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Abstract

We provide a general notion of a Digital Derivative in 1—dimensional grids, which has
real or integer-only versions. From any such masks, a family of masks called skipping
masks are defined. We prove general results of multigrid convergence for skipping masks.
We propose a few examples of digital derivative masks, including the now well-known
binomial mask. The corresponding skipping masks automatically have multigrid conver-
gence properties. We study the cases of parametric curves tangents and curvature. We
propose a novel interpretation of digital convolutions as computing points on a smooth
curve, the regularity of which depends on the mask. We establish, in the case of binomial
and B—spline masks, a close relationship between the derivatives of the smooth curve,
and the digital derivatives provided by the mask.

Key Words. Digital Analysis, Convolution, Digital Derivative, Derivative Estima-
tion, Curvature Estimation

1 Introduction

1.1 Aim of the work

The goal of this work is to put in place a foundation stone for a new paradigm for numerical
calculations. The motivation for this is that the objects of current methods of numerical anal-
ysis, which deal mathematically primarily with real numbers, cannot effectively be computed,
or even stored in memory with state of the art computers, even taking account the possibilities
of more powerful machines implementing Turing computation in a foreseeable future. This
problem has been tackled in several ways.

The most obvious, most widely used way is floating point computations. The numbers are
encoded by approximations which lie in a (non translation invariant) set of, so called, repre-
sentable numbers. When any operator is applied, be it an arithmetical operation or a function
(say an analytical function) of a number, the result, which is most often not representable, is
approximated, in a way which is not always well specified in norms and may be implementation-
dependent. During the execution of a complex numerical method, accumulated rounding-off
errors can create convergence and unstability problems for the method, even if the mathemat-
ical method is proved convergent, and stable with respect to initial values. But most of all, it
is generally very difficult to prove that the result is correct with such methods.

Interval Analysis (see [ANO0| for instance) consists in performing numerical computation
by applying operators to interval, rather than to (encoding of) numbers. Each operation on
an interval consists of operations, or possibly bounds calculation which are representable and
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calculable, for the boundaries of the interval. In this way, the technique allows to obtain bounds
for solutions of equations or numerical problems. In many cases, however, the estimations are
too loose to be really useful.

Ezact Real arithmetic (see an introduction in [Vui&7]) rests on the notion of a computable
number, which consists in restricting constructions of real numbers by completion of the set Q of
rational numbers (by Cauchy Sequences, or by decreasing sequences of intervals), narrowing the
construction to calculable (through some Turing Complete language) sequences. We can define
an arithmetic on the sets of numbers which, under some restrictions related to computability,
implement exactly numerical computation on calculable real numbers.

Symbolic Calculus consists in formal manipulations algebraic expressions, by rewriting for-
mally the expressions according to the rules of the algebraic structures involved. This approach
to exact real computation is generally considered a natural complement to exact real arith-
metic, which can fill in gaps leaved by non-computable operations. This approach, however, is
quite remote from numerical calculus as we purpose to do.

In our approach, we would define (hopefully) any numerical problem in a discrete form and
in a continuous form. The discrete form of the problems would involve only integers (with
some constant denominator or scale factor). Each of the considered operator would possibly
change the rational scale factor (which can be stored), but otherwise be computable using
only integers. Then, a multigrid convergence result would allow us to show that the integer-
only computable solution of the discrete problem converges to the real valued solution of the
continuous (and original) version of the problem. This avoids the accumulation of rounding-off
errors typical of floating point computations.

To make such an approach succesfull, we would need to redefine so called digital, or discrete
versions of all the objects involved in real analysis. Having made a short wish list (quadratic
optimisation, gradient method, PDF integration, and so on), we found that the notion of a
derivative is at the root of all these notions. In this paper, we propose a general definition of
a digital derivative, and prove some multigrid convergence results.

In the framework of image and signal processing, as well as shape analysis, a common
problem is to estimate derivatives of functions, or tangents and curvatures of curves and sur-
faces, when only some (possibly noisy) sampling of the function or curve is available from
aquisition. This problem has been investigated through finite difference methods, scale-space
([KSWO5|, [Cin9d]), and digital geometry ([CLLI4|, [CLLIZ|, [KLOY|, [LVAVO5|, [LVdVO7)|,
[LCLT4|, [MB14]|, [PGIT], [dVLO9]).

In our previous work ([EMCTI|, [EMT4|, |[MBEOS|, [EM0Y|, [GMEST3]) an approach to
derivative estimation from digitized data was introduced. As in scale-space approaches, this
approach is based on simple computations of convolutions. However, unlike scale-space meth-
ods, this approach is oriented towards integer-only models and algorithms, and is based on
a discrete approach to analysis on Z. Implementation of the convolution-based approach is
straightforward. As far as the speed of convergence is concerned, the method for tangents

the size of the pixel. Moreover, our estimator allowed some (uniformly bounded or stochas-
tic) noise. Furthermore, the method allowed to have a convergent estimation of higher order
derivatives, and in particular a uniform O(h*?) estimation for the curvature of a generic curve.

The weakness of these results was the high complexity of computation. In this paper, we
prove that the same convergence rates are allowed with a very low complexity by using sparse
masks. This idea was previously used in connection with Taylor optimal masks ([EMT4]). It



turns out that it is more efficient with sparse Binomial masks.

1.2 Outline

The paper is organized as follows. In Section B, we present the notion of a digitization of a real-
valued function, in which a discrete sequence of sample values approximates a real function. We
also present a few noise models, including basic quantization, uniform noise or bias (depending
on the scale), and stochastic noise.

In Section B, we define digital derivatives. This notion is based on digital convolutions
with masks which satisfy some identities involving sums (so-called moments). We also define
some important characteristics, such as the convergence order of the mask. We also show
some good properties, notably related to composition of digital derivatives by convolving the
corresponding masks.

In Section @, we begin to investigate errors for the purpose of proving multigrid convergence
results. We distinguish the sampling error, which is due to the fact that we know only the
values of the functions at a (locally) finite set of samples, from the values error, which is due
to inaccurate input values (due to quantization, noise or bias). We also give upper bounds for
both types of errors, for all the considered types of noise models.

In Section B, we study some smoothing masks, i.e. some 0— derivative masks. These masks
are important because, basically, any 1—derivative mask can be seen as a smoothing mask
composed with a usual simple finite difference mask. The intuitive idea is that if we use the
simple finite difference mask on noisy data, the importance of noise will be very detrimental to
the results. By smoothing, which is nothing but a weighed average of values of the function,
some of the noise cancels out (at least for a stochastic noise with expected value 0). We
present three families of masks which we consider important, among the many masks on which

computational complexity for convolutions). These three families of masks are the Binomial,
Taylor-Optimal, and B—spline masks.

In Section B, we establish multigrid convergence results of the digital derivatives toward the
corresponding continuous derivatives of the original function, providing in addition a worst case
rate of convergence. That section contains the main convergence results of this paper, namely
uniform convergence results in the uniform noise or bias model, and convergence results of the
standard deviation of our estimation in the stochastic model. Both convergence results, which
hold for derivatives of any order w, have a rate O(h®~“%/%) where 0 < o < 1 depends on the
noise and ky > 2 depends on the digital derivative operator. Furthermore, these convergence
results apply to a general family of masks called skipping masks, which are basically obtained
from any w—derivative mask, by using a small mask with few values (for better computational
complexity), but using a sparse set of sample values at points of a regular sub-grid.

In Section @, we define three families (also called the Binomial, Taylor-Optimal, and
B—spline masks) of skipping 1—derivative masks, with as corollary (from the results of Sec-
tion B) some multigrid convergence results obtained directly simply by checking the definition
of a digital 1—derivative.

In Section B2, we apply these operators and results to some additional particular cases,
such as second derivative, or the estimation of tangents and curvatures of parametrized curves.

