co where X is distributed according to .
Then (Yt‘fl,t > 0), where thll is the first component of the vector Y& defined in , converges
weakly in the Wiener space (equipped with the uniform topology) to the Langevin diffusion

1 .
dY: = Vh(0)dB; = Sh(O)V (Y,)dt, (9)
where Yy is distributed according to w, h(f) is given by

h(l) = 20°® (5 x/f) , (10)

and I is defined in @

Whereas V' is assumed to be twice continuously differentiable, the dual representation of the

Fisher information —E[V(X)] = E[(V(X))?] = I allows us to remove in the statement of the
theorem all mention to the second derivative of V', which hints that two derivatives might not
really be required. For all 0,z € R, define

§o(x) = V/m(z +0), (11)
For p > 1, denote || f||?. | = ['|f(z)[Pw(z)dz. Consider the following assumptions:

H1. There exists a measurable function V : R — R such that:
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(i) There exist p >4, C >0 and § > 1 such that for all 0 € R,

HV(- +0) - V() — W(-)Hw <Cl9°.

< Ho0.

(ii) The function V satisfies “V
7,6

Lemma 1. Assume . Then, the family of densities § — m(-+0) is Differentiable in Quadratic
Mean (DQM) at 6 = 0 with derivative V, i.e. there exists C > 0 such that for all § € R,

([ (@0 - & + 07 @atez) ac) < cop,

where &y is given by .
Proof. The proof is postponed to Section O

The first step in the proof is to show that the acceptance ratio P (A{) = I[*E(l/\exp{z:f:1 AVAY,

and the expected square jump distance E[(Z{)2{1 A exp(Z?:l AV3)}] both converge to a finite
value. To that purpose, we consider

d
Elq) =E (Zf)q 1 Aexp (Z AVid> — 1 Aexp(v?) ] ,
i=1
where AV is given by ,
d
vl = —0d 2 ZIv (xd) + Y vi(xE, zg) (12)
i=2
b (z,2) = fgif/(x) +E [2¢4(x{, 20)] - ﬁfﬂ(g:) (13)
’ - \/a 1,41 4d ’
¢, 2) :exp{(V(x) fV(anEd*l/Qz)) /2} 1. (14)

Proposition 1. Assume holds. Let X% be a random variable distributed according to ¢
and Z% be a zero-mean standard Gaussian random variable, independent of X?. Then, for any
q >0, limg_, ;. Eq) =0.

Proof. The proof is postponed to Section [£:2} O

Proposition [1| shows that it is enough to consider v? to analyse the asymptotic behaviour
of the acceptance ratio and the expected square jump distance as d — +o00. By the central
limit theorem, the term —¢ Z?ZQ(ZZ-d/\/Zi)V(Xf) in converges in distribution to a zero-
mean Gaussian random variable with variance ¢2I, where I is defined in . By Lemma
(Section , the second term, which is dE [2¢*(X{, Z{)] = —dE [(¢*(X{, Z{))?] converges to
—(21/4. The last term converges in probability to —¢21/4. Therefore, the two last terms plays a
similar role in the expansion of the acceptance ratio as the second derivative of V' in the regular
case.

Theorem 2. Assume holds. Then, limg—, 1o P [A{] = a((), where a(f) = 20(—/10/2).
Proof. The proof is postponed to Section O
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The second result of this paper is that the sequence {(Y;})i>0,d € N*} defined by
converges weakly to a Langevin diffusion. Let (pq)a>1 be the sequence of distributions of
{(Y{h)e>0,d € N*}.

Proposition 2. Assume holds. Then, the sequence (Nd)d21 is tight in W.
Proof. The proof is adapted from [2]; it is postponed to Section O

By the Prohorov theorem, the tightness of (p14),~, implies that this sequence has a weak
limit point. We now prove that any limit point is the law of a solution to @[) For that purpose,
we use the equivalence between the weak formulation of stochastic differential equations and
martingale problems. The generator L of the Langevin diffusion @ is given, for all € C2(R,R),
by

h(£)

Lo(@) = =~ (-V(@)d(@) + (@) ) . (15)

where for k € N and I an open subset of R, C¥(I,R) is the space of k-times differentiable func-
tions with compact support, endowed with the topology of uniform convergence of all derivatives
up to order k. We set C°(I,R) = y—, C¥(I,R) and W = C(Ry,R). The canonical process is
denoted by (W;)¢>0 and (%,)>0 is the associated filtration. For any probability measure p on
W, the expectation with respect to u is denoted by E#. A probability measure p on W is said
to solve the martingale problem associated with @ if the pushforward of u by Wy is m and if
for all ¢ € C°(R,R), the process

<¢>(Wt) — 6(Wo) /0 t L¢(Wu)du>

>0

is a martingale with respect to p and the filtration (%;)i>o, i.e. ifforall s,t € Ry, s <t, p—a.s.

ol [¢<Wt> — B(Wo) - /0 Lo(W,)du

@] — (W)~ o) - [ Lo(W)ds

H2. The function V is continuous on R except on a Lebesgue-negligible set Dy, and is bounded
on all compact sets of R.

If V satisfies H [7, Lemma 1.9, Theorem 20.1 Chapter 5] show that any solution to the
martingale problem associated with @ coincides with the law of a solution to the SDE @D,
and conversely. Therefore, uniqueness in law of weak solutions to @D implies uniqueness of the
solution of the martingale problem.

Proposition 3. Assume I@ holds. Assume also that for all € C*(R,R), m € N*, g : R™ —
R bounded and continuous, and 0 <t; <--- <t,, <s<t:

t
Jlim_ B Kqﬁ(Wt) — (W) —/ qu(Wu)du) g(Wiso W) =0, (16)
Then, every limit point of the sequence of probability measures (fq)q>1 on W is a solution to
the martingale problem associated with @

Proof. The proof is postponed to Section [4.5 O

Theorem 3. Assume and I@ hold. Assume also that @D has a unique weak solution. Then,

(Y;:C,l1)tzo, de N*} converges weakly to the solution (Y;),~, of the Langevin equation defined by

. Furthermore, h(f) is mazimized at the unique value of £ for which a(€) = 0.234, where a is
defined in Theorem [
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Proof. The proof is postponed to Section [£.6] O

Example 1 (Bayesian Lasso). We apply the results obtained above to a target density m on R
given by x +— e’V($)/ fR e~V Wdy where V is given by

ViawU(x)+ A|z|,
where A > 0 and U is twice continuously differentiable with bounded second derivative. Further-

more, [, |z|° e V@ dz < +00. Define V : z s U'(x) + Asign(z), with sign(z) = —1 if 2 < 0
and sign(z) = 1 otherwise. We first check that H{(i) holds. Note that for all x,y € R,

o +y| — |z| - sign(z)y| < 2ly|1z, (y] - |z]), (17)
which implies that, for any p > 1, there exists C such that
[Vero v —ovo)|  <IUC+0) =00 =00 O, + M+ 6 = [ = signO)l,
< Ul 6% +2 10| Mr([-6,6])}/7 < C 1o P v jof

Assumptions H|(i1) and H@ are easy to check. The uniqueness in law of @ is established in
[1, Theorem 4.5 (i)]. Therefore, Theorem@ can be applied.

3 Target density supported on an interval of R
We now extend our results to densities supported by a open interval Z C R :
m(x) oc exp(=V (z))lz(z),

where V' : 7 — R is a measurable function. Note that by convention V(z) = —oo for all = ¢ 7.
Denote by Z the closure of Z in R. The results of Section |2[ cannot be directly used in such a
case, as 7 is no longer positive on R. Consider the following assumption.

G1. There exists a measurable function V : T — R and r > 1 such that:

(i) There exist p >4, C >0 and § > 1 such that for all 0 € R,

<clo”,

P

[V +0) = VOIZ( +10)12( + (1= 1)9) — 0V ()

with the convention 0 X oo = 0.
(ii) The function V satisfies |V ||z.6 < 400.

(iii) There exist v > 6 and C > 0 such that, for all € R,
/ Tz (2 + O)m(x)dz < C|6[7 .
R

As an important consequence of Gl(iii)} if X is distributed according to 7 and is independent
of the standard random variable Z, there exists a constant C' such that

P (X YV e IC) <Ccd?, (18)
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Theorem 4. Assume holds. Then, limy_, oo P [AY] = a(€), where a(€) = 2®(—V1¢/2).
Proof. The proof is postponed to Section [5.1} O

We now established the weak convergence of the sequence {(Y,4);>0,d € N*}, following the
same steps as for the proof of Theorem Denote for all d > 1, pg the law of the process

(Yeh)ezo-
Proposition 4. Assume 0 holds. Then, the sequence (fa) >, 15 tight in W.
Proof. The proof is postponed to Section [5.2 O

Contrary to the case where 7 is positive on R, we do not assume that V is bounded on all
compact sets of R. Therefore, we consider the local martingale problem associated with @: with
the notations of Section [2| a probability measure u on W is said to solve the local martingale
problem associated with @D if the pushforward of p by Wy is 7 and if for all ¢ € C*° (R, R), the
process .

