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Abstract

We introduce positive elastic potentials in the harmonic approximation
leading by Hamilton’s variational principle to fractional Laplacian matrices
having the forms of power law matrix functions of the simple local Born von
Karman Laplacian. The fractional Laplacian matrices are well defined on pe-
riodic and infinite lattices in n = 1,2, 3, .. dimensions. The present approach
generalizes the central symmetric second difference operator (Born von Kar-
man Laplacian) to its fractional central symmetric counterpart (Fractional
Laplacian matrix).

For non-integer powers of the Born von Karman Laplacian, the fractional
Laplacian matrix is nondiagonal with nonzero matrix elements everywhere,
corresponding to nonlocal behavior: For large lattices the matrix elements far
from the diagonal expose power law asymptotics leading to continuum limit
kernels of Riesz fractional derivative type. We present explicit results for the
fractional Laplacian matrix in 1D for finite periodic and infinite linear chains
and their Riesz fractional derivative continuum limit kernels. The approach
recovers for « = 2 the well known classical Born von Karman linear chain (1D
lattice) with local next neighbor springs leading in the well known continuum
limit of classic local standard elasticity, and for other integer powers to gra-
dient elasticity. We also present a generalization of the fractional Laplacian
matrix to n-dimensional cubic periodic (nD tori) and infinite lattices. For
the infinite nD lattice we deduce a convenient integral representation. We
demonstrate that our fractional lattice approach is a powerful tool to gener-
ate physically admissible nonlocal lattice material models and their continuum
representations.
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1 Introduction

Fractional calculus has turned out to be a powerful analytical tool in various dis-
ciplines: It has been recognized that especially in more recently emerging fields
dealing with complex, chaotic, turbulent, critical, fractal and anomalous transport
phenomena, problems can appropriately be described by equations which involve
fractional operators. A broad overview on applications of the fractional approach
can be found in the review articles of Metzler and Klafter [5, 6].

There exist various definitions (Riemann, Liouville, Caputo, Griinwald-Letnikow,
Marchaud, Weyl, Riesz, Feller, and others) for fractional derivatives and integrals,
e.g. [3, 5, 15, 16, 17] among many others. This diversity of definitions is due to
the fact that fractional operators take different kernel representations in different
function spaces which is a consequence of the nonlocal character of fractional kernels.

The present paper is organized as follows. In the first part of the paper we deduce
from “fractional harmonic lattice potentials” on the cyclically closed linear chain a
discrete fractional Laplacian matrix. We do so by applying our recent approach to
generate nonlocal lattice models by matrix functions where the generator operator
is the discrete centered Born von Karman Laplacian [9]. First we obtain the discrete
fractional Laplacian in explicit form for the infinite chain for particle numbers N —
00, being in accordance with the fractional centered difference models of Ortiguiera
[14] and Zoia et al. [19]. Utilizing the discrete infinite chain fractional Laplacian
matrix we construct an explicit representation for the fractional Laplacian matriz
on the N-periodic finite 1D lattice where the particle number N can be arbitrary not
necessarily large. Then we analyse continuum limits of the discrete fractional model:
The infinite space continuum limit of the fractional Laplacian matrix yields the well
known infinite space kernel of the standard fractional Laplacian. The periodic string
continuum limit yields an explicit representation for the kernel of the fractional
Laplacian (Riesz fractional derivative) which fulfills periodic boundary conditions
and is defined on the finite L-periodic string.

In the second part of the paper we suggest an extension of the fractional ap-
proach on nD periodic and infinite lattices. We deduce an integral representation
for fractional Laplacian on the infinite nD lattice and proof that as asymptotic rep-
resentation the well known Riesz fractional derivative of the nD infinite space is
emerging. More detailed derivations of some of the results of the present paper
can be found in recent articles [7, 8]. All these results are fully equivalent and can
also be deduced by employing the more general approach of Riascos and Mateos
for fractional diffusion problems on networks [12, 13|, and see also the references
therein.