In Section M, we present a novel interpretation of digital convolutions as the computation
of some points on a smooth curve, the differentiability of which depends on the kernel. We
study in details the relationship between binomial kernels for derivatives of any order and the



corresponding derivatives of Bézier curves. We do the same for so-called B—spline kernels
and B—spline curves. Since the B—spline case is somewhat simpler, we present it first. The
B—spline kernels, which we introduce in this paper for the first time, seem a bit ad-hoc. We
believe, however, that the B—spline case, just as the Bézier case, will be of great theoretical
interest in the future.

The last section is devoted to experiments, the main purpose of which are manly to illustrate
the difference between masks, but also that only a few (typically a small constant such as 10 to
20 points) values are needed to obtain a good estimation. An appendix also proposes different
criteria for choosing a mask, depending on the considered application.
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2 Digitization, Quantization, Noise Models

Functions for which domain and range are sub-ring of R, without any assumption on the nature
of these sets, are called real functions. We call digital function a function from Z to Z.

First we fix a model for the relationship between a continuous function and its digitization.
Let f : R — R be a real function and let I' : Z — Z be a digital function. Let h be the
digitization step (i.e. the size of a pixel). We introduce a (possibly noisy) digitization of f.

Definition 2.1 The function I' is a digitization of f with error e, with digitization step h on
the interval I if for any integer i such that th € I we have:

hI(i) = f(ih) + en(i) (1)

In order to apply this theory to signal analysis, we could distinguish two digitization steps
for the domain and for the range, using the following definition: hoI'(i) = f(ih1) + €pyny (7).
The results concerning the estimation errors bounds may be easily generalized to this frame-
work. However generalized convergence results may hardly be efficient because of the many
parameters involved.

We consider the following particular models for the errors ¢, on the values:

e Fxact Values In this model, the values are known exactly:

EhZO



Note that, although this model has been the most widely used in approximation theory
(e.g. [EToDH|, [FTa08]), this value error model is not very realistic from an Information
Sciences point of view.

e Uniform Noise (or Uniform Bias) on Values: In this model, the error €, on the values
is uniformly bounded by some constant which depends on the sampling step h. In our
model, however, this bound can be asymptotically greater that h. Namely we assume
here that

0 <len(z)] < Kh®

where 0 < o < 1 and K is a positive constant. Note that this error can also have some
bias, in the sense that the average noise value (or expected value) could be non-zero.
This model has been considered by authors working on digital estimators based on thick
digital lines.

e Quantization of Values: In this model, the errors €, on the values is uniformly bounded
by 2h This is a particular case of uniform noise with o = 1, and corresponds to the
case when some basic quantization has been obtained by roundmg—off the exactly known
values of the function, for example for digital storage. This case is equivalent to I'(i) =

[f (ih) } A variant is when quantization has been obtained by an integer part (floor case):

0 < en(i) < h , which is equivalent to I'(i) = Lf Gh) | This model is the most usual for
digital estlmators based on digital lines.

e Stochastic Noise on Values: In this model, the errors €,(i) on the different values are
independent random variables with expected value 0 and standard deviation o(h), con-
verging to 0 along with h. For convergence results, we shall suppose o(h) < Kh*. This
model, and generally some estimators using measure theory, have been used recently

3 Digital Derivatives for Functions
We introduce now a notion of digital derivatives.

Definition 3.1 (Digital Derivative) A digital w-derivative mask is a sequence u = (u(i));ez
RZ of finite support such that

Zzu —Of0r0<k:<wand21u = (—1)%w!

€L i€EZ

Its associated digital w-derivative operator is the function Ay with domain R? and co-domain
R” defined by

Ay(v)(n) = (u*v) Zu (n—1)

€L

Its convergence order is the greatest integer p such that for all integers k such that 1+ w <
k < p, we have Y, , t*u(i) = 0.

We shall sometimes say a derivative mask as a shorthand for a digital derivative mask.



Remark 3.1 Note that if there is no integer k such that 1 +w < k and Y, i*u(i) = 0, then
the convergence order p is equal to w.

Remark 3.2 In the case when the values u(i) are rational numbers and the sequence v has
integer values, then the values Ay(v)(n) have rational values with denominator less than or
equal to the GCD of the denominators of the u(i).

Remark 3.3 Note that this definition of a derivative operator easily extends to some families
of sequences with infinite support, under some convergence hypothesis (e.g. rapidly decreasing
masks like a sampling of the Gaussian). So, this definition can be extended to include scale-
space notions ([Land0]).

For the sake of clarity, we shall denote by A% the associated digital derivation operator of
u when u is a digital w-derivative mask. Intuitively, and as appears in the proofs below, the
order p of an w derivative operator is the number of coefficients of the Taylor development of
the function -5 A%(f) — f“) which vanish, minus one. As shown below, the convergence order
p will determine the speed of convergence of ;= L A%(f) to f@) which is to distinguish from
the derivative order w. Notice that the complexity of the computation is mainly dependent on
the non zero coefficients of the mask, hence on the cardinality of its support (as long as it is
computable). In [EMCTI|, this cardinal was an increasing function of h. One novelty of this
work is considering masks with supports of constant cardinality, which is in practice so small
as 10 or 12. Hence the computation needs no more than that number of products of integers.

We shall use the following generalization of the classical finite difference operator with order
1 and skipping step [:

Definition 3.2 The following operator A" is a digital 1—derivative operator:

Af(v)(n) = < (v(n+1) —v(n))
the mask of which is defined by A} (=1) = 1, and A} (0) = —F and Af (i) = 0 for others values
of 1.

Similarly, we denote by A, the following derivative operator:

1
l

A (v)(n) = 7 (v(n) —v(n =1))

As we could expect, the composition of two digital derivatives is also a digital derivative:

o~ =

Proposition 3.1 Let u = (u(i))iez be an w-derivative mask and v = (v(i))icz be an w'-
derivative mask. Then u*v is a w + w'-derivative mask.

Proof. Let k < w + w'. Then
ST A V)) = sl (0 — i) e uliyoln — i)

= Z eZZ =/ Zp 0( ) ( Zl)kipu(i)v(n - Z)
= Yoo () Chez Xier iPuli)(n — i)Pu(n — i)
= Z];:O (;]Z) dez ZzeZZ ufi )]k Po(j)

ZI;ZO (i) < JGij Pu(j ) (ZzEZ Pu(i )
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This is zero except if £k = w + ' and in this case all the terms are zero except if p = w and
in this case the sum is (“F")(—=1)*w!(—1)*'w'l = (=1)***(w + ') O

The following remark can be easily checked by induction on the degree of a polynom:

Remark 3.4 Our definition of a digital w— derivative corresponds partially to the usual deriva-
tive when applied to polynomial sequences: let u be a digital w-derivative mask with convergence
order p and let v(i) be defined by i* for a given non negative integer k; then for k < p, we have

(AL((*)iez)) (n) = klk = 1)owc(k — w + 1)i*.

4 Basic Error Decomposition and Upper Bounds

4.1 Errors Related to Sampling and to Input Values

In order to show that the digital w-derivative of a digitization I' of a real function f provides
an estimate for the continuous derivative ) of f, we would like to evaluate, at each sample
o) (AL %T")(n) of the digitized signal and

the value of the usual w—derivative f“)(nh) of f. This difference may easily be decomposed
from Equation () and Definition BT as the sum

point, the difference between the digital derivative

1

(AL T)(n) = [ (nh) = BSu(f,h. T u,n) + EV,(f, h, T u,m) (2)
where
1
ES,(f,h, T u,n) = (E ;U(i)f ((n— 2')h)> — [“(nh) (3)
is called the sampling error, and
EV,(f,h,T,u,n) % S uli)en(n — i) (@)
i€z

is called the values error. As their names imply, the sampling error is due to the fact that we
only know about the values of f at some grid points, and the values error is due to the fact
that we do not know the exact values of f at sample points.

The sampling error is a real values sequence. Under the uniform bias hypothesis, the values
error is also a real valued sequence, but under the stochastic hypothesis, the values error is a
sequence of random variable.

4.2 Upper Bound for the Sampling Error

In the following lemma, we show that the sampling error can be bounded independently from
the error on input values, using the mask values, the norm of the kq-derivative of f, and a power
of the digitization step (namely h*~%) where ky is (at least in the case when f is sufficiently
regular) the convergence order of the mask u. The consequence is some convergence results in
the case when exact values of the function at sample points are known.



