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WEYL SUMS, MEAN VALUE ESTIMATES,
AND WARING’S PROBLEM WITH FRIABLE NUMBERS

SARY DRAPPEAU AND XUANCHENG SHAO

ABSTRACT. In this paper we study Weyl sums over friable integers
(more precisely y-friable integers up to z when y = (logz)¢ for a large
constant C'). In particular, we obtain an asymptotic formula for such
Weyl sums in major arcs, nontrivial upper bounds for them in minor
arcs, and moreover a mean value estimate for friable Weyl sums with
exponent essentially the same as in the classical case. As an application,
we study Waring’s problem with friable numbers, with the number of
summands essentially the same as in the classical case.

1. INTRODUCTION

1.1. Waring’s problem. Posed in 1770, Waring’s problem [34] is the ques-
tion of whether or not, given a positive integer k, there exist positive inte-
gers s and Ny such that every integer N > N, can be written as a sum of s

k-th powers:
(1.1) N =nk+...+nk

Here and in the rest of the paper, by a k-th power we mean the k-th power of
a non-negative integer. Call G(k) the least such number s. After Hilbert [19]
proved that G(k) < oo, there came the question of precisely determining
the value of G/(k). This question, usually attacked by the circle method, has
motivated an outstanding amount of research in the theory of exponential
sums. Referring to the survey by Vaughan and Wooley [33] for a precise
account of the vast history of this problem, we mention Wooley’s state-of-
the-art result [37] that

(1.2) G(k) < k(logk + loglogk + 2 + O(loglog k/ log k)).

Conjecturally G(k) = O(k), and even G(k) = k + 1 if there are no “local
obstructions”.

To obtain an asymptotic formula for the number of solutions to the
equation (L.1]), we need more variables than the bound given in (1.2)). The
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current best published result, following from Wooley’s work [39] on the
Vinogradov main conjecture, gives such as asymptotic formula when

s > Ck* + O(k)

for C' = 1.542749.... The Vinogradov main conjecture has very recently been
proved by Bourgain, Demeter and Guth [4], which would allow C' = 1.

1.2. Friable integers. In this paper we study the representation problem
(1.1) with the condition that the variables n; have only small prime factors.
Given y > 2, a positive integer n is called y-friable, or y-smooth, if its largest
prime factor P(n) is at most y. Estimates involving friable numbers have
found applications in different areas in number theory. In fact they are a
crucial ingredient in the proof of the estimate for G(k), and so are
naturally studied in conjunction with Waring’s problem. We refer to the
surveys [13,22,28] for an account of classical results on friable numbers and
their applications.

The following standard notations will be used throughout the paper.
For 2 <y <z, let

S(z,y) :={n <z:Pn) <y}, U(z,y) := card S(z,y).

The size of the parameter y with respect to x is of great importance in the
study of friable numbers. The lower y is, the sparser the set S(z,y) is, and
the more difficult the situation typically becomes. For example, when y =

x'/* for some fixed u > 1, we have
V(z,y) ~plu)z (= 00),

so that S(z,y) has positive density. Here p(u) is Dickman’s function. On
the other hand, when y = (log )" for some fixed k > 1, we have

U(z, (log x)~) = xt~1/rted®) (r — 00).

Because of this sparsity, many results about friable numbers from the second
example above were until recently only known conditional on assumptions
such as the Generalized Riemann Hypothesis.

The main result in our paper (Theorem below) is an asymptotic
formula in Waring’s problem with (log V)"-friable variables, when & is suf-
ficiently large. Here we state a special case of it.

Theorem 1.1. For any given k > 2, there exist k(k) and s(k), such that ev-
ery sufficiently large positive integer N can be represented in the form (L.1)),
with each n; € S(NY* (log N)¥). Moreover, we can take s(2) = 5, s(3) = 8,
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and
s(k) = k(log k + loglog k + 2 4+ O(loglog k/ log k))
for large k.

An overview of the proof will be given in Section [2] In the remainder of
this introduction, we summarize some previous works on Waring’s problem

with friable variables.

1.3. Past works. If the variables are only required to be mildly friable
(more precisely with the friability parameter exp(c(log N loglog N)/?) for
some ¢ > 0 instead of (log N)"), then the existence of solutions to ([1.1))
with friable variables has been proved by Balog-Sarkozy [1] (for £ = 1),
and Harcos [15] (for larger k, using a key ingredient from [35]). In the
case k = 3, Briidern and Wooley [9] proved that one can take s = 8 mildly
friable variables.

The case k£ = 2 with 4 variables or less is particularly interesting, due
to the failure of a naive application of the circle method. Without any
restrictions on the variables, Kloosterman’s refinement of the circle method
can work (see [23, Chapter 20.3]), but there is no clear way to use it with
friability restrictions. The best bound so far, achieved by Blomer, Briidern,
and Dietmann [2] from Buchstab’s identity to relax the friability condition,
gets the allowable friable parameter y = 2365/1184

Finally, the most recent breakthough came in the case £k = 1. This
was first studied in the aforementioned work of Balog and Sarkézy [1]
who obtain a lower bound for the number of solutions with s = 3
mildly friable variables. Assuming the Riemann hypothesis for Dirichlet L-
functions, Lagarias and Soundararajan [26] improved the friability level
to y = (log N)® for any € > 0. An asymptotic formula for the number
of solutions was first reached in [6], using earlier results on friable expo-
nential sums [5,[12]. Subsequent works [7}/11] eventually led to the friability
level 3y = exp{c(log N)*/?(loglog N)} for some absolute ¢ > 0.

The situation changed drastically with the work of Harper [18] who
proved unconditionally that for k = 1, one can take s = 3 and y = (log z)“
for large enough C'. This is the starting point of our present work; we show
that Harper’s approach can be adapted to treat higher powers as well, yield-
ing results of comparable strength with what was previously known for
mildly friable variables.

Acknowledgements. The authors are grateful to A. J. Harper, R. de la

Breteche and T. Wooley for helpful discussions and remarks. This work was
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started when XS was visiting the CRM (Montreal) during the thematic
year in number theory theory in Fall 2014, whose hospitality and financial
support are greatly appreciated.

2. OVERVIEW OF RESULTS

In this section, we state the main result on Waring’s problem with friable
variables, as well as the exponential sum estimates required.

To begin, we recall the “saddle-point” a(z,y) for 2 < y < z, introduced
by Hildebrand and Tenenbaum [21] and which is now standard in modern
studies of friable numbers. It is defined by the implicit equation

1
(2.1) Z o8P =logx.

péyp -1

By [21, Theorem 2], we have

log(1 + y/logx)
log y
as y — oo. In particular, for fixed k > 1, we have

(2.2) a(z,y)

alz, (logx)®) =1—1/k+0(1) (x — 00).

The relevance of a to the distribution of friable numbers is hinted by the

a+o(1)

estimate V(z,y) = x as x,y — oo (see de Bruijn [10] and also [21

Theorem 1] for a more precise asymptotic of ¥(z,y) in terms of the saddle
point).

2.1. Exponential sum estimates. Throughout this paper, we use the

standard notation
e(z) = ™ (x € C).

To study Waring’s problem via the circle method, we need to understand

the exponential sums

Ey(x,y;9) := Z e(n*v) (¥ € R).

nesS(z,y)

When ¥ is approximated by a reduced fraction a/q, we will frequently write
a
d=_45 Q=q(l+ [6]2),

where 0 < a < ¢ and (a,q) = 1. Our estimate for Ex(z,y;?) involves the
“local” singular integral and singular series, defined by

(2.3) DN, 5) = 5/01 e(MF) s dt (s € C,Re(s) >0, € C),
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_ pi(dz) ab®
(24) }%“@"2; wmﬁwwmnggw%Zﬁ (s€©).

P(dy1d2)<y (b,9)=d1

In Section [4] we prove the following major arc estimate, which general-
izes |7, Théoreme 4.2] and [11, Théoreme 1.2] to higher powers.

Theorem 2.1. Fiz a positive integer k. There ezists C = C(k) > 0 such
that the following statement holds. Let 2 < y < x be large and let o =
a(z,y). Let ¥ € [0,1] and write

9= 40 Q=g+ |dleh)

for some 0 < a < q with (a,q) = 1. For any A,e > 0, if y > (logx)“4
and Q < (log )4, then

Ey(x, y;9) xoc k —1/k+2(1—a)+e, 1
W = (I)(CSZII ,Q)Ha/q(a) + Oa,A(Q / ( ) Uy ),
where u, is defined in (2.6). In particular, under the same conditions we
have
(2.5) Ey(w,y;0) e (z,y)Q 1 /EH2I,

Here v = (logz)/logy as usual. By , we can make 1 — «v in the
statement above arbitrarily small by taking A large enough. Thus the upper
bound has nearly the same strength as the classical major arc estimates
for complete exponential sums.

In Section [5| we prove the following minor arc bound, which involves
generalizing |18, Theorem 1] to higher powers.

Theorem 2.2. Fiz a positive integer k. There exists K = K(k) > 0 and ¢ =
c(k) > 0 such that the following statement holds. Let 2 < y < x be large
with y > (logz)X. Assume that |9 — a/q| < 1/¢* for some 0 < a < ¢
with (a,q) = 1. Then

1 q\¢
Bz, y: ) < Wz, (— —) .
k(Y V) < ¥(z,y) P
For mildly friable variables, this was proved by Wooley [36, Theorem
4.2], with a very good exponent c(k) < (klogk)~!. By following the proof,

one can prove Theorem with ¢(k) depending on k~! polynomially.

2.2. Mean value estimates. We complement the estimates of the previ-

ous sections by the study of moments:

1
/ Bu(z,y9)Pd9,  (p > 0).
0
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Indeed, the exponential sum estimates described above lead to Corollary
for some (potentially large) s. To reduce the number of variables, we need the
following mean value estimate, which generalizes |18, Theorem 2| to higher
powers. We refer to the introduction of [18] for a detailed explanation on
the necessity of such a mean value estimate when dealing with a sparse set
of friable numbers.

Theorem 2.3. Fiz a positive integer k. Let 2 < y < x be large and let o =
a(x,y). There exists po = po(k) > 2k such that for any p > py, we have

1
/ |Ek(x7y’19)|pd19 <<p,k \Il(x’y)px_ka
0

provided that 1—a < cmin(1, p—po) for some sufficiently small ¢ = c(k) > 0.
Moreover, we may take po(1) = 2, po(2) = 4, and po(3) = 8. If y < x°¢ for
some sufficiently small ¢ = c(k) > 0, then we may take po(3) = 7.5907
and po(k) = k(log k + loglog k + 2 + O(loglog k/log k) for large k.

Conjecturally, the choice py(k) = 2k should be admissible. The admis-
sible choices of py(k) for k = 3 and for large k in the statement above are
essentially the same as the best known thresholds for the corresponding
problem with mildly friable numbers. This ultimately allows us to prove
Corollary with essentially the same number of variables as in previous
works for mildly friable numbers.

2.3. Application to Waring’s problem. For readers familiar with the
circle method, it is a rather routine matter to deduce from the estimates
above the following theorem, of which Corollary [1.1]is an immediate conse-

quence. This deduction will be carried out in Section [§

Theorem 2.4. Fix a positive integer k. There exists s = so(k) such that
the following statement holds for all positive integers s > so. Let N be a
large positive integer, let x = N'*, and let 2 < y < x. Then the number of
ways to write

N=nf+---+nk

with each n; € S(z,y) is

R (z, ) (Boo H Bp + OS(U;1)> ;

where u, is defined in ([2.6)), provided that y > (logz)® for some suffi-
ciently large C = C(k) > 0. Here the archimedean factor B and the

local factors B, are defined in (8.1) and (8.2) below, respectively. More-
over, we may take so(l) = 3, 50(2) = 5, and 50(3) = 9. If y < a°
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for some sufficiently small ¢ = c(k) > 0, then we may take so(3) = 8
and so(k) = k(log k + loglog k 4+ 2 + O(loglog k/log k)) for large k.

By Propositions and , both [ and Hp B, are positive with the
given choices of so(k) and the assumption on y. Thus Corollary indeed
follows.

