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Abstract

Quantitative ultrasound (QUS) methods based on the backscatter coefficient (BSC) are typically model-based.
The BSC is estimated from experiments and is fit to a model. The fit parameters often are termed QUS estimates
and are used to characterize the scattering properties of the tissue under investigation. Nevertheless, for physical
interpretation of QUS estimates to be accurate, the scattering model chosen must also be accurate. The goal of this
work was to investigate the use of the structure factor model (SFM) to take into account coherent scattering from
dense concentration of scatterers. The study focuses on comparing the performance of two sparse models (fluid-filled
sphere and Gaussian) and one concentrated model (SFM) to estimate QUS parameters from simulations and cell
pellet biophantoms with a range of scatterer volume fractions. Results demonstrated the superiority of the SFM for
all investigated volume fractions (i.e., from 0.006 to 0.30). In particular, the sparse models underestimated scatterer
size and overestimated acoustic concentration when the volume fraction was greater than 0.12. In addition, the SFM
has the ability to provide the volume fraction and the relative impedance contrast (instead of only the acoustic
concentration provided by the sparse models), which could have a great benefit for tissue characterization. This
study demonstrates that the SFM could prove to be an invaluable tool for QUS and could help to more accurately

characterize tissue from ultrasound measurements.
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I. INTRODUCTION

Quantitative ultrasound (QUS) techniques based on the parametrization of the backscatter coefficient (BSC)
are now routinely used to characterize tissue. Specifically, a scattering model is fit to the estimated BSC and
the fit parameters can provide a meaningful description of the tissue microstructure (e.g., scatterer size, shape,
scattering strength, spatial organization, etc.) provided that the chosen scattering model is accurate for the tissue
under investigation. One of the most popular scattering models is the spherical Gaussian model (SGM) developed
by Lizzi et al. [1], [2]. This model describes tissue as a random medium composed of spherical structures having
continuous spherical impedance fluctuation following a spherical Gaussian curve. One of the key features of the
SGM is that fitting is computationally efficient [3] and yields two QUS estimates describing tissue microstructure:
the average effective scatterer size and the so-called acoustic concentration (i.e., the product of the scatterer number
density and the square of the relative impedance difference between the scatterers and the surrounding medium).
A second class of theoretical scattering models describes tissue as an ensemble of discrete scatterers. The discrete-
scattering approaches assume that the cells are the dominant source of scattering: a fluid-filled sphere models the
entire cell or the nucleus [12], [13] or two concentric spheres aim to model the cytoplasm and the nucleus [12]-[15].
Both classes of scattering models and their QUS estimates have been sucessfully used in a wide range of theoretical,
preclinical, and clinical studies. For example, QUS studies have been performed to assess tumors in the eye [4],
prostate [5], breast [3], [6], lymph nodes [7], [8], fatty liver [9] [10] and thyroid [11].

In all these aforementioned models, i.e., the SGM, the fluid-filled sphere model (FFSM) and the concentric sphere
model, the scatterers are assumed to be independently and randomly distributed, such that each scatterer individually
contributes to the backscattered power. As a result, there is no deterministic phase relationship between the waves
scattered by individual scatterers, a condition known as “incoherent scattering”. Therefore, the BSC is proportional
to the scatterer number density. This relationship has been used to compute estimates of scatterer size and acoustic
concentration.

However, despite the notable successes of QUS in differentiating between healthy and pathological tissues or
in detecting cancerous tumors, establishing a link between the actual cellular structures and the QUS parameters

describing the tissue microstructure often is difficult [12], [14]. This difficulty may originate from an unsuitable
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modeling either for the individual cell or for an ensemble of cells, or from a combination of both factors. This
work focuses on conditions under which the assumption of incoherent scattering is not fulfilled because of the
presence of densely packed scattering sources that introduce correlation between the phases of individually scattered
waves. Indeed, the assumption of randomly and independently distributed scatterers may not hold in tissues with
densely packed cells [16]. A model adapted to a concentrated medium is the structure factor model (SFM), which
has been used for ultrasonic characterization of blood [17], [18]. The SFM is based on the assumption that at
high volume fractions, interference effects are mainly caused by correlations among cell positions (i.e., caused
by coherent scattering), which are modeled using a structure function [17], [19]. Franceschini and Guillermin [20]
conducted ultrasound experiments in the 6-22 MHz frequency range on tissue-mimicking phantoms (i.e., microsphere
suspensions) with scatterer volume fractions ranging from 0.01 to 0.25. (In this paper [20], the volume fraction is
defined as a unitless quantity equal to the ratio of the total volume occupied by the scatterers to the total volume
of the medium under investigation.) This study revealed that the SFM was more suitable than scattering models
that do not account for the structure factor (i.e., the SGM or the discrete scattering model based on a Faran elastic-
sphere modeling [21]) to explain the BSC magnitude for concentrated media. Han and O’Brien [22] performed
measurements in the 11-105 MHz frequency range on cell pellet biophantoms (that consist of living cells embedded
in a plasma-thrombin matrix) with two volume fractions: a high volume fraction of approximately 0.74 and a volume
fraction sufficiently low that the structure factor is approximately equal to one. Experimental structure factors were
deduced from the measured BSCs of two cell volume fractions (one high and one low). The theoretical polydisperse
structure factor agreed with the experimental structure factors, demonstrating the major role of scatterer position
correlation on concentrated media. However, the approach based on the experimental structure factors proposed
in [22] cannot be implemented in clinical applications for tissue characterization because the volume fraction is
assumed to be known a priori and the reference measurement on a diluted medium composed of the same cell line
is required.

In a recent study [23], the SFM was used to further our understanding of the measured BSCs from cell pellet
biophantoms and in the identification of the cell structures responsible for scattering. A parameter-estimation
procedure was performed to estimate the scatterer size and relative impedance contrast that could explain the
measured BSC from all the studied cell volume fractions using the SFM or the classical FFSM. The scatterer sizes
estimated using this parameter estimation procedure were compared to the true cellular features in order to identify
the actual scattering. The study revealed that the FFSM is unable to accurately model the complex effects of the
change in volume fraction on the BSC, while the polydisperse SFM is fully capable to model these effects. The
fluid-sphere radii estimated with the polydisperse SFM match the actual whole-cell radii for the two cell lines

tested, showing that the whole cell plays a major role in the BSC behavior in this study.

