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Context
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Observation based characterisation of variable relationships
� Identification and separation of contributions associated

with different types of sources or processes

(a) Linear
regression

(b) Non-linear
regression

(c) Latent class
regression

(d) Linear and
non-linear
regressions

Figure: Different variable relationship models
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Figure: General model block diagram
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General model
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yn =
K∑

k=1

αnkβkxn + ωn

Subject to

{
αnk ≥ 0, ∀ k ∈ J1,K K, ∀n ∈ J1,NK
||βk ||F = 1, ∀ k ∈ J1,K K

(1)

where:
� xn ∈ RJ , yn ∈ RI - Observed variables
� αnk ∈ R+ - Non-negative mixing coefficients
� βk - Linear regression matrices
� ωn ∈ RI×J - Centered Gaussian white noise process with

covariance matrix Σ
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(a) K = 1.
αnk = α∗ ∀ n, k

(b) ∀n, ∃! k̂ :

αnk =

{
α∗(k̂) k = k̂
0 k 6= k̂

(c) ∀n, ∃!
(

k̂ , xk̂−1, xk̂
)

:

xn ∈ Jxk̂−1, xk̂K,

αnk =

{
α∗(k̂) k = k̂
0 k 6= k̂

Figure: Different variable relationship models embedded by the
general model. (a) - Linear regression. (b) - Latent class regression.
(c) - Non-linear regression.
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Cost function minimization
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Objective: Estimate the parameters that fully characterize the
general model (1)

� Maximum likelihood criterion
[
α̂nk , β̂k

]
= argmin

αnk ,βk

N∑
n=1

(∣∣∣∣∣∣∣∣yn −
K∑

k=1
αnkβkxn

∣∣∣∣∣∣∣∣2
Σ

)
αnk ≥ 0, ∀n ∈ J1,NK,∀k ∈ J1,K K
||βk ||F = 1, ∀k ∈ J1,K K

(2)

The problem is not linear nor convex for joint minimization

It becomes linear and convex if minimization over only one
parameter is performed
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Alternating Least Squares Algorithm (ALS)
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Alternate minimizations over αnk and βk iteratively (cf. Zadeh
et al. 2015):

α-step:

α̂i+1
nk = α̂i

nk +

xT
n

(
β̂

i
k

)T
Σ−1

(
yn −

K∑
p=1

α̂i
npβ̂

i
pxn

)
xT

n

(
β̂

i
k

)T
Σ−1β̂

i
kxn

(3)

α̂i+1
nk = 0, if α̂i+1

nk < 0 (4)
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Alternating Least Squares Algorithm (ALS)
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β-step:

β̂
i+1
k = β̂

i
k +

 N∑
n=1

α̂i
nk

yn −
K∑

p=1

α̂i
npβ̂

i
pxn

xT
n

[ N∑
n=1

(
α̂i

nk

)2
xnxT

n

]−1

(5)

β̂
i+1
k =

β̂
i+1
k∣∣∣∣∣∣β̂i+1

k

∣∣∣∣∣∣
F

, ∀k ∈ J1,K K (6)
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Simplified model
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Problem: ALS results depend on initialization
Solution: Consider a simplified version of model (1) for
initialization

� Sub-model of general model (1)

∀n ∃! k̂ : αnk = 0 ∀k 6= k̂ (7)

Figure: Simplified model block diagram
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Parameter estimation for simplified model
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Two possible strategies to estimate parameters for the
simplified model

Maximum likelihood estimation:
� Classic Expectation-Maximization (EM) algorithm
� Pseudo-EM variant: Spherical covariance matrix Σk = σ2II

Moment based iterative conditional estimation (MICE):
� Best βk estimation: makes βkXn and Yn colinear

(orthogonality principle)
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Non-negative linear decomposition
Problem and model formulation Parameter inference Model evaluation Application Conclusions References

Algorithm 1 Non-negative Linear Decomposition

1: Input: {Xn}, {Yn}
2: Initialization:

τ 0
nk ← k-means(Xn,Yn)[
α̂1

nk , β̂
1
k , τ

1
nk , π

1
k ,Σ

1
k

]
←MICE(Xn,Yn, τ

0
nk )

3: repeat[
α̂i+1

nk , β̂
i+1
k , τ i+1

nk , πi+1
k ,Σi+1

k

]
←EM

(
Xn,Yn, α̂

i
nk , β̂

i
k , τ

i
nk , π

i
k ,Σ

i
k

)
or [

α̂i+1
nk , β̂

i+1
k , τ i+1

nk , πi+1
k ,Σi+1

k

]
← pseudo-EM

(
Xn,Yn, α̂

i
nk , β̂

i
k , τ

i
nk , π

i
k ,Σ

i
k

)
4: until convergence
5: repeat[

α̂i+1
nk , β̂

i+1
k

]
←ALS

(
Xn,Yn, α̂

i
nk , β̂

i
k

)
6: until convergence
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Synthetic datasets
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(a) Generated data X
xn ∼ N (µ, σ2I)

(b) Transformed data Y

yn =
K∑

k=1
αnkβk xn + ωn

Figure: Validation synthetic datasets
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Parameter relative error
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Figure: Mean relative parameter estimation errors. Vertical lines
indicate the iteration number at which the change between the EM
(pseudo-EM) procedure for the latent class model (8) and the ALS
procedure for general model (1) occurs
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Results and discussion
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EM variant pseudo-EM variant

eαnk 0.19 % 8.02 %
eβk

0.40 % 4.47 %
RRMSE 0.07 % 0.48 %
L (αnk ,βk ) −8.8305× 105 −1.4104× 106

Table: Estimation features for the groundtruthed synthetic datasets.