2 Fractional Laplacian matrix on the finite peri-
odic 1D lattice

We consider a periodic, cyclically closed linear chain (1D periodic lattice or ring)
with equidistant lattice points p = 0,..,N — 1 consisting of N identical particles
having all the same mass pn. Each mass point p has equilibrium position at 0 <
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Xp =ph <L=Nh (p=0,..,N—1) where L denotes the length of the chain and h
the interparticle distance (lattice constant). Further we impose periodicity (cyclic
closure of the chain). For convenience of our demonstration we introduce the unitary
shift operator D defined by Du, = u,1 and its adjoint D = D! with DTup = Up_1.
We employ periodic boundary conditions (cyclic closure of the chain) u, = u,sN
(s € Z) and equivalently, cyclic index convention p — p mod (N) € {0,1,..,N—1}.
Any elastic potential in the harmonic approximation defined on the 1D periodic
lattice can be written in the representation [9]

" N— NN
= EZ f(2T—D — DM, =—3 ugAe(lp — ql)uy, (1)

p=0 p=0 q=0
where A¢(lp — ql) = —pufp—q indicates the (negative-semidefinite) Laplacian N x

N-matrix, T the identity matrix, and f we refer to as the characteristic function:
Physically admissible, elastically stable and translational invariant positive elastic
potentials require for the 1D periodic lattice (cyclic ring) that the characteristic
function f which is defined as a scalar function to have the following properties 0 <
f(A) < oo for 0 < A < 4 (elastic stability) and f(A = 0) = 0 (translational invariance,
zero elastic energy for uniform translations of the lattice). For the approach to be
developed we propose the characteristic function to assume power law form

I = Q23 x>0, (2)

which fulfills for o« > 0 and Q% > 0 the above required good properties for the
characteristic function. Q, denotes a dimensional constant of physical dimension
sec”!. Note that 2T — D — D is the central symmetric second difference operator
Wthh is defined by (2T — D — D)w, = 2u, — upy1 — w,1. The matrix function
(21— D — D) is in general a self-adjoint (symmetric) posmve semidefinite N x N-
matrix function of the simple N x N generator matrix [21 —D — DT]pq = 20pq —
dp41,q—dp—1,4- It can be easily seen that f(21 —D—Df) has Téplitz structure, i.e. its
additional symmetry consists in the form f,q = fqp = fip—q, P, 9 =0,..N — 1 giving
the fractional generalization of the Born von Karman centered difference operator.
The fractional elastic potential has then with (1) the representation

N— —1

-1
« 23
§ *(2—D - D) zup:EE wif o, (3)
p=

:0 q

Z

qu

I
=3

with the matrix elements ffﬁm = Qi[(21 D — D)z 2]jp—q| of the fractional char-
acteristic matriz function. In full analogy to the negative semidefinite continuous
Laplacian (second derivative operator) we define here the fractional Laplacian matrix
as the negative semidefinite matrix defined through Hamilton’s variational principle?

Aocu? = _%Vaa Aoc = —Mﬂi(z —D-— DT)% (4)

!The sign convention differes in many references, so e.g. in [12, 13] the fractional Laplacian
matrix is defined positive semidefinite corresponding to the definition of the characteristic fractional
operator (2T —D — D)z
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It turns out that the fractional Laplacian matrix for non-integer 5 has nonzero ma-
trix elements everywhere with power law asymptotics ~ [p — q|~*"! for [p — q| >> 1
sufficiently large corresponding to nonlocal constitutive behavior. For the finite 1D
periodic lattice the matrix elements of the fractional Laplacian matrix (4) will be
evaluated explicitly which we shall do in the subsequent paragraph.

Infinite 1D lattice

This can be done using its spectral representation which assumes in the limiting
case of an infinite lattice (N — o0), see e.g. [7, 8, 12]

f\p al — =0,(2-D-Df )Ip ql P, 4 € Zo,
(5)
N QZ s . ] K\ %
f‘(pﬂ, = 2—7: Jﬂe P (4 sin? E) * d.

This expression can be obtained in explicit form [7, 8, 19]

[pl—1

o!
G- =R e ©

) —
(Ipl) % EE 1 fp)! ’p’

where we introduced the generalized factorial function B! =T(B+1). In view of (6)
we observe that for noninteger § any matrix element f¥(jp—q|) # 0 is non-vanishing
indicating the nonlocality of the harmonic fractional interparticle interaction (4).
For § = m € N the matrix elements (6) take the values of the standard binomial
coefficients. (5), can be read as the Fourier coeffcients of the infinite Fourier series

2 2 2 K\2 2 ix 3
wi (k) = Q3 <4 sin z) =0 (2—e*—e )2 = Z flp\ e'P~. (7)
p=—0o0
This relation indicates the fractional dispersion relation of the infinite lattice leading
to the remarkable relation which holds only for complex numbers on the unit circle
z = e, namely