In this paper, the aim was to evaluate the performance of two sparse models (SGM and FFSM) and one
concentrated model (SFM) to estimate QUS parameters using a direct method, which consists in fitting the measured

BSC from a tissue to a theoretical BSC. The ability of the SFM to estimate three parameters (i.e., the scatterer size,
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volume fraction and relative impedance contrast) instead of the two usual QUS parameters (i.e., the scatterer size
and acoustic concentration) was also investigated. This evaluation of scattering models was conducted on human
leukemia K562 cell pellet biophantoms and on computer simulations with a range of scatterer volume fractions.
The K562 cell pellet biophantoms are an excellent experimental tool to test the value of scattering models because
the biophantom structure is straightforward (i.e., consisting uniquely of cells) and the whole cells were identified to
be the sources of scattering [23]. The simulations mimic the experimental work to test our methods and inversion
algorithms under controlled conditions. Two distinct methods for estimating scatterer size and volume fraction with
the SFM are compared. The first method is more conventional and directly fit the SFM to the experimental BSC,
while the second method is original and fits a theoretical structure factor to the experimental structure factor. These

two methods are discussed and evaluated on experimental and simulated data.

II. ULTRASOUND SCATTERING THEORY
A. Scattering models for sparse media

SGM and FFSM assume a sparse distribution of scatterers. By considering an ensemble of scatterers differing
only in size that are randomly and independently distributed, the theoretical BSC using the SGM or the FFSM can

be expressed as the product of the BSC in the Rayleigh limit and the backscatter form factor F'F' [24] as follows:
BSChoya(k) = n [5" ov(k,x)f(z)dz

= nf> %FF(k,x)f(m)dw

)

where n is the scatterer number density, k is the wavenumber, o} is the differential backscattering cross section,
f is the probability density function of the scatterer radii denoted z, Vi(z) = 4/3wa® is the scatterer volume
and vy, is the relative acoustic impedance difference between scatterers and the surrounding tissue 7;%. The
fluid sphere form factor F'Ffg assumes that the scatterer is a homogeneous sphere filled with a fluid, whereas the
spherical Gaussian form factor F'Fsg hypothesizes a continuous Gaussian distribution with spherical symmetry of
relative impedance between the scatterer and the surrounding medium. So, in the case of the SGM, the radius z

corresponds to an effective scatterer radius. The form factors are defined as:

2
3
FFgs(k = —j1(2k fluid sphere),
s(k, x) [2]“]1( x)} (fluid sphere) )
FFs(k,z) = e 827" (Gaussian),

where 7; is the spherical Bessel function of the first kind of order 1. In the case of a monodisperse size distribution,
i.e., an ensemble of identical fluid spheres (or an ensemble of identical effective scatterers) of radius a, the theoretical
BSC using the FFSM (or the SGM, respectively) reduces to:

k4V,(a)

2,2
BSChonod(k) = nop(k,a) =n 2 e FF(k,a). 3)
T
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B. The structure factor model (SFM)

For a dense scattering medium, the increase in correlation among cells induces interference of the scattered waves
that can be modeled with the structure function. When considering a polydisperse size distribution, i.e., an ensemble
of scatterers differing only in size with radius « and scattering amplitudes ®(k, z), the BSC is given by [22, Eq.
(12)] [26]:

BSCspve (k) = 1[5 |®(k, )| f(2)dz+
n 7 [ @k, 21)®(k, x2)Hiz(k) f(x1) f (22)dz1das

where Hi, is the partial structure function. In the present study, we use the analytical expression of Eq. (4) that

“4)

exists when the scattering amplitude is derived from the fluid-filled sphere form factor [22, Eq. (A5)]:

o(k,z) = Zk [sin(2kz) — 2kacos(2kz)] , 5)

and when the scatterer size distribution follows a gamma probability density function [26]:

¢+1
f(g@(ﬂ?) = % (C—i_l> $<€7(<+1)m/a’ (6)

a
where a is the mean radius and ( is the gamma width factor, ( > —1, which measures the width of the distribution
(a large value of ( corresponds to a narrow size distribution). In the remainder of the paper, f will always be a
gamma probability density function and the subscript (¢, a) will be omitted.

The first integral in Eq. (4) represents the incoherent BSC [and is identical to Eq. (1)], whereas the second integral
represents the coherent BSC part originating from the spatial correlation in scatterer positions. The structure factor
is defined as the ratio between the (total) BSC and the incoherent BSC and can be written as [22, Eq. (13)]:

S(k) =
fO IS @k, 21)®(k, x2) Hia(k) f (21) f (2)d21ds (7N
Jo 1@k, ) f(a)de '

In the case of a monodisperse size distribution, i.e., an ensemble of identical fluid spheres of radius a, the BSC

is reduced to the following expression:
BSCSFMmonod(k) = n0b<k’ a)S(k,a, ¢)7 ®)

where the analytical expression of the structure factor S can be obtained as described in [20, Eq. (A1)-(A4)] based
on [25].

Ilustrative theoretical polydisperse structure factors given by Eq. (7) are plotted in Fig. 1 with the K562 structural
parameters (a=6.44 um and (=45; see Section III.A.) for three different volume fractions (i.e., 0.03, 0.30 and 0.74).
Also represented in Fig. 1 are the theoretical monodisperse structure factors given in [20, Eq. (A1)-(A4)]. Both
monodisperse and polydisperse curves have similar behaviors for scatterer volume fractions less than 0.30 and differ

for the largest volume fraction of 0.74.
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Fig. 1. Comparison between the theoretical monodisperse and polydisperse structure factors for the mean radius a=6.44 pym and the gamma

width factor (=45 for volume fractions of 0.03, 0.30 and 0.74.

ITI. MATERIALS AND METHODS
A. Experimental data on cell pellet biophantoms

Ultrasound backscattered signals were obtained from the experiments described in [23, section III]. These exper-
iments are briefly summarized in this section. Ultrasound experiments were conducted on cell pellet biophantoms
that consist of identical human leukemia K562 cells embedded in a plasma-thrombin supportive background with
different cell volume fractions of 0.006, 0.03, 0.06, 0.12, 0.18, 0.24 and 0.30. The concentrated biophantoms mimic
densely packed cells with controlled cell volume fractions and are simplified versions of real tissue since only a
single cell line is considered. Concerning the K562 cell size, measurements were made using a calibrated optical
microscope on 200 extracted nuclei and 120 whole cells randomly selected (see [23, Fig. 2]). The radius probability
distribution functions for nuclei and whole cells were well approximated by the gamma distribution (r2=0.94). The
mean radius and gamma width factor for whole cells were found to be equal to a=6.44 um and (=45.