(vm) = w0 - [ Lww)au)
0 t>0
is a local martingale with respect to p and the filtration (%;);>0. By [I, Theorem 1.27], any
solution to the local martingale problem associated with @ coincides with the law of a solution
to the SDE @D and conversely. If @D admits a unique solution in law, this law is the unique
solution to the local martingale problem associated with @D We first prove that any limit point
p of (fta)a>1 is a solution to the local martingale problem associated with @[)

G2. The function V is continuous on T except on a null-set Dy,, with respect to the Lebesgue
measure, and is bounded on all compact sets of L.

This condition does not preclude that V is unbounded at the boundary of Z.

Proposition 5. Assume and G@ hold. Assume also that for all ¢ € C°(Z,R), m € N*,
g :R™ — R bounded and continuous, and 0 <t; <--- <t,, <s<t:

lim [EH4 {(qﬁ(Wt) — o (Ws) — /t qu(Wu)du) gWe,...,We, )| =0. (19)

d—+oo s

Then, every limit point of the sequence of probability measures (uq)a>1 on W is a solution to
the local martingale problem associated with @D

Proof. The proof is postponed to Section [5.3 O

Theorem 5. Assume and G@ hold. Assume also that (]ED has a unique weak solution. Then,
(Yt‘fl)tzo, d € N*} converges weakly to the solution (Y3),~, of the Langevin equation defined by
. Furthermore, h({) is mazimized at the unique value of £ for which a(f) = 0.234, where a is

defined in Theorem[3

Proof. The proof is along the same lines as the proof of Theorem [3| and is postponed to Sec-
tion B4 O

The conditions for uniqueness in law of singular one-dimensional stochastic differential equa-
tions are given in [I]. These conditions are rather involved and difficult to summarize in full
generality. We rather illustrate Theorem [5| by two examples.
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Example 2 (Application to the Gamma distribution). Define the class of the generalized
Gamma distributions as the family of densities on R given by

Ty x> Lexp(— ]IR* // 1L exp(—y™)dy,

with two parameters a; > 6 and ag > 0. Note that in this case T = R, for all v € I,
Vy:ix s 22 — (ag — 1) loga and V, @ z — agz®~' — (a; — 1)/x. We check that G| holds with
r = 3/2. First, we show that G‘E@ holds with p="5. Write for all e R and x € Z,

{Vile +6) = Vi(@)} L(a + (1 - 1)0)Lz(w +19) — 0Vi(a) = & + & + &,
where

& = 0Vy(x) {1z(z — 0/2)1z(x +36/2) — 1} ,
& = (1 —ai) {log(1+0/x) = 0/w} Uz(z - 0/2)1z(x +30/2),
Es = ((x +60)* — 2 — ayfz®2 Hlz(z — 0/2)17(z + 30/2).
It is enough to prove that there exists ¢ > 5 such that for alli € {1,2,3}, [, |&:]° m,(x)da < C|6)9.

The result is proved for 6 < 0 (the proof for 6 > 0 follows the same lines). For all 6 € R using
a; > 6,

310]/2 .
51 m(x)dz < C|6)° 1/a® 4 g@2—D L gar—lg—a “dz,
| 1
R* 0

il
3/2 s/2
<l / 221 6= 012)* g0 4 |9|5a2/ LBz — a1 —1,-(1012)2 g, ’
0 0

< C(lo] + [of7=™). (20)

On the other hand, as for allz > —1, z/(x+1) <log(l+z) < z, for all 8 <0, and = > 3|6|/2,
0]
x2(140/x)

where the last inequality come from |0|/x < 2/3. Then, it yields

1 “+o00
/ Ex(2)]” my(x)dz < C|0]*° / e e g —|—/ e e g | |
R* 310]/2 1

:
< C(lo]™ +101™) . (21)

llog(1+6/x) —0/z| < < 316 /22,

For the last term, for all 0 < 0 and all x > 3|0|/2, using a Taylor expansion of x +— x®2, there
exists ¢ € [z + 0, x] such that

(2 +0)* — 2 — az02°2~ | < Cl0[¢]*272 < ) |« .

Then,

+o0 )
/ |E3(2)]° my(x)da < C|9\10/ pPaz=DFa—1=a™ 0 < O(|gP22 e 1 |9]10) . (22)
R, 3101/2
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Combining (120), , and using that a; > 6 concludes the proof of C@fw‘p = 5. The
proof of Gl(ii) follows from

L.

and GY(iii) follows from [, 1ze(x + 0)m (x)dx < C|0]**. Now consider the Langevin equation
associated with m, given by dY; = —V,(Y;)dt++/2d B, with initial distribution m,. This stochastic
differential equation has O as singular point, which has right type 3 according to the terminology

of [I]. On the other hand oo has type A and the existence and uniqueness in law for the SDE
follows from [1, Theorem 4.6 (viii)]. Since G@ is straightforward, Theorem@ can be applied.

I G e P e P /
R

Vi () Ory()da < C ( /

— — a2
Mg dm) < 00

x x
+ +

Example 3 (Application to the Beta distribution). Consider now the case of the Beta distri-
butions g with density x — x™ (1 — )*2 1o 1y(x) with ay,as > 6. Here T = (0,1) and the
log-density Vg and its derivative on I are defined by Vi(z) = —(a1 — 1) log x — (a2 — 1) log(1 — z)
and Vy(x) = —(a; — 1)/x — (ag — 1)/(1 — z). Along the same lines as above, Ty satisfies
and GI3. Hence Theorem[]] can be applied if we establish the uniqueness in law for the Langevin
equation associated with 7g defined by dY; = 7"/[3(1/;)dt +V/2dB; with initial distribution mg. In
the terminology of [1], O has right type 3 and 1 has left type 3. Therefore by [1, Theorem 2.16
(i), (ii)], the SDE has a global unique weak solution. To illustrate our findings, consider the
Beta distribution with parameters a; = 10 and as = 10. Define the expected square distance by
ESJDd(E) =E [Hde — Xg”z} where X¢ has distribution Wg and X{ is the first iterate of the
Markov chain defined by the Random Walk Metropolis algorithm given in . By Theorem
and Theorem@ we have limg_, | o ESIDY(¢) = h(¢) = (*a(f). Figure || displays an empirical
estimation for the ESID? for dimensions d = 10,50,100 as a function of the empirical mean
acceptance rate. We can observe that as expected, the ESID? converges to some limit function
as d goes infinity, and this function has a mazximum for a mean acceptance probability around
0.23.

4 Proofs of Section [2

For any real random variable Y and any p > 1, let [|Y] , := E[|Y[?)Y/?.

4.1 Proof of Lemma [1]
Let AgV(z) = V(z) — V(x + 6). By definition of & and m,
(69(2) — &o(a) + OV (2)60(2)/2) < 2{Ag(w) + Bo(a)} ().
where
Ag(x) = (exp(AgV (2)/2) = 1 = AV (2)/2)*

By(w) = (MoV (x) + 9V(x))2 /4.
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0.016

0.014 +

0.012 +
0.010 +
o
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0.006
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0.002 ff

0.000 . . . . . . . .
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Mean acceptance ratio

Figure 1: Expected square jumped distance for the beta distribution with parameters a; = 10
and as = 10 as a function of the mean acceptance rate for d = 10, 50, 100.

By IBoll, < C|0]°. For A, note that for all z € R, (exp(z) —1—x)* < 22*(exp(2z) +1).
Then,

/RAg(m)ﬂ(a:)dm < C’/]RAgV(x)4 (1 + eA"V(I)> m(x)dx
<c /R (AoV(@)* + A_gV(2)*) n(x)da.

The proof is completed writing (the same inequality holds for A_yV):

/R AgV (z)tn(z)de < C [ /R (AGV(I) - 9V(z))4 (z)dz + 6 /

i V4(x)w(x)dx}

and using HI1(i)|

4.2 Proof of Proposition
Define

R(z) = /OI Mdu. (23)

R is the remainder term of the Taylor expansion of = — log(1 + z):
log(14z) =2 —2%/2 + R(x). (24)
We preface the proof by the following Lemma.

Lemma 2. Assume holds. Then, if X is a random variable distributed according to m and
Z is a standard Gaussian random variable independent of X,

10
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(i) g o d [[¢4(X, 2) +€ZV(X)/(2\/8)H2 —0.
(ii) limg_y o0 vV HV(X) V(X +0Z/Vd) + €ZV(X)/\/EHP —0.

(iit) limg_,o0 d || R (C*(X, 2))]|, = 0,
where ¢4 is given by .
Proof. Using the definitions and of ¢* and & ,
(U@, 2) = Epza1r2() Eo(2) — 1. (25)
(i) The proof follows from Lemma[I] using that 8 > 1:

Hgd(x, 7) + sz(X)/(N&)Hz < Cr*Pd-PE [| 2] .

(i) Using H[Q)} we get that
HV(X) ~ V(X +0Z)Vd) + 2V (X)/Vd

< CePrd—PP/2R [|Z|BP}

P
P
and the proof follows since 5 > 1.

(iii) Note that for all z > 0, u € [0, 2], |(x —u)(14+u)~!| < |z, and the same inequality holds
for z € (—1,0] and w € [x,0]. Then by and (24), for all z > —1, |R(z)| < 2 |log(1 + z)|.