— _1 %: - 1 ! . _
(2 z Z> Z( 1) (%_p)'(%+p)'l, |z 1. (8)

p=—o0

This Laurent series converges nowhere except on the unit circle |z| = 1. For instance
the zero eigenvalue w2(k = 0) = 0 which corresponds to translational invariance
(zero elastic energy for uniform translations) is obtained by putting z = 1 in (8).
For integer § = m € N (6) takes the form of the standard binomial coefficients

and the series (7), (8) then take the representations of standard binomial series of
(2 —z— %) 2= (=1)"™(z— %)zm breaking at [p| = m corresponding to zero values
for the matrix elements for (6) for [p| > m. We further observe for noninteger § ¢ N

the power law asymptotics for [p| >> 1 which can be obtained by utilizing Stirling’s
asymptotic formula for the I'-function [7, §]

«! o am
f|(1§\(]>>1 — —0? - sin (7) p . (9)
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The asymptotic power law (scale free) characteristics of the fractional Laplacian
matrix Apq ~ [p — q|~*"! is the essential property which gives rise to many ‘anoma-
lous phenomena’ such as in ‘fractional diffusion’ problems on networks such as the
emergence of Lévy flights [12, 13] (and references therein). The fractional contin-
uum limit kernels are discussed in the subsequent section. The expressions (5)-(9)
hold for the infinite 1D lattice corresponding to N — oco. As everything in nature
is limited we shall consider now the fractional Laplacian matrix for a finite periodic
lattice where the particle number N is arbitrary and not necessarily large.

1D finite periodic lattice - ring

It is only a small step to construct the finite lattice Laplacian matrix in terms
of infinite lattice Laplaman matrix. We can perform this step by the followmg
consideration: Let uf‘p the Laplacian matrix of the infinite lattice, and w?(k)
the continuous dlsperswn relatlon of the infinite lattice matrix fj,_q obeying the
eigenvalue relation

e oo, osxen w

q=—00

This relation holds identically in the entire principal interval 0 < k < 27 and is
27t-periodic in the k-space. Let us now choose k = k; = zﬁﬂ with £ = 0,..,N —1
being the Bloch wave number of the finite periodic lattice of N lattice points where
N is not necessarily large. Since the Bloch wave numbers of the chain are discrete
points within the interval 0 < k, < 27, then relation (10) holds as well for these N
K-points, namely [7, 8]2

> 27
Z f‘q‘ Jetaxe — (), 0 < ke =< 2m,
—00
N—1 oo N—1
(00) i(p+sN)k ipKe ipke gfinite __
2 forne =) ¢ Z flrtan = Ze i = w?(k).
p=0 s=—o0 p=0 $=—00

In the second relation the N-periodicity of the finite lattice Bloch eigenvector
ellPHsNIke — eiPke hag been used. The last relation can be read as the eigenvalue
relation for the N-periodic lattice matrix of Toplitz structure

fmlte _ (00) (00) (c0)
g = Z f\p q+sN\ |p—q|+Z(flp—q+sN\ + i) (11)

$=—00 s=1

It follows that in the limiting case N — oo the finite lattice matrix (11) recovers the
infinite lattice matrix ffnite — £(>) From (11) we read of for the fractional lattice
Laplacian of the finite periodic 1D lattice

2where p = 0 in (10) has been put to zero.
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Agn(lpl) = —uﬂ;‘ﬁmte ; O0<p<N-I (12)
with
.. ])pod 1
f(cx,ﬁmte) _ Qz ( + QZ p+Ns (
Ipl “(E—p)(E Z (5 —p—sN)!(§+p+sN)!

1
+(%—p—FsN)!(%‘—Fp—sN)!) '

(13)

We observe N-periodicity of (13) and furthermore the necessary property that in
the limit of infinite chain N — oo, (13) recovers the infinite lattice expression of eq.

(6).

3 Fractional continuum limit kernels

In this section we investigate the interlink between the lattice fractional approach
introduced above and continuum fractional derivatives. To this end we introduce the
following hypotheses which are to be observed when performing continuum limits.
Following [9] we require in the continuum limit that extensive physical quantities,
i.e. quantities which scale with the length of the 1D system, such as the total mass
Nu = M and the total elastic energy of the chain remain finite when its length L is
kept finite?, i.e. neither vanish nor diverge. Let L = Nh be the length of the chain
and h the lattice constant (distance between two neighbor atoms or lattice points).
We can define two kinds of continuum limits:

(i) The periodic string continuum limit where the length of the chain L = Nh is kept
finite and h — 0 (i.e. N(h) =Lh™" — o0).