Discussion:
� The EM variant yields more accurate results
� The pseudo-EM variants should be used only when

stability problems arise
� Both variants are capable of accurately retrieving the

model parameters and allow for data reconstruction
page 18 Lopez-Radcenco et al. Non-negative decomposition of linear relationships



Presentation plan
Problem and model formulation Parameter inference Model evaluation Application Conclusions References

1 Problem and model formulation

2 Inference of model parameters

3 Evaluation on synthetic datasets

4 Application to sea surface dynamics segmentation

5 Conclusions

page 19 Lopez-Radcenco et al. Non-negative decomposition of linear relationships



Data and Methodology
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(a) Sea surface temperature (SST)

(b) Sea surface height (SSH)

Figure: Multi-source satellite data

Figure: Patch extraction

Motivation: Expected local
linear relationship between
SST and SSH (cf. Lapeyre
and Klein 2006)
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Latent class model vs. General model
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(a) Tandeo et al. 2014 (b) NN-LD

Figure: Ocean surface dynamics decomposition: Predicted SST per
mode
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Results and discussion
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RRMSE

Linear regression 28.69 %
Two-class regression model (Tandeo et al. 2014) 27.22 %
Proposed model with K = 1 1.67 %
Proposed model with K = 2 0.08 %

Table: Relative root mean square error for different models

Discussion:
� Ocean surface dynamics decomposition:

• Soft decomposition logic
• Spatial superposition of modes

� More accurate SSH field reconstruction

page 22 Lopez-Radcenco et al. Non-negative decomposition of linear relationships



Presentation plan
Problem and model formulation Parameter inference Model evaluation Application Conclusions References

1 Problem and model formulation

2 Inference of model parameters

3 Evaluation on synthetic datasets

4 Application to sea surface dynamics segmentation

5 Conclusions

page 23 Lopez-Radcenco et al. Non-negative decomposition of linear relationships



Conclusions
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Two new models are proposed:
� Generalized linear mixture model (1)
� Latent class simplification of model (1)

A three-stage algorithm for estimating model parameters
with good experimental convergence properties is proposed
and validated
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Future work
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Non-Gaussian noise processes
Non-linear decomposition

� Kernel-based approaches (cf. Schölkopf et al. 1998, Wang
2012)

Additional constraints on regression matrices βk

� Sparsity constraints (cf. Stadlthanner et al. 2005)
Other applications:

� Blind MIMO indentification (cf. Abed-Meraim, Loubaton,
and Moulines 1997, Eidinger and Yeredor 2005)
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Thank you for your attention

Questions?
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Latent class formulation for mixing (1)
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Figure: Latent class model formulation block diagram
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Latent class formulation for mixing (1)
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P (yn|zn = k) ∼ N (0,Σk , r (xn,yn))

r (xn,yn) = yn − α∗nkβkxn

α∗nk = argmin
αnk≥0

||yn − αnkβkxn||2Σk

(8)

� Dominant mode hypothesis: each observation is explained
by a single regression βk

• Hidden variable zn

� Sub-model of general model (1)

αnk = 0 ∀k 6= k̂ (9)

� Extension of latent class regression models (cf. Tandeo
et al. 2014)

• Amplitude information contained in αnk
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Expectation-Maximization Algorithm (EM)
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E-step: Estimate posterior probabilities using current
parameter estimates

τ i+1
nk = P (Zn = k |Xn,Yn) =

πi
kPωk

(
Yn − α̂i

nk β̂
i
kXn

)
K∑

l=1
πi

l Pωk

(
Yn − α̂i

nl β̂
i
l Xn

) (10)

where

Pωk

(
Yn − α̂i

nk β̂
i
kXn

)
= P (ωn|Z = k)

∣∣∣Yn−α̂i
nk β̂

i
k Xn

= N (0,Σk )
∣∣∣Yn−α̂i

nk β̂
i
k Xn
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M-step: Re-estimate parameters by maximizing the
log-likelihood

β̂ i+1
k =

[
EZ=k |X ,Y

(
Y α̂i

nkX T
)] [

EZ=k |X ,Y

(
α̂i

nkX α̂i
nkX T

)]−1

=

[
1
N

N∑
n=1

τ i+1
nk Ynα̂

i
nkX T

n

][
1
N

N∑
n=1

τ i+1
nk α̂i

nkXnα̂
i
nkX T

n

]−1

(11)

α̂i+1
nk =

Y T
n
(
Σi

k
)−1

β̂ i+1
k Xn

X T
n

(
β̂ i+1

k

)T (
Σi

k

)−1
β̂ i+1

k Xn

(12)
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πi+1
k = P (Z = k) =

1
N

N∑
n=1

τ i+1
nk (13)

Σi+1
k =

N∑
n=1

τ i+1
nk

(
Yn − α̂i+1

nk β̂ i+1
k Xn

)(
Yn − α̂i+1

nk β̂ i+1
k Xn

)T

N∑
n=1

τ i+1
nk

(14)

Pseudo-EM algorithm
� Matrix inversion may cause instabilities
� Algorithm variant: Σk = σ2II
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Moment based iterative conditional
estimation algorithm (MICE)

Problem and model formulation Parameter inference Model evaluation Application Conclusions References

Problem: EM algorithm requires initialization of either αnk or βk

Solution: Exploit latent class model characteristics

Idea: Amplitude information is contained in αnk =⇒ Best βk
estimation makes βkXn and Yn colinear (orthogonality principle)

Replace βk estimation with:

β̂ i+1
k = EZ=k |X ,Y

(
YX T

) [
EZ=k |X ,Y

(
XX T

)]−1

=

[
1
N

N∑
n=1

τ i+1
nk YnX T

n

][
1
N

N∑
n=1

τ i+1
nk XnX T

n

]−1 (15)
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