Then by (50), setting U 4(z,z) = R(¢%(x, 2))
Wa(@,2)| < (Egamrra(2)/Eo(@) = 1) |V (@ + £24712) = V()| /2.
Since for all z € R, |exp(z) — 1| < |z|(exp(z) + 1), this yields,
3

W a(z, 2)| < 47 (V(x ¥ ledV?) - V(x)‘ (exp (V(a:) V(z+ ezdfl/Q)) n 1) ,

which implies that
3
/ Wy(z, 2)| m(z)dz < 4*1/ ‘V(:r +0zdY?) - V(x)) (n(z) + 7(z + Lzd~ V) e
R R

By Holder’s inequality and using H@,

[ 19ate ) m(opae < € (‘sz‘l/z‘g (/7] sterr) Y \zzd—mfﬁ) |

The proof follows from HJIi(ii)|since 8 > 1.
O

For all d > 1, let X% be distributed according to 7%, and Z%¢ be d-dimensional Gaussian
random variable independent of X¢, set

Jd =

)

1

d
S {avd - vi(xd, zh)
1=2

where AV? and b? are defined in and , respectively.

11
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Lemma 3. limg_, Jé =0.

Proof. Noting that AV® = 2log (14 ¢ (X¢, Z%)) and using (24), we get

3 d
1< 3 Zzgd (x4, 2%) + + L /(X8 - E [2¢4(X{, Z8)]
= =2 1
d 2
+{1> ¢t (xd 28)” - ﬁdv x4 +2 ZR (¢ (xtzh)|
=2 1

where R is defined by (23). By Lemma [}(i)] the first term goes to 0 as d goes to +oo since

2L oy
ﬁV(Xl)

Consider now J4. We use the following decomposition for all 2 < i < d,

Jd<Vd H2gd (X¢, Z) +

2

2
ci(xt, z0y? — Ly x (cd(xzﬂ ) + EZW(X?))

4d 2V/d
0. ¢ ) 2
- — 7% (x? (dxd,z.d +—7z%v X¢> zH? — 1 v (xd
\/E k3 ( z) C( 7 7,) 2\/8 7 ( ’L) 4d ( } )
Then,
¢ 2 e |
Jd<d‘ 4 xd 7z + —=Z¢v (X +— VHXH {(z8H)? -1
2 = C( 1 1) 2\/[7 1 ( 1) 4d 22 ( ){( ) }1
. Y .
+0Vd Hv x4 Zd( dxd 78 + —zdv Xd)
(X1)Z7 | ¢U(XT, Z7) 2\@1(1)1

Using HII|(ii)l Lemma [)(i)| and the Cauchy-Schwarz inequality show that the first and the last
term converge to zero. For the second term note that E [(Zid)2 — 1] = 0 so that

d 1
SOV {202~ 1} < a2 var [V {2ty - 1)]

1
Finally, limy o, J¢ = 0 by ([24) and Lemma O

Proof of Proposition[d. Let ¢ > 0 and A = —¢d=Y2Z{V(X{) + Z;jzz AV, By the triangle
inequality, E4(¢q) < E¢(q) + E4(q) where

(Zf)q 1 Aexp {iAVid} —1Aexp {Ad}
El(q) =E [(Zf)q ‘1 A exp {Ad} —1Aexp {Ud}u .

Since t —+ 1 A et is 1-Lipschitz, by the Cauchy-Schwarz inequality we get

E{(q) =E

Eila) < |21y,

AV + a2y (x|

By Lemma E¢(q) goes to 0 as d goes to +oo. Consider now EZ(q). Using again that
t 1 Ae is 1-Lipschitz and Lemma [3| E¢(g) goes to 0. O

12
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4.3 Proof of Theorem [2
Following [2], we introduce the function G defined on Ry x R by:
a—b _b_ i
exp( 5 )@(2\/6—\/@ ifa € (0,400),

G(a,b) =19 o ifa =400, (26)
exp (—%) Tip>0y ifa=0,

where @ is the cumulative distribution function of a standard normal variable, and I':
@(—ﬁ)—l—exp(%_’))@(ﬁ—\/&) if a € (0, +00),
L(a,b) =< 3 ifa = +o0, (27)
exp (—%) ifa=0.
Note that G and T" are bounded on @+ x R. G and T" are used throughout Section

Lemma 4. Assume holds. For all d € N*, let X? be a random variable distributed according
to ¢ and Z¢ be a standard Gaussian random variable in R?, independent of X. Then,

62
: diyd mdy]
th dE[2§ (Xl,Zl)]— 4[,

where I is defined in @ and ¢ in .
Proof. By ,

dE [2¢(X{, Z)] = 2dE U \/w (z + d=1/22¢) /7 (x)da — 1] ,
R

= —dE

/R (\/71’ (z+td-1/2 Z{) — ﬂ(m))zdx] — AR [{¢i(xt, 28y .

The proof is then completed by Lemma O
Proof of Theorem [3. By definition of A{, see (3,

d
1 /\eXp{ZAVid}

i=1

P[A{] =E

)

where AV® = V(X{,) - V(X{, + édil/zZﬁi) and where X¢ is distributed according to 7¢ and
independent of the standard d-dimensional Gaussian random variable Z¢. Following the same
steps as in the proof of Proposition [1] yields:

lim |P[Af] —E[1Aexp{©?}]| =0, (28)

d——+oo
where
d . d .
Ot = —td=1/? Z Zf,iV(X(o)l,i) — Z V(Xg,i)2/(4d> +2(d—1)E [Cd(Xg,u Zf,l)] .
i=1

1=2

13
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Conditional on X¢, ©% is a one dimensional Gaussian random variable with mean pq and
variance o3, defined by

:—€2ZV (X&)2/(4d) +2(d — DE [¢4(x¢,, 28 )]

d
oq=0d"1 > V(XE,)?.

i=1
Therefore, since for any G' ~ N(u, %), E[1 A exp(G)] = ®(u/0) + exp(p + 02 /2)®(—0 — p/o),
taking the expectation conditional on X§, we have
E[1 Aexp {©}] = E [®(na/oa) + exp(pa + 05/2)P(=0a — pa/oa)]
=E (07, —2ua)]

where the function I' is defined in . By Lemma (4] and the law of large numbers, almost
surely, limg—, 4 oo ta = —¢?1/2 and limg_, oo 02 = (2. Thus, as I' is bounded, by Lebesgue’s
dominated convergence theorem:

lim E[1Aexp{©?}] =20 (—E\ﬁ/?) .

d——+oo

The proof is then completed by . O

4.4 Proof of Proposition

By Kolmogorov’s criterion it is enough to prove that there exists a non-decreasing function
v : R4 — R, such that for alld > 1 and all 0 < s <'t,

BV = vi)'| <o —s).
The inequality is straightforward for all 0 < s < ¢ such that |ds| = |dt|. For all 0 < s <t such
that [ds] < |dt],

dt — |dt]

[ds] —ds
ngwﬂ 1laa —+

d
Y4 =Y =X — X+ ¢ sz[dﬂ 1lag, -

Then by the Hélder inequality,

4 4
E [(Yt?l -Y4) } <C ((t —s)?+E [(Xfldtp - Xﬁum) ]) ;
where we have used

(dt — Ldt])* | ([ds] — ds)”
d? * d?

The proof is completed using Lemma

< (dt — ds)? + ([ds] — | dt])? -

Lemma 5. Assume H[Il Then, there exists C > 0 such that, for all 0 < ki < ko,
4
d d 4 (k2 — k1)P
E [(kal o thl) ] < CZ; dr :
p=

14



Durmus et al. Optimal scaling under LP mean differentiability

Proof. For all 0 < ki < ko,

/4 ko ko
it = e | (35 2 3 st )

k=ki+1 k=ki1+1

4

Therefore by the Holder inequality,

s 240t 804
]E{(X;j%l—Xghl) } < (ke —k1)*+ - E ( Z ZE 1 gy ) . (29)
k=ki1+1

The second term can be written:

ks 4
( > Z,f,lll(Ag)c> => E

k=ki1+1

4
HZgru,l]l(Agn_)C] )
i=1 ‘

4

where the sum is over all the quadruplets (m;);_; satisfying m; € {k1 +1,...,k2}, i =1,...,4.
The expectation on the right hand side can be upper bounded depending on the cardinality of
{m1,...,mq}. For all 1 <j <4, define

Ij = {(ml,...,m4) c {kl +1,...,k‘2} ; #{ml,...,m4} :]} . (30)
Let (m1,ma,m3,my) € {k1 +1,...,ko}* and (X{)x>0 be defined as:

l
XO XO and Xk+1 Xk +]1k¢{m1 1,mo—1,mz—1,my4—1} \[Zk+11_,4d s

k+1

with flgﬂ = {Uk-+1 < exp (Zle AV&)}, where for all kK > 0 and all 1 < i < d, AVM is
defined by
- - - 1
AVl =V (Xg,z) -V (Xg,i + \/aZI?+1,i> :
Note that on the event ﬂjzl {.Afnj }c, the two processes (X;)g>0 and (Xi)k>0 are equal. Let
F be the o-field generated by (X’,‘j) .
>0

(a) #{m1,...,ms} =4, as the {(UmJ ,Z4 o, 7 ) }1< _, are independent condition-
<<

my,1r »“my.d
ally to F,

4 4
H Zgﬂjvlll(Agln)c F| = HE {Zﬁl.wl]l(,i;ln.)c
=1 ’ !