Ultrasonic data were acquired using a high frequency ultrasound system (Vevo 770, Visualsonics Inc, Toronto,
Canada). Two probes, RMV 710 and RMV 703, were used in B-mode. For the RMV 710 and the RMV 703 probes,
the oscillating single-element focused circular transducers had center frequencies of 20 and 30 MHz with -6 dB
bandwidths of 10-32 and 18-42 MHz, focuses of 15 and 10 mm and f-numbers of 2.1 and 2.5, respectively. Raw
RF data were digitized at a sampling frequency of 500 MHz (8-bit precision) using a high-speed acquisition card
(CS11G8, Gage, Lockport, IL, USA).

During the experiments, the focus of each transducer was positioned 1 mm below the PBS/cell pellet biophantom
interface. A translation stage (Physik Instrument, model M-403.4PD, Karlsruhe, Germany) controlled the probe
motion. Six independent B-mode images were constructed from acquired RF echoes by translating the probe every
600 pm. Examples of these B-mode images obtained with the 20-MHz center frequency probe are provided in
[23, Figure 4]. For BSC estimation, 45 independent RF lines were selected, and the length of the signals gated

with a rectangular window corresponds to 10 pulse lengths for the RMV710 probe and to 15 pulse lengths for the
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Fig. 2. (a) Logarithm of the cost function F (a, ¢) for a fixed value of the relative impedance contrast v* for the monodisperse SFM obtained
from the experiment with an actual volume fraction of 0.03. The logarithm is shown here in order to increase the visual contrast. (b) Cost
function F(a*, ¢*,~.) with the monodisperse SFM for varying values of the relative impedance contrast v, (a* and ¢* being calculated for
each fixed value of ;). (¢) and (d) Same as (a) and (b) for the estimator 2 with the cost function F». (e) Measured BSCmeas With an actual

volume fraction of 0.03 (in solid line) and corresponding fitted curves obtained with the monodisperse SFM using the estimators 1 and 2.

RMV703 probe. The power spectra of the gated RF signals were then averaged to provide Pyeas. This procedure
was repeated for each probe and each biophantom. For each transducer, an experimental BSCheas Was computed
from Ppeas using the reference phantom method previously described [23, section III-C]. This procedure yielded a
BSChpeas for each probe in the same region-of-interest. The two BSClye,s Were then combined to yield a single

BSCeas over the combined bandwidth of the two transducers (i.e., 10-42 MHz).

B. Simulations

Three-dimensional (3D) simulations were performed to mimic the experimental data obtained from the K562
cell pellet biophantoms. Fluid-filled spheres with a gamma distribution were chosen to model K562 whole cells,
with a and ¢ chosen to be equal to a=6.44 pm and (=45 to be consistent with the gamma distribution parameters
measured optically as shown in [23, Fig. 2(d)]. The size of the simulated volume, Vj;,,, was fixed to 400 x 400
x 400 pm?3. The spheres were uniformly randomly distributed within V;,, using a Monte Carlo algorithm [27,
section II.B.A]. The periodic boundary conditions were imposed during this process, that means the spheres at the

boundaries of Vy;,,, could not overlap with the others at the opposite boundaries in order to remove the edge effects.
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The simulated BSCgy, was obtained using the following equation:
BSCqm(k) = nE Zcb koaj)e™2emi| | ©)

where E is the ensemble average, ® is the scattering amplitude given in Eq. (5), r; is the location of the jth sphere
and a; is the radius of the jth sphere. (Note that the right-hand side of Eq. (9) is technically a function of k and
not k, but that dependence disappears because of the ensemble average and the isotropic nature of the random
medium considered. For implementation, we specifically averaged along the three main axis directions.) N is the
total number of spheres and is obtained by forcing the prescribed volume fraction ¢ to satisfy:

Z;V L 4§ra3

o= T

(10)

and n is therefore the sphere number density equal to N/Vj;,,. The relative acoustic impedance difference was
chosen as 7,=0.051, as estimated by ultrasound in our previous study [23, Table II line 3]. The simulated BSCyp,
was computed by averaging over 100 realizations for averaging purposes.
The simulated polydisperse structure factor was then obtained as the ratio between the simulated BSCyn, given
in Eq. (9) and the incoherent BSC as obtained in Eq. (1) as follows:
ViimBSCyim (k)
N [° oo(k,x) f(z)da

For each tested volume fraction, this procedure was repeated ten times to obtain ten simulated BSCyy, and Sgn.

Ssim(k) = (1

C. QUS parameter estimation from the BSCs

For each studied volume fraction, the simulated or experimental BSC was fitted to a theoretical model to yield
estimates of the scatterer radius a* and acoustic concentration n* = (nvy2)* using the SGM or the FFSM, and
to yield estimates of a*, ¢* and v} using the SFM. For comparison with the SGM and the FFSM, the acoustic

concentration for the SFM was calculated as:

: E[Vs] %Mg*s 1.0661 472>

where the second equality comes from the expression of the third moment of a gamma distribution. (In the case of
the polydisperse modeling, the gamma width factor ¢ is assumed to be known a priori and equal to 45 in order to
reduce the number of unknown parameters in the inverse problem.) The above optimization procedure is in contrast
to our previous study [23, section III-D], where all volume fractions ¢ were used simultaneously to estimate a*
and ~y} and explain the measured BSCs from all the experimental BSC data.

For optimization, two strategies were investigated:

1) Estimator 1: The first optimization strategy determines the QUS estimates by minimizing the relative mean
error between the measured BSCheys and the theoretical B.SClipeo:

ZHBSCmeaS ) BSCtheO(kj)||2
BSCmeds( ) .

13)
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2) Estimator 2: The second optimization strategy determines the QUS estimates by fitting the measured BSClyeas

with the theoretical B.SClyeo, i.€., by minimizing the cost function:
Fy, = ZHBSCmeaS(kj) - BSCtheO(kj)”% (14)
J

The BSCineo is given by Egs. (1) and (2) for the SGM and the FFSM and by Eq. (4) for the SFM in the
polydisperse case, and given by Eq. (3) for the SGM and the FFSM and by Eq. (8) for the SFM in the monodisperse
case. The cost functions were minimized over the 10-42 MHz range (corresponding to a product ka ranging from
0.26 to 1.10, for a=6.44 um). Note that because at low frequencies (i.e., near Rayleigh scattering regime), the BSC
is nearly proportional to k%, estimator 1 essentially weights all frequencies equally and essentially sums up relative
errors, whereas estimator 2 penalizes large absolute differences at high frequencies more severely.