Our technique (in particular Proposition below), combined with es-
timates in [36], allows to show that every large positive integer is the sum
of six friable cubes and one unrestrained cube. In the mildly friable case,
this was observed by Kawada [24]. We will not give the details here.

Notations. We use the following standard notations. For 2 < y < z, we
write

(2.6)
u = (logz)/logy, i::min{%,%}, H(u)::exp{m}.

We will also denote

(2.7)
Y := min{y, eV'*¢*}, V. 1= ellogw)*?7, 7. := min{e(s¥)

3/2—¢
, H(u)}.
Throughout we fix a positive integer k, and all implied constants are allowed
to depend on k. We will always write a« = a(z,y), and will frequently
assume that 1 — « is sufficiently small, or equivalently y > (log )¢ for some
sufficiently large C.

3. LEMMATA

3.1. Friable numbers. We recall the definition (2.1)) of the saddle-
point «(z,y). It is the positive real saddle point of the associated Mellin

transform x°((s, y), where
()= > ne=][0-p)"  (Res>0).
P(n)<y Py

Let

oa(a,y) = d Z logp _ Z (logp)*p”

T a4 a1 a _ 1)\2°
da p*—1 = (p>—1)

p<y
Then from Hildebrand—-Tenenbaum [21], we have the uniform estimate

(31)  W(ay) = —ol®Y) {1+0(1+1°§y>} (2 <y <)

an/2mos(a, y) u

Note that for y > logx we have

(3.2) oo(a,y) < (log ) logy.
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The saddle-point v belongs to the interval (0, 1) for large enough z (inde-
pendently of y with 2 <y < z). We have

(3.3) l—a= log(ulog(u + 1)) +0 L (logz <y < x).
logy logy

3.2. Friable character sums. In this section, we regroup facts about the
character sums
U(r,y;x) == Y x(n),
nes(z,y)
where Y is a Dirichlet character. We quote the best known results from work
of Harper [17]. For some absolute constants K,c¢ > 0, with K large and ¢
small, the following is true. Assume that

3< (logz)® <y<ua.
We recall the notations (2.7). Proposition 3 of [17] implies that the bound
(3.4) U(z,y;x) < ¥(z,9)Y™°

holds for any Dirichlet character x of modulus less than x, of conductor less
than Y, and whose Dirichlet L-function has no zero in the interval [1 —
K/logY,1].

Secondly, among all primitive Dirichlet character y of conductor at
most Y¢, there is at most one which does not satisfy the above bound. If
such a character y; exists and has conductor ¢y, say, then any character x
induced by y; and of modulus ¢ < z satisfies

(3.5) U(z,y;x) < V(z,y) g(h( Z d- ) Y+ H(u)~}.

d|(q/q1)

This is deduced from the computations in [17, §3] (see in particular the first
formula on page 16, and the last formula on page 17).

3.3. Higher order Gauss sums. Important for our study will be the
following generalisation of Gauss sums. Given the integers £k > 1, ¢ > 1, a
residue class a (mod ¢) and a character y (mod ¢), we let

Grlga,x) = Y, x(b)e(a—bk)-

We have the following bound.

Lemma 3.1. Suppose q,a,a’ are positive integers, and x is a character
modulo q. Suppose (a',q) =1, and let q*|q denote the conductor of x. Then

G1(q, ad, x)| < 2k“@7(g) min{q/ /7", v/ag}.
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Proof. By using orthogonality of additive and multiplicative characters

modulo ¢, it is easily seen that

Z X(b)e<aabk> Z Z (aac)~ 3.

b (mod q)* mod q) ¢ (mod ¢)*
X X=X0

><

For each y in the above, the inner sum over c is a Gauss sum, so that by
e.g. [23, Lemma 3.2],

> ()@

¢ (mod ¢)*

W <Ve ) d

d(q/q',a)

where ¢'|q is the conductor of y. Here we used our assumption that (a’, q) =
1. The fact that y*x = xo imposes that ¢*|¢’. Writing ¢ = rq*, we
have r|q/q* and so

|Gi(g,ad',x)] < |{X (mod q) = ¥Fx = xo}|(sup vrg® > d).
rla/a” dl(a/(rq*),a)

The sum over d has at most 7(¢q) terms, and so we trivially have

sup Vrgw > d<T(QVg sup mm{Q/(q V), avr}.

Ml /a0 refba/a]

The supremum over r evaluates to min{q/q*, \/aq/q*}. Therefore,

sup Vrg® Y d < 7(g) min{q/v/g", v/ag}.

rlafe” dl(a/(rg").a)
To conclude it suffices to show that there are at most 2k“(9 characters Y sat-
isfying ¥*x = xo. By the Chinese remainder theorem, the group of charac-
ters of (Z/qZ)* is isomorphic to a product of w(q) cyclic groups (where w(q)
is the number of distinct prime factors of ¢), and possibly {#1}. Therefore,
the number of characters ¥ (mod ¢) satisfying Y*x = xo is at most 2k~@.

This yields our lemma. O

3.4. Friable numbers in short intervals. We will need the following two
upper bounds on the number of y-friable numbers in short intervals. These
upper bounds are almost sharp for a very wide range of y and the length of
the short intervals.

Lemma 3.2. For any2 <y <z andd > 1, we have
U(z/d,y) < d- VU (z,y).

Proof. See |8, Theorem 2.4]. O
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Lemma 3.3. Letlogx <y < x be large. For any arithmetic progression I C
[z, 2x] N Z, we have

. pt «a ( )

{ne 1 Prm) < g} < 1" log

where a = a(x,y).

Proof. When |I| > y, this is Smooth Number Result 3 in [18, Section 2.1].
When |I| <y, we can bound the left side trivially by |/| and the right side
is > |I|*logz > |I] by (3.3)). O

3.5. Equidistribution results. In our proof of the mean value estimates,
we will need the following equidistribution-type results. The first is the
classical Erdos-Turan inequality, connecting equidistribution of points with

exponential sums.

Lemma 3.4 (Erdos-Turdn). Let ¥4,...,95 € R/Z be arbitrary. Then for
any interval I C R/Z and any positive integer J, we have

|#{1<n<N:9,el}—N- meas(I)| < J+1+3Z

Proof. See |27, Corollary 1.1]. O

We also need the following result about well spaced points in major arcs,
used in the restriction argument of Bourgain [3] (see also [18, Section 2.2]).

Lemma 3.5. Let x be large. Let Q > 1 and 1/x < A < 1/2 be parameters.
For 9 € R define

—  Ljp_a/g<a
Graa@)=2_ Zl+116||19—06/q||

q<Q

For any ¥4, ,9g € R satisfying the spacing conditions ||, — || > 1/x

whenever r # s, we have

R? R?
Y Gegald —0,) < (RQE + IQ ) log(1 + Ax),

A
1<r,s<R Q
for any e, A > 0.
When we apply this, the first term on the right will dominate, showing

that the main contribution to the sum on the left comes from the diagonal

terms with r = s.



WARING’S PROBLEM WITH FRIABLE NUMBERS 11

3.6. Variants of the Vinogradov lemma. We also need the following
variants of the Vinogradov lemma, which concerns diophantine properties
of strongly recurrent polynomials. The proof of the following lemma can be
found in [14, Lemma 4.5].

Lemma 3.6. Let k be a fized positive integer and let ,6 € (0,1/2) be
real. Suppose that, for some ¥ € R, there are at least 6M elements of m €
[—M, M| N Z satisfying ||m*I|| < e. If ¢ < §/5, then there is a positive
integer ¢ < 6~°W such that ||q¥|| < §~9We/MF.

The next lemma allows us to deal with cases where diophantine infor-
mation is only available in a sparse set A, which will taken to be the set of
friable numbers in our application.

Lemma 3.7. Let k be a fized positive integer and let £,0 € (0,1/2) be real.
Let 1 < L < M be positive integers and let A C [M,2M]NZ be a non-empty

subset satisfying
Al P
AN P| < AT
for any arithmetic progression P C [M,2M| N Z of length at least L and
some A > 1. Suppose that, for some ¥ € R with ||9|| < e/(LM*1), there are
at least §|A| elements of m € A satisfying |m*|| < e. Then eithere > §/A
or ||9]| < Ad~te/MF.

If the host set A is equidistributed, we can expect to take A < 1, and
thus the lemma upgrades the diophantine property of 9 significantly (if M

is much larger than L) under the strong recurrence of m*.

Proof. We may assume that ¢ < 4% and 1) # 0, since otherwise the conclu-
sion holds trivially. We may also assume v € [—1/2,1/2], so that ||¢]| = |¥].
Let L' = min(1/(4*M*1|9]), M) be a parameter, and note that L' >
min(L/(4%¢), M) > L by our assumption on . Let P’ C [M,2M]NZ be
any interval of length L', and take two arbitrary elements mi,mo € AN P’
with [[m#d|], ||m&d| < e. Note that

|m%9 — mE9| < B(2M)*7H(my — mo)9| < k(M) 1L |9 < 1/2
by our choice of L’. Thus from the inequality
Imi0 —m3d|| < mid] + myv] < 2

we deduce that |[m§9 — m5d| < 2¢, and thus
5

|m1 — m2| < MTW
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We have just shown that all the integers m € AN P’ with ||m*J| < e must
lie in an interval of length O(g/(M*1|9|)). Since e/(M*~19|) > L by the
assumption on ||, our hypothesis implies that the number of integers m €
AN P with |m*d] < e is

A|A] € B Ac|A|
O(M M'f—ww)‘O(M'fw '

By covering [M,2M]|NZ by O(M/L') intervals of length L’ and recalling
the choice of L', we obtain

5|A| M Ace|A| b1 1 Ace|A|
> 1 L (MR 4 — ) = AclA .
Imolise S Qi) TS M) Ry A 31w,

meA
The left side above is at least | A| by hypothesis, and thus

Ae
max (As M’“|19]) > 0.

This immediately leads to the desired conclusion. U

4. MAJOR ARC ESTIMATES

The goal of this section is to prove Theorem [2.1 We recall that the local
factors ® (), s) and H,,(s) were defined in (2.3) and (2.4), respectively. The
following lemmas give bounds for ®(), s) and H,/,(s).

Lemma 4.1. Fiz a positive integer k. For all A\,s € C with o = Re(s) €
(0,1] and Im(s) < 1, and all j > 0, we have

P (log(2 + [\]))? + 077

— (A ; .

0s? (A 5) < 1+ |AJo/k

Proof. This follows from |11, Lemma 2.4, by a change of variables ¢ «+
t/k, O

Lemma 4.2. Fiz a positive integer k. For all 0 < a < q with (a,q) = 1,
and all o € (0, 1], we have

Ha/q(a) <. q—a/k—i-s

for any € > 0.

Proof. This follows from Lemmas and in the appendix. O

The plan of this section is the following. A standard manipulation de-
composes the exponential phase e(nkﬂ) into a periodic part e(nfa/q), and a
perturbation e(n*d). In Section [4.1} we handle the twist by e(n*a/q) using
results about friable character sums. In Sections [4.2] and [£.3] we evaluate

the exponential sum around ¥ = 0, using the asymptotlc formula for U (z, y)
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and partial summation for large y, and the saddle point method for small .
In Section we extend the analysis to all of the major arcs, using “semi-
asymptotic” results about ¥(z,y).

4.1. Handling the non-principal characters. For J = a/q+d with 0 <
a < q and (a,q) = 1, we define the contribution of the principal characters
to be

(4.1)
,u(dg) Clb
Mk(fuy?ﬁ) = § YR E € Ek( » Us <d1d2) 5)
dida|q (P(Q/dl) b (mod q) ( q ) d d
P(d1d2)<y (b,g)=d1

The exact form of this contribution will be clear from the first few lines of
the proof of Proposition below, which says that the contributions from
non-principal characters are negligible. Recall the notations from (2.7)).
Proposition 4.3. There exist K,c > 0 such that under the condition

(4.2) (logz)® <y <a,  q(1+]da") <Y,

we have
(4.3)
Ei(x,y;9) = My(,y;9) 4+ Oa(¥ (2, y) (1 + [6]2") (y~° + H(u)“(log z)~*))

for any A > 0.

