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We consider homogeneous shear-stratified turbulence in a rotating frame, that exhibits complex
nonlinear dynamics. Since the analysis of relative orientation between coupled fluctuating fields helps us to
understand turbulence dynamics, we focus on the alignment properties of both the velocity and gravity
fields with the potential vorticity gradient. With the help of statistical mechanics, we define a vector field
which plays a role in the analogous so-called cross-helicity in magnetohydrodynamics. High-resolution
direct numerical simulations of developed homogeneous baroclinic turbulence are performed, and a
detailed analysis of probability density functions for cross-helicity is provided. A net preference for
positive cross-helicity is shown to be related to a new alignment mechanism. We argue that the analysis of
cross-helicity is crucial for understanding the dynamics of buoyancy driven flows.
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Introduction.—A central feature of geophysical fluid
dynamics is due to the so-called baroclinic turbulence, i.e.,
turbulence under the conjugated action of shear and
stratification. This occurs when a global meridional temper-
ature gradient due to differential heating is generated in the
atmosphere. Coupled to Earth’s rotation, large scale atmos-
pheric currents—thermal winds better known as “jet
streams”—are produced at heights about 10 km. At such
altitudes, the vertical buoyancy gradient is approximately
constant [1] giving tilted isobuoyancy surfaces, i.e., bar-
oclinicity. Under such conditions, available potential
energy from the mean meridional density gradient can
be converted into turbulent kinetic energy due to horizontal
thermal exchanges [2], providing a natural turbulence
forcing through such symmetric or baroclinic instabilities.
Recent developments in this field can be found in [3–5].
Despite improved understanding of the instability mecha-
nisms, we have not yet reached a satisfactory picture of
baroclinic turbulence dynamics [6]. This severely impedes
the improvement of large scale atmospheric circulation
models.
In the simpler case of homogenous isotropic turbulence,

a crucial role seems to be played by the interplay between
velocity and vorticity, a phenomenon quantified by the
helicity introduced by Moffatt [7] on topological ground.
This invariant of inviscid equations of motion is of crucial
importance to determine the cascade direction [8] and the
so-called depletion of nonlinearity that is observed at large
Reynolds number [9–12]. Its counterpart in magnetohy-
drodynamics (MHD) involves correlations between

velocity and magnetic field and is called “cross-helicity.”
It has recently been used to explain depletion of nonlinear
interaction of Alfvén modes [13]. In geophysical turbu-
lence, no equivalent of helicity or cross-helicity was known
until a recent work by Gibbon et al. [14]. The authors
defined an analog to the magnetic field for buoyancy driven
flows as the cross product between the potential vorticity
gradient and the buoyancy gradient. The resulting B vector
is solenoidal and is shown to obey a stretching equation
similar to the vorticity equation. Cross-helicity must then
be understood as representative of the alignment between
the fluctuating velocity field u and B. At variance with the
MHD case, where only Alfvén waves are present, the shear-
stratified case includes wave and vortex mode perturba-
tions, coupled in various ways depending on the parameters
and on the symmetry properties of the modes [4,15,16].
In the present Letter, we explore further this analogy and

study the influence of the cross-helicity on the stationary
state of baroclinic turbulence. We find that the final state is
in fact governed by a double alignment, one between B and
the gravity, and one between u and B, thereby maximizing
the cross-helicity.
Equations of motion.—In the following, background

fields are denoted with an overbar, while space-averaged
fields are denoted with angular brackets hi. We consider a
homogeneous rotating fluid in the f plane with additional
vertical stratification at constant Brunt-Väisälä frequency
N2

v > 0. The Coriolis frequency is twice the rotation rate
f ¼ 2Ω. A mean zonal or streamwise shear S ¼ ∂3ū1 is
added in background. Due to thermal wind adjustment [17],

PRL 112, 114501 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

21 MARCH 2014

0031-9007=14=112(11)=114501(5) 114501-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.112.114501
http://dx.doi.org/10.1103/PhysRevLett.112.114501
http://dx.doi.org/10.1103/PhysRevLett.112.114501
http://dx.doi.org/10.1103/PhysRevLett.112.114501


a meridional or spanwise buoyancy gradient Sf ¼ −∂2b̄ is
produced. We define the meridional Brunt-Väisälä fre-
quency as N2

h ¼ Sf. f, S, Nv, and Nh therefore define the
background mean state, which remains unchanged through-
out the flow evolution. A sketch of this mean flow is
presented in Fig. 1. While buoyancy increases with x3
(stable stratification), it decreases with x2, i.e., going
northward.
The fluctuating fields, velocity u and buoyancy b, obey