Lemma 4.1 Let f be C* on R, with k > 1 + w. Let u be a digital w-derivative mask with
convergence order p. Let ko = inf{k,1+ p}. Let T be a digitization of f with step h on R.
Suppose that f*0) is bounded on R. Then for all n,

(ko)
[ESu(f,h,Tyu,m)| < h’“% (Z Iz“”u(@)')

i€z
Proof.
From Taylor formula, we first give an upper bound for the sampling error:

SR ) (i)™ ko) ®
2 7 fU AR 0 , _ flw
ESu(f,h, T u,n) =+ zzju z_; SV h) S () ) = S )
where ((7) lies between nh and (n — i)h. From the definition of the order, we get:

_1)ko
ES,(f,h,T,u,n) = h’fo—w% (Z Fou(i) f<k0>(g(¢)>>

1EL

(ko)
|[ESu(f, h,Tyu,m)| < h’“% (Z Ii’“°u<¢>'> -

€7

Example 4.1 From Definition @1, if f is C* and a 1—derivative mask u has convergence
order 1, then the sampling error is O(h).
This is the case for the usual finite difference (A(f))(n) = f(n+1) — f(n).

Example 4.2 Suppose that f is C? and that a 1—derivative mask u has convergence order 2,

then the sampling error is O(h?).

This is the case for the usual symmetric finite difference (A(f)) (n) = 3(f(n+1) — f(n —1)).
For a 2—deriwative mask v with convergence order 2, the sampling error for the second

derivative is O(h).

4.3 Upper Bound for the Values Error

The following lemma gives an upper bound for the error related to uniform noise or uniform
bias on the values at sample points (see Section B).

Lemma 4.2 Let [ be a real function. Let u be a digital w-derivative mask with convergence
order p. Let T be a digitization of f with step h on R and uniform bias €, such that ||ep|s <
Kh® with 0 < a < 1. Then for all n,

BV T )] < 20 (Z |u<z'>|>

1EL

Proof.
We straightforwardly give an upper bound for the values error:

€L €L

O

The following lemma gives an upper bound for the error related to statistic noise with
expected values 0 on the values at sample points.

9



Lemma 4.3 Let f be derivable on R. Let u be a digital w-derivative mask. Let I be a
digitization of f with step h on R and stochastic noise on values €, with expected value O and

(A *)(n) — ) (nh) has

expected value ES,(f,h,T';u,n) and standard deviation U(h V2 iez(w(i))?. In other words,
and roughly speaking, the global error is in this case statzstzcally close to the sampling error.

standard deviation o(h). Then for all n, the random variable o

Proof. ——(Ay*T')(n) — ) (nh) is equal to the sum of the constant value ES,(f,h,T',u,n)

and the random variable defined by EV,,(f,h,T,u,n) = 75>, wiep(n —i).

From linearity, its expected value is zero.

Since the random variables €, (n — i) are supposed to be independent and the support of u is
supposed to be finite, the square of the standard deviation of EV,,(f, h,T',u,n) is equal to the

sum of the squares of the standard deviations of ;Ze,(n — i) which are |;“:—j;‘a(h). a

Note that for a fixed mask, the values error (or its standard deviation) generally does not
converge to zero when h converges to 0. We shall propose below a way to make it tend to zero
by adapting the mask to the digitization step (see Theorem 61 and Theorem B2 below).

5 Smoothing masks

A smoothing mask is a 0—derivative mask. In this case, the values (A24I")(n) may be considered
as partially de-noised values of f(nh). More precisely, under the uniform hypothesis, according
to our upper bounds from Lemmas B2 and BT, the difference between h.(A%xT')(n) and f(nh)
cannot be considered not better (in order of magnitude) than the difference between h.I'(n)
and f(nh). Moreover, Lemma B3 with w = 0 shows that, in the case of a stochastic noise on
values, h.(A% % T')(n) — f(nh) is a random variable, the expected value of which converges to
0 along with h, and its standard deviation is less or equal than the one of h.I'(n) — f(nh).

Various choices for the smoothing masks may be considered. Here we focus on three families
of masks.

5.1 Binomial Smoothing Masks

Definition 5.1 (Binomial Smoothing Masks) Let m be a positive integer and i be an in-
teger. The binomial smoothing mask with diameter (2m — 1) and cardinality 2m is the finite

sequence of dyadic rational numbers BSQH defined by ngfl,l(i) = 22,,%,1 (2’"_.1) if —(m—1) <

m—1

it <m, and by Bg%_l(i) = 0 in any other cases.
The binomial smoothing mask with diameter 2m and cardinality 2m+1 is the finite sequence
of dyadic rational numbers B deﬁned by B () = 22%”(”2;:) if —m < i < m, and by

B(O)

2m( ) =01 any other cases.

A unified definition may be B{” (i) = i((ﬁﬁ—i) if —|5] <i<[5], and by B (i) = 01in all
2

other cases.

Proposition 5.1 The masks B for r > 0, are discrete smoothing masks with convergence
order 0 if r is odd, and with convergence order 1 if r is even.

10



Proof. We shall use the two following classical identities:

Zz(?) =n2" ! and ;iz (?) =n(n+1)2"2

1=0

Z Bg%_l(i) = Z Bg;)l(z) = 1 are well known.

1EZ 1€EZ
Z ZB;?%(Z) = 0 come from parity.
1EZ

o0 a1 o 2m—1\ 1 & [(2m—1
S B0 =g X () = g - (M
€7 i=—m+1 =0

1 1

> By (i) =m—52m—1) =
: 2 2
€7

@ L os= o 2m ) 1 o (2m
ZZ BQm(Z)_Qz_m'Z ’ (m_Z) —p_mz(m_f) (j
S/ i=—m j=0

2m(2m + 1

S PB) = m? — o2 4 2D _ T g

€7

5.2 Taylor-Optimal Smoothing Masks

The following so called Taylor-optimal smoothing mask is chosen having the best order as
possible for a given diameter:

Definition 5.2 (Taylor-Optimal Smoothing Masks) Let m be a positive integer and i be
an integer. The Taylor-optimal smoothing mask with diameter 2m and cardinality 2m is the

m 2m
finite sequence of rational numbers 0(2?7)1 defined by Oé%(z) = (—1)”1% = (—1)”1(("1;’—”13) if

—-m <i<m, and by Og%(z) = 0 in any other cases.
Proposition 5.2 The mask Og,),)l 15 a digital smoothing mask with convergence order 2m — 1.

Proof. Let k > 0. Let f be a polynomial and define the classical finite difference operator ¢,
by 04+ (f) (z) = f (x+ 1) — f(x). Iterating this operator leads to

2m
m 2m m—i .
2 ()@ =3 (M) 0
i=0

Applying this equality to the polynomials defined by (z —n)" for 0 < k < 2m — 1, we get

2m

9 )
> () - m~o
i
i=0

Let now = = 0, then for all 0 < k < 2m — 1 we have



Hence for £ = 1, we have Zj_fm ]#0( 1)7( QmA) = —(2;’;) and for 2 < k < 2m — 1, we have

;:—m,jyéo(_l)ij(m—&—]) 0.
‘The same computation for the polynomial defined by (z — m)*™ leads to
;;Tm,j;ﬁo(_l)]jzm (ﬁfg) =(=1)m#0. O

5.3 B—splines Smoothing Masks

Now, we define the B—spline Smoothing Kernels.

Definition 5.3 Let s € Z. The Cox-De-Boor functions N, (with knots ty = s), for r € N,
are defined inductively as follows.

Naolt) = {

For r > 1, we use the induction formula (called the Cox-de Boor formula):

t—s s+r+1—t
Ngroa(t) + st—i-l,r—l(t)
Lemma 5.1 We have N;,(t) = 0 for t €li,i +r + 1[. Besides, for allt € R and r € N, we
have the following properties:
Partition of Unity Property: Z N, (t)=1
i€z
Shift Property N, (t +1) = Ny_1, (¢)
Symmetry Property Nj, (s + % + t) = No, (s + % — t)

1 ifs<t<s+1
0 otherwise.