Proof. Consider first the case when § = 0 (so that ¢ = a/q). We decompose

Bi(z,y;0/q) = ) e(bk—&> >, o1

q

b (mod q) nesS(z,y)
n=b (mod q)
PSR COND I
dlg b (mod q) nesS(z/d,y)
P(d)<y (b q)=d n=b/d (mod g¢/d)

=Y Y Gula/dad (/).

d
0 Pl
P(d)<y

The contribution of the principal character x = xo is precisely My (z,y;a/q)

since

U(z/dy;xo) = Y., 1= pldy)Ep(x/(ddy),y;0).
neS(e/dy)  dala/d
(n,a/d)=1

For the non-principal characters, we apply the bounds and (| . We
split the non-principal characters into two categories, accordmg to whether

or not the associated Dirichlet series has a real zero in the interval [1 —
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K/logY,1]. Define a character to be normal if its Dirichlet series has no
such zero, and exceptional if it does. The exceptional characters, if exist,
consist of characters induced by a unique real primitive character y; of

conductor ¢, say. Let

Ne= Y 1d Y. Gula/dad" X)¥(x/d,y; x).

a PUYD ey
P(d)<y X is normal

=Y — Y. Gilg/dad X)W (x/d,y: x).

©(q/d) © (oo 0/ d)

dlg/q1
P(d)<y X is exceptional
To bound N, we use the trivial bound
(4.4) Gi(q/d, ad* 1, %)| < q/d,

and Lemma [3.2] Note that log(z/q) =< logz, so that uniformly over d < ¢
and all normal characters y, we have

U(z/d,y; x) < d”"W(z,y)Y
Combining this with the trivial bound (4.4)), we obtain
(4.5) N« \If(x,y)Y_Cqu_l_a < \If(m,y)Y_c/z,
dlg
given our hypothesis (4.2)).
We now bound &. The upper bound we have for the character
sum V(z,y;x) is very poor when wu is small, therefore, more care must

be taken. We have by Lemma [3.1
(4.6)

. . 1-1/k
Gi(g/d, ad™", )| < 2k°@7(q) min{q/(dy/ar), Vd*2q} <. q @(%) ,

Thus

. q\1/k W (x/d,y; Xq/a)]
s<iva(y) 2

d
dlg/q1 Q/

where x,/q stands for the character (mod ¢/d) induced by x;. For the same
reason as before, since log(z/d) =< log x, the character sum bound ({3.5]) can
be applied with x replaced by x/d and yields

(W (w/d, y; Xg/a)| e d g™V (2, y)(H(u)"“+y°).
We deduce
—c —c\ £ q q 1-1/k —a
£ < W(ay)(Hw) < +y g V()T S g

¢ dlg/q

< W) () +y ) (L)
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Assuming that K is so large that 1 — o < 1/(4k), we obtain & <
q;1/4\11(:c,y)(H(u)_C +y79). If y < eV'e% then (logz) = O.(H(u)) for
any € > 0, so that the required bound

E < VU(x, y)(H(u)’C/Q(log :U)fA + 979

follows immediately from ¢; > 1. If y > eV!°#% then by Siegel’s theorem,
we have q; >4 (logY)?* = (logz)?/? for any A > 0 (the constant being
ineffective unless A < 2). We deduce

(4.7) € <a W(x,y)(H(u) (logz) ™" +y7°).
Grouping our bounds and , we have shown
(4.8) Bi(z,y;a/q) = My(z,y;a/q) + O(¥(x,y)(y~ + H(u) *(log z) ™)),

the implicit constant being effective if A = 0.
For general 9, by integration by parts, we may write

xT

Ey(z,y;9) = e(02")E(v,y;a/q) — 27ri(5/ kt"te(0t") Ex(t, y; a/q)dt + O(¥ ()Y, y)).

z/Y
The error term here is O(V(x,y)/Y®) which is acceptable. Note that for t €
[z/Y, x], we have logt =< logz, so that by (4.8)), we have

E(t,y;a/q) = My(t,y;a/q)+0a(U(t,y)(y +H(u) “(logz)™)  (z/Y <t <a).
Note that |d] f;/y ktk=1dt < |6]z*, so that by ([4.2), we obtain

Ey(z,y;9) = e(62") My (z,y;a/q) — 2772'(5/ Et*te(5t") My (t, y; a/q)dt
z/Y

+O( (2, y) (1 +[0]2") (y~¢ + H(u)"(logz)™™)).
Integrating by parts, the main terms above are regrouped into
Mi(z, y;9) + O(¥(z/Y, y))
which yields our claimed bound. U

The next step is to evaluate the contribution from the principal charac-
ter My(z,y; ). As is classically the case in the study of friable numbers, we
shall use two different methods according to the relative sizes of x and y.

4.2. The main term in the neighborhood of v = 0, for large values
of y. In this section, we evaluate the contribution of principal characters
on the major arc centered at 0, when y is large. The target range for (z,y)
is

(H.) exp{ (loglog z)*/3*°} <y < .

Recall that ). is defined in (2.7)).
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Proposition 4.4. Let ¢ > 0 be small and fized. Let 6 € R and write Q =
1+ [0|z*. Then whenever x and y satisfy (H), there holds

. log(2 1 1
Bu(o.1:0) = W) {(aat, 1) + 0, (UAED LD gy )L

Proof. For k = 1, this follows from theorems of La Breteche [6, Proposi-

tion 1] and La Breteche-Granville |7, Théoreme 4.2]. It is based on integra-
tion by parts and the theorem of Saias [29], that

(4.9) U(a,y) = Mz, y{1+00N})  ((2y) € (H)).
Here De Bruijn’s function A(z,y) (see [10]) is defined by

Az, y) = m/oo plu — v)d(tz—:J) (x ¢ N)

and A(z,y) = A(x+0,y) for z € N, where p denotes Dickman’s function |30,
section I11.5.3]. This implies in particular the theorem of Hildebrand [20]

110) ) = oo {1+O(EEDNL (o) € @)

For arbitrary k, the arguments transpose almost identically, so we only
sketch the proof. We first use Lemma to approximate

Ex(r,y:0)= ) e(n"8) + O(¥(x,y)/¥2).

z/YVe<n<z
P(n)<y

The error term here is acceptable. We integrate by parts and use (4.9)) to

obtain
T+

w2 = [ A ) + O )@Y,

$/ya<n§$ Z:ZE/y5+
P(n)<y

For z > 1, we let Fs(z) := [; e(6t*)dt and
Azy) 1 [ (logz {y"}
A = ’ " —— —wv)d[—).
u(2) z * logy/oop <logy U) ( yY >
Note that F5(z) = O(z/(1 + z|§|'/*)). Using [7, p.310, first formula], we

write

(4.12)
T+ x x
| ey = [ nERERE - [ REE)),
z=x/YVe+ z/Ve z/Ve
By integration by parts, the second integral on the right side in (4.12) is

{3 Fy()], y, — / jy (ngz) + F{(2)){z}dz = O(log V. + [3]"),
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and the first integral is
(4.13)

/ Ay (2) Fy(2)dz = Ay(fﬁ)l“%(fﬂ)—Ay(fﬁ/ya)F(s(fﬂ/ya)—/ F5(2)d(Ay(2))-
z/Y- z/Ye

To evaluate this, we use [7, formula (2.3)] and obtain

(4.14)

Ny (2)Fs5(z) — Ny (@) V:) Fs(2/Ye) = p(u)Fs(x) + O<\Iféx1,/l?j) logl(oug—iy— 1)
Next, using |7, formula (4.16)] and integration by parts, we obtain
(4.15)

/ F(2)d(\(2)) = o<p(u)w/ |Es(z)|dz>+ 1 / F(S(Z)d<{z/y}>.

V. logy /. z logy J./y. z/y

+ U(z, y)y?“)-

The integral in the error term is bounded by zlog(2Q)Q~*, and partial

summation yields

/ F5<z>d({z/y}) < min{yY., 2} Q7Y +log V. < wp(u){Q~F + Y1},
x/Ve Z/y

Inserting into (4.15]), we obtain

) [ jy Fy(:)0 (7)) < wplu){ 522 logl(ougz Uiy,

Combining the estimates (4.16), (4.14]), (4.13)) and (4.11)), we obtain

Do Fs(x) log(2Q) log(u + 1) Y
Ey(x,y;9) —xp(u){7+0< QU log + QY. )}
Using (4.10) and rescaling € completes the argument. O

4.3. The main term in the neighborhood of ¥ = 0, for small values
of y. For smaller values of y, we employ the saddle-point method [21] based
on exploiting the nice analytic behaviour of the Mellin transform

((s,) =] -p)"
Py
associated with the set of y-friable integers. By Perron’s formula,

B0 = o [ oot e
r,Y;0) = — s " s)r’— x
E\T, Y5 27 i Y ) S )

where k > 0 is arbitrary. The saddle-point o« = «(x,y), defined in terms
of x and y by means of the implicit equation ({2.1)), is the unique positive

real number o achieving the infimum inf,~¢ 27((c,y). Recall the definition

of 7z from ([2.7)).
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Proposition 4.5. Let ¢ > 0 be small and fized. Let 6 € R and write Q =
1+ |6]z*. Then whenever x and y satisfy (logx)*e <y < x, there holds

1

Bi(a,y58) = W) { (02", 0) + O G

1
e
U
for some constant ¢ > 0.

Proof. One option is to transpose the arguments of |11, Proposition 2.11].
Instead we take a simpler route, inspired from a remark of D. Koukoulopou-
los. When y > g/ oglogn)® e have 1 — a < 1/u by , and thus the
estimate is a consequence of Proposition [4.4] since
log2Q

Qo/k

(4.17) (02", a) — d(62%,1) < (1 — @)

by Lemma
We assume henceforth that y < z!/(eslos x)Q, with the consequence
that log x <. H(u)°. Using Lemma we write

@) By = [ e@t)vey) + 0T
x/Te

Let ay := aft,y) and u; := (logt)/logy. Then for t € [x/T:, x|, by [21,

Lemma 10] we have

1 aiti/logy tsds _ 3/2—¢ _
\P(tvy) = _/ C(say) +O<tatC(at>y){e (logy) ! +H(ut) C}>

270 Ja,—i/10gy s

Note that log 7; < u/(logu)?, so that certainly u; = u + O(u/(logy)) < u,
and thus H(u;)™¢ < H(u)~¢. On the other hand, from (3.1)), (3.2), and
Lemma [3.2] we have

t((t,y) = O(V(t,y)logz) = O((é)a\ll(x, y) log a:)

By our assumption that (logz)'ts < y < a/(eslg®)® we can absorb
the log x factor into the error terms and obtain

(419)  U(ty) — —— /a YL o((%)a\p(:p,ym—c).