Jj=1

4
= H]E VA
j=1

where p(z) = (1 —e”), . Since the function ¢ is 1-Lipschitz, we get

d d
s 0 . s
® (E Avﬁiz,-—u) 4 <—\/(3V(Xglj—171)2gzj71 + E Avrij—l,z)
i=1 i—2

< Af/rflzj—m +

i=1

l
Vd

V(ernj—l 1)25”,1 .

15
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Then,
4 4
d d d
Hijal]l(Ad )C <E H{Amj+ij} )
j=1 j=1
where
- 0 .
A, =E DZg@jJ‘ AV i1+ ﬁV(Xgnqu)qul@jJ ]:} )

Bi =

my

E

fH

0 . - .
ng 1 <1—exp {_V(Xgml 1)Zgz» 1t ZAVn%A z})
Vd : P :

By the inequality of arithmetic and geometric means and convex inequalities,

4 4 4 4
E H Zgl.wl]l(Agln_)c < 8E Z (Ag”j) + (B’iﬂ)
j=1 7 j=1

+

4
By Lemma [X(ii)| and the Holder inequality, there exists C' > 0 such that E [(A,flnj) } < Cd2.

On the other hand, by [2, Lemma 6] since Z;?,Lj,l is independent of F,

¢ 0z -
Bg@j = |E \/gV(Xg@fl Y <dV(X%j1,1)27—2;AVn%j1,i> Fll>
where the function G is defined in (26). By )|and since G is bounded, E[(BZ, D <cd

Therefore [E[[]} Zm 1]].(Ad Sl < C’d 2 showmg that

> H o1l (ag )

(m1,ma2,m3,mq)€Ly

j=1

< ;(kQ ; kl) : (31)

(b) #{m1,...,mqs} =3, as the {(Um] AN Z;flJ d)} ooy BTC independent condition-
3 s 1<j<s
ally to F,

3
E|(z4,,)°1 U a )

{ 1) ‘}—} HE[m71]1(Ad o } H]E{ml]l )

Then, following the same steps as above, and using Holder’s inequality yields

7

3 3 2
E z3 1 || <CE Al ) 4 (B ) | <cd?
L0221 () > (a5) ¢ (2,)
and A
C (ko —k C
Z E HZgli,l]l(Afn,)c < d( ? 3 1) < E(kQ - k1)3' (32)
(m1,ma,m3,mq)€Ly i=1 !

16
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(¢) If #{m1,...,ms} = 2 two cases have to be considered:
24 2 2
B (Z0) 1 ag, ) (Zian) ag, | <B[(Z0007 B[(Z0,0)7] <1,
3 4
E [(Zgn 1) Ty, ) gnz,l]l(Aﬁlz)c} <E [‘Zdl 1] } (12l < —

This yields

>

(m1,mz,ms3 ,m4)612

< (3+4 . i) (ko — k1) (k2 — k1 — 1) < C(ka — k1)*.  (33)

4

M)H#anwmﬁzlﬂEKZ%J@%y)}<E“&m0ﬂ§3JMH

Z H m,,I]1 Ad C] < 3(](32 —kl). (34)
(m1,ma,m3,m4)€L,
The proof is completed by combining with , , and . 0

4.5 Proof of Proposition
We preface the proof by a preliminary lemma.

Lemma 6. Assume that HI 1| holds. Let p be a limit point of the sequence of laws (pq)a>1 of
{(Y;dl)t>0, de N*} Then for all t > 0, the pushforward measure of pu by Wy is m.

Proof. By (7)),

lim E [
d——+oco

—Xgmuzo.

Since (fq)q>1 converges weakly to u, for all bounded Lipschitz function ¢ : R — R, E#[¢)(W};)] =
limg 400 E[p(Y4)] = limg o0 E[w(detLl)]. The proof is completed upon noting that for all
deN*and all t >0, X‘ﬁdml is distributed according to 7 . O

Proof of Proposition[3 Let p be a limit point of (pg)a>1. It is straightforward to show that
u is a solution to the martingale problem associated with L if for all ¢ € C°(R,R), m € N*,
g : R™ — R bounded and continuous, and 0 <t; < --- <t,, <s<t:

E* Kqﬁ(Wt)—qﬁ(WQ—/de)(W@du)g(WtU...,th) =0. (35)

Let ¢ € CX(R,R), m € N*, g : R™ — R continuous and bounded, 0 < ¢; < -+ <, <s<t
and Wy, = {w € Wlw, ¢ Dy, for almost every u € [s,t]}. Note first that w € W{, if and only

if fst Ip, (wy)du > 0. Therefore, by and Fubini’s theorem:
t t
E# |:/ HDV (Wu)du] = / E# []IDV (Wu)] du = O7

17
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showing that u(W“:/) = 0. We now prove that on Wy,,

Usp: wi {¢(wt) — ¢(ws) — /: L¢(wu)dU} g(we,, . wy,,) (36)

is continuous. It is clear that it is enough to show that w — fst Lo (w,,)du is continuous on W,.
So let w € Wy, and (w™), . be a sequence in W which converges to w in the uniform topology
on compact sets. Then by for any w such that w,, ¢ Dy,, Lé(wy,) converges to Lé(w,) when
n goes to infinity and L¢ is lzounded. Therefore by Lebesgue’s dominated convergence theorem,
J, Lo(wy)du converges to [ Lé(w,)du. Hence, the map defined by is continuous on Wy,.
Since (p14)a>1 converges weakly to u, by (L6):

(V)= lim p?(¥,,)=0,

d—+oo

which is precisely . O

4.6 Proof of Theorem [3

By Proposition [3] it is enough to check (16| to prove that p is a solution to the martingale
problem. The core of the proof of Theorem [3]is Proposition [6] for which we need two technical
lemmata.

Lemma 7. Let X,Y and U be R-valued random variables and € > 0. Assume that U is non-
negative and bounded by 1. Let g : R — R be a bounded function on R such that for all

(,y) € (=00, = Ule, +00)*, [g(2) = g9(y)| < Cy |z — y].
(1) For all a >0,
EUlg(X) —g(V)]) < CyE[U X Y]]
+osc(g) {P[X| < e +a 'EUX Y ||+ Ple < |X| <e+a]},
where osc(g) = sup(g) — inf(g).

(i) If there exist u € R and o,Cx € Ry such that

swp [P [X < o] = ®((@ = p)/0)] < Cx,

then

EU[g(X) —g(V)|] < CoE[U[X = Y]

+ 2o0sc(g) {CX + \/2IE [UIX =Y (2n02)-1/2 4 6(271’02)1/2} ’
Proof. (i) Consider the following decomposition

E[U190¢) ~ g(V)1) = E[U1000 ~ 90T {xy1e (oo Jof sy rcles o) |

+E[U|g(X) = g(Y)| (Lixe—e,qy + Lix<—etn{y>—ehux>en{y<ep)] -

18
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In addition, for all a > 0,
(X< =e}n{Y > —-ehHU(X>etn{Y <e})
Cle<X|<etatU{X|Ze+a}n{X=Y|>a}) .
Then using that U € [0,1), we get

E[U]g(X) = g(Y)[] < CoE[U[X = Y]] +osc(g) (P[IX| < e +a] +a " E[U[X = YI]) .

(ii) The result is straightforward if E [U|X —Y|] = 0. Assume E [U|X — Y]] > 0. Combining
the additional assumption and the previous result,

EUlg(X) = g(M)l] < CgE[U[X = Y]]
+ osc(g) {ZC’X +2(e+a)(2n6?) V2 Lo IR[U X — Y|]} .

As this result holds for all @ > 0, the proof is concluded by setting a = \/E [U [X — Y|] (2r02)1/2/2.
O

Lemma 8. Assume holds. Let X¢ be distributed according to 7@ and Z¢ be a d-dimensional
standard Gaussian random variable, independent of X@. Then, limg_, o E? = 0, where

oG ) (i)

AVE and b¢ are resp. given by and .

Proof. Set for all d > 1, Yy = 2522 AV® and X, = Zt , bd. By (26), 0,G(a,b) = —G(a,b)/2 +
exp(—b?/8a)/(2v/2ma). As G is bounded and x — zexp(—z) is bounded on R,, we get
SUDgeR, ;|p|>a1/4 WG (a,b) < +o00. Therefore, there exists C' > 0 such that, for all a € Ryand

(b1,by) € (00, —a/*)* U (al/4, +-00)?,

G(a,b1) — G(a,b2)| < C'lby — b . (37)

E‘=FE

By definition of b (13, X4 may be expressed as Xq = 0454 + pta, where

ja = 2(d — DE [¢4(X¢, Z{‘)] - 62((17;1)1@ [V(Xf)ﬂ ,

= eslvot] s e (vt s
= (Vdog)~ Zﬁ

Bl = 0z (x3d) - 4@ (vixdh? - E [V(xa2]) .