N, . (t) =

Proof. These properties are well known and follow immediately by induction from the Cox-de
Boor formula. O

Definition 5.4 (B—spline Smoothing Masks) Let us consider a positive integer r > 0.
We introduce a convolution mask (S&O)( ))icz with support included in {—[=],... |=2]},
based on the Cox-de Boor functions with degree r on R, with (bi-infinite) nodal vectorT = (1)ez-
The mask values are defined by S (i) = Noy (B2 +1i) = N (B of =[] <i < |2] and
Sﬁo)(i) = 0 otherwise. This mask is called the uniform B—spline smoothing mask with degree
T

Since Ny, (“4*) = 0, the cardinality of the mask S is 2| =], The mask is always sym-
metric.

Proposition 5.3 The mask S\ is a 0— derivative mask (i.e. a smoothing mask) with conver-
gence order 1.

Proof. The fact that S is a 0—derivative mask follows immediately from the partition of
Unity property in Lemma B and Definition B. The convergence order (same definition)

equal to 1 follows from:
1
E ZSO E ZNOT(T+ z)

€L iE€EZ

The last sum is equal to zero from the symmetry property in Lemma b, O

The reader can find in Appendix A=3 some practical estimation for the constant involves
in the asymptotic order sampling error for the three families of smoothing masks presented
above.
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6 Skipping Masks: Cheap Multigrid Convergence

The idea is adapting the mask to the step of digitization, in order to get == (3,7 [u(?)])
converging to zero along with h. For limiting the complexity of computation, we set the
number of non zero coefficients of the mask fixed. This idea was independently used in [MBT4]
for length estimation. Other attempts have been considered in [GMEST3|.

Definition 6.1 (Skipping Masks) Let u be an w-derivative mask with convergence order p,
and | € N* be a skipping step. The corresponding w-derivative |—skipping mask w; is defined
by w (i) = Hu(}) if | divides i and 0 in any other cases. 1 is the length of the skips.

As > i (i) = 1F Z]ezj u(y), the mask u; is an w-derivative mask with same con-
vergence order than u. But as ) .., |w(i)| = jez [u(j)]; it allows a convenient choice of
depending on A in order to get a zero convergmg values error.

6.1 Uniform Multigrid Convergence with Uniform Noise or Bias

Theorem 6.1 Letu be an w-derivative mask with order p and u; the corresponding w-derivative
[—skipping mask with skips of length l. Suppose that f : R — R is a C* function and
f®) s bounded, o €]0,1], K € R* and h € RY. Suppose I' : Z — 7Z 1is such that
|hT(7) — f(hi)] < Kh® for all i. Let ko = Min{k,1 4+ p}. Then for k > 1+ w and
l(h) _ thlﬂx/kojy

we have (#Aul(h) * F) (n) — f@(nh)| € O(ho—wa/ko),

(67

h
and, for k = w and [ such that }llliltl) h.(h) =0 and }lg% W =0,
we have <hw1 o1 Dy, * > (n) — f@(nh)| € o(1).

Proof. First, we give an upper bound for the values error. From Lemma B2 and definitions,
we have |EV(f, h, T, w), n)| < l(h)w% > icz lu@)]. M i(h) = |[h=He/ko | it is easy to verify
hafwa/ko

1
: : a—wa/k
that [h)oh—a < T —T which is O(h ).

We now turn to the sampling error:
o et £ > 1+ w. From Lemma B0 and definitions, the sampling error is less than

(I(h)h)ko= w||f(k0)||oo > ez i ou(i)|. IEI(h) = |hFelko] it is easy to verify that |ES(f, h, T, wyp), n)| <
(k )
pa—wa/ko 1170 lle Hoo E]ez |jk’0u( .

e Let f be C* on R. From Taylor formula, ES(f,h,I',wau),n) turn to be equal to
> jez Jeu(g)e((n — jp(h))h), where € is a function such that lir% e(z)=0. O
z—

The multiplicative constants in the first part of Theorem G depends on various parameters.
Some depend on informations about the data: a bound h,,q4, of the digitization step, or || f*0)||
or K depending on the model of the noise. Some others depend on the mask: ., |i*u;| is
named the k-moment of the mask. In the case when k > 1 4+ w, the error is bounded by

ka HOO a—wo
(s s Wl 5 ) e

ma:}c 1€Z 1€EL

For practical purposes, it could be useful to choose the mask in order to minimize this constant.
In Appendix B2, we provide formulas for some of our masks, and table of values for others.
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6.2 Stochastic Multigrid Convergence with Stochastic Noise

Theorem 6.2 Let u be a w-deriwative mask with convergence order p and u; the corresponding
w-derivative |—skipping mask. Suppose that f : R — R is a C* function, with k > 1 + w,
and f*) is bounded, o €]0,1], K € R and h € RY.. Let I' be a digitization of f with step h
and a stochastic noise €, with expected value 0 and standard deviation o(h) < Kh®*. Then for

1
ko = Mm{k, 1+p} and l(h) _ thfa/koj , the random variable (WAUWL) * F) (n) —f(w)(nh)

has an expected value and a standard deviation which are O(he=we/ko).

The proof is similar to that of Theorem BI.

7 Examples of 1—derivative masks

It should be noted that all the masks defined in this section, which are digital 1—derivative
(w = 1) skipping masks, can be proven to have a multigrid convergence property either from
Theorem B or from Theorem B2 (depending on the model of errors on values). We remind
the reader that a more precise idea of the speed of convergence for the different masks can be
found in Appendix B2.

7.1 Binomial 1—Derivative Mask

Definition 7.1 (Binomial skipping masks) Let m and | be positive integers and i be an
integer. The binomial 1—derivative |—skipping mask with diameter 2ml and cardinality 2m + 1
for discrete first order derivation is the finite sequence of rational numbers Bl(12)m 1 defined by
Bl(12)m (1) = ((W?Tf_l%) o })) if | divides i and —ml < i < ml, and by Bl om_1(1) =0
in any other cases.

Remark 7.1 Note that Bl(’lz)m_1 1s the convolution product Af*Bl(g)m_l. From Proposition [Z1,
this 1s a general method for building a derivative mask from a smoothing mask.

Proposition 7.1 The masks Bl(12)m71 are discrete 1—derivative masks of convergence orders 2

Proof. We prove here the following equalities:
1 )
> ez Blom1(i) = 0
. 1 .
ZieZ ZBz(,z)mq(Z) =-1
Ziez izB(l)lQ -1 )
31 (1
ZieZ 13]31(,2)m (@) =
Let us notice that for all k£, we have:
. 1 k-1 . — m—
ZiEZ lkBl(,Z)m—l = 2127" 1 Z]:—mj ((rr%flflj) B (2mfj1)>
and
j=—1 . 2m—1 2m—1 j=m . 2m—1 2m—1
i——mj ((mqu) - (m J)> = ;‘fl (—5)" <(m71+j) - (m+j)>
j=—1 . 2m—1 2m—1 =m 2m—1 2m—1
ﬁ__mﬂ <(m717j) - ( )) Z; 1 j* ((mfj) - (mflfj)>

Hence, for the even values of k, we have ), , i "Biom-1(i) = 0.

1—

0
1-3m
T2
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For the odd values of k, we have:
k—1

ZzEZ ZkBl( 2)m 1= 21;771*1 (ZJ—Tmljk(jml 1]) Z]—7m+1] (2777? ]1)>
> ez ZkBl(Q)m 1= 22:1—711 < ?iTm-i-l j—1) (2m 1) ?_Tmljk(%;n ;))
ZiEZ lkBl,?m—l = 22m 1 Z]——m ((j - 1) - j ) (2:11,]'1)

For k =1, we get ZiEZ iBl(}z)m—l =-L

For k = 3, we use previous results:

o (1 k-1 i—m . . i
ZiEZ lkBl( 2)m—1 = 2p2m 1 ;*—m(_3‘72 + 3] - )(2m7]'1>
ez ZkBl(Q)m 1= 221; S (—3m.22m-2 4 3.92m2 _ 92m-2)

O

Proposition 7.2 The masks Bz(,lz)m are discrete 1—derivative masks of convergence orders 1.