For both estimators, the fitting procedure was performed by using the minimization routine “fminsearch” in
MATLAB (The MathWorks, Inc., Natick, MA), i.e., a Nelder-Mead simplex method. Both estimators provide
empirically cost functions having a unique global minimum as observed by plotting the cost function surfaces. A

representative example is shown in Fig. 2 for the monodisperse SFM.

D. QUS parameter estimation from the experimental structure factors

The method proposed in section III-C aims to estimate the tissue microstructure from the BSC measurements.
An alternative approach was recently proposed by Han and O’Brien [22] based on the experimental structure factor
(rather than the entire BSC). To obtain the experimental structure factor, two measurements of biophantoms with
two different volume fractions are required: a lower volume fraction for a reference purpose and another volume
fraction under consideration. Note that the lower volume fraction is chosen to be sufficiently low such that the
structure factor is assumed to be unity (incoherent scattering). The structure factor was obtained experimentally by

Seas (k) = Ny, BSCrneas (k) _ P BS Crmeas (F)
meas = nBSCmeas,L(k) o ¢BSCmeas,L(k)

where np, ¢ and BSCiess are the number density, the volume fraction and the measured BSC for the lower

15)

volume fraction studied (equal to 0.006), and n, ¢ and BSCi,e,s represent the number density, the volume fraction
and the measured BSC for the volume fraction under consideration (¢.>0.03). To improve the signal-to-noise
ratio (SNR), the BSCness1. Was averaged over the six measurements (corresponding to the six acquired B-mode
images), such that the power spectrum P, resulted from the average over 600 power spectra of the backscattered
RF echoes. The advantage of studying the experimental structure factor rather than the measured BSC is that
the effect of spatial scatterer position correlation on scattering can be investigated separately, since the acoustic
impedance contrast between the scatterer and the surrounding medium is not affecting the experimental structure
factor. The procedure described below consists of assessing the scatterer size and volume fraction using the weighted
experimental structure factor defined as Smeas(k) = 1Smeas(k) = nLBSCheas(k)/BSCheasp(k), and then of

assessing the relative impedance difference using the experimental BSCs.
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Fig. 3. (a) Logarithm of the cost function C(a, ¢) showing two minima obtained from the experiments performed with an actual volume
fraction of 0.06. (b) Examples of the logarithm of the cost function C(a*, ¢) for varying values of ¢ (a* being calculated for each fixed value
of ¢). (c) Measured BSCs with an actual volume fraction of 0.06 (in solid line) and corresponding fitted curves obtained from the combined
approach based on both Smeas and BSClheas. (d) Logarithm of the cost function C(a, ¢) showing one minimum obtained from the experiments
performed with an actual volume fraction of 0.30. (e) Same as (b) for the actual volume fraction of 0.30. (f) Same as (c) for the actual volume

fraction of 0.30.

For each studied volume fraction, the mean radius a and the volume fraction ¢ were simultaneously estimated

by minimizing the cost function:
C(CL, ¢) = Z”Smeas(kj) - nStheo(kj)||2v (16)
J

over the frequency range from 10 to 42 MHz using “fininsearch”. Note that the gamma width factor is assumed
to be known a priori ((=45), when using the polydisperse structure factor. The cost function can display two local
minima as observed by plotting the cost function surfaces. Figures 3(a) and 3(b) give an example of a cost function
surface C(a, ) showing two minima obtained from the experiments performed with an actual volume fraction of
0.06. Because the cost functions can display two minima, we searched for two estimates (a,¢7) and (a3,¢5) using

fminsearch. The structural parameter value obtained (aj,®7) [or (a3,¢3), respectively] corresponds to the minimum
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10

of the cost function obtained with an initial volume fraction of ¢"***=0.001 [or ¢*™¥'=0.5] at the beginning of the
minimization routine. Note that for true volume fractions greater than 0.18, the values of C(a}, ¢7) and C(a}, ¢3)
are equal, i.e., the cost function displays one minimum as shown in the example in Figs. 3(d) and 3(e).

Once the structural parameters (a7,¢7) and (a3,¢3) were obtained from the weighted experimental structure factor
Smeas,» the corresponding relative impedance contrast vz, and 'yj’z were estimated by fitting the measured BSClyeas
with the theoretical BSCsgy given by Eq. (4) in the polydisperse case (or given by Eq. (8) for the SEM in the
monodisperse case). Finally, the values of the cost functions F(aj, ¢7,7;,) and Fi(a3, ¢3,7;,) were compared
to select the smallest cost function and obtain one set of structural parameters (a*, ¢*,v%).

Another simpler procedure consists in estimating the scatterer radius from the experimental structure factor given
in Eq. (15), assuming that the volume fraction (as well as the gamma width factor in the polydisperse inversion
case) are known a priori. While this approach is unlikely to be used in clinical applications of the SFM for tissue
characterization, the results provide interesting insights on the behavior of experimental structure factor in general

and are presented in the Appendix.

IV. RESULTS
A. QUS estimates from the BSCs

Figure 4 shows the simulated BSCy;,, (symbols on the top row) and the experimental B.SCipe,s (solid lines on the
bottom row) in the 10-42 MHz frequency bandwidth. The BSC curves were averaged over the ten simulations for
the simulated data and over the six measurements (corresponding to the six acquired B-mode images as described in
Section III-A) for the experiments. Also represented are corresponding fitted curves (dashed lines) obtained with the
polydisperse and the monodisperse SFM using estimator 1. The polydisperse and monodisperse SFM gave identical
fitting curves that match very well with the measured BSC curves for all the studied volume fractions.

Figures 5 show the three parameters a*, ¢* and ~; estimated simultaneously with the polydisperse and the
monodisperse SFM for the simulated data and the experimental data. The QUS parameters were estimated using
both estimators 1 and 2 given in Eqgs. (13) and (14). These estimated QUS parameters were compared to the
true scatterer radius equal to a = 6.44 pum as estimated by optical observations, and the true relative impedance
difference was equal to v, = 0.051 as assessed by ultrasound in our previous study [23, Table II line 3]. This
relative impedance value was assessed using a specific parameter-estimation procedure to estimate the scatterer size
and relative impedance contrast that could explain the measured BSC from all the studied cell volume fractions
[23].