By the Berry-Essen Theorem [5, Theorem 5.7] can be applied to Sy. Then, there exists
a universal constant C' such that for all d > 0,

P [(de s < x] o)

19
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It follows that -
sug |P[Xa < 2] — ((z — pa)/6a)| < C/Vd,
S

where &3 = (d — 1)o2/d. By this result and (37), Lemma E can be applied to obtain a constant
C > 0, independent of d, such that:

E Hg(ﬁf/(x;i)?/d,zn) —g(42 (x4)2/d, 2Xd)‘ ;Xﬂ

<0 (eat a2 4 faea(anad) 2 4 JAV O (2ma 253 )

where ¢4 = E [|Xd — YdH. Using this result, we have

El<C { <sd +dV2 4 2ed(27r&§)1/2> E [\V(Xf)|]

+02E [|V(xf)|3/2} (%dl/%g)—lﬂ} . (39)

By Lemma 4 goes to 0 as d goes to infinity, and by H|Iii)[ limg— o0 02 = (°E [V(X)z}
Combining these results with , it follows that E¢ goes to 0 when d goes to infinity. O

For all n > 0, define F¢ = o({Xg, k < n}) and for all ¢ € C=(R,R),

Mi( Z Xk 1 {ZI?+1,11A§+1 -E {ZI?+1,1]1.AQ+1 ‘-7:1?]}
k:
2 n—1
71 2 ¢ D@y, — B [(Za) g, | F] 69

Proposition 6. Assume and H@ hold. Then, for all s <t and all p € C°(R,R),

d— o0

i {6 — 60 [ Loar = (3t (6) — (@) | 0.

Proof. First, since dY, 1 = €fZ[dﬂ 1Lag, Tdr,

¢(thll) (stl _éf/ 'Y, Z(dr] 1]1Ad dT~ (40)

As ¢ is C3, using @ and a Taylor expansion, for all r € [s,t] there exists x, € [derm, Y;fl}
such that:

/ »6 /!
¢'(Vh) = ¢ (X{gpy 1) + ﬁ(dr — dr))¢" (X ) 201, 1Lag,
G 2
5 = 1ar])26 00) (Za0) Lag

far]

20
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Plugging this expression into yields:
t
BYE) = oY) = VA [ 0/ (X oy )21 L,
t
G / (dr = Ldr )¢ (X ) (Zhay )L,

+, f / (dr — dr )26 (1) (2 )L, dr

|-o.

On the other hand, I = f; ¢"(derJ)1)(dr - Ldrj)(Z?dﬂ’l)Q]lA?d 1dr =1 + I with

As ¢®) is bounded,

lim EHdW /:(dr—tdrbqb (0 (Ziy 1) g, dr

d——+o0

[ds]/d t d d 2
L =/ +/ ¢"(X{ary )(dr — Ldr] = 1/2)(Zfg,1 1) ]lA((idﬂ dr
dt]/d

I = - / ¢"( X|_drj 1 Z(dr],l)zﬂA?Mdr'

Note that

1
I = o ([ds] = ds)(ds — [ds])e" (X, 1><Z€dﬂ )Py,

([dﬂ —dt)(dt — Ldﬂ)¢H(X[1dtj,1)(zfldﬂ,1)2]1A?dﬂ

2d

showing, as ¢ is bounded, that limg_, 1o E[|I1]] = 0. Therefore,

lim E Hd) Ytdl ¢(Yff1) - Isﬂfu =0,

d—+00

where
I, =/ {E\f¢ (X 1) Z gm0 + £ (X, 1)(Z((idﬂ,1)2/2} Lyg, dr.

Write

Lo - / Lo()dr — (M (6) — Miy (6)) = Tf + T + 7§ — T + T4
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where

t h(?) .
T = / ¢ (X 1) (ME [ Zhatas, | Fliy] + “V(X‘ﬁmﬂ) dr,

2
d
‘FL' J] —_ ) d'r,

fdr]

t 52
T3 :/ ¢"(Xyr11) (2 E [(Zfidﬂ,ﬂz]ud
t

T3d = / (LQS(YLgfer/d,l) - L¢(Yr‘,i1)) dr,

£([dt] — dt)
d_ 1 yd d d d
Ty = 7 ' (X{ary 1) (Z[dﬂ,l]lA‘rldﬂ -E [Z[dt‘\,l]lA‘ridﬂ ]‘_LdtJD
2([dt] — dt)
+ Tﬁﬁn(){qug) ((Z((idﬂ,l)z]lAgdﬂ_ E [(Z((idﬂ,l)z]lAgdﬂ }-[ldtj D )
L([ds] — ds)
d __ d d d d
I3 = TQb'(XLdsJ,O (Z[dsyﬂlftﬂ;ds1 —E {Zrdsm]lfv;ds] Fs) D

([ds] — ds) d d 2 d 2 d
+ Tgb//(X\_dsj,l) ((Zwsm) T —E {(Z[ds],l) LT ‘}-LdSJD :

Tds]
It is now proved that for all 1 <4 <5, limg_, oo E[|T{|] = 0. First, as ¢’ and ¢” are bounded,
E[|T{| + |T¢[] < ca™'/2. (41)
Denote for all r € [s,t] and d > 1,

Av;f,ii =V <X([idrj,i) -V (X([idrj,i + Edil/zzfldﬂ,i)

=2

d
Eg =1A exp {_ezfjdr],lv(X(ﬁer,l)/\/a—’_ bedrj,i} 3

=2

d
T4 =1Aexp {-ezﬁdﬂﬁlv(xfdﬂyl)/\/& +)° Avgi} ,

where for all k,7 > 0, bZJ- = bd(Xg,i,Zg_H’i), and for all z,z € R, b%(z,y) is given by . By
the triangle inequality,

t
2] < [ |00ty | (A + Az + A, ), (42)
where

)

Al,r = ’E\/g E _Z[ddf‘-‘,l (]IA?d

= 14) | Ftan |
Ay, = (N& E :Zﬁdﬂ,l (0F == | Flg }

Flony | + VX D(O/2]

rl

)

Ay = [(VAE (2],

Since t — 1 Aexp(t) is 1-Lipschitz, by Lemma [d(ii)] E[| A{,|] goes to 0 as d — +oo for almost
all 7. So by the Fubini theorem, the first term in (42]) goes to 0 as d — +oo. For Ag,r, by [2]
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Lemma 6],

E[|As,]] <E

. 2V(X
£2V(Xfm1){g< (L‘”“ 2ZA )

2
g <£ V( Ldr] 1) QZderJ )}H

where G is defined in . By Lemma |8] this expectation goes to zero when d goes to infinity.
Then by the Fubini theorem and the Lebesgue dominated convergence theorem, the second term
of goes 0 as d — +o00. For the last term, by [2, Lemma 6] again:

E\/g E [Zﬁdr],lzf i| Z V X|_drj 1)

( ZVXWJ %vammtameWMzw,<m

1=2

where X is distributed according to m and Z is a standard Gaussian random variable independent
of X. As G is continuous on Ry x R\ {0,0} (see [2, Lemma 2]), by H[[ii)] Lemma [4] and the
law of large numbers, almost surely,

d

Jim %G ( ZV X)) ed Y V(X )7 —4d - DE [¢U(X, Z)})
=2
= 3G (PEV(X)?), CEV (X)) = h()/2, (44)

where h(¢) is defined in (L0)). Therefore by Fubini’s Theorem, and Lebesgue’s dominated
convergence theorem, the last term of goes to 0 as d goes to infinity. The proof for T4
follows the same lines. By the triangle inequality,

|T2| < ‘/ ¢” X|_drj 1 62/2) E {(erdﬂ,l) <1A‘;dr1 - Eg) "Fl_ddﬂ} dr

} - h(é)/?) dr| .