the set of incompressible Boussinesq equations,

Du
Dt

¼ −∇p − 2 ~Ω × uþ ν∇2uþ ðb − Su1Þe3;
Db
Dt

¼ −u ·∇b̄þ χ∇2b; ∇ · u ¼ 0;
(1)

where ~Ω ¼ Ωþ 1
2
∇ × ū and Dð:Þ=Dt ¼ ∂tð:Þ þ ðūþ uÞ ·

∇ð:Þ.
Inviscid invariants and statistical mechanics.—Insights

about the self-organization of the flows can be obtained
by setting χ ¼ ν ¼ 0 in (1), hereby considering inviscid
dynamics. From the Boussinesq equations (1) in the
inviscid limit, it is straightforward to infer Ertel’s
theorem DΠ=Dt ¼ 0, where the potential vorticity Π
is given by

Π ¼ ωðaÞ · ∇ðb̄þ bÞ; (2)

with ωðaÞ ¼ ∇ × uþ 2 ~Ω the total vorticity. This is the
analog of the conservation of vertical vorticity in two-
dimensional turbulence. From that, one can deduce the
conservation of any Casimir of Π, ∂tCn ¼ 0 with Cn
defined as

CnðΠÞ ¼ hΠni. (3)

The mechanical energy E ¼ hu2=2þ b2=ð2N2
vÞi for the

perturbation is not conserved by the dynamics—even in
the inviscid limit—because of the unperturbed base flow
[5]. Nevertheless, if the two conservation laws applied
together, for the Casimir and energy, they would impose
strong constraints on the possible energy transfers and
cascade [18] or on the stationary states. For instance,
considering only robust quadratic invariants as in two-
dimensional turbulence [19], one may introduce a free
energyF as the linear combination of the mechanical energy
E (kineticþ potential) and the second order Casimir C2,

F ðu; bÞ ¼
�
u2

2
þ b2

2N2
v
þ μ

Π2

2

�
; (4)

where μ is a free parameter. This free energy is a conserved
quantity of the inviscid dynamics. Moreover, it can be shown
that

hΠ2i ¼ hu · Bi þ h2 ~Ω ·Ai; (5)

where B ¼ ∇ ×A is given as

B ¼ ∇Π ×∇ðbþ b̄Þ. (6)

The stable steady states are then obtained as minima of the
free energy function and obey, for δF ¼ 0,

uþ μ∇Π × ∇ðbþ b̄Þ ¼ 0;
b
N2

v
− ωðaÞ ·∇Πþ Π ∂Π

∂b ¼ 0.

The first equation means that u × B ¼ 0. The free energy
function is then minimized when the velocity vector is
colinear with the vectorB. This is the analog of the alignment
between thevelocity and themagnetic field observed inMHD
turbulence and is rooted into a deeper analogy between
stratified andMHD turbulence, noticed byGibbon et al. [14].
In the f-plane approximation, there is no mean potential
vorticity gradient in the flow so that the B vector correspond-
ing to the background flow reduces to zero. The B vector of
the total flow is induced only by the presence of turbulent
fluctuations.
Analogy with MHD.—Indeed, starting from the defini-

tion of B given in (6), one gets from Eq. (1) in the inviscid
limit the stretching equation,

DB
Dt

¼ B · ∇ðūþ uÞ. (7)

Moreover, B is divergence free and can be written
B ¼ ∇ ×A, where A ¼ Π∇ðbþ b̄Þ. The vector B is then
an analogue of a magnetic field, while A is the analog of a
magnetic potential. Moreover, the equality (5) means that
the second-order Casimir is the analog of the cross-helicity,
which has been recently shown by [13] to play an essential

FIG. 1 (color online). Sketch of the mean flow. S ¼ ∂x3 ū1 is the
shear intensity of the zonal wind. The axis of rotation is chosen
parallel to the mean velocity gradient, Ω ¼ Ωe3. Due to thermal
wind adjustment a meridional or spanwise (along e2) density
gradient is enforced.
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role in MHD turbulence by inhibiting the nonlinear energy
cascade when the magnetic and velocity fields are aligned
or antialigned. In the following, we therefore exploit this
analogy to check whether a similar property holds in
baroclinic turbulence when both viscosity and a stable
stratification are included.
Mathematical definitions.—We define the following