For the simulated data (top row of Fig. 5), both estimators gave quasi-identical estimates, except for the smallest
true volume fraction of 0.006. When using the polydisperse SFM, the estimated QUS parameters match very
well with the true parameters, whatever the studied volume fraction, with relative errors less than 10% (except
for the impedance contrast estimates with the two smallest volume fractions of 0.006 and 0.03). When using
the monodisperse SFM, the radius and impedance contrast estimates were overestimated and the volume fraction

estimates were underestimated. For both polydisperse and monodisperse modelings, it is interesting to note that
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the standard deviations obtained for the impedance contrast estimates are larger for the three smallest true volume
fractions.

For the experimental data (bottom row of Fig. 5), the QUS parameter estimates are similar with both estimators
(using the polydisperse or monodisperse SEM) for true highest volume fractions ¢.>0.12. In contrast, as discussed
later in section V-E, the two estimators yielded different QUS estimates for true volume fractions of 0.03 and
0.06. For all investigated volume fractions, radius estimates are overestimated with values comprised between 7.87
and 9.51um (corresponding to relative errors comprised between 22% and 47%), volume fraction estimates are
overestimated, and impedance contrast are underestimated (except for true volume fractions of 0.03 and 0.06 using
estimator 1). Nevertheless, excellent correlations (R2>0.88) were found between the estimated and true cell volume
fraction for the polydisperse or monodisperse SFM, whatever the estimator tested.

The two structural parameters a* and ¢* were also estimated with the SFM when the relative impedance contrast
is assumed to be known a priori and fixed to v, = 0.051. Figure 6 summarizes the results. For the simulated data,
excellent agreements were obtained between the estimated and true QUS parameters when using the polydisperse
modeling, with relative errors less than 3%. The estimated radii (and volume fractions, respectively) were slightly
overestimated (and underestimated, respectively) when using the monodisperse modeling, but the relative errors are
reasonably small: less than 11% for the radius and less than 19% for the volume fraction. For the experimental
data, both estimators yield similar QUS parameters for all studied volume fractions, contrary to the results obtained
previously in the bottom panel of Fig. 5 where all three QUS parameters were estimated simultaneously. In addition,
for true volume fractions smaller than 0.12, the volume fraction estimates are greatly improved when compared to
those obtained previously when the relative impedance contrast was estimated together with the volume fraction
and the scatterer radius. For example, when using the monodisperse SFM with the estimator 2, the relative errors
for the volume fractions are comprised between 0.9 and 27% (against relative errors comprised between 52 and
431% in the bottom panel of Fig. 5).

*

Thereafter, we compared the radius a* and the acoustic concentration (n,)* estimated by the three scattering
models: the SGM, the FFSM and the SFM (Fig. 7). Both polydisperse and monodisperse modeling gave similar
results for the three scattering models (data not shown in the monodisperse case). The three models gave similar
scatterer radius and acoustic concentration estimates for the smallest ¢.<0.06, but the SGM and the FFSM
underestimate the cellular size and overestimate the acoustic concentration for the highest volume fractions, ¢.>0.12
(see red and green lines in Fig. 7). One can notice that the radius estimated by the classical models decreases as
the cellular volume fraction increases, whereas the radius is generally estimated around 8.18um when using the
SFM, whatever the studied volume fraction. Only the acoustic concentrations estimated with the SFM agree well
with the expected acoustic concentration whatever the volume fractions tested with relative errors between 6% and
19% (see magenta and blue lines in Fig. 7). Note that the SFM slightly underestimates the acoustic concentration

and this can be explained by the overestimation of the scatterer radius (with relative errors between 22% and 47%).

We also computed the goodness-of-fit statistic of each model to the experimental data BSC,,s (as defined in Eq.
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Fig. 4. Top row: Simulated BSCs obtained using Eq. (9) (symbols) and corresponding fitted curves (dashed lines) obtained with the polydisperse
and the monodisperse SFM using estimator 1. Bottom row: Experimental measured BSCs from K562 cell pellet biophantoms (solid lines) and
corresponding fitted curves (dashed lines) obtained with the polydisperse and the monodisperse SFM using estimator 1. Note that the fitted

curves obtained with the polydisperse and the monodisperse SFM are superimposed.

(2) in Ref. 12). The SFM provided the best fit to the data with goodness-of-fit statistics approximatively equal to
0.94 for all the studied cell volume fractions (in comparison the goodness-of-fit statistics was between 0.77 and

0.85 for the SGM and FFSM).

B. Comparison of the experimental and theoretical structure factors

Figure 8 represents the simulated structure factors and the experimental structure factors obtained from the K562
cell pellet biophantoms at various cell volume fractions. One can observe that as the volume fraction increases, the
structure factor curves become smoother. The simulated structure factor for the smallest volume fraction of 0.006
is approximately equal to 1 at all frequencies (i.e., comprised between 0.93 and 1.02), as expected.

The simulated and experimental structure factors were compared to two theoretical structure factors (Fig. 8):
the polydisperse structure factor computed analytically as given in Eq. (7), and the monodisperse structure factor
computed analytically as established in [25]. The theoretical structure factors use the K562 structural parameters
(a=6.44 pum and (=45) for different volume fractions ¢. of 0.03, 0.06, 0.12, 0.18, 0.24 and 0.30. Since the product
ka is less than 1.12 (0.26< ka <1.10 in the 10-42 MHz frequency range), the major peaks showed in Fig. 1 are

not visible. The simulated structure factors correspond very well to the theoretical polydisperse modeling, as was
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Fig. 5. Parameters (a*, ¢*, ;) obtained from the inversion procedure based on the measured BSCs and estimated by the polydisperse or the
monodisperse SFM using both estimators 1 and 2. Top row: results obtained from the simulated data. Bottom row: results obtained from the

experimental data.

expected. The theoretical structure factors show good agreement (R?>0.82) with the experimental structure factors
for the cell volume fractions ¢.>0.12, but not for the two lowest volume fractions of 0.03 and 0.06 for which the
correlation coefficients R? are less than 0.45 [see Fig. 8(b)]. Another noticeable difference is that the experimental
curves present a larger magnitude for frequencies more than 35 MHz in comparison with the theoretical curves in
the majority of the studied volume fractions. The polydisperse modeling gives better results since the magnitudes
of the theoretical structure functions are larger in the polydisperse case than in the monodisperse case, especially

for concentrated media.