#| [t (@2 B [(Zn 07 (15)

By Fubini’s Theorem, Lebesgue’s dominated convergence theorem and Proposition [T} the expec-
tation of the first term goes to zero when d goes to infinity. For the second term, by [2, Lemma
6 (A.5)],

Z]gldr] 1

/ d
(Z{g 1)1 Nexp {— a V(X{ar)1) + bedrj,i} ‘Ffdw
=2

= (B1+ By — B3)/2, (46)

(2/2)E
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where

2

2. 2.
By = T (d ZV(derj)i)Q, ¥ ZV(X[’ZW)2 —4(d - 1)E [¢*(X, Z)]) ,
24(@@1 2. 4 ) p
Bo=—— 79 ZV ) i) 5 2 V(X 2)° = 4(d = DE [¢*(X, 2)] | ,
1=2

. ~1/2
GV (X, )2 '
By = L Xlarsa ;d”’l) <27r€2§ VXE ) /d>

i[—(d—l)E[%d(X,Z)] (/) T, VX, 7]
220 V(XE, )2/d

X exp

where T is defined in (27). As I is continuous on Ry x R\ {0,0} (see [2, Lemma 2]), by Hfii)]
Lemma [4] and the law of large numbers, almost surely,

d

dm@ﬂ( ZV (Xl 52 SV (Ko 7~ 4(d — DB [<d<X7Z>]>

=2
_ (KZIE[V(X)Q],ZQE[V(X)QD = h(t). (47)

By Lemma [4] by H[Ii(ii)| and the law of large numbers, almost surely,

1 [F - DBRCC 20 + (@ 4a) S, VX, 07
drioo P %22z 1V( T, )2/d

Then, as G is bounded on R} x R,

d——+o0

] —0. (48)

Therefore, by Fubini’s Theorem, , , and Lebesgue’s dominated convergence theorem,
the second term of goes to 0 as d goes to infinity. Write T = (h(£)/2)(T§, — T4'y) where

T?fl,l = /St {d’” (X(Liqu) - ¢ (Yr(,il)}dﬂ
= [ {7 (%) o (Xiss) =V (052 6 074

It is enough to show that E[|T¥,|] and E[|T¥,|] go to 0 when d goes to infinity to conclude the

proof. By and the mean value theorem, for all r € [s, t] there exists x, € [Xfldm17 Ygl} such
that

& (Xfayr) = 6" (V) = 69 () (dr — |dr ) (VD 2y 1 1as,
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Since ¢() is bounded, it follows that lima—, yo E[|74,]] = 0. On the other hand,

o= [V (%) =V 0520} ()
# [ { (¥a) =0 020}V (0t

Since ¢’ has a bounded support, by I-@ Fubini’s theorem, and Lebesgue’s dominated convergence
theorem, the expectation of the absolute value of the first term goes to 0 as d goes to infinity.
The second term is dealt with following the same steps as for T4, and using HJ1iii) O

Proof of Theorem[3 By Proposition [2| Proposition [3] and Proposition [6} it is enough to prove
that for all ¢ € CP(R,R), p>1,all0 <t <---<t, <s<tand g: R’ — R bounded and
continuous function,

lim E |(My(9) - Mg (6)g(ve,..., v =0,

d—+o0

where for n > 1, M2(¢) is defined in . But this result is straightforward taking successively
the conditional expectations with respect to Fy, for k = [dt],...,[ds]. O

5 Proofs of Section [3

5.1 Proof of Theorem [4]

The proof of this theorem follows the same steps as the the proof of Theorem [2| Note that &
and &, given by , are well defined on ZN{x € R | x +10 € Z}. Let the function v : R? — R
be defined for z,0 € R by

v(z,0) =1z(x+10)1z(z+ (1 —1)0). (49)

Lemma 9. Assume holds. Then, there exists C' > 0 such that for all 0 € R,

( | (1@ ~ @y via.0) + 0V @ala)/2) dm) <.

Proof. The proof follows as Lemma [1| and is omitted. O

Lemma 10. Assume that holds. Let X be a random variable distributed according to m and
Z be a standard Gaussian random variable independent of X. Define

Dr={X+4tdV?*ZcT}n{X + (1 —1)d Y*Z cT}.
Then,
(i) T oo d || 1n,CY(X, 2) + eZV(X)/(N&)Hz —0.
(i) Let p be given by Gﬁ@ Then,

lim Vd anz {V(X) V(X + zZ/\/Zz)} 0ZV(X)/Vd

d——+oo

=0.
P
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(iti) limg—o0 d ||1p, (log(1 + Ca(X, 2)) — ¢U(X, Z) + [C*(X, 2)/2) ||, =0,
where ¢4 is given by ,
Proof. Note by definition of ¢ and &g , forx € T and z +rld~'/?z € T,
(U@, 2) = Egag-rr2(2) o () — 1. (50)
Using Lemma [9]

H]lngd(x, 7) + ezV(X)/(Q\/&)HZ

=5 | [ (00207 ez 20) = 6o0)} + 2V (@ol0)/2VD) e
< CrPPAPE[|Z)7] .
The proof of. (i)| is completed using 8 > 1. For n write for all z € T and = + (zd~/?z € T,
AV (z,z) = V(z) — V(z + £zd~1/?). By
|10 av(x, 2) + KZV(X)/\/3HZ —E [/I (U(x,ezwl/?)AV(X, Z) + ezv(x)/\/&)pw(x)dx]
< CPra v |z

and the proof of [(ii)| follows from 3 > 1. For [(iii)] note that for all z > 0, u € [0, 2], |(z — u)(1 +
u) ! < |z, and the same inequality holds for z € (—1,0] and u € [z,0]. Then by and (24)),
for all x > —1,

log(1 +z) — z + 2°/2| = |R(z)| < 2® [log(1 + )| .

Then by , for x € Z and x + ¢d~'/?2 € T,
|10g(1 + Cd($7 Z)) - Cd($v Z) + [Cd]z(x7z)/2|
< (§pza-1/2(2)/Eo(x) — )2 log(§pza-1/2(x )/éo( ))
< (Graars (@) /0(@) = 1)? | Vi@ + £2d %) = V(@) /2.

)

Since for all x € R, |exp(z) — 1| < |z|(exp(x) + 1), this yields,

llog(1 + Ca(x, 2)) — ¢ (2, 2) + [ (x, 2) /2]
< |V(z + tzd"1/?) - V(x)‘g (exp (V(x) —V(x+ ezd—1/2)) + 1) /4.

Therefore,

/Iv(x,ﬁzd_l/z) |log (1 + Ca(, 2)) — ¢, 2) + [CY? (x, 2 )/2| m(z)dz < (I + I2) /4,

Jo
(

3
/v x, Lzd1/?) ’V (z+ Lzd™YV?) — V(x)‘ m(z + Lzd~?)dz .
z

where

3
a, 0zd=Y?) ’V:chEzd 1/2) _ V(x)’

I = m(x)dz
I, =
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By Holder’s inequality, a change of variable and using GEI@

L+1L<C (‘gzd—lﬂf (/ ‘V(m)rw(:ﬂ)dm) . ‘Ezd_1/2‘3ﬂ> .
T

The proof follows from and g > 1.

]
For ease of notation, write for all d > 1 and 4,j € {1,...,d},
DY, = { X+ 7] e TP { X+ (1 -0y 2z e T}
J
D%,i:j = m D%,k' (51)
k=i

Lemma 11. Assume that holds. For all d > 1, let X¢ be distributed according to ¢, and
7% be d-dimensional Gaussian random variable independent of X®. Then, limg— 400 J% =0
where

d

d _ d i dy\ diyd rd 52 yd
3 = ‘ ) {(av s Tovxey) - 2 1oy ot 2] + i | |
Proof. The proof follows the same lines as the proof of Lemma [3] and is omitted. O

Define for all d > 1,

d
19%,1;41 A exp {Z AVid}

Ef =E|(21)°

i=1

)

d
—1 Aexp {—Kd_l/QZfV(X{I) + Zb%(Xf, sz)}’
i=2

where AV is given by , forall x € 7, z € R,

. 2 .
V() +2E [Lpy ¢'(XT, 20)] - 5V2(@). (52)

b%(x,z) = —e—z 1

Vd
and (¢ is given by .

Proposition 7. Assume holds. Let X¢ be a random variable distributed according to =@ and
Z% be a zero-mean standard Gaussian random variable, independent of X. Then limgy_, | o E% =
0.

Proof. Let A% = —£d=12Z¢V(X{) + 2%, AV By the triangle inequality, B¢ < E{ + Ef + EZ
where

d d\2
EluI - E (Zl) ]ID%,I:L{

)

d
1 /\exp{ZAVid} -1 /\exp{Ad}

=1

2
ES 7 =E|(Z{) Ipg,

b

d
LI Aexp {A%} —1Aexp {—fd_1/2ZfV(Xf) + Zb”l(XZd7 Zld)}‘

=2

d
Bl , =E |(28)° Lipg, yelAex {—Ed‘l/QZfV(Xf) +) o vi(x, z;i)}
=2

)

27



Durmus et al. Optimal scaling under LP mean differentiability

Since t — 1 A el is 1-Lipschitz, by the Cauchy-Schwarz inequality we get
B <E[(20) Npg, [AVI+ e 228V (XD)|] < 12813 || 0pg, AVE + 0228V (1)

By Lemma E‘f,z goes to 0 as d goes to +o0o. Using again that t — 1 Ae? is 1-Lipschitz and
Lemma Egz goes to 0 as well. Note that, as Z¢ and ]l(Dd )° are independent, by ,
’ Z,2:d

Biz <dP({D4,}") <ca' /2.
Therefore, Egl goes to 0 as d goes to +00 by E| O

Lemma 12. Assume holds. For alld € N*, let X% be a random variable distributed according
to ¢ and Z¢ be a standard Gaussian random variable in R?, independent of X. Then,

€2
: d d rzd\| _
 Jim 2dE []17)%)14 (Xl,Zl)} =1

where I is defined in @ and ¢ in .
Proof. Noting that for all 8 € R,

/ Iz(z+1O)lz(z+ (1 —1)0)mw(x + 6)da = / Iz(z+ (r —1)0)1z(x — r0)w(x)dx .
T T

the proof follows the same steps as the the proof of Lemma [4 and is omitted. O

Proof of Theorem[]) The proof follows the same lines as the proof of Theorem [2]and is therefore
omitted. N