The proof could be derived from Remark [ and Proposition B, or we could follow the first
steps of the proof of Proposition [Z1.

7.2 Taylor-Optimal 1—Derivative Mask

Definition 7.2 (Taylor-Optimal |—skipping masks) Let m and | be positive integers and
1 be an integer. The Taylor-optimal 1—derivative |—skipping mask with diameter 2ml and
cardinality 2m + 1 for discrete first order derivation is the finite sequence of rational numbers

0 defined by O (i) = EH- ((jl'?) = Ut (*Z;mf)') if 1 divides i and —ml < i < ml, and by
5 m 1 7 m

Oglrzl(z) = 0 in any other cases.

Let us note that the complexity of the computation depends mainly on the parameter m
and a few on the parameter [.

Proposition 7.3 Ol(ln)l are discrete 1—derivative mask with convergence order 2m .

The proof follows easily from Proposition b=2.

7.3 B-—spline 1—Derivative Mask

Definition 7.3 (B—spline Derivative Kernel) Let us consider two integers r > 0 and | >
0. We introduce a convolution mask SlT , with support in {—|% +1],..., % + 1]}, based on
the uniform Coz-de Boor functions with degree r — 1 on R. The mask values are defined by
S{V(i) = L (Noy—1 (5 + 1) — Nogor (5 + 1 — 1)) if I divides i and —|% +1] <i < |2 +1] and
Sﬁ)(z) = 0 otherwise.

This mask is called the B—spline uniform [—skipping 1—derivative mask with degree r — 1.

Remark 7.2 Note that Sz(,lr) =A; *Sl(f)r)_l, where Sl(,(:")—l denotes the |—skipping smoothing mask

associated to the uniform B—spline smoothing mask quo_)l with degree r — 1.

Proposition 7.4 The mask Sl(i,) 1s a 1—derivative mask with convergence order 1.
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The proof could be derived from Remark [2 and Proposition B, but we present a hand made
proof.

Proof. 'The definition of a 1—derivative mask with convergence order 1 consists of two sum
equalities. Hence the proof consists of two steps:

First Step. ' ‘
1Y ez Sl(lr)() = ZZGZZ Noy—1 (5 +%+1) — Noy—1 (5 +%—1) = 0. The last equality follows
from change of index i <> (1—1) 1n one of the sums.
Second Step.
. 1),. .
lZieZZ'Sl(,r)(Z) = D izt [NOT 1 1+ , : L
> iciz t-Nos—1 (T 1+ %>_ iciz(t +1)-Noy—1 (% + %)
= lzzelz Nos—1

O

The following methods for building derivative masks from a smoothing mask u of order p
are worth noting:
— 1 1 —u(i)
1. Let v be the sequence defined by v(0) = SRy > jenjzo 3u7) and v(i) = i)
for i # 0. Then, v is a 1—derivative mask with order 1 + p if and only if «(0) = 0.

2. From Proposition B and Definition B2, we can easily define and (w + 1)—derivative
mask from any w—derivative mask by covolution with A;"..

Evaluating the errors needs to evaluate ), , |szl(12)m_1(z)| and )., |2k0l(1731(2)| (see the
proof of Theorem BE). See Appendix A= for the most useful such estimations.

8 The cases of 2—Derivatives and Parametric Curves

8.1 Exemples of 2—derivative masks

Concerning second order derivatives, we can consider similar [—skipping masks. It is worth
noting the following general method: Let u and v be two 1—derivative masks, then uxv is a
2—derivative mask (see Proposition B).

Definition 8.1 Letm andl be positive integers and i an integer. The Taylor-optimal l— skipping
mask with diameter 2ml and cardznalzt%/ 2m + 1 for discrete second order derivation is the
finite sequence of rational numbers O defined by 01(2,21(1) = ’l—fOl(ln)l(z) if 1 divides i and

ml
—ml <1< ml andi#0 and 01(2“)1(0) is such that Z 01(277)1(1) =0, and 0 for all other values

i=—ml
of 1.
Lemma 8.1 01(2721 1s a l—skipping 2—derivative mask with convergence order 1 4+ 2m.
The proof follows easily from Proposition b=2.

Definition 8.2 Let m be a positive integers and v be an integer.
The binomial smoothing mask with diameter (2m+2)l and cardinality 2m+3 is the finite se-
. (2 _ 1 2m—1 2m—1 2m—1
quence of rational numbers (Bl2 ) defined by Bz om—1(1) = @zt <<m+17%) — 2(m 7) + (mflf%)>

if —(m+ 1)l <i<(m+1)l andl divides i, and by Bl,2m—1(i)) =0 in any other cases.

See Appendix AT for estimations of constants in the convergence order.
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8.2 Parametrized Curves

Let k > 1. We assume that a planar closed C*-parametrized curve C' (i.e. the parametrization
is periodic) is given together with a family of parametrized digital curves (¥;) with ¥, contained
in a tube with radius H(h) around C. A parametrization of C' is denoted by g = (g1, 92) :
R — R2, where g; and g, are C! and periodic with a common period. The parametrization of
¥, is denoted by Ty, = (['y,Ty) : Z — Z2.

8.2.1 Binomial smoothing

Let P = (Py,...,P,) be a (n + 1)—tuple of control points. Let us denote a Bézier curve
Bp(t) = >0, (M1 — t)" . P;, where ¢ € [0,1] (See the Section B32). Thus we have

Bio-me.riom () = ( (84 () () (A (€)) ()

2m—¢ 2m—¢

where ¢ =0 or 1.

8.2.2 Discrete tangent

Here we estimate the tangent at a point of C' by a digital tangent at a not too far point of X
To this purpose, we define the digital derivative in a natural way with the digital derivative
of the coordinates. Note that this definition needs no hypothesis concerning the parametrized
curve. Moreover, we could theoretically use different masks for the two coordinates. For sake
of simplicity, we shall use the same for both.

Definition 8.3 Let u be a 1—derivative mask. Let T' = (I'1,Ts) : Z — Z X Z be a digital
parametrization of a digital curve 3.
The digital derivative of T' at point T'(n) is

((A4(T1)) (), (Au(T)) ()

It is denoted by (AL(T)) (n). When this vector is nonzero, the corresponding discrete tangent
at T'(n) is the real line going through T'(n) directed by (AL(T)) (n).

Let us notice that the asymmetric [—skipping binomial case corresponds to the derivative of
the Bézier curve with control points (I'(ip — (m — 1)I), ..., T'(ig + ml)) computed at the medial-
point of parameter %

8.2.3 Tangent Estimation

Theorem 8.1 Let u be a smoothing mask with convergence order p. Let g = (g1, 92) be a C*
parametrization of a closed curve X. Let ko = inf{k,1+ p}, o €]0,1], K € R} and h € R,
with h < % Let Ty, = (Up1,The) : Z — Z X Z be a digital parametrization of ¥.. Suppose that

for all i we have ||g(ih) — h.T'4(9) |l < Kh®. Suppose that gt) is bounded for ¢ = 1,2.
Then ||AL(Ty)(n) — g'(nh)||_ is less than

oo

Maz {1981, 198" 1 } K
ot , S 1) ) + i (D (i)
ko! i€z h i€z
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The proof follows directly from Lemma B2 and Lemma BT

Theorem 8.2 Let u be a 1—derivative mask with convergence order p and w; the corre-
sponding 1—derivative |—skipping mask. Under the hypothesis of Theorem B, for k > 1

and l(h) = |h='re/% |we have ||AL (T})(n) — g’(nh)“ € O(he=o/k) and for k = 1 and

I(h) = [h=12] | we have AL (T))(n) — g’(nh)”oo € o(1)

Uj(h)

The proof is straightforward.