(ii) The infinite space continuum limit where h — 0, however, the length of the
chain tends to infinity N(h)h = L(h) — oo*. The kernels of the infinite space
limit can be recovered from those of the periodic string limit by letting L — oo.
From the finiteness of the total mass of the chain, it follows that the particle mass
u = 7]\\]—/[ = %h = poh scales as ~ h. Then by employing expression (3) for the
fractional elastic potential, the total continuum limit elastic energy Vy can be defined

u*(xy) <—4 sinh? ——X) : u(xp). (14)

Putting D = eMix (ph = Xp — x) and accounting for 2 — D(h) — D(—h) =

31n the case of infinite string L — oo we require the mass per unit length and elastic energy per
unit length to remain finite.
4which can be realized for instance by chosing by N(h) ~ h™® where & > 1.
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—4 sinh? }2—‘% ~2 —hz(f—xzz + O(h*) we get

hd)? d?

lim ( —4sinh® =~ — | =h%(— :

hs0 < ) dx) ( dxz)

The formal relation (15) shows that the continuum limit kernels to be deduced

in explicit forms have the interpretation of the Fractional Laplacian or also in the
literature referred to as Riesz Fractional Derivative. To maintain finiteness of the

elastic energy in the continuum limit h — 0 the following scaling relations for the
characteristic model constants, the mass p and the frequency Q, are required [7, 8]

-O-i(h) - Aoch_(x) H(h) - pOh) Aoc) Po > 0 (16)

(S1H]

(15)

where po denotes the mass density with dimension g x cm™' and A, denotes a

positive dimensional constant of dimension sec™ x ¢cm®, where the new constants
Po, Ay are independent of h. Note that the dimensional constant A, is only defined
up to a non-dimensional positive scaling factor as its absolute value does not matter
due to the scale-freeness of the power law. We obtain then as continuum limit of
the elastic energy by taking into account ZE;J hG(x,) — J"é G(x)dx and h — dx,
Xp — X,

L s L oL
Vo= P [t (—d—z) () de =3 | [ WA (x - X Dulrana

The continuum limit Laplacian kernel Ay (Jx —x’|) can then formally be represented
by the distributional kernel representation in the spirit of generalized functions [2]

N[R

dx?

The last relation contains the distributional representation of the fractional
Laplacian and is obtained for the infinite space limit (ii) in explicit form as [7, §]

- a2\ 2
A (=) = —pos (——) 51 (x —x). (17)

() dZ 3 , ! i(xH
Ko (x) =— (—@> S(x —x') = - 615& %W> (18)

being defined ‘under the integral’” which yields for noninteger 3 ¢ N for x # 0

the well known Riesz fractional derivative kernel of the infinite space ICE)%)(X) =
x© SH;(T) \xl++ with a characteristic [x|™*" power law nonlocality reflecting the asymp-

totic power law behavior (9) of (6) for sufficiently large |p| >> 1.

3.1 (i) Periodic string continuum limit

The continuum procedure of L-periodic string where L is kept finite is then obtained
as [7, §°

Swhere 9R(..) denotes the real part of a quantity (..)
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a2\ ? (@ ol sin (87) & 1 X
— E—— 6 = K & = 2 = —
( dXz) L(X) L (|X|) T § - |X_nL|(x+1) Ev L)

n=—

K(L“)(IXIJZOC!Sin(%T) {— L +5(oc+1,&)+5(oc+1,—£)}

7-[Loc+1 |((_7’cx+1

(@) !l o jot
K dixD = T elggrm Z (x —nL + ie)ot!

n=—oo

! o 1 . .
T Lot e1i>o+m{ e (W_C(OH_]’E—He)_C(“'*‘],—E—He))}.
(19)

This kernel can be conceived as the explicit representation of the fractional Lapla-
cian (Riesz fractional derivative) on the L-periodic string. The last relation is the
distributional representation and is expressed by standard Hurwitz (-functions de-

noted by ((..). The two variants of (- functions which occur in above relation are
defined by

had 1 > 1
):§m> C(B’X):ém—n)ﬁ’ RB>1. (20)