5.2 Proof of Proposition
As for the proof of Proposition 2], the proof follows from Lemma

Lemma 13. Assume G{i Then, there exists C > 0 such that, for all 0 < ky < k2,
4
d d 4 (k2 — k1)P
E [(XkQ,l — Xi1a) ] = Cz:z »
p—

Proof. We use the same decomposition of I[?,[(X,ffz’1 - X,fhl)‘l] as in the proof of Lemma |5 so
that we only need to upper bound the following term:

4

k2
d~*E (Z Z,g{l]l(Az)c> =d?) E

k=ki+1

4
d
H Zmi,l]l(Aglni )61 )
=1 )

where the sum is over all the quadruplets (mp);l,:1 satisfying my, € {k1+1,...,ko},p=1,...,4.
Let (my,ma,m3,my) € {k1 +1,...,ko}* and (X)x>0 be defined as:

X(C)l = Xod and Xg+1 = X}? —+ 1k¢{m171,mz71,M371,M471}£d71/2zg+1]lAerl ,
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where for all k > 0and all 1 <7< d,

d

i=1
AV =V (XE) -V (R w22 )
Define, for all k1 +1 < k < ko, 1 < 14,5 <d,

DYS = { X, +rta 2z, e Thn (X + (1 -0 270, e T
J
~d.k ~d.k
D= m Dy
l=i

~ ~ ~ c
Note that by convention V(z) = —oo for all z ¢ I, Af , C D%ﬁ:d so that (Azﬂ) may
be written (Aﬁﬂ)c = (f?g’j:dfu ((Azﬂ)c N f)g’,];:d) Let F be the o-field generated by
(Xg)k> . Consider the case #{mi,...,ms} = 4. The case #{mq,...,my} = 3 is dealt
0

with similarly and the two other cases follow the same lines as the proof of Lemma As
{(Umj 24 ez } are independent conditionally to F,
& 7%/ J1<j<a
7}

As Uy, is independent of (Z, d -, 74 ) conditionally to F, the second term may be written:

mj,1» »“my,d
A

d
f] =E [ﬂﬁgﬂlz;j%l (1 — exp {; AVr‘ijM}> .

A e ftagg 2

Z,1:d

1 4
) R R L
ot} ™j j=1

E |:]]_ﬁd,‘"tj1 1 (Adn _)“Zgh’vl

Z,1:d

Since the function z +— (1 —e”)__ is 1-Lipschitz, on D;’Tj;l

d
‘(1 —exp{ZAf/ﬂ'ij_l,i}> — O,
i=1 +

)

< ‘Avqij—m +£d71/2V(ng_f—1,1)Zd

mj,1

IR PR
where ©,,, = (1 — exp{—/d 1/2V(Xfflj_171)Z,‘f”,1 + 2 AV 1 i})+- Then,
d ~
E ]115;-;7;;'71 Zgzj,l (1 —exp {;Avn%j—l,i}> Fl = A?nj + Bgnj ’
i= +

where
1 Af/rij—l,l + gdil/zv(j(fnj—m)zd

mgj,1
7|

29

m

Ad 3 =E |:‘Zgn‘j71’
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By Jensen inequality,

4 4
2 \T1 2,01 || <B | TL{E [t o5z 0y 120
j=1 3 =1

}+A;l,,_+3gn} ,
J J

} + (Afnj)4 + (B;;j)4 ,

By and Holder’s inequality applied with « =1/(1 —2/7) > 1, for all 1 < j < 4,

< CE ZE[]I@ D |23,

I,l.d

B |8 papyery 2l < B [ gy, ']*ZE{ ery)

<E[|Z4, |/ 1>}(‘*‘”/

<Cd'—2,

d=/Ce) 4 gl=/2

4
By Lemma|10(ii)|and the Holder’s inequality, there exists C' > 0 such that E {(A%j) ] <cd2

On the other hand, by [2, Lemma 6] since Zﬂnj,l is independent of F,

d
Bl =

E

)
12d

1 am, L dTVPV(X )G (ézd‘lV(f(ff” 1) —2ZA _11>| ]

where the function G is defined in (26]). By E and since G is bounded, E[(Bglj)ﬂ <Cd—2.
Since v > 6 in G{Ifiii)|, |E[[T;_; 22, 11 s ]| < Cd~2, showing that

< Cd? (k2 ; kl) . (53)

O

4

H Zz”’l]l(‘Afni)c

i=1

E

>

(m1,ma,m3,mq)€Ly

5.3 Proof of Proposition

Lemma 14. Assume that ‘ 1| holds. Let p be a limit point of the sequence of laws (pa)a>1 of
{(Ytdl)t>0, de N*} Then for all t > 0, the pushforward measure of p by Wy is w.

Proof. The proof is the same as in Lemma [6] and is omitted. O

We preface the proof by a lemma which provides a condition to verify that any limit point
p of (fta)a>1 is a solution to the local martingale problem associated with @[)

Lemma 15. Assume Letu be a limit point of the sequence (uq)a>1. If for all g € CX(Z,R),

the process (p(Wy)— fo Lo(Wy)du)>o is a martingale with respect to p and the filtration
(P1)i>0, then p solves the local martmgale problem associated with @
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Proof. Asforallt >0and d > 1, Y% €Z, forall d > 1 u*(C(Ry,Z)) = 1. Since C(Ry,Z) is
closed in W, we have by the Portmanteau theorem, u(C(Ry,Z)) = 1. Therefore, we only need
to prove that for all 1p € C°°(Z,R), the process ((W;) — (Wp) — fot Lyp(Wy,)du), >0 is a local
martingale with respect to p and the filtration (%;):>0. Let ¢ € C>(Z,R).

Suppose first that for all w € C2°(Z, R), (w(Wt)—w(Wt)—fg Low(W,,)du)>0 is a martingale.
Then, consider the sequence of stopping time defined for k > 1 by 7, = inf{t > 0 | |W;| > k}
and a sequence (wy)g>o in C2°(Z,R) satisfying:

1. for all k > 1 and all z € Z N [—k, k], wi(z) = ¥ (z),
2. limg 400 @y = ¢ in C°(Z,R).

Since for all k£ > 1,

(407 - wirwa) - [ L (W, )au

t>0

tATE
- (wk(WtATk) (W) — / ka(Wu)du>
0 >0
and the sequence (7x)r>1 goes to +00 as k goes to +o00 almost surely, it follows that (Y (W;) —
Y(Wo) — fg Lyp(W,,)du)>0 is a local martingale with respect to p and the filtration (%)¢>0. It
remains to show that for all w € C°(Z,R), (ww(W;) — (W) —fot Lw (W, )du)s>o is a martingale

under the assumption of the proposition. We only need to prove that for all w € C°(Z,R),
0<s<t,meN* g:R™ — R bounded and continuous, and 0 < t; <---<t,, <s<t:

E* Kw (Wy) — @ (W) — /:Lw (Wu)du) g(We,... . W, )| =0. (54)

Let (¢r)k>0 be a sequence of functions in C°(Z,R) and converging to w in C°(Z,R). First
note that for all u € [s, t], y-almost everywhere,

k——+oo
By Lemma for all u € [s,t] the pushforward measure of u by W, has density = with respect

to the Lebesgue measure and p-almost everywhere, limg_, 1o Lop(W,,) = _Lw(Wu). On the
other hand, there exists C' > 0 such that for all &k > 0, [Loy(W,,)| < C(1 4 |[V(W,,)]). Then,

o Ut (1+ 1V 0w)) du} <(t—s) +/:IE“ (17w du
< (t—s) <1+/I|V(m)|7r(x)dx) .

Therefore, p-almost everywhere by Gilfii)| and the Lebesgue dominated convergence theorem,

we get
t

lim [ Lep(W,)du = / th(Wu)du. (56)

k—+oo s

Therefore, follows from and , using again the Lebesgue dominated convergence
theorem and O
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Proof of Proposition[5 Let p be a limit point of (ug)ga>1. By Lemma we only need to prove
that for all ¢ € C°(Z,R), the process (¢(Wi) — d(Wo) — fot Lop(W,,)du);>o is a martingale with
respect to p and the filtration (%;)¢>0. Then, the proof follows the same line as the proof of
Proposition [3] and is omitted. O

5.4 Proof of Theorem [5G

Lemma 16. Assume G| holds. Let X< be distributed according to n¢ and Z¢ be a d-dimensional
standard Gaussian random variable, independent of X@. Then, limg_, o E? = 0, where

Bl =F HV(de)ILDg {g (z?V(de)2 /d, 2Yd) g (ﬁV(xf)? /d, 2)_(d) } H ,
where Yy = 2?22 AVE AV and D%Q:d are given by and and Xgq = Z?:Q b%i, b%’i =
b (X4, Z4) with b given by ,

Proof. Set foralld > 1, Yy = ¢, AV and Xy = 30, b4 ;. By definition of b4 (52), X4 may
be expressed as Xq = 0454 + 1d, where

pa = 2d = VB 10y ¢4t 2)] - S Vg [y ]
o2 = 1’ [V(Xfl)ﬂ + %]E {(V(xf)? —E [V(xfﬂ)z} ,

d
Sa = (Vdoa)™ Y5,

=2

) 2 . )
d_— _ypzd dy _ = dy2 _ d)2

g = eV (X - s (VO - E [V (])

By the Berry-Essen Theorem [5, Theorem 5.7] can be applied to Sy. Then, there exists

a universal constant C' such that for all d > 0,

<C/Vd.

sup
z€R

- &(x)

d -
<
P[ d_lSd_x

It follows, with 62 = (d — 1)o2/d, that

sup [P [Xa < 2] — (¢ — pa)/60)| < O/Vd.