27T'l t—i/ logy S
We now shift the contour of integration to the line between « + i/logy.
For t € /7, x|, by (3.2)) we have

o2(as,y) < (log z) logy < oz(a, y).
By [21, Lemma 8.(i)], we therefore have

C(a+i/logy,y) —eu
’ (o, y) =e
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This implies

(4.20)
1 [oeti/logy t5ds 1 [oti/leey t°ds _eutC(a, y)
5 ((s,y) =5 C(s,y) +O(<O‘t_a)e )
T Jai—iflogy S T Ja—i/logy o @

Here, we have used the bound supge(q o] tP¢(B,y) < t*¢(a, y) which follows
by unimodality and the definition of the saddle-point. If we view «; as a

function of wu;, then
day log y
d_ut N _02(04157 Y)
by the definition of o5 and the saddle point ay. It thus follows from ([3.2)
that
ay —a < (u; — u)sup log y < log 7. _1 .
i loaan,y)|  logy  logx
Using and to bound ((«,y), we deduce

ot Clayy)  logTe 1 /t\@ t\e o
— < gy logxe (—) \Il(x,y)logx<<( > U(x,y)T. .

x x
Inserting this into (4.19) and (4.20)), we obtain

vt =5 [ o™ o((L) v )

2T Ja—ijtogy s

(y—a)e

We insert this estimate into (4.18]) and integrate by parts to obtain
1 a+i/logy T
Biloyd) =5 [ ) [ ety s+ O((ap)QT ).
270 Jaiflogy /7
Note that
/ (615 1dt — / e(68) At O ((2/T)) = b2, 5)+0((x/To)").
x/Te 0 S

The contribution to Ex(z,y;¥) from the error term O((z/7:)*) above is
bounded by

C(a,y)z® _
2T ()T
(logy) T (z.9)
Therefore,
1 a+i/logy . ds B
Bl =5 [ oot 0T+ 00w Q)
a—i/logy

The evaluation of the remaining integral can now be done as in |11, Propo-
sition 2.11] (in particular the treatment of segment C; on p.623), by split-
ting the integral depending on the size of the imaginary part of s rel-
ative to Ty := (u'/?logy)~!. Large values of |7| are handled using [21,
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Lemma 8.(i)], while the contribution of small values of |¢| is estimated by a

Taylor formula at order 4. After some routine calculations, we find

1 [oti/losy . ds . U(z,y) 1
— b5k, )" = W(x,y) D (o2 0( : -—).
i ) B = W@ ) +0( G

This concludes the proof. Il

4.4. The main term for general major arcs. In this section we estimate
the main term My(z,y;9) (defined in (4.1])) in all of the major arcs, using
the estimates proved in the previous two sections. This mirrors analogous
calculations in [18] Section A.2]. We recall the notations in ({2.7)).

Proposition 4.6. Let ¢ > 0 be small and fized. Let 2 < y < x be large,
and let ¥ = a/q+ 6 with 0 < a < q <Y" for some sufficiently small n > 0
and (a,q) = 1. Write @ = q(1 + |§|z%).

(1) Whenever x and y satisfy (H), we have

My (2, y;9)  ~ 4 '~ log(u+1)
— == WH, (1 .
U(z,y) (07, 1) Hyo )+O<Q1/’” log y

(2) Whenever x and y satisfy (logz)*™s <y < z, we have

Mk:(xa Y; 19)
U(z,y)

for some constant ¢ > 0.

+ V).

11—«

. 1
= @((5Qj‘k7 a)Ha/q(a) + O(qu[/k_E - + Q7;—C>’

Proof. We only give the details of deducing the first part of the statement
from and Proposition ; the proof of the second part is similar,
using Proposition instead. Write @ = 1 + |§|2* so that @ = ¢Q'.
Since ¢ < Y™, we have log(x/q) < log x, so that for each dy, dy with dids | ¢
and P(dyds) <y, we can apply Proposition and obtain

‘ oo T o 1 'log(u—i— 1)
Ey(z/(dydy), y; (didy)*6) = \If(dld2,y){f1>(5x ,1)+O(Q,1/k_e log y

+Q’yg1) }
By [8, Théoreme 2.4] we have, uniformly for dydy < ¢ < y",

(25 ) = B 1042 1),

Combining this with the bounds ¥ (z/(d1dy),y) < (dids) *¥(x,y) from
Lemma [3.2] and ®(82%,1) < (1 4 |]2*)~"/* from Lemmal[4.1} we deduce

Ek(l'/(dldg), Y, (dldg)ké) = %{@((bk, 1)+O<

logg log(u+1)
Qll/k—a lOg y

+oy: 1)}
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Inserting this estimate into (4.1) and recalling the definition of H,/q(cv)

in (2.4), we obtain

(4.21)
Mlryd) o L loglutl) | o

TR YY) _ §(5ak,1)H, (( : / 1) )

U(ry) (62", 1) Hy/q(a) + O o og.y + QY )R
where
(log q) ko1
R = Gr(g/dr,ady™", xo)l.
d%z:q (dida)*p(q/d) '
P(did2)<y

Using the bound (4.6) with ¢; = 1 (a consequence of Lemma to bound
the Gauss sum Gy(q/d1,ad"™", xo) above by ¢'~%/**% we obtain

dydy)™
(422) R < ql—l/k-i-e Z & < ql—a—l/k-i-a.

i, Pla/di)
Finally, to see that H,/q(a) is close to Hqyq(1), note that the derivative H,
satisfies the bound H(’l/q(a) = O(¢°R) for all o € [a, 1]. Thus from (3.3) we
obtain

(4.23) Hajol@) = Hajol1) + O(¢"R log(u + 1)/ log y).

In view of (4.22) and Lemma (1.1} we may replace H,(a) in (4.21)
by H,/q(1) at the cost of an acceptable error. This completes the proof. [

4.5. Deduction of Theorem [2.1]. Let the situation be as in the statement
of Theorem By choosing C' large enough, we may assume that the
hypotheses of Propositions and are satisfied, and moreover that the
error term in is acceptable. We divide into two cases depending on
whether to apply the first or the second part of Proposition [4.6]

Assume first that evieezloslosr < o Then 1/u > log(u + 1)/logy
and logz < ¢ (1), so that the error term in the first part of Proposi-
tion is acceptably small. To see that we may replace ®(52*,1)H,,(1)

by ®(02*, @) H, /() note that by (£.17) and (4.23) again, we have

= log(u + 1))

x k A k .
(I)<5$ ) 1>Ha/q(1) - (I)(&U 7a)Ha/Q<a) + O(Qa/k—a log y

This error term is again acceptable.

Assume next that (logz)®4 < y < evieszlogloesr Then 1/4 < log(u +
1)/logy and logzr < 72 50 that the error term in the second part of
Proposition [4.6|is acceptably small, and the conclusion follows.

Finally, the upper bound ({2.5)) follows from Lemmas and .
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5. MINOR ARC ESTIMATES

The goal of this section is to prove Theorem [2.2] It is convenient to prove
the following equivalent form. For parameters Q, X > land 0 <a <¢ <@
with (a,q) =1, define

M(q, a;Q, X) = {9 €[0,1] : [ — a] < QX "},

and
(5.1) MQ,X) = |J MaaQ X)
0<a<q<@Q
(a7Q):1

In particular, for any ¥ = a/q + 9§ with 0 < a < ¢ and (a,q) = 1, we must
have ¢(1 + |§|X*) > @ whenever ¥ ¢ 9(Q, X). Note also that we have the
obvious inclusion M(Q1, X) C M(Q2, X) whenever Q1 < Qs.

Proposition 5.1. Fiz a positive integer k. There exists K = K(k) > 0
and ¢ = c(k) > 0 such that the following statement holds. Let 2 <y < x be
large with y > (logz)X. If 9 € [0,1] ~ M(Q, x) for some Q > 1, then

Ek<x7 Y; 79) < \I/(l‘, y)Q_C'

Proof that Proposition[5.1] implies Theorem[2.3 We may assume that 10 <
q < 0.12%, since otherwise the claim is trivial. Let Q = (1/3) min(q, /7% /q).
In view of Theorem [2.2] it suffices to show that ¢ ¢ 9M(Q,z). Suppose, on
the contrary, that ¥ = a’/¢' 4+ ¢ for some 0 < a’ < ¢ < Q with (d/,¢') = 1,
and |6] < Qx~*. Then by our choice of @ we have

Qo 1 1
/

x 99Q — 9q¢’

Hence
!

1 n 1 < i
3¢¢" 999" q¢
It follows that @ = o’ and ¢ = ¢/, but this is impossible since ¢ > 3Q
and ¢’ < Q. O

a
q/

1
§?+|6|§

|2

The bulk of the proof of Proposition [5.1lies in Section which applies
when y = (logz)¥X for some constant K. In Sections and we quote
and prove some complimentary results valid for larger y.

5.1. Estimates for complete Weyl sums. We start with the following

estimate for complete Weyl sums.
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Lemma 5.2. Fix a positive integer k. Let x be large, and let 9 = a/q+9 for
some 0 < a < q and (a,q) = 1. Assume that |§] < 1/(qx), and write Q =
q(1+ |5]2*). Then
1 g 1yo®
k
‘;e(ﬁn )‘ <<I<;+ﬁ+é>

for some o(k) > 0.

Compared with classical estimates, the bound here decays not only with ¢
but also with §. This will be necessary in the proof of Proposition 5.7 below.
The extra dependence on § can be easily obtained by following the standard
Weyl differencing argument, which was done in |14, Lemma 4.4]. In fact,
Lemma [5.2| is nothing but a reformulation of [14, Lemma 4.4].

Proof. Let D = 0.1min(z,2*/q, Q). If the desired exponential sum esti-
mate fails, then by |14, Lemma 4.4], there is a positive integer d < D such
that ||dv¥|| < D/z*. By the choice of D and the assumption on §, we have

|do| < DlJo| < 0.1z|6| < 1/(2q).
In the case when ¢ 1 d, we have
0] > 1/q — |dé] > 1/(2q) > D/x*,

where the last inequality follows again from the choice of D. This is a
contradiction. In the case when ¢ | d, we have ||d¥| = |dd| and d > ¢. This
is again a contradiction since |dd| > |¢d| > D/z* by the choice of D and
the definition of Q. O

Remark 5.3. To get a better exponent o(k) in the statement above, one
should follow Vaughan’s treatment |32, Section 5] using works on the Vino-
gradov main conjecture, which has recently been proved (trivial for k = 1, 2,
in the case k = 3 by Wooley [41], and for all £ > 3 by Bourgain—Demeter—
Guth [4]). We will not pursue this further.

5.2. Friable Weyl sums, for large values of y. The following minor
arcs estimate due to Wooley [37, Theorem 4.2] is useful for mildly friable

numbers.

Proposition 5.4. Fiz a positive integer k and some A\ € (0,1]. There
exist n,0 > 0, depending on k and A, such that the following holds.
Let 2 < y < x be large with y < 27, and let ¥ € [0,1] ~ M(a*, x).
Then Ei(z,y;0) < x'7°.

Proof. This follows from [37, Theorem 1.1] when A = 1. In the general case,
this follows from [38, Theorem 4]. O
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The following proposition covers the range 2”7 < y < x. In its proof we
adopt the natural strategy of factoring out largest prime factors of non-y-

friable numbers.

Proposition 5.5. Fiz a positive integer k and some n € (0,1]. Let 2 <
y < x be large with y > x", and let ¥ € [0,1] ~ M(Q, ) for some Q > 1.
Then Ex(z,y;0) < 2Q~° for some ¢ = ¢(k,n) > 0.

Proof. When 1 = 1 the conclusion follows from Lemma [5.2] Now assume
that the conclusion holds when n > 1/s for some positive integer s, and
let n € [1/(s+1),1/s). We may write
Ei(z,y;9) = Ey(z, 2'/%;9) Z Z ((pn)*0).
y<p<z!/s n€S(z/p,p)
The bound |Ej(z, z'/*;9)| < Q¢ follows from the induction hypothesis.
To treat the double sum, split it into dyadic intervals so that we need to
prove
(5.2) Z Z ((pn)F9) < 2Q~°,
P<p<2P neS(z/p.p)
fory < P< x'/5. We divide into two cases depending on whether P < z/Q°

or not (in fact, P < x/Q° is the only case unless s = 1).
Assume first P < z/Q° so that /P > Q°. We bound S(P) by

CIZESDY ] S e((mn)v)].
P<m<2P neS(z/m,m)
Here we have dropped the primality condition on m. Let R > 1 be a pa-
rameter that will be chosen to be a small power of (), and let M be the set
of m € (P,2P] with m*9 € M(R, xz/m). Since m > (x/m)¥/*, we may apply
the induction hypothesis to the inner sum when m ¢ M to obtain

S(P) < %|M| +eR.

To complete the proof of in this case, it suffices to show that |M| <
PR™'. Suppose, for the sake of contradiction, that |[M| > PR~ For
each m € M, we may find ¢,, < R such that |m*(¢,9)| < R(z/m)™*
By the pigeonhole principle, there exists gy < R such that ||m*(g)| <
RP* /2% for at least |[M]/R values of m € M.