The hypothesis of Theorem B is stronger than the digitization being simply contained
in a tube, because not only the discrete curve must be close to the continuous curve, but
the parametrization of the digitization must be close to the parametrization of the continuous
curve. This was the reason for introducing Pixel-Length parametrizations in [ENMCTI].

8.2.4 Discrete curvature

We estimate the curvature at a point of C' by a digital curvature at a not too far point of
Y. The definition of the digital curvature coincides with the classical formula for continuous
curves.

Definition 8.4 Let u and v be respectively a 1—derivative mask and 2— derivative mask. Let
Y be a digital parametrized curve of parametrization T' = (I'1,['y). The corresponding discrete
curvature at T'(n) is

(AY(T)) (n) (Ay(T2)) (n) — (Ay(T)) (n) (AY(T'2)) (1)
(((ALT)) () + (AL(T2) (0))) "
when the vector AL(T)(n) is non-zero. It will be denoted by Cy(T)(n).

Notice that this definition needs no more hypothesis concerning the parametrized curve.

8.2.5 Curvature Estimation

We shall denote 7¢(t) the curvature of a curve parametrized by g at the point of parameter
t. The following convergence theorem required some additional hypothesis concerning the
regularity of the considered point.

Theorem 8.3 Let u be a 1—derivative mask with convergence order p(u) and w; the corre-
sponding 1—derwative |—skipping mask.
Let v be a 2— derivative mask with convergence order p(v) and v, the corresponding 2— derivative
[—skipping mask.
Let g = (g1,92) be a C* parametrization of a simple closed curve, with k > 2.
Let T' = (I'1,19) : Z +— Z X Z be a digital parametrization of a digital curve X.
Let ko = inf{k,1+p(u),1+p(v)}, a €]0,1], K € R% and h € R and h < 1. Suppose that for
all i we have ||g(nh) — h.I'(n)|w < Kh*. Suppose that g is bounded for ¢ = 1,2. Suppose
that fort € [t1,ts], the vector g'(t) # 0.
Then, there is some hy > 0 and two functions ni,ny : (0;400) — Z such that for I(h) =
|t Felko || for h > hg and n € [ny(h),na(h)] N Z, we have

e

Uj(h);Vi(h)

(T)(n) = 7g(nh)|| € O(ne-2%)
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Proof. Let us introduce the function defined on R? — {(0,0)} x R? by
F(X,)Y,ZT) = LXTa
(X2 +Y?2):
Hence iy (D)) = F(AL, (T)(n), A2, (T)(n)) and 1g(nh) = F(g/(nh), & (nh)).

U1(h) 7T Vih)

The differential of F is easily seen to be bounded on any compact K in R? — {(0,0)} x R?.
Let Mgk be one of its upper bounds on K. Then for a and b in K, we have ||F'(a) — F(b)||o <
MyJla— bl

We claim that, under the hypothesis of the theorem, we know that there is a compact K;
in R? — {(0,0)} such that for ¢ € [t;,t5] C R, the derivative g'(¢) lies in K;. Indeed K; = {x €
R% o < |lx|| < B}, where o = Inf{||g'(t)Il;t € [t;t2]} and 5 = Max{||g'(t)[l;t € [tr;1a]} is
convenient.

Then from Theorem B2, we can find a compact K in R* — {(0,0)} and a fixed h; such
that for b > hy and n € [[%], [%|] N Z the derivatives g'(nh) and (A}, (T)(n) ly in K.

Ui(h)

Moreover, under previous conditions, the second order derivatives g” (nh) and (A%l(h) (T)(n)

lie in a compact K3 of R2.
From Theorem B, there is a constant y and a fixed hs such h > ho, we have

[(ad, D)), A2, (O)0) — (& )" ()| < oot
Hence for h > max{hy, hs} and n € [ny(h), na(h)] N Z, we have

HCUl(h):Vl(h)(F)(n) - Wg(nh)Hoo < X‘MKﬂKB.hO‘_M/kO

9 Piecewise Polynomial Functions and Convolutions

9.1 Continuous B—Splines Revisited
9.1.1 Scaled B—Splines Curves Associated to a Sequence

Let E be an R—module and let (I'(s))scz be a sequence with values in E. Let r € N. The
uniform B—spline function with degree r and control points (I'(s))sez is defined by:

(SI2)) (1) = DTN (1)

SEZL

where the N, function is the Cox De-Boor function (see Definition B3).

Definition 9.1 Let | € N} and r € N. First, for s € Z we define the |—scaled B—spline

function N, by:
t

Ns,r,l<t) = Ns,r(Z) (5)
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Definition 9.2 The uniform [—scaled B—spline function with degree r associated to I' s
defined by:
0
(S9m) 1) = > Ts)Neralt)
SEZ

Note that this last function can be interpreted a regular uniform B—spline functions control
points (I'(ls)) ., with difference between successive nodal points equal to /.

Definition 9.3 Let ® : Z — E be a sequence, or & : R — E be a function.
We denote by 7(P) the right shift of ® which to s associates (7(P)) (s) = (s + 1).

The following property follows immediately from the shift property in Lemma Bl

Property 9.1

(9 m) ) = (FsP ) @

9.1.2 Derivative of the B—splines Curves with Skipped Control Points

As far as the Cox de-Boor functions are concerned, we have the classical expression for the
derivative:

Né,r(t) = (Ns,r—l - Ns+1,r71)
From the definition of N, ;(t) we get

NLat) = TN () = 7 (Napaat) = Neraroaa0) )

Proposition 9.1 For r € N* we have:

C(s0m) (0= (040 - 82,

Proof.
£(SPM) 0 = Eea TN (1)
= ZsEZF( S)%( 5,7 — ll() Noy1,- ll(t))
= Yeca TUs)) (Nor1(t) = S e T(U(s = 1) (N 11(1))
= 1> .z (D(ls) —T_ZF (1)) (Nsr—14(1))
O

Definition 9.4 Let ® : Z — F be a sequence, or ® : R — E be a function. We denote

(A7 (®)) (5) = 7(2(5) — @5 ~ 1))

Notation 9.1 Forw <r —1, we denote by Sl(;’)(l“) the function defined on R by:
(@) _ 4 (o
(s9m) (1) = 2 (s D) @)
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With these notations, Proposition B can be reformulated as
'Sz(,i)@) = (Af (Si?)_l(lﬁ)»
Hence by induction, we get:
Proposition 9.2 For w <r — 1, we have
S0 = ((a0)” (s.m))

9.1.3 Relationship between scaled B—spline and convolutions

Proposition 9.3 Forn € Z, we have

Proof.
(SYD) ((n+5) = Coen DU Nraliln +2)
= Y. D(s)Ny, (n+ =)
= Yy DUs)No (H + 10— s)
= Y. lU)8) (n—s)
= (si+1) ()
O

Notation 9.2 For w € {0,...,r — 1}, we denote
@) _ (A=) ()
Sl,r - (Al ) (Sl,r—w)
Note that, from Proposition B, the mask Sl(f:,) is an w—derivative mask.

Theorem 9.1 Forn €Z and w € {0,...,r — 1}, we have

(sl{°;>(r)> (z (n + - ; 1)) - (s,{? x r) (n)

9.2 Bézier Curves with Skipped Control Points

9.2.1 Beézier Curves and Bernstein polynomials Basics

Definition 9.5 Letr € N*. Fori €0,...,r, we consider the R—valued polynomial with degree
r defined by

r

Bi,(t) = ( >ti(1 e

These well-known polynomials are called the Bernstein polynomials with degree r.

]
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In the sequel, unless otherwise specified, we shall say Bernstein polynomials or Bernstein
functions as a shorthand for Bernstein polynomials. The Bernstein polynomials with degree r
constitute a basis of the vector space of polynomials with degree less than or equal to 7.