By this result and , Lemma [7| can be applied to obtain a constant C' > 0, independent of d,
such that:

E {1173%2”1 ’g (£2V(Xf)2/d, 21’@) —g (éQV(X{l)2/d, 2Xd) | x¢ H

<cC (E [ﬂpgm | X4 — Yd” LdV? g \/2E [IlD%M X, — Yd” (2m52)~1/2

sV leneay)
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Using this result, we have

B! < ¢ {0 |V (X)) (272532 + B [V (x]))] (57)
x <]E Loy, , [ Xa—Yal| + a2 + \/213 [1og,, 1Xa- Yd” (2752)~ 1/2> } .

By Lemma IE[]IDd |Xd — Yy|] goes to 0 as d goes to infinity, and by D[ limg— 4+ 00

PR [V(X) . Comblnlng these results with ( ., it follows that E? goes to O when d goes to
infinity. O

For all n > 0, define F¢ = o({X{, k < n}) and for all ¢ € C=°(R,R),

My() = Nz i Xk 1 {Zk+1 11 40 - —E {Z’?HJ]IAZH ‘f,ﬁl}}
k=0

n—1

Z¢” Xk 1 { Zk+171)2]1Ag+1 —-E {(Zg+171)2ﬂ,4g+1

d} } . (58)

Proposition 8. Assume and G@ hold. Then, for all s <t and all p € C°(R,R),

& {[o0) — 002 — [ Lo = (3 (6) — Mt )| | =0

d——+o00

Proof. Using the same decomposition as in the proof of Proposition [6 we only need to prove
that for all 1 < <5, limg_, o0 E[|T¢|] = 0, where

T1d = /t ¢/(Xfidrj,1) (g\/& i [Zfldrhl]lA?m ‘}—fldrd h(Qg)V(Xfld"J»lo dr,
Ts = / ¢" (X 1) ( E [(ZW D, ﬂdrd h(;)) dr,
Td = /S (Ld)(YﬂlrJ/d,l) - Ld’(yrt,il)) dr,
Ty = Mdﬂ\/a_dt)¢ (X{ae).1) (Z?dﬂ,lﬂv“?m —E [Zlﬁdﬂ iLag,, Fla D
# S0 0ty ) (P01, ~ B (B, [P

£([ds] —ds) ,
d_ d d d
T5 = \/& d) (XLdsj 1) (Z[ds'\,l]l.A‘Fds-‘ —-E {Z[ds],l]lA"?ds] ‘}-Ldsj D
52([0@ — ds) " d d d 2 d
S " (X{as) 1) ((Z[ds],l) Lpa, —E [(Z[ds],l) Lag, . ‘}—WSJD :

First, as ¢ and ¢ are bounded, E [|T¢| + |T¢|] < Cd~'/2. Denote for all r € [s,t] and d > 1,
4 5

AVE =V (X o) =V (X +M-1/2ZfldM )

EgZMexp{ 028 V(X 1) /I+Zbd Ld”},

=2
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where for all k,i > 0, b3% = b4(X{ ;, Z2,, ,), and for all 2,z € R, b¢(z,y) is given by (52). For
all k > 0,1 <14,j <d, define

Dk — {ng tred 2zt e Tho X+ (-0 22 e T

Iu ﬂD

By the triangle inequality,

t
|T1|g/
S

¢’(de“,1)‘ (A1 + Ay + Az + Ay )dr, (59)

where

d
Hf :1/\exp{ —d=1/? Z[d 1, 1V(derj,1)+ZAVgi} )
i=2

o= s ()

al
|

b | +V(xfd,_J,1)h(e)/2‘ .

9

Asp = [(VAE [ 2 11 s (Hf} =4)

Ay = |0VAE [Zwm“(v;:%ff)c“r

Ay = (VA E [Zfidr],lgfl-

Since t — 1 A exp(t) is 1-Lipschitz,
d |1 < [ i
E[|A{,|] < ¢VdE L tar)
< f\/(}E |:]1,Dd,Ld7-J
z,1

Z?dr‘\,l‘ ‘A‘/;gl - gd_1/2ZFIdH,1V(Xfldrj,1)H )

Z(ﬁdr‘\,l‘ ‘A‘/Tlfl - éd_l/QZ([idﬂ,IV(XEler,l)H ’

and E[’A‘fﬁr | goes to 0 as d — +oo for almost all r by Lemma So by the Fubini theorem,
the first term in goes to 0 as d — +oo. For Ag,r, note that

Avr < (VAR [ 2 g o (17 - 1)

Then, by [2| Lemma 6],
27, d 62 ( Ld”‘J 1
¢ V(XLer,l)ﬂpg,gqy g 2§ AV

-G (ZQ ( [drjl QZdedrj>}H

where G is defined in (26). By LemmalL6] this expectation goes to zero when d goes to infinity.
Then by the Fubini theorem and the Lebesgue dominated convergence theorem, the second term

E[|Af,]] <E

34



Durmus et al. Optimal scaling under LP mean differentiability

of goes 0 as d — 4+00. On the other hand, by G{liiii)|and Holder’s inequality applied with
a=1/(1-2/y)>1,forall<j<d4,

£ (144 1) < 2 (& || apgoy] 4 D2 s gony] )
(a-D)/a - o
SN&( 178, 1o/ 41120 4 g1 W) < Cd¥>)?

and E[|A§ || goes to 0 as d — +oo for almost all 7. Define
— d . — — .
Var =Y V(X{y,)* and Vio=Var — V(X4 )%

i=1

For the last term, by [2, Lemma 6]:

K\/g E [Z?dTLlEf :| = _€2V<X|_ddrj,l)

g(ﬁvdl,{ﬁzvm— 4(d - 1E [ﬂngd(x,@]}), (60)

where Dz = {X +d127Z e I}, X is distributed according to m and Z is a standard Gaussian
random variable independent of X. As G is continuous on Ry x R\ {0,0} (see [2, Lemma 2]),
by Lemma [12| and the law of large numbers, almost surely,
lim 2G (*Vy1/d, *Vy2/(2d) — 4(d — 1)E [1p, (X, Z)])
d—+o0
= G (PEV(X)2), CEV(X)Y) = h()/2, (61)
where h(¢) is defined in (10)). Therefore by Fubini’s Theorem, and Lebesgue’s dominated

convergence theorem, the last term of goes to 0 as d goes to infinity. The proof for T
follows the same lines. By the triangle inequality,

75| < ‘/ ¢" (X {4 1)(?/2) E [(Zfldr],l) <]lAc;dT1 - > ’]:Ldrj}

}—h(ﬁ)/Q) dr| . (62)

#| [ Xt (@2 B [(Zn 7

By Fubini’s Theorem, Lebesgue’s dominated convergence theorem and Proposition[7] the expec-
tation of the first term goes to zero when d goes to infinity. For the second term, by [2, Lemma

6 (A.5)],

(2/2)E

tz dr 1 d,|dr
(ZFdTLI)Ql A\ exp { I/E] |_er 1 + Z b L : ‘]: Ldr]
= (B1+ By — Bs)/2, (63)
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where

By = T ((*Vy1/d, 0*Vy2/(2d) — 4(d — 1)E [1p,¢%(X, 2)]) ,
VX))

By = y G ((PVy1/d, ?Vyo/(2d) — 4(d — 1)E [1p,¢*(X, 2)]) ,
47, d 2
By — ¢ V(Xédml) (27%2‘—/[1’1/6[)71/2
o [F20 = DE[D X, 2)] 4 (€ (4d)) Vo)
xp 2[2Vd’1/d ’

where I is defined in (27). As T is continuous on Ry x R\ {0,0} (see [2, Lemma 2]), by
Lemma [T2] and the law of large numbers, almost surely,

dgrfw CT (Va1 /d, {*Vy2/(2d) — 4(d — 1)E [1p,¢H(X, 2)]})

_ (KQIE[V(XV],E?E[V(X)Q]) — h(t). (64)

By Lemma by G{li(ii)| and the law of large numbers, almost surely,

. [2(d — DE[Lp,(H(X, Z)] + (2/(4d))Va2]* | e
A eXP {_ 202V, /d - {_SE[V(X) ]} ‘
Then, as G is bounded on R} x R,
t
i B | [ oty (2 - By ar] | =0, (65)

Therefore, by Fubini’s Theorem, , (164), and Lebesgue’s dominated convergence theorem,
the second term of goes to 0 as d goes to infinity. The proof for T§ follows exactly the
same lines as the proof of Proposition [6} O

Proof of Theorem[5. Using Proposition [d] Proposition [5 and Proposition [§] the proof follows
the same lines as the proof of Theorem O
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