C. QUS estimates from the experimental structure factors

Figure 9 shows the estimated structural parameters a*, ¢* and <y} using the method described in section III-D.
Both monodisperse and polydisperse modeling give similar results. QUS parameters estimated from the simulated
data agree very well with the true QUS parameters, except for the smallest true volume fraction of 0.006 for which
the impedance contrast was overestimated. The structural parameters (a*,¢*) obtained from the experimental data
give relative absolute errors of less than 30%, except for the true cell volume fractions of 0.12 and 0.18 for which the

relative absolute error is around 43% for the volume fraction estimation. For the experimental data, the impedance
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Fig. 6. Parameters (a*, ¢*) obtained from the inversion procedure based on the measured BSCs using the polydisperse or monodisperse SFM
when the relative impedance contrast is assumed to be known a priori (v, = 0.051). Top row: results obtained from the simulated data. Bottom

row: results obtained from the experimental data.

contrast v; is estimated between 0.019 and 0.060, which is in a reasonable range of values when compared to the
expected impedance contrast of 0.051 estimated by ultrasound using a specific inversion procedure in our previous

study [23, Table II line 3].

V. DISCUSSION AND CONCLUSION
A. Comparison of the SGM, FFSM and SFM

Three scattering models, namely the SGM, the FFSM and the SFM, were examined to estimate scatterer size and
acoustic concentration, as shown in Fig. 7. The SGM and the FFSM did not yield accurate structural parameters with
relative errors more than 200% for the highest volume fractions ¢.>0.12, whereas the SEM permitted satisfactory
estimation of the acoustic concentrations with relative errors between 6 and 19% for cell volume fractions ranging
from 0.006 to 0.30, i.e., for diluted and concentrated cell pellet biophantoms. In addition, the ability of the SFM to
estimate three parameters (i.e., the scatterer size, volume fraction and relative impedance contrast) was assessed by
using two approaches: a direct approach which consisted of fitting the measured B.SCieys to estimate simultaneously
the three parameters, and a combined approach which consisted of estimating the parameters a* and ¢* from
the experimental structure factor, and then estimating the corresponding relative impedance contrast -y, from the
measured B.SCeas. The direct approach based on the simulated BSCy, gave similar estimates whatever estimator

was used (top row of Fig. 5), whereas the results based on the measured BSCy,e,s Were dependent on the tested
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plotted. Top row: results obtained from the simulated data. Bottom row: results obtained from the experimental data.

estimators, especially for the true smallest volume fractions (¢.<0.06) (bottom row of Fig. 5). When considering
the experimental data, the direct approach yielded the best volume fraction estimates when using the monodisperse
SFM (using estimators 1 or 2) for the true largest volume fraction (i.e., 0.24 and 0.30) with relative errors between
15% and 24%. The use of the combined approach with the polydisperse or the monodisperse SFM resulted in better
volume fraction estimates when compared to the direct approach, especially for the two smallest volume fractions
(i.e., 0.03 and 0.06) with relative errors smaller than 30% (as shown in Fig. 9). (Results obtained with the combined
approach were even better for the simulated media with relative errors less than 11% for a* and ¢* at volume

fractions ranging from 0.006 to 0.30.)

B. On the use of the comparison between sparse models and concentrated model

Note that even if the SFM did not provide quantitatively satisfactory estimates for diluted media when the three
QUS parameters are estimated simultaneously, the acoustic concentration estimated with the SFM matches well with

the expected acoustic concentration for all the cell volume fractions studied using both estimators. The comparison
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as computed in Eq. (15). Also represented are the theoretical structure factors (dotted lines for the monodisperse model and dashed lines for

the polydisperse model) for the different volume fractions studied.

of FFSM, SGM and SFM demonstrates the superiority of the SFM for estimating the scatterer size and the acoustic
concentration for diluted and concentrated media, as shown in Fig. 7. Since the three scattering models give similar
QUS parameters for diluted media (¢.<0.12), one could compare the results from these three models in order to
distinguish between diluted and concentrated media; if the structural parameters are similar with the SFM and a
sparse scattering model (i.e., the SGM or the FFSM), then the medium can be considered to be diluted, and if the
structural parameters differ, the medium can be considered to be concentrated. When a concentrated medium is

identified, the simultaneous estimation of the three parameters with the SFM is reliable.

C. Experimental and theoretical structure factor

The discrepancies between the experimental and theoretical structure factors shown in Fig. 8(b) for frequencies
higher than 35 MHz (i.e., for a product ka larger than 0.9) could be due to an inaccurate assumption on the
cell shape in the polydisperse modeling. Indeed, the polydisperse structure factor is dependent on the scattering
amplitude, derived here from the fluid-filled sphere form factor. The fluid-filled sphere assumption might be less
reliable for modeling the shape and structure of cells, especially for a ka value close to 1. Moreover, the polydisperse
modeling used herein remains isotropic and does not consider the polydispersity in terms of cell shape. In addition,

inaccuracies in the expected parameters could contribute to the discrepancies. The mean radius and the gamma
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Fig. 9. Parameters (a*, ¢*, v}) obtained from the inversion procedure based on the combined approach based on both structure factors and
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width factor were obtained by fitting the whole cell-size distribution estimated by optical microscope observation
[23, Fig. 2] and if, for instance, the mean radius or the gamma width factor was underestimated, then the magnitude
of the theoretical structure functions would be underestimated. Also, the true volume fraction values for cell pellet
biophantoms used throughout the studies were estimated by using the Scepter 2.0 cell counter (Millipore, Molsheim,
France) [23, section III.A] and could also have uncertainty.

Concerning the two lowest volume fractions of 0.03 and 0.06 with 0.006 being used as the reference in Eq. (15),
the experimental structure factor curves look relatively distorted compared to the other curves, because of the lower
SNR for the smallest volume fractions. The lower number of scatterers reduced the SNR by about 9 dB for the
smallest volume fraction when compared to the larger volume fractions. Also, simulated and experimental structure
functions become smoother as the volume fraction increases (Fig. 8). This can be attributed to the increase in
scatterer number density as the volume fraction increases (because the ensemble averaging is performed on a much
larger number of phasors associated with the scatterer locations). In this study and for the volume fractions evaluated,
the simulated structure functions were computed by averaging over 1000 realizations, and the experimental structure
functions were obtained from approximately 100 independent backscattered signals. To obtain smoother curves at
low volume fractions, the number of realizations for the simulated data (or the number of backscattered signals

from different regions-of-interest for the experimental data) must be increased.
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D. Estimator choice