We see for « > 0 and x # O that the series in (19) are absolutely convergent
as good as the power function integral f1 £§~*"1d&. For integer powers 5 € N the
distributional representations (19)34 take the (distributional) forms of the (negatlve—
semidefinite) 1D integer power Laplacian operators, namely

4qm o0 1 €
K(‘X 2m) _ .] m+1 et : = N
(’XD ( ) dx2m - e0+ TT ((X — TIL) + €2) 2 meRo
dZm 0o dZ 2—m
_ ( m+1 dxzm Z S0 X n[_ ( dxz) 6L(X)>
(21)

where 8 (..) and O; indicate the Dirac’s 6-functions of the infinite and the L-periodic
string, respectively. We further observe in full correspondence to the discrete frac-
tional Laplacian matrix, the necessary property that in the limit of an infinite string
ngilo K(L“) (Ix]) = K% (x) (19) recovers the expression of the standard 1D infinite space

fractional Laplacian kernel (18) known from the literture (see for a further discussion
[7, 8] and references therein).
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4 Fractional Laplacian matrix on cubic lattices:
towards fractional lattice dynamics

In this section we deduce the nD counterpart of the fractional Laplacian matrix
introduced above. With that approach the fundamentals of ‘fractional lattice dy-
namics can be deduced as a generalization of conventional lattice dynamics.

In this section our goal is to generalize the above 1D lattice approach to cubic
periodic lattices in n = 1,2,3,.. dimensions of the physical space where the 1D
lattice case is contained. We assume the lattice contains N = Ny..x N, lattice points,
each covered by identical atoms with mass p. Each mass point is characterized by
P = (P1yP2y-yPn) (pj = 0,..Nj — 1) and n = 1,2,3,.. denotes the dimension of
the physical space embedding the lattice. In order to define the lattice fractional
Laplacian matrix, it is sufficient to consider a scalar generalized displacement field
ug (one field degree of freedom) associated to each mass point p only. The physical
nature of this scalar field can be any scalar field, such as for instance a one degree
of freedom displacement field, an electric potential or, in a stochastic context a
probablitity density function (pdf) or in a fractional quantum mechanics context a
Schrodinger wave function. This demonstrates the interdisciplinary character of the
present fractional lattice approach.

The fractional Laplacian matrix for general networks was only recently and to
our knowledge for the first time introduced by Riascos and Mateos [12, 13] in the
framework of fractional diffusion analysis on networks which include nD periodic
lattices (nD tori) as special cases being subject of the present analysis. For cubic
nD lattices the fractional Laplacian matrix can be written as [7, 8, 12, 13]

IR

Acx,n = _FLQLZX,an%v LT% = (ZTL/f - An) ’ x> O’ (22>

where T denotes the identity matrix, n indicates the dimension of the physical space
and 2n indicates the connectivity, i.e. the number of next neighbors of a lattice
point in the nD cubic lattice. In (22) we introduced the adjacency matrix A, which
has for the cubic lattice with next neighbor connections the form

= (D;+D)), (23)
j=1

where then Dj and D]T = qu denote the next neighbor shift operators in the

j = 1,.,n-directions defined by Dju,, o pn = Up; . pit1,.pn and D}Lﬁph“pj,._)pn =
Up,pi—1,.pns> 1-€. Dj shifts the field associated to lattice point p = (.., pj,.. to the
field associated with the adjacent lattice point in the positive j-direction (.., pj;1,..),
and the inverse (adjoint) shift operator DjT =Dy ' to the adjacent lattice point in the
negative j-direction (.., pj_1,..). All matrices introduced in (22) and (23) are defined
on the nD lattice being N x N matrices (N = Ny x.. x Ny,). As in the case of 1D lat-
tice the so defined fractional Laplacian matrix (22) describes for non-integer powers
3, ¢ N nonlocal elastic interactions, whereas they are generated by the ‘local” next
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neighbor Born von Karman Laplacian which is in our definition up to a negative
dimension factor —puQ), equal to L,,. We therefore refer to L,, as ‘generator matrix’.
We emphasize that the sign convention of what we call ‘(fractional) Laplacian ma-

trix’ varies in the literature (e.g. by denoting the positive semidefinite matrix L? as
‘fractional Laplacian matrix’, this convention is chosen, e.g. in [12, 13]). We have
chosen to refer to as ‘fractional Laplacian matrix’ the negative-semidefinite matrix