Now apply Lemma to the angle go) with ¢ = R(x/P)™* < RQ~°
and § = |[M|/(RP) > R™2. Since € < §/5 if R is a sufficiently small power
of @, we conclude that there is a positive integer ¢ < 6-°0) <« RO such
that

~0(), RO

lgao? | < —5— < —5




WARING’S PROBLEM WITH FRIABLE NUMBERS 25

This contradicts the assumption that ¥ ¢ 9(Q, z) if R is a sufficiently small
power of ().
It remains to deal with the case when P > x/Q°¢ (which only happens

when s = 1). From the assumption 9 ¢ 9M(Q, x) we may deduce that for
all n < Q°, we have n®9 ¢ M(Q'/?,2P). Bounding S(P) in (5.2) by

S(P) < % sup Z e((pn)*)

n<w/P P<p<min{2Px/n}

’

the conclusion follows from estimates for Weyl sums over primes stated

below. O

Lemma 5.6. Fiz a positive integer k. Let x be large, and let ¥ € [0,1] \
M(Q, x) for some Q > 1. Then

> e(p*)

p<z

LzxQ ¢

for some ¢ = ¢(k) > 0.

Proof. We may assume that Q > (log x)# for some large constant A, since
otherwise the statement is trivial. If ¥ € 9(z%! z), then the conclusion
follows from [25, Theorem 2|. Now assume that 9 ¢ 9(z%!, z). By Dio-
phantine approximation, we may find 0 < a < ¢ < z¢7%! with (a,q) = 1
such that |q¥ — a] < 2791 Since ¥ ¢ M(2*!, z), we have ¢ > 2%!. The
conclusion then follows from a standard minor arc bound such as

> e(p*)

p<z

from [16]. O

< $1+s(q71 +$71/2 + qx*k)‘ll_k

5.3. Friable Weyl sums, for small values of y. Note that Proposi-
tion does not apply to 9 in minor arcs when ¢ and |§|z* grow slower
than any positive power of x. In this section, we take care of this situation
by a variant of Vinogradov’s method, roughly following the argument of
Harper [18].

Proposition 5.7. Fiz a positive integer k > 2. Let 2 < y < x be large
and let a = a(x,y). Let ¥ = a/q+ § for some 0 < a < q and (a,q) = 1.
Write @ = q(1 + |0|2%), and assume that 4y*Q3 < x. Then for some o =
o(k) >0, we have

Ey(z,y;9) < ¥(x,y)Q 7 21" (log z)°.
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Proof. We may assume that y > (log z)®, since otherwise the claim is trivial

by taking o < 1/6. Extracting the ged d = (n, ¢>), we may write

ryd)= Y Y e((nd)*v),

d|q™> n<z/d
PH(d)<y Pt (n)<y
(n,q)=1

The contribution from those terms with d > Q is bounded by

Z U(z/d,y) < ¥(z,y) Z d™* <. Q" U(a,y),

d|g*> d|g*>
d>9Q d>Q

where the first inequality follows from Lemma [3.2]and the second inequality
follows by Rankin’s trick. Hence

Ex(z,y;0) = Z Z ((nd)*0) +O( éa/?)

dlg>® n<z/d
d<Q P*(n)<
Pt(d)<y (n,q)= Y

We may also discard the terms with n < x/Q from the above, since their

contribution is bounded by

> W(2/Qy) € QT U(z,y) Y < QU (,y),
d|q> d|g>
d<Q d<Q
where, again, the first inequality follows from Lemma and the second

from Rankin’s trick. It follows that

(2,y
By = Y Y i) +o(* )
dlg® z/Q<n<z/d
d<Q  pt(n)<y
PT(d)<y (n,q9)=1

Let L = 4yQ be a parameter. For the inner sum over n, factoring out
a divisor m of size about L by taking the product of the smallest prime

factors of n, we may write

Ep(z,y;9) = Z Z Z e((mnd)*9) + O(@éa/i’)),

d|q™ L<m<P*(m)L

d<Q  z/(mQ)<n<x/(md)
PH(d)<y  pt(m)<P~(n)
Pt(n)<y
(mn,q)=1

which is allowed by our hypothesis yL < 2/Q. For M € [L,yL], define

EM):= ) >N e((mnd)*9).

d|¢>® M<m<min{2M,P*(m)L}

d<Q z/(mQ)<n<x/(md)
Pt(d)<y Pt (m)<P~(n)
Pt(n)<y

(mn.g)=1
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Now mover the sum over n inside, and bound this inner sum by its absolute
value. It is also convenient to remove the dependence on m in the condi-
tion z/(mQ) < n < z/(md), which can be achieved by a standard Fourier
analytic argument. We obtain
E(M) < (logz) sup Z Z ‘ Z e((mnd)*9 + Bn)|.
BEL) gigoo M<m<2M ' &/(2M Q)y<n<z/(Md)
d<Q P*(m)<y Pt (n)<y

P~ (n)>P*(m)
(n,q)=1

By the Cauchy—Schwarz inequality and factoring out the largest prime fac-
tor p = PT(m) of m, we deduce that for some g € [0, 1),

(53) E(M) <. (logx) QM 28, (M)'/?

for any € > 0, where

=2 2

dlg> p<y M/p<m<2M/p
d<Q

2

Z e((pmnd)*9 + pn)
z/(2MQ)<n<z/(Md)
P~ (n)>p, PT(n)<y
(n,g)=1

After expanding the squares and switching the order of summation, we
obtain

E3S > Y elma) it - nh))).

d|qg™ p<y x/(2MQ)<ni<n2<z/(Md) M/p<m<2M/p
d<Q (ni,9)=1, P+(nz)<y

By the hypotheses and the choice of L, it is straightforward to verify that

p
|(pd)*5(n —n5)| < 240
for 1 < ny,ny < xz/(Md). Thus we may apply Lemma [5.2] and obtain
M (¢, (pd)* (ng — nf))”

2 elmdp)d(nd —n5)) € e SR = )

M/p<m<2M/p

for some small o = o(k) > 0. It follows that

s < - m (82 s,

<y
where
(qa dk(”é - nlf))a
S(M) =Y > My
0 /M) <meaa/oay (L 101 (0f — )
d<Q  (ng,q)=1, PT(n;)<y
Since

k\o
Z (9. 77) < loglogy + w(q) <. M*,

p<y
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we have

(5.4) S1(M) < g M8, (M).

To bound S,(M), splitting according to the value of r = (g, d"(n5 — nk)),

we obtain

(5.5) So(M) <) 7> " S3(M;r,d),

rlg - dlg™
d<Q
where
1
S3(M;r,d) == Z g o
2/ M Q) <mremaay ) (LT 18I(MA) (15 — n1))
(ni,q)=1, P*(ni)<y
r|d*(n§—n})
Note that r|d*(n§ — n¥) is equivalent to n¥ = n% (mod r’), where r’ :=
r/(r,d*). Since (n;,;q) = 1, and since there are O((r')?) residue
classes b (mod ') such that (b,7') = 1 and v* = 1 (mod r’), we deduce
(5.6) S3(M;r,d) <. rf Z sup  Sy(M;r' d;ny,b)
2/(2MQ)<ny<a/(Md) ® (194 ™)
Prazy - O

for any € > 0, where

1
84(M;Tl,d; nl,b) = .
nléng/(Md) (14 [6](Md)¥(ng — nf))
Pt (n2)<y
n2=b (mod r’)

We dyadically decompose this sum with respect to the size of ny — ny €
[0, 2/(Md)], noting that if T/2 < ny —ny < T, then n§ —nf > (ny —
ny)nt~t > Tnk~!. Therefore,

85(M'T/ d"m b/T)
5.7 Si(M;7',d;n,,b) < (logx su 7
S DO o8] S (Lt 01T )

where

Ss(M;r' dyng, b;T) := |{ny € U(x/(Md),y) : |na—ni| < T, ng = b (mod 1)}
An application of Lemma [3.3] yields
T/r
x/Md
where we have used a(x/Md,y) > a(z,y). Combining this with (5.7) and
noting that the bound is an increasing function of 7" assuming o < « (which

Ss(M;r' ding, b;T) < ( )W (x/(Md),y)logz + 1,

we may), we obtain

. 5 U(z/(Md),
S ds ) < (log 0*{ (5 +( |g|(x(M)dZ)1)k—1)" +1}.
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Inserting this into (5.6) and recalling r' = r/(r, d*), we obtain
(log x)*(r, d*)

T»OC—E

83(M;Ta d) <

{Si00:0) + Wi/ (Ma), )},

where

B 1 U(z/(Md),y)?
SsMs )= W/ (D) x/(aM@;q/(Md) (L + [Pl (MdnF 17 S (L + [5]ek)e

Pt(n1)<y
by partial summation assuming o < «/k (which we may). Since Md <
yLQ < x/Q by our hypothesis, we have by Lemma ,

U(x/(Md),y) > (Mid)“ > Q%> (1+6]2")7,

and thus
(logz)*(r,d*)* W(z/(Md),y)* _ (logz)*(r,d")* ¥(z/M,y)*
ra—e (1 + ‘(ﬂxk)a Tafsan (1 + ’5|$k>a
again by Lemma . Inserting this bound into , we obtain
m/M y)? (r, d*)~
82(M) < (logI |6|xk ;(ﬂg ra—o— 6d2a

d<Q

Sg(M; r, d) <

Writing v’ = (r, d*), the double sum over r and d above can be bounded by

q Z ro =« Z(r')a Z d—2.

rlq |r d|g*>
T’|dk

The inner sum over d is less than

. . —2a 2a 2a/k
(min{r” : r Z d-
dlg>
so that
-« a(1-2/k) oc—2a/k 25
Zzwa”dm@Z?‘ 2_() <qy <y
rlq ZED rlq r|r r|q

It follows that

U(x/M,y)? ¢ (logz)* M2V (z,y)?
So(M) <. ¢°(1 2 ’ ’
2(M) < ¢ log 2) 51wy (01 o)

for any £ > 0. Finally, inserting this into (5.4) we obtain
(log z)* M'~2* =W (x, y)?
(q(1+ [d]z*))7==

S1(M) <.

and thus by (5.3) we have
E(M) <. (logx)*M' =W (x,y)Q~7/**

for any € > 0. The desired bound follows from a dyadic summation over M,
since M1 < (yL)'"* < (32Q%)' 7 < (logz)?Q*(1 7). O
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5.4. Deduction of Theorem We now have all the ingredients to
deduce Proposition (and thus Theorem [2.2)). Let the situation be as in
the statement of Proposition Let n > 0 be a sufficiently small constant.
If y > 2", then the conclusion follows from Proposition 5.5l Now assume
that y < a7 If 9 ¢ 9M(2™!, z), then Proposition applies with A =
0.1 to give the desired conclusion. Finally, assume that y < 27 and 9 €
M(2% x). Then ¥ = a/q + 6 for some 0 < a < ¢ < 2% with (a,q) = 1
and [0] < ¢ 'z7*01 Thus Q := ¢(1+1d|2") < 22!, and the hypothesis of
Proposition is satisfied. Moreover, the assumption ¢ ¢ 9(Q, ) implies
that Q@ > @, and thus the conclusion of Proposition implies that

Ey(z,y;9) < ¥(z,y)Q “(log )’

for some constant ¢ > 0, when 1 — « is sufficiently small. This gives the
desired bound when @ is at least a large power of logz. If Q < (log x)* for
some constant A, then Theorem applies and the conclusion follows from

Z3).

6. MEAN VALUE ESTIMATES: STATEMENTS OF RESULTS

The goal of this section and the next is to prove Theorem [2.3] In this sec-
tion, we reduce the task of proving Theorem to proving Proposition
below that controls large values of friable exponential sums. We start with
the following mean value estimate, which holds with the optimal exponent

when restricted to (relatively wide) major arcs.

Proposition 6.1. Fiz a positive integer k. The following statement holds
for some sufficiently small ¢ = c(k) > 0. Let 2 < y < z be large.
Let (an)1<n<as be an arbitrary sequence of complex numbers, and write f (1)

for the normalized exponential sum

f<z9>=< Z)mﬁ)_l/2 > ane(n®).

neS(z,y

Then for any s > k we have

/ @)D <, Wz, gz,
m
where
o = {ﬁ e 0.1]: [f@) 2 xcqf(x,w},

provided that 1 — a(x,y) < cmin(1, s — k).
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Proposition [6.1] is a straightforward consequence of the following result,
controlling the number of (well spaced) phases with large values of expo-

nential sums.