statistical quantities. First, the helicity density is defined
by h ¼ u · ωðaÞ and the mean helicity by H1 ¼ hhi. We
recall that, in the framework of homogeneous turbulence,
angular brackets are equivalent to space or ensemble
averaging. Second, we define analogous quantities for
the B vector. The scalar product between the B vector
and the velocity field is denoted ~h ¼ u · B—called “cross-
helicity” in [14]; it is the analog of the alignment between
the velocity fluctuation and the magnetic field in MHD—
and we define in the same way the mean cross-helicity
relative to B as ~H1 ¼ h ~hi. In the particular case of
homogeneous turbulence, the boundary surface integral
in the equation for d ~H1=dt vanishes, so that in the inviscid
limit,

d ~H1

dt
¼ hB · be3i − hð2 ~Ω × uÞ · Bi. (8)

Lastly, we characterize the orientation between u, be3, and
B through the angles

cos θ ¼ ∥u∥−1∥ω∥−1h; (9)

cos ~θ ¼ ∥u∥−1∥B∥−1 ~h; (10)

cos ~θP ¼ jbj−1∥B∥−1B · be3. (11)

Numerical results.—Direct numerical simulations of
homogeneous baroclinic turbulence are done on a
512 × 768 × 512 grid. The numerical method is the
Rogallo [20] extension of the Orszag-Patterson pseudo-
spectral algorithm. Attention must be paid to the dealiasing

of potential vorticity when going back to spectral space.
The classic 2=3 rule is applied here. For details, the reader
is referred to [21]. Numerical parameters are gathered in
Table I. For all simulations A, B, and C, we use isotropic
initial conditions coming from a decaying isotropic pre-
calculation. During this phase, the buoyancy field is treated
as a passive scalar. Thus, the isotropic buoyancy field at
time tS ¼ 0 contains an initial amount of potential energy
b̄2=2 ≈ 6 × 10−2. Then, the initial contribution of the
fluctuating field to potential vorticity mainly reduces
to its kinetic part—induced by the velocity field—
ρ0Πð0Þ ≈ N2ω3 − Sfω2. The initial kinetic energy content
of symmetric modes represents about 7.2% of the total
turbulent kinetic energy. We stress that the analogy and the
results detailed in the present paper are quite general, and
obtained for a widespread set of isotropic initial conditions
for which the vortex mode is not initially zero (see [21]
Sec. 4 for more details). For a discussion on the energetics
of the instabilities in homogeneous baroclinic flows, the
reader is referred to [5]. We first present the results obtained
for cross-helicity or alignment between the velocity field
u and the vector B. The PDFs of cos ~θ are presented in
Fig. 2(a). The initial distribution is nonuniform due to the
imposed background flow generating a strongly anisotropic
potential vorticity gradient ∇Π. Then, once baroclinic
instability is triggered, the PDF evolves toward a more
symmetric distribution but still with a clear preference for

alignment (cos ~θ ¼ 1). At tS ¼ 20, we find a 30%

FIG. 2 (color online). Probability density function (PDF) of (a)
cos ~θ ¼ ∥u∥−1∥B∥−1 ~h, and (b) cos ~θP ¼ jbj−1∥B∥−1B · be3.
Run A.

TABLE I. Numerical parameters. The final value of the
Reynolds number based on the Taylor microscale λ is denoted
Refλ . Turbulent kinetic energy is denoted K ¼ uiui=2 and ε is the
dissipation. The ratio SK=ε therefore compares the linear shear-
ing timescale to the nonlinear one. The Rossby number is defined
by Ro ¼ S=f and is close to 2. From N2

v=S2 ¼ 0.8 and up,
baroclinic instability is triggered, leading to turbulent kinetic
energy production [5].

Run Refλ N2
v N2

h SK=εð0Þ S f

A 196 80 40 5.8 10 4
B 320 0.8 0.4 0.58 1 0.4
C 34 100 50 0.58 10 5
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difference between probabilities at cos ~θ ¼ −1 and
cos ~θ ¼ 1. For intermediate values of cos ~θ—ranging from
−0.5 to 0.5—probability distribution is almost flat with an
approximately 70% difference between probabilities at
cos ~θ ¼ 0 and cos ~θ ¼ 1.
While mean normalized helicity hcos θi is approximately

zero—in our calculations H1 ≃ 10−2 for run A and H1 ≃
10−3 for run B—we get a significant amount of mean
normalized cross-helicity. The results are presented in
Fig. 3(a). For both runs A and B we observe a reduction
of mean cross-helicity with time and the behavior after
tS ¼ 7 is independent of SK=εð0Þ. This time scale thus
appears to be of the order of the stratification time scale
τNS ¼ 2Sπ=Nv ≈ 7. The same is true for the skewness
factor as highlighted by Fig. 3(b). The skewness Sðcos ~θÞ
converges to zero by negative values meaning that the PDF
is skewed in favor of positive values of cos ~θ but becomes
more symmetric when baroclinic turbulence develops.
Looking at run C, the same behavior is observed but
with a slower convergence rate after the Coriolis
time τfS ≈ 12.5.