From the Pascal formula for binomial coefficients, we derive a similar formula about Bern-
stein polynomials:

Bir(t) = (1 —1)Bir_1(t) +tBi_1,-1(t) (7)

Definition 9.6 Let E be an R—module and let P = (Fy, ..., P,_1) be a sequence of point in
E. Let Bp : 1 — E be the Bézier Curve with control points P. Then we have:

r—1
Bp(t) = Z PiB;,(t)
i—0

We can compute the derivative of a Bézier Curve as follows. Let Bp : [0,1] — E be the
Bézier Curve with control points Fy, ..., P._1. Then we have:

[\

Bo(t) = (r — )3 (Pt — P)Biya(t)

(2

I
=)

which is the Bézier curve with control points Pj,..., P! |, where P/ = (r — 1)(Py1 — P)).

y t n—1>»

9.2.2 Scaled Bézier Function Associated to a Sequence

Definition 9.7 Let | € NY. We introduce the s—shifted [—scaled Bernstein polynomials by:

B, (t—s) iftels,s+1]
0 otherwise.

Bi,s,r,l (t) = {

In other words, the value B, s, ;(f) can be non-zero only for s = L%J In the remainder of
this section, £ denotes an R—module and (I'(s))sez is a sequence with values in E.

Definition 9.8 Let! € N%. The l—scaled (piecewise) Bézier curve with degree r—1 associated
to I' is defined over R by:

(M) (1) =" T U+ = 1)) Bisyal®)

s€Z 1=0

Note that in the previous definition, due to the definition of B; ,,, for a given value of 4, only
one value of s (namely s = | %] +r — ) contributes to the double sum (Bl(s,)(l“)) (t), so that,

in fact, at most r + 1 terms are non-zero.

Proposition 9.4 (De Casteljau Property)

(B0m) 0= (1 +1- ) (B @) o+ (- 151) (505m) @
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Proof.

(BOD)) (1) = Toe TioT U= 1) Birt = ) Lpee (¢)
= Ysendiimo (s +i-7))
(1= 19) Buai =) (1) B - 9)
s (7)
The last equality follows from Equation [. Taking into account that the only value of s for
which % € [s,s + 1], and then by changing the index i to ¢ + 1 in the sum, we get:

(Bffi)(F)) () = F 1)) ez Sr o T(U(s 40— 1)) Bygr14(t)+
%J) Zsezzz—q ( (s+(i+1)—7))Bisr1(t )
1)) ZSGZZ F(U(s+(i—1)—(r—1))) Bisr—12(t)+
) Xz o Tl (5+'i_ (r=1))) Bisr1.(t)
+14) (B2 T)) @)+ (- 1) (B§2>_1<r>) (1
The indices ¢ = —1 and ¢ = r yielding a zero term because out of range for the Bernstein
polynomials. O

=~ e~
~lch el T e~k

Il |

9.2.3 Derivative of the Scaled Bézier Function

As far as Bernstein polynomials are concerned, we have the classical formula:
B,{J« = T(Bi—l,r—l - Bi,r—l)

We derive from this that, for s = [t], we have

d

_Bisr B/ .
CBianilt) = Bl — ) =

l

N|ﬁ

; (Bi—1,sr-1(t) = Bisr—14(1))

so that

Proposition 9.5 Forr > 1, the curve Bl(g)(F) is C™™' on R and we have:

C(BO) (0= (B0 - BYLM) )

Proof. First we prove the result for all ¢ € R\Z, on which the curve Bl(s,)(f‘) is easily seen to
be polynomial.

% (Bfg)(ﬁ) (t) = Zsez Zz oM (U(s+i—r)

) Bi (1)
= Y il Us+i—7))

+1

)

% ( i—1,s,r—1 l(t) Bi,s,rfl,l(t))
= ZSEZ Zz——l r ( ( ( ) )) (Bz s,r—l,l(t)) -
Disez el Us +i—1)) g
= Zsez Z T ( (5 +1+1— T)) % (BZ,S,T—Ll(t)) -
Zsez >ico T (s + i—1)) 7 (Bisr-1.(1))
) )

= (B0 ) - B >Zt>

Now, as we can see that Bl(g)(f‘) is CY on R, so that the result follows by induction on r > 2.
O

(str 1l(t))
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Definition 9.9 Let ® : Z — FE be a sequence, or ® : R — E be a function. We denote
1
(Afr(@)) (s) = 7(@(8 +1) — (s)).

Notation 9.3 Forw € {0,...,r — 1}, we denote by Bz(,:) (T") the function on R defined by

w d” 0
BE(0)() = - (BIY(0)) (0

Therefore, Proposition B3 can be restated as:
(B M) (1) = raf (BY,(M) @)
The following immediately follows by induction:

Proposition 9.6 forr >1 and w < r — 1, we have

(B2 1) = L (a9 (B0.0) )

(r —w)!

9.2.4 Binomial Convolutions and Scaled Piecewise Bézier

Proposition 9.7

(B2) (104 ) = (B +7) (100~ 151)

) i,8,7,0 (nl + é)
)1 i,r(n + % - S)]l[s,s+1[ (7’L + %)
2

(BOM) (n+3) = S g TlUs +i—7)
— L X TUs +i—1)
= Salllnri- s
= Y D(n—r+1i)5())

We distinguish two cases depending on the parity of r:
First Case: If r is even. Say r = 2m with m € N. We have:

(B +T) (ln—m)) = Sz B, ()T (Un —m — i)

= Y. Di(n —2m +1))BY (I(m — 7))
— ZQmF((n—T—{—Z Lm(;”)

Second Case: If r is odd. Say r = 2m — 1 with m € N.

)

(B «T) tn—m+1) = Sy B, ()T (Un —m+1-13)
= Y, D((n—2m +1+0)BY (I(m — i)
= Zf;n(;l C(l(n—(2m—1)+ z))22m . (2"271)
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Notation 9.4 Forw € {0,...,r — 1}, we denote by Bl(f;)(lj) the mask on R defined by
B2 (n) = (A7) (Bi,—w) (n)
Note that this definition is coherent with Definition 1 and that Bl(f:) is an w—derivative mask.

Theorem 9.2 Forr > 1 and w <r — 1, we have

(B2m) (1004 3)) = 5 (B +7) (10~ 15)

Proof. The result follows by induction from Proposition B8 and Proposition B74. O

10 Experiments

10.1 Smoothing

Figure 0 shows an example of smoothing a sampled function, with different models of noise of
the sample values. Figure B shows the maximal error for smoothing with uniform noise, for
different values of the resolution %

We see that the Taylor-Optimal masks, which are optimal in the absence of noise, perform
poorly for removing noise. The result of “smoothing" in this case is even more noisy than the
original.

The best practical kernels seem to be that Binomial kernels. Although Proposition b
indicates that the convergence order of the binomial masks with even or odd diameter is
different, the practical performance for smoothing appears similar.

2
T T
Discretized + 2 - RN
1.5 -Binomial kernel = N 1s | Discretized |
1 | Centered binomial kernel A | Binomial kernel a
Taylor optimal kernel e} 1 7'(I2aenlt;r(e)dt?rlr?§lnlzlearlnkeelmel - B
0.5 [sin(x) — N 05 *sin}zx) p o |
0+ i
0.5 B |
1 y;nr;reuuﬂa.f*.‘u;ah;wnéa;..J,a;"“'sjuﬁ;‘géaf%“r?a—ﬁfg
1.5 4
2 I I I L
-2 -1.8 -1.6 -1.4 -1.2 -1

(a) Uniform noise with maximum absolute value 207 (b) Stochastic normal centred noise with standard
deviation 10h

1

Figure 1: Smoothing operators applied to the sin function, digitization step h = z;
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Figure 2: Smoothing operators applied to the sine function, uniform noise of maximum absolute
value 2h.