Proposition 6.2. Fiz a positive integer k. Let 2 < y < x be large and
let « = a(x,y). Let {a,}1<n<z be an arbitrary sequence of complex numbers,

and write f(9) for the normalized exponential sum

~1/2

= X wk) X el
nesS(z,y) nes(z,y)

Let 9y,-++ ,9g € [0,1] be reals satisfying |9, — V|| > 7% for any r # s.

Suppose that

|F()]* >+ V(z,y)

for each 1 <r < R and some v € (0,1]. If y > x7° and 1 — o < ¢ for some
sufficiently small ¢ = c(k) > 0, then R <y~ 2F=00=9=¢ for any e > 0.

Large value estimates for complete Weyl sums of this type first appeared
in [3]. For friable exponential sums with & = 1, this is proved by Harper [1§].

In the remainder of this section, we give the standard deduction of Propo-
sition [6.1] from Proposition [6.2] and also deduce Theorem [2.3] from Propo-
sition [6.1] The proof of Proposition [6.2] is the topic of Section [7}

6.1. Proof of Proposition [6.1] assuming Proposition [6.2] Note the
trivial bound |f(9)]*> < ¥(z,y) which follows from the Cauchy-Schwarz
inequality. For any v € (0, 1], define

S() ={0€[0,1]: [f()] =+ (z,y)}.

Let ¢ > 0 be sufficiently small. We claim that if v € (z7¢, 1], then

meas(S(7y)) <. v 2HOU) ek

for any € > 0. To prove this claim, pick a maximal =% separated set of
points {1, -+ ,9g} C S(v). In other words, the set {0, -+ ,0g} satis-
fies ||9, — O] > 7% for any r # s, and moreover for any ¥ € S(vy) we
have ||9 — || < 7% for some r. Hence S(v) is contained in the union of
arcs centered around 9, (1 < r < R) with length 227% and the claim follows

from Proposition [6.2] By the assumption on 1 — o, we may ensure that

meas(S(7)) < v Fak,
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Now write

/ O =250y / / Myestnsoedrdd
S(z—¢°)
= U(z,y)° (23/ 7> meas(S(v))dy + O (7> meas(S(x_c)))> :

The conclusion follows since
1

1
/ 7* T meas(S(7))dy < l’k/ PR Ay < 2

—C —C
and

72 meas(S(v7%)) € a7 pF « g7k

6.2. Proof of Theorem assuming Proposition In view of
Proposition [6.1], Theorem [2.3] follows from Lemma [6.3] below.

Lemma 6.3. Fiz a positive integer k. There exists p = p(k) > 2k such that
1
/ | Bz, y; 9)|Pdd <, P h+e
0

for any € > 0. Moreover, we may take p(1) = 2, p(2) = 4, and p(3) = 8.
If y < z¢ for some sufficiently small ¢ = c¢(k) > 0, then we may take p(3) =
7.5907 and p(k) = k(log k + loglogk + 2 + O(loglog k/log k)) for large k.

Indeed, to deduce Theorem from this lemma, let ¢ > 0 be sufficiently
small and denote by m the set of ¥ € [0, 1] with

| B (z,y;0)] < 27 “U(2,y).

The contribution to the mean value integral from those ¥ ¢ m is dealt with
by Proposition 6.1} Thus it suffices to show that

/ |Ex(,y: 0)2°d0 < U(z, y)*

whenever 2s > p, where p = p(k) is the exponent in Lemma To prove
this, bound the left hand side by

(2= (2, y))" " / | B, s 0)PA0 e ™D (g, )20

using Lemmal6.3] This bound is O(W(x,y)%2 %) if 1 —a < [¢(25—p) —€]/p.
The conclusion follows if we choose € = ¢(2s — p)/2.

Proof of Lemma[6.3. First note that for p(k) = 2* we have

/ |Ex(z,y;0)% d9 < / | B, 5 0) [ 4
0 0
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by considering the underlying diophantine equation. The right side above is
bounded by 22°~**¢ for any ¢ > 0 by Hua’s lemma (see [32, Lemma 2.5]).
This shows the existence of p(k) as well as the choice of p(k) for k € {1,2,3}.

Now assume that y < z¢ for some sufficiently small ¢ = ¢(k) > 0.
The fact that we may take p(3) = 7.5907 follows from [40, Theorem 1.4]
or [40, formula (6.3)]. For large k, the claimed choice for p(k) follows from
Wooley’s work on Waring’s problem and friable Weyl sums [3537], together
with arguments very close to those in [31] Section 5] that deal with major
arcs. For completeness, we include the details here.

Let k be large and let p = k(log k+1loglog k+2+ C'loglog k/ log k) be an
even integer for some large constant C' > 0. By considering the underlying
diophantine equation, we obtain

1 1
/ |Ex(z,y;9)|P dv < / | By (2, 2% 0) P2 | By (2, 25 9) [2d0.
0 0

The two copies of the complete exponential sum are required in the major
arc analysis. Call the right hand side above T, and our goal is to show
that T < 2P7%. For 0 < a < ¢ < x and (a, q) = 1, define

Mg, a) = {0 €[0,1] : [q0 — a] < 1/(2ka*7)},
and let 99T be the union of all these. Split 7" into two integrals
le/ By, 2%9) | By (2, 2 0) 0
m
and
T, = / \Eu(z, % 0)P2| Ex(x, 2 0)Pdo.
[0,1]\9m

To bound 77, by Holder’s inequality we have

1 (r—2)/p 2/p
Tls( / |Ek<x,xc;v>|pdﬂ) ( / |Ek<x,x;z9>|pdﬁ) .
0 m

The first integral above is at most T by considering the underlying dio-
phantine equation and the second integral over 9t can be bounded by x?~*
(see [31, Lemma 5.1]). Hence

T, < T(P=2)/p . 2(p=k)/p

To bound T3, we use the trivial bound | Ey(z, z;9)| < x and take out ¢ copies
of the minor arc exponential sum, where ¢t € {k, k + 1} is even:
1
Ty < 2°(sup |Ey(, 2 ﬁ)])t/ | By (, 2% 9) P21 dy.
9¢Mm 0
From [37, Theorem 1.1] we have

sup | By, a5 9)| <. o170+
DgMm
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for any ¢ > 0, provided that c is sufficiently small depending on e.
Here p(k) > 0 satisfied p(k)™' = k(logk + O(loglog k)). From [37, Lemma

2.1], for any positive integer s we have
1
1Bt Pedn ek
0
for any ¢ > 0, where A, ;, = ke' 2%k Apply this with 2s = p — 2 — ¢ to get
Ty < xp—k-&—axAs,k—P(k)t

for any ¢ > 0. Since 2s = p—2 —t > k(logk + loglogk + 1 4+ (C —
1)loglog k/log k) for large k, we have

loglog k 1 C loglogk
A g < —(C -1 < 1——.—="0°"),
’k_logkeXp< ( ) log k ) _logk( 2 log k
This implies that
C loglogk
k)Yt —Agr > plk)k — Agp > — - ——r,
P( ) k= p( ) k= 4 (logk)2

and thus Ty < zP~%. Combining the bounds for T} and T, we obtain
T <« TW=2)/p2(0=k)/p | 1p—k

This implies the desired bound 7' < zP~*. O

7. PROOF OF THE LARGE VALUE ESTIMATES

The goal of this section is to prove Proposition Let ¢ > 0 be a
sufficiently small constant. We may clearly assume that ¢ < ¢. We may
also assume that y < z¢ since otherwise ¥(x,y) > z and the conclusion
follows from Bourgain’s work [3, Section 4]. Recall also that we are able to
assume 1 —a < cand vy > x7¢

Using the major arc estimates in Theorem [2.1] Bourgain’s argument [3]

1

can be followed to treat the case when v~ is smaller than a fixed power

Lis larger, we will use well factorability of friable numbers

of log x. When ~~
to arrive at a double sum, and after applying the Cauchy-Schwarz inequality
we will be able to drop the friability restriction on one of the sums, in order
to take advantage of good major arc estimates for complete exponential
sums.

We now turn to the details. For each 1 < r < R, let 1, be a complex
number with |n,| = 1 such that |f(9,)| = n,f(J,). From the assumption

that
|F(0)P > 7?0 (x,y)
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for each 1 < r < R, we obtain

S Y anelnon) 2 R Z)\aﬁ)m.

1<r<R  neS(z,y) nesS(z,y
An application of the Cauchy-Schwarz inequality after changing the order

of summation in r and n leads to

(7.1) o1 D nent,)

neS(z,y) 11<r<R

2
> v R*V(z,y).

7.1. The case of large 7. Let us first assume that v~! < min((log x)%, y°)
for some large constant B = B(k, €). In this subsection, we allow all implied
constants to depend on B. Expand the square in (7.1]) to find

(7.2) Yool DD e, —.)

>V R*W(z,y).

1<r,s<R ' neS(z,y)
Let 9 be the set of ¥ € [0,1] with |Ey(z,y;9)| > v*¥(x,y)/2. Then
1
(7.3) > Ek(a,y; 0, — 9] > 57232\1:(35,;/).
1<r,s<R
197*_1956)3

Lemma 7.1. Let the notations and assumptions be as above (in particular,
assume v < (logz)B). If ¥ € Q, then 9 = a/q+ & for some (a,q) = 1
with @ = q(1 + |6]z") < v73%. Moreover, we have

| Bz, y;0)| <ep U(x,y)Q /it20-o)te,

for any € > 0.

Proof. Since Ey(x,y;9) > v*¥(x,y)/2, Proposition implies that ¢ €
M(y=¢, z) for some C' = C(k) > 0. Since v~ < min((logx)?, y°), we may
apply Theorem (in particular the estimate (2.5))) to obtain the desired
upper bound for Ej(z,y;v). Combining this upper bound with the lower
bound Ej(z,y;19) > 72V (z,y)/2, we get @ < y~3* as desired.

]

We are now in a position to apply Lemma . Let Q = Cy~3* for some
large constant C' > 0, and let A = Q2 ~*. Consider the function G = Gk
defined by

Ljo—a/qi<a

P :
;Q Zlﬂ;w o/l
Lemma [7.1] implies that

Ey(z,y;0) < ¥(z, y)G(ﬁ)l/k,y—Gk(l—a—i—a)
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whenever ¥ € Q. Comparing this with (7.3) we obtain
’72R2\I/(l‘, y) < \I/(ZL‘, y),y—ﬁk(l—oz—&—s) Z G(Q?T . 198)1/167
1<r,s<R
which simplifies to
Z G(ﬁr i ﬁs)l/k > R272+6k(1_a+€).
1<r,s<R

On the other hand, by Holder’s inequality and Lemma [3.5 we have

1/k
Y G, —v)r < R2(k‘1)/k< > G, - 195))

1<r,s<R 1<r,s<R

< RO [(Ry ™ o By 4 R log (149 )]

for any A > 0. Combining this with the lower bound we arrive at
R2A2H0k(1—at2e) o p2-1/k 4 p2,-1.-3 | p2.A

for any A > 0. The second and the third terms on the right above are clearly
smaller than the left hand side. Hence

R272+6k(1_a+25) < R2_1/k'
This leads to the desired upper bound on R.

7.2. The case of small . In the remainder of this section, we will assume
that y~' > min((logz)?,y°) for some large enough B = B(k,e) > 0. In
particular, this implies that either y=* > (logz)? or v~ (1-% > (logz)%/2.
Let K = (y 'logz)? be a parameter, where A = A(k) > 0 is a large

c

constant to be specified later. By the assumption v > z7¢ we may assume

that K < x'/?*_ Observe that any integer in S(x,7) can be written as a

1

product mn, where m € [¢(yK)™', xK~!] is y-friable, and n < xm~!. In

this way we get from ([7.1))

2. 2

2(yK)"1<m<azK~! 1<n<zm~!
P*(m)<y

2

> me(nfmto,)| = RU(x,y).