Two estimators were studied to obtain the QUS parameters when using the direct method based on the fitting of
the measured BSClyeas [see Egs. (13) and (14)]. As shown in Fig. 2, the cost function behaviors obtained by both
estimators for the same raw data are different. Investigators interested in using the SFM for clinical studies have
to decide which estimator to use. On one side, estimator 2 puts a higher weight on absolute errors in the higher
frequencies, but clearly from a numerical implementation standpoint, the cost function seems to be much better
behaved with a clear attraction basin near the minimum. Nevertheless, a few criteria can be used to choose the
estimator depending on the clinical situation. For example, in the studies presented here, the SNR was satisfactory
and the frequency bandwidth used to fit the BSC was large (i.e., 10-42 MHz), therefore estimator 1 could be
used to produce estimates enforcing good fidelity of the BSC at high frequencies. In in vivo clinical applications
where independent data acquired from large tissue areas having stationary ultrasound scattering properties (for
SNR improvement via spectral averaging) may be unavailable or where using two transducers (for larger fitting
bandwidth) may be unpractical, estimator 2 should probably be used. Similarly, in an experimental situation where
the noise is indeed white and independent of the BSC amplitude, the use of estimator 2 should be favored. In fact,
this rationale probably explains why the basin of attraction shown in Figure 2c for estimator 2 is steeper than that
of estimator 1. Another point to consider is what is hypothesized to be the scattering source, because one could
weight frequencies in the cost functions according to the expected resonance peaks in the BSC. Finally, several
novel methods exist to reduce the noise in the experimentally estimated BSC and as outlined above, the noise is
an important factor in the choice of an estimator. For instance, angular compounding uses data acquired from the
same tissue region but different angles of incidence to obtain more independent data (under the isotropic scattering
assumption) [28], [29]. Finally, signal processing techniques such as multitaper or Welch’s methods can be used to

reduce noise in the estimated power spectra at the expense of longer computational time [30], [31].

E. On the use of the structure factor model

One of the characteristics of the SFM is the ability to estimate simultaneously three parameters: the radius a,
the volume fraction ¢ and the relative impedance contrast .. When using the monodisperse SFM, the frequency
dependent BSC behavior depends on the product o (k, a)S(k, a, ), whereas it depends only on o3 (k, a) when using
the classical models (SGM or FFSM). For concentrated media, the structure factor S(k, a, ¢) strongly modifies the
frequency dependence of the BSC; this could allow separately estimating the volume fraction and the impedance
contrast. As expected, we found that the estimation of structural parameters is more robust for concentrated media
because the two estimators provide similar volume fractions for ¢.>0.12, as shown in Fig. 5. However, when
the medium is diluted, the structure factor is approximately equal to 1 at all frequencies, and the SFM cannot
satisfactorily estimate the three parameters a, ¢ and ,. That is why the QUS parameter estimates are more
dependent on the used estimator for the smallest volume fractions ¢.<0.06. Although both estimators provide a
good fitting of curves to the measured B.SCieqs, as shown in Fig. 2(e), the parameter estimations obtained by the

two estimators are very different for the true volume fractions of 0.03 and 0.06; the estimated radii and volume
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fractions match quite well with the true parameters (with relative errors of less than 15% for the radius and less than
37% for the polydisperse SFM) together with the overestimation of the impedance contrast when using estimator 1,
whereas the estimated radii and volume fractions are largely overestimated together with the underestimation of the
impedance contrast when using estimator 2. This phenomenon can be explained by the difficulty in simultaneously
evaluating three parameters that can have the same effect on the BSC behavior as explained below. Using the SFM
for ka<1, an increase in a has the effect of decreasing the spectral slope, whereas an increase in ¢ has the effect of
increasing the spectral slope, as shown by the plot of the structure factor in Fig. 1. That is why an overestimation

of ¢ leads to an overestimation of a and the overestimation of a leads to underestimation of ..

One could also observe that the parameter estimation procedure was limited to three parameters (a, ¢ and 7, ) when
considering the SFM. For the particular case of the polydisperse SFM, the gamma width factor ¢ was assumed to
be known a priori in order to reduce the number of unknown parameters. Indeed, when the simultaneous estimation
of the four parameters (a, ¢, ¢ and y,) was performed using the polydisperse SFM (data not shown), the global
minimum could show either an overestimation of ¢ for which the parameter estimates are close to the estimates
obtained with the monodisperse SFM, or an underestimation of ¢ which could bring large relative errors (greater
than 200%) on the other estimates (data not shown). The present study shows that the use of the monodisperse
SEM or the polydisperse SEM (when ( is known a priori) gave similar results for the studied structural parameters
(a=6.44 pm, (=45 and 0.006<¢$<0.30) when the product ka is less than 1.1 (Fig. 5). Therefore, one could arguably
use the monodisperse SFM for the estimation of structural parameters in in vivo clinical applications. However,
further studies are required to determine the estimate biases when using the monodisperse SFM for wider size

distribution ((<10) and for greater volume fractions (¢>0.30).

Another topic of interest is the robustness of the SFM when used on real tumors. Cell pellet biophantoms are
probably a reasonable approximation of real tissues within uniform regions; for instance, a recent study demonstrated
that the BSC of a homogeneous tumor (i.e., with limited extracellular matrix and no necrosis) is similar to that of a
cell pellet biophantom of the same cell type [13]. At the moment, the SFM is definitively an improvement over the
sparse models (FFSM and SGM) for modeling high cellular content in simple tumor composed of a single cell line.
However, tumors can have very complex structures (e.g., extracellular matrix, several cell lines, microvasculature,
etc) that may play a role in tumor backscatter [13]. In particular, sources of coherent scattering (e.g., periodically non-
randomly located scatterers and specular reflectors coming from blood vessels or organ boundaries) invalidate the
assumption of uniformly randomly distributed scatterers and can significantly affect the QUS parameters estimated
with the SFM. To reduce the effect of coherent scattering, Luchies et al. [32] proposed a segmentation technique
in order to identify and remove the non-diffuse echoes from the QUS analysis. The technique proposed in [32] can

be used to detect data blocks with non-diffuse echoes and remove them for the QUS analysis using the SFM.