l‘L [0 4 g
X

tional Laplacian (21) containing as a special case § = 1 the negative semidefinite
conventional Laplacian c{‘—;éL(x—x’ )). For a discussion of some general properties of
the fractional Laplacian (22) well defined on general networks including nD lattices,
we refer to [12, 13]. In the periodic and infinite lattice the shift operators are uni-
tary. Assuming Nj-periodicity in each direction j, the fractional Laplacian matrix

is defined by the spectral properties of the L,-matrix, namely by
L3 )5-q) = N > e PN A= <2n —2) cos (Kej)) , x>0, (24)
j=1

where we denoted ) f(..) = ZE]:_O]() Z;_O](“) and Ky = (Kq,,..Ke,) denotes the
Bloch wave vectors of the Brillouin zone where their components can the values k;, =
]2\1—7:& (& =0,.,,Nj—T1). It can be seen that (24) has Toplitz structure depending only
on [p1—qil, -, Ipj — qjly ..|pn — qnl). For the infinite lattice when all Nj — oo in (24),
the summation over the reciprocal lattice points assumes asymptotically the form of
an integral % 2 79(Ke) ~ ﬁ f:[ . f:[ dkj..dkng(K), where the integration intervals
[—7t, 7] can be chosen instead of [0, 271] for 2m-periodic functions g(k;) = g(kj +271).

N
’~.'I,’

N

GO
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Fig.1 (a-b) Show the dispersion surfaces wq (K1, K2)/w2 (7, 7) = A% (k1,K2)/2% =2°T" (sin?(k; /2)+
sin?(k,/2))7 for the 2D cubic lattice (n = 2) of (24) for four values of &, while (c-d) illustrate

cross-sections of these dispersion sheets with the planes (0 1 0) and (1 1 0), respectively.
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For « fixed, the circular frequency is given by we(K1, k2) = A%. The linear frequency
spectra (a, b, d), for n = 2, are normalized by the maximum frequency wy—> (71, 1) =
7\%(7t, ) = 23 obtained for a wave vector located in (001) plane. It will be noted
that the sheets cut at dimensionless frequency wq (K7, K2)/Wa—2(7,7) &~ 0.351 and
the dispersion relations of the classical next neighbor Born von Karman lattice
are recovered (indicated by wgy(Ki,K2)/Wez(mm) — 1 for « = 2 and Ky, — m,
Wy (K1,0)/We=2(m,0) — 1 for & = 2 and k; — 7). When the value of « decreases,
one observes in agreement with another work [7], namely a decrease of the maximum
dimensionless frequency in end of the first Brillouin zone.

The goal is now to deduce a more convenient integral representation of (24). To
this end we utilize the following observation: Let in the following £ be a positive
semidefinite® matrix and o« > 0 like (22) with the spectral representation

L=) Ml><1, Lyq =< PlLq >, (25)
T

where we have to put for the periodic nD lattice of (24) the Bloch-eigenvectors
<pl >= N-2eeP. Then it will be useful to define the matrix Dirac 5-function by

S(L—l) =) [{><08(t—N), (26)

4

where T is a scalar parameter and T the identity matrix and 8(T—A;) the conventional
scalar Dirac d-function. Then with the matrix 6-function defined in (26) we can write

L7 = J §(L—1)|t|zdr (27)
and by utilizing §(t— ;) = (21—71) [ eI dk together with the kernel —Da of the
1D fractional Laplacian (Riesz fractional derivative) of order § in its distributional
form [11]

)¢ V(™ Lieorys
— . UK—=E)T 5 _
D%(k—((_,) = (—@) 6(](—((_,) _ﬁjwe |T|2dT—
(28)
1 ° . o s +1
lim — J e et dr = lim R (? ) <.
e—0+ 7T 0 e—0+ (e —1i(k—§&))2
Then we can write for the matrix power function (27) the representation
L2 :J e Da (k)dk, (29)

where the exponential e** of the matrix £ = L,, can be determined more easily for

the generator L, = Z;] L (Lj=2-D;— D;r) being the sum of the 1D generator

6i.e. all eigenvalues A, of this matrix are non-negative.
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matrices of the Nj-periodic 1D lattices and having therefore the eigenvalues A({;) =