1<r<R

Expand the square and move the sum over n inside to get

(7.4) > > > e(nfmF, —v,))

z(yK) ' <m<zK 1 1<r,s<R ' 1<n<zm~!
Pt(m)<y

This is similar as (7.2) in Section [7.1] but we have arranged the inner sum
to be a complete Weyl sum, at some cost since the trivial bound for the

> v R*U(z,y).

left hand side is now larger. The assumption y~! > min((logz)?, y¢) will

ultimately ensure that this cost is acceptable.
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It is convenient to perform a dyadic division in m. For each M €

[z(yK)™, 2 K~'] and 9 € R, define

(7.5) (@)=Y

> e(nkmkﬁ)',

M<Im<2M ' 1<n<zm~1
Pt (m)<y
and
(7.6) Iy= Y Iu(, —1,).
1<r,s<R

For ease of notation we write N = xM~! so that N € [K,yK]|. We will
show in Sections [7.3] and [7.4] that for all fixed € > 0,
(7.7) Iy <. R*NU(2M, y)(R™V* + K=9)K' " (log z).

Let us temporarily assume ((7.7) and deduce the conclusion of Proposi-
tion . Note that ¥(2M,y) < N~*VU(z,y) from Lemma . We may
combine ([7.7)) with (7.4 and obtain, after summing over M (or N) dyadi-
cally, that
VR (2, y) < B2V (w,y) (RF + KO K219 (log 2)°,
where we used the following estimate for the dyadic sum:
] K -«
Y @K < —;?{_a)_ - < K'*(log )"
0<j<[log, y]
This simplifies to
’72 < (R—l/kz + K- )K2 (1-« +5(logas)

If the second term on the right hand side dominates, then

72 < Kfc+2(1fa)+s(logx)3 < K*C/Q(logx)?)’

and thus K < (v~ 'logx)¥¢, contradicting our choice of K if A is large
enough. Thus we must have

vt < R-VE[20-0)0 (160 1),
After rearranging and recalling the choice of K we get

R< 7—2kK2k(1—a)+ke(10g x)3k _ 7—2k—2kA(1 @) kAs(log x>3kA'

(1=2) > (log 2)¢/?, the (log )34 term can

Since either v~ > (logz)? or v~
be absorbed so that

R« 772]{70(17&)72’@45'

The proof is completed after reinterpreting € by £/(10kA). We are therefore
left to prove the bound ([7.7)).
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7.3. Handling the minor arcs. Fix M € [z(yK) 'K '] and N =
xM~! € [K,yK]. In this section we prove that

(7.8) Iny(0) < NK™U(2M, y)

whenever ¥ € n, where the minor arc n is the complement of 91 =
IM(K'/2 x) (recall the notation (5.1))). In particular, this means that those
pairs (r, s) with ¥, —¢ € n make an acceptable contribution in the sum
towards the bound in ([7.7)).

For the rest of this subsection, fix some ¥ € n. We also need the auxiliary
major arc 2 = MM (K", N) for some small > 0 to be specified later. Let q
be the complement of Q. If m*9 € q for some m € [M,2M], then by Weyl’s

inequality (Lemma

1<n<zm—1
for some o = (k) > 0. Hence,

In(@) =)

M<m<2M
Pt (m)<y
mk9e

> e(nkmkﬂ)‘ + O(NK™"0(2M, y)).

1<n<azm—1

Bounding the inner sum over n above trivially by O(N), we reduce (7.8]) to
proving the bound

(7.9) > Lyigeq < KOU(2M,y).
M<m<2M
Pt(m)<y

We will now divide into two cases, depending on whether or not ¢ lies in
the auxiliary major arcs ¢ = 9MM(K/®, M) (which is wider than 90). Let p
be the complement of . We use the Erdos-Turan inequality when ¢ € p,
and use the combinatorial lemma, Lemma [3.7, when ¢ €  Nn.

Case 1. First assume that 9 € p. Since £ is the union of at most K*7 inter-
vals of length at most 2K"N~* the Erdos-Turan inequality (Lemma

gives

K" W(2M, 1 )
3 1mweg<<K?ﬂ(mw<2M,y>+%+Z—-\ > e<m'iﬂ9>\),

M<m<2M j<J J M<m<2M
PT(m)<y Pt(m)<y

where J = K*7. The first two terms clearly make an acceptable contribution
towards the bound in ([7.9)). Thus it suffices to show that for each 1 < 5 < J
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we have

(7.10) ‘ > e(mkjﬁ)‘<<K_c\I/(2M,y),
M<m<2M
Pt(m)<y

and then ((7.9) follows if 7 is chosen small enough. Now fix j < J = K.
Since ¥ ¢ P = M(KY5 M), a moment’s thought reveals that ji ¢
M(K/5=41 M). The desired bound (7.10) then follows from Proposition 5.1}

Case 2. Now let ¥ € P = M(K'/> M). We may choose 0 < a < ¢ <
K'Y* with (a,q) = 1, such that ¥ € 9M(q,a; K5, M). Let A := {m €
[M,2M], P*(m) < y}, and assume that the proportion of elements m € A
satisfying m*9 € Q = 9M(K", N) is §. Suppose for contradiction that § >
K~¢. We wish to show that this contradicts our hypothesis ¥ € n.

If m € A satisfies m*9 € Q, then ||m*q,, 9| < K"/N for some ¢,, < K".
By the pigeonhole principle, we may find ¢’ < K", such that the propor-
tion of elements m € A satisfying |[m*¢'d|| < K"/N* is at least §K~". In

particular, for these m we have
lm*(d'q0)|| < K51 /NE.

We will soon apply Lemma to the set A and the phase ¢'q¥, with ¢ =
K1/51 /N* but before that we need to figure out the permissible choices of
the parameters L and A. Since

ldaol < K7llavl] < K5 /ark,

the condition |¢'q|| < /(LM% 1) is satisfied with the choice L = M/N*,
By Lemma for any arithmetic progression P C [M,2M]| N Z of length
at least L we have

VM. Y) )0,

q
ANP Pl*
ANP| < [Pl

Thus we may choose A with

M 11—«
A <K <m> IOgM < Nk(lfa) IOgSU S Kk(lfa)<logx)2k+1 S K1/4,

where we used y'~® < (logz)? and (logz)***! < K'/8 if A (in the choice
of K) is large enough. The conclusion of Lemma then says that either

K1/5+n/Nk: > 5K—1/4—n’
or else

Hq/qﬁH < K1/4(5K—77)—1K1/5+n/(MN)k _ 5_1K9/20+2nx_k.
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The first case clearly implies that § < K~1/2 a contradiction. In the second

case, since 6! < K¢ we have
g < Kooy,

Recalling ¢'q < K/t this implies 9 € M, giving the desired contradiction.

7.4. Handling the major arcs. In view of (7.8)), in order to prove ([7.7))
it suffices to show that

(711) > Iy, —9,) < RPNU(2M,y)(R™* + K~ K™ (log z).

1<r,s<R
Gr—9sEN

If ¥ € M then m*¥ also lies in appropriate major arcs so that the inner sum
over n in the definition of I,(¢) in (7.5) can be controlled quite precisely.
This analysis will lead to the following lemma (compare with Lemma
above).

Lemma 7.2. Let the notations be as above. Suppose that ¥ €
M(q,a; K2, 2) for some 0 < a < q < KY? and (a,q) = 1. Write ¥ =
a/q+6 and let @ = q(1 + |§|2*). Then

I (V) <o NW(2M,y)Q/hqltmel/+e
for any € > 0.
Proof. Recall the definition of Ip,(9) from (7.5). Fix m € [M,2M], and
write ¢ = q/(q,m*) and o’ = am*/(q, m*). From standard major arc esti-

mates for complete Weyl sums (see Lemma 2.8, Theorem 4.1, and Theorem
4.2 in [32]), we have

Y e mf9) = ¢1S(d, d)o(om*) + O(Q3¢),
1<n<azm—1
where the (local) singular series S(¢’,a’) and the (local) singular integral

satisfy the bounds
S(d'sa') < "5, o(B) < min(N, || 8]17)
for || < 1/2. Tt follows that
kN 1/F
Z e(nkmk19> < N (((Lg )) + Q1/2qe'

1<n<azm~!

Since Q < K'/2, the term Q'/2¢° clearly makes an acceptable contribution
towards the desired bound for Ij;(¢)). The first term contributes
NQ—l/k: Z (q,mk)l/k.

M<m<2M
Pt(m)<y
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The sum here is at most

a3 1< Y dhuM/d ) < g1 () (20, y)

d|q M<m<2M dlq
Pt (m)<y
d|m*

by using Lemma [3.2) and the inequality «(2M,y) > a(z,y). This completes
the proof of the lemma. O

We are now in a position to apply Lemma Let Q = K'/? and A =
Qz~*. Consider the function G = Gk g a defined by

18 Lpajgea
G =S = ao/al<h
D=2 02 T~ a/a]

q<Q * a=

Lemma [7.2] implies that
Iy (¥) < NU(2M,y)G(9)V/F Kt -ote
whenever v € 9. Therefore,

> Iu(@ —9) K NUERM,y)K' Y G, —9,)'".

1<r,s<R 1<r,s<R
Gr—0sEN

To prove ([7.11)) it thus suffices to show that
> G, =9 < R*(R7VF 4+ KT K*(log z)
1<r,s<R
for any € > 0. This is a straightforward consequence of Holder’s inequality
and Lemma [3.5

1/k
Y G, -9k < R2<k—1>/k< > G, - 195))

1<r,s<R 1<r,s<R

< RQ(k_l)/k [(RKE +$_kR2K1/2 +K—kR2> 1ng} 1/k

)

noting that the second term on the right hand side is dominated by the
third term since 2= ¥ K%/2 < K~*. This completes the proof of (7.11]), hence
of . By the arguments at the end of Section we have finished the
proof of Proposition [6.2]

8. WARING’S PROBLEM IN FRIABLE VARIABLES

In this section we prove Theorem [2.4] getting an asymptotic formula
for the number of representations of a large enough positive integer N as
the sum of s kth powers of (log N)“-friable numbers for some sufficiently
large C', as long as s exceeds a threshold depending on k& which is essentially

the same as that in the classical Waring’s problem.
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Let notations and assumptions be as in the statement of Theorem [2.4]
We start by defining the archimedian factor 3., and the local factors 3, that
appear in the statement of Theorem [2.4]

Definition 8.1 (The archimedian factor). The archimedean factor [, is
defined by

(8.1) Boo = /foo O(5, o) e(—5)ds,

[e.e]

where @ is defined in (2.3)).

We have the following explicit formula for £, showing that S, =, 1 as
long as « is bounded away from 0.

Proposition 8.2. The archimedian factor B defined above satisfies
Boo = D(sa/k) 'T(a/k + 1)°.

Proof. A change of variables ¢ < t'/* shows that § ~ ®(d, @) is the Fourier
transform of ®,(t) := (locre1)(a/k)t*/*~1. Fourier inversion then implies
that [, is the value of the convolution s-th power (®,)**(1). This value
is computed using e.g. [30, Exercice 144] applied with n <— s — 1 and f
approaching u — (1 —u)*™ 1. O

To define the non-archimedian factors, we first define a probability mea-
sure pi, on Z/qZ for ¢ = p™ a prime power, reflecting the bias that friable
numbers are more likely to be divisible by a given small prime. For b € Z/qZ
with (b, p™) = p* for some 0 < v < m, we define

0 v>0andp >y,

() = e(pm) ! v=0andp >y,
! p(p™)p! (1 —p=) v <mand p <y,
pem v=m and p <y.

Note that the value of p,m (b) depends only on v. This is consistent with the
heuristic model suggested by the approximation

U(z/p™,y) = p "V (2, y),
(see [8, Théoreme 2.4]).

Definition 8.3 (The local factors). For p prime, the local factor f, is
defined by
(8.2) ﬁp = %gréopm Z Lpm (nl) e lpm (ns)

ni, - ,ns (mod p™)

nf+-+n¥=N (mod p™)

whenever the limit exists.
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Note that the sum above is the probability of the event n¥ + ..+ n* =
N (mod p™) when ny,--- ,ng are chosen according to the probability mea-
sure f;m. When o = 1 and p < y this reduces to the uniform measure. In
the appendix we will prove that the limit in does exist, and that the
following estimates on the local factors hold.