April 3, 2016 DRAFT



20

F. On the bias and variance of estimates obtained using SFM

The goal of the QUS estimates obtained using the SFM approach is to ultimately characterize tissue within the
framework of a clinical application (e.g., cancer detection or staging). Our studies strongly support the idea that the
use of simple SGM can yield tremendous errors when coherent scattering caused by dense medium is present (see
Fig. 7), and could therefore mitigate any possible clinical benefits of QUS for the characterization of tumors/tissues
with densely packed cells. In fact, the results indicate that even in the case of sparse media, our SFM-based approach
provides better results. In particular, the bias of the radius and acoustic concentration estimates are much greater
when SGM is used instead of SFM. In addition, the simulation results shown in the top rows of Figs. 5 and 7
demonstrate that biases and variances are very satisfactory for a* and ¢*: relative errors were less than 11% and
the variance for ¢* equals 5x10~° for ¢.=0.006 and is less than 8x10~* for ¢.<0.03. As expected, biases and
variances obtained using the experimental data were larger than those obtained in the simulations, which can be
attributed to small inaccuracies in the expected QUS parameters (such as the true mean radius or gamma width
factor as discussed previously in V-C). Further study should be carried out to investigate theoretically the variance
of QUS estimates with the SFM. Nevertheless, the simulation results already provide some insight on what is to be
expected (top row of Fig. 5). For example, when the volume faction is low, the effects of the SFM on the BSC are
limited because the structure factor is approximately equal to 1 at all frequencies. Therefore, we expect the variance
to be strongly dependent on the volume fraction (i.e., variance increases when the volume fraction decreases); see,
for example, the large variances obtained for the impedance contrast estimates for the three smallest true volume
fractions (top row of Fig. 5). Finally, we believe that our estimates still have clinical value for tissue characterization
because they show quantitative differences between different media. In fact, the experiments presented herein are
a challenging case for an eventual clinical application of QUS, because the only assumed change between the
investigated media is the volume fraction. For instance, if our SFM methods were to be used in the framework
of cancer detection and characterization, we believe that in addition to a change in volume fraction, a change in
scatterers could also occur providing another source of BSC contrast. This additional BSC contrast would most
likely be misinterpreted by the SGM (or other sparse scattering models), while the SFM would be able to accurately

separate these two sources of contrast.

G. Concluding remarks

In summary, this study demonstrated the satisfactory performance of the SFM even in the case of sparse media.
Results also demonstrated the SFM superiority over sparse scattering models such as the SGM. This superiority
was demonstrated not only by how much better the estimates agreed with the true value, but also in the improved
goodness of fit between the experimental BSCl,e,s and the theoretical BSCye, based on the SFM. Therefore, the
methods described here could be used to obtain QUS estimates of tissue microstructure with better accuracy as
well as provide better ultrasound tissue characterization tools. In general, histology photomicrographs of tumors

and tissues often show densely packed cells. Thus, we can reasonably assume that the SFM is a more-appropriate
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TABLE I
ESTIMATION OF THE SCATTERER SIZE BASED ON THE INVERSION PROCEDURE BASED ON THE EXPERIMENTAL STRUCTURE FACTOR USING
THE MONODISPERSE OR THE POLYDISPERSE ANALYTICAL STRUCTURE FACTOR FOR THE SIMULATED DATA (LINES 1 AND 2) AND FOR THE

EXPERIMENTAL DATA (LINES 3 AND 4). THE * SYMBOL SIGNIFIES THAT THE SIZES ESTIMATED BY THE MONODISPERSE AND POLYDISPERE

MODELS WERE STATISTICALLY SIGNIFICANTLY DIFFERENT (P-VALUE<0.05).

$e =0.006 $e =0.03 $e =0.06 $e =0.12 $e =0.18 $e =0.24 $e =0.30
1 | Polydisperse | a* (um) | 7.27 £ 4.92 | 621 & 0.43* | 643 £ 021* | 634 £ 0.11* | 643 £ 0.11* | 6.46 & 0.05* | 6.53 & 0.07*
2 | Monodisperse | a* (um) | 7.76 £ 530 | 6.72 £ 045* | 6.94 & 0.22* | 6.83 £ 0.10* | 691 £ 0.11* | 6.94 £ 0.05* | 7.05 £ 0.06*
3 | Polydisperse | a* (um) - 347 £ 047 | 694 £ 024* | 7.09 £ 030% | 7.13 £ 0.11* | 647 £ 0.17* | 6.99 £ 0.12*
4 | Monodisperse | a* (um) - 333+ 116 | 747 £ 024* | 7.62 £ 031% | 7.66 + 0.12* | 7.00 £ 0.17* | 7.54 £ 0.11*

model to use for modeling densely packed cellular content in tumors and a wide range of other tissues. For future
applications to soft tissue, the combined approach based on the experimental structure factors cannot be implemented
in a clinical setting because of the unavailability of a reference BSC measurement on a diluted medium composed
of the same cell line, but the direct SFM approach based on the measured BSCieys is original and promising. The
QUS estimates derived from the direct approach with the SFM could better characterize tissue types and prove

invaluable for assessing disease, detecting tumors, or monitoring treatment in vivo using clinical ultrasound systems.

APPENDIX

This appendix presents the estimates of the scatterer radius obtained from the experimental structure factor given
in Eq. (15), assuming that the volume fraction (as well as the gamma width factor in the polydisperse inversion
case) are known a priori.

For each studied volume fraction, the scatterer radius was determined by fitting the experimental structure factor
Smeas With the analytical monodisperse structure factor (or, with the analytical polydisperse structure factor), i.e.,
by minimizing the cost function:

C(a) =Y | Smeas(kj) = Stneo(k;)II%, (17)
J

over the frequency range from 10 to 42 MHz. Here also, optimization was performed by using “fiminsearch”.
Empirical investigations revealed that the cost function has a unique global minimum as observed by plotting the

cost function surfaces (data not shown).

Table I summarizes the mean scatterer size estimates for the simulated data (lines 1-2) and for the experimental
data (lines 3-4). When using the polydisperse modeling, the estimated radius of the scatterer size was estimated
between 6.21 and 6.53 pum for ¢.>0.03 for the simulated data and between 6.47 and 7.13 um for ¢.>0.06 for
the experimental data. So the radius estimates agree well with the true radius of the K562 whole cells, with a
maximum relative error of 11%. When using the monodisperse modeling, the radius estimates are slightly larger

with a maximum relative error of 19%. Comparison of radius estimates obtained from both polydisperse and
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monodisperse SFM using a t-test showed a statistically significant difference in radius value (p-value<0.05), except

*

for the smallest volume fractions (as shown by the * symbols in Table I). Table I also demonstrates that the

polydisperse SFM was overall more accurate (i.e., statistically significantly smaller errors) in comparison with the
monodisperse SFM. Note that the radius was largely overestimated for the true volume fraction of 0.006 in the
simulated data, and largely underestimated for the true volume fraction of 0.03 in the experimental data. These
wrong estimations may be explained by the distorted Sy, Or Speas curve for the lowest volume fractions that affect

the data fitting.
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