2 —2cos Ky, and as a consequence having a Cartesian product space spanned by the

1|< P p) ¢
periodic Bloch eigenvectors £ f H] : \/N_] The matrix elements of the spectral

representation of the exponential of L,, can hence be written as

[eiaLn]ﬁ_q _ Z elthy — H Z " pi2kl1—cos k) (30)

7 =1 =1

4>

Ky
e

Infinite nD lattice
In the limiting case of an infinite nD lattice when all Nj — oo we can write by using

> 79(Kp) ~ ﬁf_ 7 _dxky..dkag(K) to arrive at

n
. . 1 (A .
Eln _ [pléln _ | I (pj—aj)k x128(1— )
[e1 ]f,‘_q‘ — [e‘ ]|p1—q]\,,.,|pn—qn\ — x (27_[) J_T[ el Pi—dj Ket cos k) k. (31)

Taking into account the definition of the modified Bessel functions of the first kind
L,(z) = %J"g e* 5 ? cospede where p = N denotes non-negative integers [1], we
can write the exponential matrix (31) in the form

n

[eiE’Ln]lprmI,-.,Iprqn\ = ein H Ijp;—qj (—21). (32)
j=1

Applying now the matrix relation (27) and plugging in the exponential (32) yields
an integral representation of the (negative semidefinite) fractional Laplacian matrix
(22) in terms of a product of modified Bessel functions of the first kind, namely

.2 132
[Afx,n]\prq]\,n,\pnfqnl— HQOC,T’LL“p1fq]|V,,|pnfqn‘

o0 33
= —uQ; dE e Dy ( I —2i¢), .
- u x,n B e H \P) q) l

with —Ds« (&) indicating the Riesz fractional derivative kernel of (28).
Asymptotic behavior

Introducing the new vector valued integration variable & = Kp (& = px;,Vj =
1,..,m) we can write for the infinite lattice integral of (24) by utilizing spherical
polar coordinates f = péy (& - € =1, p* = 3_I'pj)

: A R T N SR 3 S
I—n (p) = (Zﬂ)nJ --J - n (4; Sln2 ﬁ) COS (E : e_')° (34)

~mp Jomp P

The dominating term for p >> 1 becomes

E

% ] 1 (%) o) n _—
Lip) ~ (zﬂ)nj ..J_Ooda..dan (;aﬁ) cos (- &), (35)
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having the form

= — CTLO(
La (p)p>>1 R ——

(36)

pn—i-oc’

where the positive normalization constant is obtained explicitly as Cno =
oa—1 x+n

%, e.g. [10, 11]. We can identify the asymptotic representation (35), (36)
m 2

with the kernel of Riesz fractional derivative (fractional Laplacian) of the nD infinite

space. For a more detailed discussion of properties we refer to [10, 11].

5 Conclusions

We have introduced a fractional lattice dynamics approach which defines exact ex-
pressions for fractional lattice Laplacian matrices on nD periodic and infinite lattices.
These fractional Laplacian matrices have all ‘good’ properties of Laplacian matri-
ces (translational invariance and negative semidefiniteness). The formulation of our
approach is fully consistent with the fractional network approach of Riascos and
Mateos [12, 13]. In the infinite space and periodic lattice continuum limits these
fractional Laplacian matrices take the representations of the well known respective
Riesz fractional derivative kernels, i.e. the convolutional kernels of the (continuous)
fractional Laplacians. The approach allows to model ‘anomalous diffusion’ phenom-
ena on lattices with fractional transport phenomena including asymptotic emergence
of Lévy flights. In such a lattice diffusional model, the conventional Laplacian matrix
is generalized by its fractional power law matrix function counterpart.

As a general framework, the present fractional lattice Laplacian appears to be
fundamental in various physical contexts, especially as a point of departure for a
newly emerging generalization of Lattice Dynamics to ‘ Fractional Lattice Dynamics’.

Acknowledgements

Fruitful discussions with G.A. Maugin, A. Porubov are greatfully acknowledged.

References

[1] Abramowitz and Stegun, Handbook of Mathematical Function, National Bureau
of Standards: Applied Mathematics Series - 55, (1972), p. 376.

[2] .M. Gelfand, G.E. Shilov, Generalized Functions, Vol. I: Properties and Oper-
ations (New York: Academic), (1964).

[3] R. Hilfer, Threefold Introduction to Fractional Derivatives, in: Anomalous
Transport: Foundations and Applications, R. Klages et al. (eds.), Wiley-VCH,
Weinheim, 2008, pp 17, ISBN: 978-3-527-40722-4.