Proposition 8.4. The local factors (B, are well-defined for every p and

I3 =1
p

whenever o > 2k/s and s > so(k) for some constant so(k). Moreover, we
may take so(1) =3, s0(2) =5, s0(3) =5, and so(k) = O(k) for large k.

satisfy

To prove Theorem , let Q@ = (logz)” for some sufficiently large con-
stant A. Let 9 = M(Q, x) (recall (5.1))), and let m := [0,1) \ 9N be its
complement. By the circle method, the number of representations of N is

1
/ Ex(z,y;9)%e(—Nv)dd.
0
Theorem [2.4] is easily seen to follow from the two lemmas below.

Lemma 8.5 (Major arcs for Waring’s problem). Let the notations and
assumptions be as in the statement of Theorem[2.4), and let M be defined as

above. Then

[ Bt yet-vojao =t wo (5 TT 5+ 00, )

Lemma 8.6 (Minor arcs for Waring’s problem). Let the notations and
assumptions be as in the statement of Theorem and let m be defined

as above. Then
[ 1Eete 00 <, a0 )Q
for some ¢ = ¢(k) > 0.

Indeed, to deduce Theorem [2.4] from Lemmas and [8.6] it suffices to
take Q = (logx)? for some large enough A so that Q¢ < u;l. In the
remainder of this section, we prove the two lemmas.

8.1. Major arc analysis. We start by proving Lemma For 9 € M(q, a)
for some 0 < a < ¢ < @ and (a,q) = 1, write 9 = a/q + ¢ with |§] <
Qx~%¢7!. Then Q = ¢(1 + |§2*]) < Q. By Theorem 2.1/ we have

T k -1/k —a)+e, —
) = B0 0) o) 40 (@)
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for any € > 0. Since
(i)((smk, a)Ha/q(a) < Q—a/k—i-a < Q—l/k—i-l—a-i-e

by Lemmas [4.1] and [£.2] we have

/m(w) (M) e(—=NvJ)dy = Ha/q(oz)se(—aN/q)/ (52", a)'e(—N6)ds

\I’(ZE,y) 16| <Qa—Fq—1

+ O (uy—l / Q—s/k+2s(1—a)+ad5) .
[6]<Qaz—Fkg—1

For s > s¢(k), the exponent ¢ = s/k —2s(1 — «) — ¢ satisfies t > 2, and thus
the integral in the error term above is bounded by

q " / (1+ [02*])tdd < ¢ ™"
161<Qu—*q~

Moreover, we may extend the integral in the main term above to all of § € R
with an error O(z7%(Q/q)*~**/*) (see Lemma [8.7| below), so that

M Se _ = —a —14e1—sa/k u_l _t
/mt(qa)( U(z,y) ) (=N0)d " (BooHasq(@)’e(=aN/q) + O(¢™**Q +u,'q™).

Summing over all 0 < a < ¢ < @ with (a,q) = 1, we obtain

/m(Ek(x,y;ﬁ)ye(_w)dﬁ:x_k Y Z H,jq(a)*e(—alN/q) + O(Q* /" 4o h)

¥(z,y) 4<Q (a,q)=

since Y. ¢ "' = O(1). The restriction ¢ < @ in the sum above can be
removed with an error O(Q?*~**/k+¢) (see Lemma 8.8 below). Finally, for s >
so(k), the exponent 2 — sa/k is negative and bounded away from 0, and
thus the error O(Q***/**€) can be absorbed into O(u, ') if Q@ = (logz)*
with A large enough. This completes major arc analysis.

Lemma 8.7 (Truncated singular integral). Let the notations and assump-

tions be as above. For any A > 1, we have
/ i)(éxk, Oé)se(—N(;)d(s = x_k (Boo + O(Al—sa/k))‘
|6|<Az—k

Proof. After a change of variable, the left side above becomes

zF D(5, a)%e(— )
/5|<A(I>(5, )e(=4d)do

The conclusion of the lemma follows from the definition of 5., in (8.1]) and
the estimate

/ |©(6, )| dé <</ o*kds < Alee/k,
[6]>A [0]>A
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Lemma 8.8 (Truncated singular series). Let the notations and assumptions

be as above. For any QQ > 1, we have

Z Z Ha/q CLN/q Hﬁp + O <Q2—sa/k+a) )

q<Q (a,q)=1

Proof. In the appendix we will show that

Y > Hupgla)e(—aN/gq) = Hﬁp

7=1 (a,q)=1

The conclusion of the lemma then follows from

Z Z ’Ha/q(a)’5 < qu—sa/k-i-a < QQ_SOl/k‘—i-a.

¢>Q (a,q)=1 >Q

i

8.2. Minor arc analysis. Now we prove Lemma [8.6] bounding the minor

arc integral by

1
supIEk(w,y;??)lo'l-/ | By (z,y;9)*~*dv.
0

Jem
For s > so(k), the exponent s — 0.1 exceeds the threshold po(k) in Theo-
rem [2.3] so that the integral above can be bounded by O( (x,y)5" 01z Fk).
On the other hand, the minor arc estimate (Proposition [5.1)) implies that

sup | B (,y;0)| < ¥(z,y)Q "
em

This completes the proof of Lemma [8.6]

APPENDIX A. THE LOCAL FACTORS IN FRIABLE WARING’S PROBLEM

The aim of this appendix is to establish Propositions about local
factors, by first connecting (3, with exponential sums weighted by p,m=, and
then expressing the exponential sum in terms of the classical ones (corre-
sponding to y = x).

Let the notations and assumptions be as in the statement of Theorem[2.4]
and recall Definition 8.2 We have defined p, for ¢ = p™ a prime power.
Now extend g, multiplicatively to all g (so that fig,4,(b) = 1, (b)pg, (b) for
any b, whenever (g1, ¢2) = 1), and note that the value of y,(b) depends only
on (b,q). For 0 < a < q and (a,q) = 1, define the exponential sum

Stwiaa) = 3 me( %)

b (mod q)
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which should be compared with the exponential sum appearing in the clas-

sical Waring’s problem:
1 ab¥
S(q,a) = - Z e(—).
q b (mod q) q

Recall the definition of H,/,(cr) in (2.4)).

Lemma A.1. For any 0 < a < q and (a,q) = 1, we have S(x,y;a,q) =
Hapq(a).

Proof. By definitions, it suffices to show that for any b (mod ¢) with (b, q) =
dy; we have

_ fi(ds)
Halb) = d§2|q (didz)*p(q/dr)

P(did2)<y
As functions of ¢, both sides above are multiplicative in ¢, so that it suffices
to verify this for ¢ = p™ a prime power. This is a straightforward comparison
with the definition of fi,m (b). O

The following lemma says that the probability measure j,m» behaves well
under the natural projection Z/p™Z — Z/p™ ‘.

Lemma A.2. For any prime p, any integers 0 < ¢ < m, and any b € Z,
we have the identity
> (up™ ™ 4 b) = e (D).
u€Z/ptZ
Proof. First assume that (b, p™) < p™*. Then (up™ *+b,p™) = (b, p™) for
each u, and thus the sum is equal to p‘,m (b). This is easily seen to be equal

to piym—e(b) from the definition.
Now assume that (b, p™) > p™~‘. Then the sum becomes

S= > merwp™) = > o) ("),
u€Z/p'Z v=m—{

where p(p™~") is the number of b € Z/p™Z with (b,p™) = p*. If p > v,

then the only nonzero term in the sum above appears when ¢ = m, and

thus S = 1,—,, = pi,m-¢(0) as desired. If p <y, then

[y

m

S = Z S0(pm—v)()0(pm)—lp(l—oz)v(]_ _ p—a) +p—am _ p—a(m—Z) _ /me*5<0)7
v=m—~{

as desired. This completes the proof. O
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For any positive integer ¢, define

S(@)= Y. Sxyqa)e <_GN)— > Ha/q(a)3e<_aN).

a (mod ¢)* a (mod ¢)* 1

From the standard fact that

S(z,y;q,a)S(x, 54, d') = S(2,y;4¢, aq’ + d'q)
for (¢,q') = (a,q) = (¢’,¢') = 1, it follows that S(q) is multiplicative in g.

Lemma A.3. For any positive integer q, let M (q) be the number of solutions
tonf +---+n¥ =N (mod q) counted with weights given by p,:

M(q) = Z tg(na) - - - pg(ns).

ni, ns€L/GL
nF+-+nF=N (mod gq)

> S(d) = qM(q).

dlq

Then

Proof. Since both sides are multiplicative in ¢, it suffices to prove the asser-
tion when ¢ = p™ is a prime power. By orthogonality, we can write

M(q ;(Zuq ab’“/f]>s( —aN/q).

For any d | ¢, the contribution from those terms with (a,q) = d is

M) =2 <Zuq e(adttg) ) e(~adN/o).

q 1<a<gq/d =
(a,q/d)=1

Suppose that d = p° for some 0 < ¢ < m. If we write b = up™* + v for
some 1 < v < p™*fand 0 < u < p’, the inner sum over b becomes

pﬁil pmff 'm i
S il ohelant o) = 3 (Z o (™ 4) e p0) = 3557
u=0 v=1 b=1 u=0
by Lemma[A.2] It follows that
_ 1 —
My(p™) = — > Sla,y;p™ " a)e(—aN/p" ™) = —S(p™ ).
1<a<pm ¢ p
(a,p)=
This completes the proof. Il

The following lemma provides an upper bound for the exponential
sum S(z,y;q,a) by expressing it in terms of the classical sum S(q,a) (al-
ternatively, one may also proceed directly with the definition (2.4))).
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Lemma A.4. For any 0 < a < q with (a,q) = 1, we have
S (2,53 ¢,0)| < C¥@ge/k,
where C' > 1 is an absolute constant. In particular,
|S(q)] << ¢!k
for any € > 0.
Proof. By multiplicativity it suffices to prove these when ¢ = p™ is a prime

power. By definition we may express S(x,y;q,a) in terms of the classi-

cal S(q,a) as follows. If p > y, then
L (pS(p™,a) —1 if m <k
Staggra) = {ETOSOO D s
(PS®™,a) —SE™*,a)) ifm >k

p—1

If p <y, then
1 (1 _p_a)(l _ pa_l) —vo m—uv 1— p—a m
S(z,y:p™,a) = e > pS(p ’“,a)+1_p,15(p )
1<v<vg
1
pm—avo 1— pa—l) + (p(l—a)(m—l) -1 (1 . p—a) ’
e(p™) | ( ) }
where vy = [m/k]. Note that
1

So(pm) [pm—avo(l — pa—l) + (p(l—a)(m—l) o 1)(1 o p—oz)} < p—av0+p—am—1+a < p_am/k.

The claimed bound on S(z,y;q,a) follows from these using the classical
estimate |S(q, a)| < ¢~ /¥ (see [32, Theorem 4.2]) after some straightforward
algebra, and the claimed bound on S(q) follows by the triangle inequality.

O

Proof of Proposition[8.4. We start with justifying the existence of the limit
in the definition of £,. By Lemma[A.3] we have

(A1) B, = lim p"M(p™) = S(p").
=0

By Lemma [A.4] the infinite sum above is absolutely convergent, and more
precisely we have
18, — 1| < szz(ksa/ms) & plosalhte
>1

Hence the infinite product [], 8, converges for s > so(k).

It remains to show that 8, > 0 for each prime p. For p > y, this follows
from the bound on |B, — 1| above. For p <y, from the definition of j,m (b)
we have

1—p™@

—m

/me(b) > p ) 1 _p—l
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for any b. This shows that f3, is at least

1—p*\°
( 1—p! )
times the value of 3, in the classical case y = z, which is positive when s >
So(k) (see Lemma 2.12, 2.13, and 2.15 in [32]). O

Observe that by (A.1) and the multiplicativity of S(q), we have

[16=350= 3 Hyfla)e(-aN/g).

q=1 a (mod q)*

This was used in proving Lemma 8.8 in the major arc analysis.
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