The same analysis is applied to cos ~θP , the angle between
B and the gravity axis. We show in Fig. 2(b) that the
distribution of cos ~θP when turbulence has developed after
tS ¼ 20 is quite symmetric but favors dramatically
perpendicular orientations of B with the gravity axis,
i.e., values such that cos ~θP ≈ 0.
Equation (8) suggests that we investigate the joint

probability distribution of cos ~θP and cos ~θ. The results
are presented in Fig. 4. For both runs A and B, it is shown
that orthogonality of B and the gravity axis is associated to
negative (positive) cross-helicity. Net preference for pos-
itive cross-helicity is confirmed: light red regions are

located in the upper half of the graph. It is also clear that
the highest values of cos ~θ are gathered on the right side of
the PDF, i.e., when cos ~θP is positive. We also found (not
shown) that the B vector also tends to be orthogonal to the
Coriolis force. Besides, the contribution of the Coriolis
term to cross-helicity production dominates the dynamics.
A picture of the vorticity field and cross-helicity distribu-
tion is given in Fig. 5. Vortical regions in Fig. 5(a) are tilted
and located around the mean isobuoyancy surfaces. In
Fig. 5(b) the dominant red color attests to a preferential
alignment between u and B. It also shows that this
alignment takes place at small scales.
Conclusion.—We have studied developed homogeneous

baroclinic turbulence with high-resolution DNS.
Alignment between the vector B ¼ ∇Π ×∇ðb̄þ bÞ and
the velocity field, called cross-helicity, is shown to be
nonzero on average. In particular, a preference for align-
ment between the velocity field u and the B vector is
highlighted. Based on the work by [14], we propose a new
scenario that explains this feature whereby positive cross-
helicity is generated in regions where the B vector is
aligned with the gravity axis, so that the angle ~θP plays a
crucial role for cross-helicity dynamics, as also stressed by

FIG. 4 (color online). Joint probability distributions of cos ~θ
and cos ~θP for (a) run A and (b) run B at time tS ¼ 20. The figures
show that orthogonality between B and be3 is linked to antialign-
ment of B with the velocity field u independently of the shear
intensity S.

FIG. 3 (color online). Comparison between runs A, B, and C,
showing the convergence toward zero of both (a) the mean hcos ~θi
and (b) the skewness Sðcos ~θÞ. Time τN corresponds to the
characteristic stratification time 2π=Nv where Nv is the Brunt-
Väisälä frequency in runs A and B. In the same way, τf ¼ 2π=f is
the Coriolis characteristic time for run C.

PRL 112, 114501 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

21 MARCH 2014

114501-4



Eq. (8). Besides, in the first stage of turbulence, the
evolution of first- and third-order moments of cos ~θ are
sensitive to the intensity of the mean background gradients
(Fig. 3). However, after the time tS ¼ τN it is shown that
cross-helicity’s PDFs tend to symmetrize and equilibrate
alignment and antialignment independently of the back-
ground gradients (for both runs A and B).
This tendency toward uniformization of the PDF of cos ~θ

is not due to the baroclinic instability mechanism, as shown
in Fig. 3, since the stable case C follows the same tendency.
Finally, the dynamics of the potential vorticity gradient is

essential in geophysical fluid dynamics. The links with
cross-helicity dynamics and statistical mechanics devel-
oped in this Letter open new perspectives for a better
understanding of rotating stratified flows. In particular, our
new results on cross-helicity dynamics, here derived in the

idealized case of a homogeneous baroclinic flow, can be
extended to more complex geophysical contexts.
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FIG. 5 (color online). (a) Zonal vorticity in the vertical or
meridional plane at time tS ¼ 20, run A. (b) The
corresponding distribution of cos ~θ defined in Eq. (10).
The slope of the vortical structures is approximately 24.5°, which
is close to the baroclinic angle atanðN2

h=N
2
vÞ ¼ 26.6°.
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