[4] N. Laskin, Fractional Schrodinger equation, Phys. Rev. E 66, 056108 (2002).



16 APM Proceedings

[5] R. Metzler, J. Klafter, The random walk’s guide to anomalous diffusion: A
fractional dynamics approach. Physics Reports 339, pp. 1-77 (2000).

[6] R. Metzler, J. Klafter, The restaurant at the end of the random walk: recent
developments in the description of anomalous transport by fractional dynamics,
J. Phys. A: Math. Gen. 37 R161R208 (2004).

[7] T.M. Michelitsch, B. Collet, A.F Nowakowski, F.C.G.A. Nicolleau, Fractional
Laplacian matrix on the finite periodic linear chain and its periodic Riesz frac-
tional derivative continuum limit , J. Phys. A: Math. Theor. 48 295202 (2015).
(arXiv:1412.5904).

[8] T.M. Michelitsch, B. Collet, A.F. Nowakowski, F.C.G.A. Nicolleau, Lattice frac-
tional Laplacian and its continuum limit kernel on the finite cyclic chain, Chaos,
Solitons & Fractals 82, pp. 38-47 (2016). (arXiv:1511.01251).

[9] T. Michelitsch, B. Collet, X. Wang, Nonlocal constitutive laws generated by
matrix functions: Lattice dynamics models and their continuum limits, Interna-
tional Journal of Engineering Science 80, 106123 (2014).

[10] T.M. Michelitsch, G.A. Maugin, A.F. Nowakowski, F.C.G.A. Nicolleau, M.
Rahman, The Fractional Laplacian as a limiting case of a self-similar spring
model and applications to n-dimensional anomalous diffusion. Fractional Calclu-
lus and Applied Analysis vol. 16, no.4, 827-859 (2013).

[11] T.M. Michelitsch; G.A. Maugin, S. Derogar, M. Rahman, A regularized rep-
resentation of the fractional Laplacian in n dimensions and its relation to
Weierstrass-Mandelbrot-type fractal functions, IMA Journal of Applied Mathe-
matics 79, 753777 (2014).

[12] A.P. Riascos, J.L. Mateos, Fractional dynamics on networks: Emergence
of anomalous diffusion and L evy flights, Phys. Rev. E 90, 032809 (2014).
(arxiv:1506.06167).

[13] A.P. Riascos, J.L. Mateos, Fractional diffusion on circulant networks: emer-
gence of a dynamical small world, J. Stat. Mech. (2015).

[14] M.D. Ortiguera, Riesz Potential Operators and Inverses via Fractional Centered
Derivatives, International Journal of Mathematics and Mathematical Sciences,
no. 48391, 112 (2006).

[15] S. Samko, A. Kilbas and O. Marichev, Fractional Integrals and Derivatives:
Theory and Applications, Gordon and Breach, London (1993).

[16] S. Samko, Fractional Weyl-Riesz Integrodifferentiation of Periodic Functions of
Two Variables via the Periodization of the Riesz Kernel, Applicable Analysis,
vol. 82, No 3, 269-299 (2003).

[17] I. Podlubny, Fractional Differential Equations, Mathematics in Science and
Engineering, vol 198, Academic Press California 1999.



Fractional Lattice Dynamics 17

[18] M. Riesz, L'intégrale de Riemann-Liouville et le probleme de Cauchy, Acta
Mathematica 81, 1223 (1949), doi:10.1007/BF02395016, MR0030102, ISSN 0001-
5962.

[19] A. Zoia A, A. Rosso, M. Kardar, Fractional Laplacian in bounded domains,
Phys. Rev. E 76, 021116 (2007).

Thomas M. Michelitsch, Bernard A. Collet
Sorbonne Universités, Université Pierre et Marie Curie (Paris 6), Institut Jean le
Rond d’Alembert, CNRS UMR 7190, 4 place Jussieu, 75252 Paris cedex 05, France

Alejandro P. Riascos
Instituto de Fisica, Universidad Nacional Auténoma de México, Apartado Postal
20-364, 01000 México, D.F., México

Andrzej F. Nowakowski, Franck C.G.A. Nicolleau
Department of Mechanical Engineering, The University of Sheffield, Sir Frederick
Mappin Building, Mappin Street, Sheffield S1 3JD, United Kingdom