10.2 Derivatives

Figure B shows that binomial 1—derivative masks have a better practical error than the Taylor-
optimal one in various cases with noise, which confirms the theoretical bounds.

first derivative of the square function in [0:1],
. m=35, 1 from 200 to 10000, step 200
" maximal e1ror N
0,015 i e "no noise, p=int(powir,0.5)), binomial mask
_" "ne 11+0ise, p=int(pow(r,0.5)), optimal mask
;..'- b . “no noise, p=int(pow(r,0.6)), binomial mask
ra + “ne noise. p=int(pow(r.0.6)). optimal mask
0.010 P
f + *
7 +
. Lt N
0,005 M;**” —, . g
ann®mm aa" ] +
'ﬂ"f. L] [] . o +
. + 4+ + + -+
RTINS

Figure 3: Maximal error 1—derivative operators applied to the square function, for different
values of the resolution % from 200 to 1000. The results are for a uniform noise with maximum
absolute value 1h%® (i.e. o = 0.8). Mask cardinality r = 11. Skipping step for [ =|h~%| and
for | =|h706]

Figure B, also confirms the result that the Taylor-Optimal 1—derivative masks perform
better in the absence of noise, but similar, or even worse in the presence of very moderate
noise (close to round-off quantisation errors). We see that the performance of the Binomial
masks have a closer dependency to the resolution, but still have a broad spectrum of good
performance.

We also see on both Figure B and Figure B that a good estimation can be obtained by a
mask using only 11 (possibly noisy) values. This shows the strength, as far as computational
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complexity
samples.

Max Error

is concerned, of the method

with skipping steps compared to using contiguous
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3000 2500 2000
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1500 1000

Figure 4: Maximal error for 1—derivative operators applied to the sin function, uniform noise
of maximum absolute value 2h, mask cardinality » = 11 and [ = 100

Figure B shows that, also with only 40 points, the second derivative can be estimated
with good precision in the round-off quantization value errors case. The figure also shows the
influence of the skipping step. Bellow some threshold power of h, the method just does not

converge.

Second order derivative of the sine function

p-I.U'T max error for 40 points
h from L/ go 1/10 OG0
no noise
'
+ * "
’-‘___—-"""" —
ouz oA it I
B FTT TR -
'] - |r-l”
110000 b=1%00

Figure 5: Maximal error of 2—derivative operators with binomial skipping masks, on the sin
function, with only round-off quantization value errors. All convolution values are computed
with 40 samples, for different values [ = h07, [ = 40h'/3, | = b8, | = 15R/3, | = KO

10.3 Curvature
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Figure 6: Digital curvature around a noisy digitization of an ellipse, uniform noise of maximum

absolute value 3h, h = ﬁ, Taylor-optimal mask, various values for [
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11 Conclusion

This work is a milestone in our work in progress to define a new paradigm for numerical
analysis and calculus, to avoid the shortcomings of floating point computations. It can be
easily extended to any dimension by tensor product, which leads to convergence results by
application of the one-dimensional case.

The interpretation of digital convolutions using smooth curves can be generalized to many
convolution kernels, including the Gaussian kernels, for which the smooth curve can be chosen
C*°. Even though we are primarily interested in integer-only or exact computations, this is
an interesting limit case, which can be of interest to many scientists using more traditional
approaches to numerical analysis ans functional analysis.

We will build on the general notion of a digital derivative to define other tools for digital
analysis, such as integrals, partial differential equations, convex optimization, harmonic anal-
ysis, and non linear optimization. Some of this work is already in progress as we write these
lines.

We also plan to develop a dedicated library, for efficient integer-only computations. The
library should be generic and support many formats for numbers, including long-integers and
floating points. More experiments on n—dimensional derivative and curvature estimation will
be performed in this process. Even-though long-integers come with an overhead, we believe
that exact calculations will prevail over cheap approximations in the long run.

A Choosing a Mask

A.1 Criteria for Choosing a Mask

Having read all of the paper until the conclusion, the reader may still be wondering: “Why
bother with so many masks?". In fact, there is no single bullet rule for choosing a mask. For
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now, any user of our methods has to assess what we call “business dependant” or “application
dependant" hypothesis, about available resolutions and noise model.

If you have low resolution and low noise (a few pixels), you should probably use the Taylor
Optimal masks (see Figure @). If you have a fair resolution and significant noise, you will
probably be better off with a Binomial mask.

The B—spline masks have not yet been completely assessed, and they are here for their
potential theoretical interest, which deserves the proofs of multigrid convergence to be included.

In the next section, we attempt to provide finer criteria to choose masks for your favourite
application.

A.2 Moments of The Main Considered Masks

In Lemma B, an upper bound is given for the sampling error |ES,(f,h,I',u,n)|, as a func-
tion of the infinite norm of f%*o) the digitization step, and a constant which depends on u:
ez [iFou(i)|. For kg = 1+ p, where p is the convergence order of the digital w—derivative
mask u, we call this last constant, the moment of the mask.

This constant gives an indication on the speed of convergence (main asymptotic term) of
the sampling error the digital w—derivative estimation given by u for C'** functions. We can
also consider this constant for kg < p to assess the quality of estimation on functions which
are not C177.

Similarly, in Lemma B and in the proof of Theorem B, the main asymptotic term in the
error on values |EV,,(f, h,T',u,n)| depends on a constant ) ., [u(i)|. We also asses this values
for some masks.

As we advocate the use of masks of small support, we give here schedules for the coefficients
values.

A.3 Smoothing Masks

m 3 4 ) 6 7 8 9

1
szﬂﬂogﬂﬂ(m 0.157 | 0.089 | 0.051 | 0.029 | 0.017 | 0.0.010 | 0.0053
=

1
—(2m).2|0§%l<z'>| 3.2 | 3.66 | 4.07 | 444 | 478 | 5.10 | 5.40
=

Table 1: Moments of the mask Og,],)l

m 3 4 ) 6 7 8 9

> 1BS) ((i)] [ 0.94 | 110 | 1.24 | 1.36 | 1.47 | 1.58 | 1.67

€7

Table 2: Moments of the mask Bg,?%l
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1
For Bg?,)t we have the simple formula 3 Z i |Bé?,)1(z)\ = % (see the proof of Proposition b).

1EL
2 3] 4 [ 5] 6 [ 78
1 -22Q((0 1 1 125 1 175 1 3
SIS0 §| s & | 1| & | 6| 3
€7

Table 3: Moments of the mask S,(ﬂo)

A.4 First Order Derivative Masks

In practice, m will be 3 to 7. Hence we first give a table of values for such m.

m| 3 4 ) 6 7 8 9
k
0 1.84 2.09 2.29 245 2.60 2.72 2.83

L L L L L L L

1 22 | 266 | 3.07 | 344 | 3.78 4.10 4.40
2 3.00 | 4.0 5.0l 6.01 7.0l 8.01 9.0(
3 4.81% | 7.321% | 10.21% | 13.31* | 16.81* | 20.4 I? | 24.3I*
4 913 167° 2503 361° 4913 64 I3 811°

Table 4: Y., Iz’“OﬁL(Z)I

m| 3 4 5 6 7 8 9

k

0 0.625 0.547 0.493 0.452 0.419 0.393 0.371
L l l l l L l

1 1 1 1 1 1 1 1

2 | 1.8750 | 2.1881 | 2.4611 | 2.707p | 2.932p | 3.142p | 3.338p

3 4.0 | 5512 | 72 | 8512 | 10.02 | 11.512 | 132

Table 5: >,c7 |ikBl(,12)m—l(i>’
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r| 2 3 1 5 6 7 8
k
0 0.875 0.959 0.797 0.877 0.740 0.806 0.694
L l l L l l l
1 1 1 1 1 1 1 1
2 | 2.1250 | 1.5631 | 2.2090 | 1.687p | 2.92p | 1.806p | 2.375p
3 | 4.7502 | 2.7512 | 5.250%2 | 3.2512 | 5.7512 | 3.7512 | 6.2502

Table 6: 3, [*S\Y (4))]

In order to compare both masks, let us consider a C? function f and m = 5.

In the binomial case, the error bound is —Hf Moo (I(h)R)? + %hl‘zh)l
In the optimal case, the error bound is £||f®) || (I(R)R)* + 2K };(Zh)l which is worse.

For a C? function the error bound remains the same in the binomial case, but in the optimal

case, it become 2| W[ o(I(h)h)* + 2L

The binomlal mask seems to be competitive in the generic case. Hence, we give here general
formulas for this case:

Proposition A.1 )", _, |Bl(,12)m—1(i)| = = ("))
>z rzBEQm NOIER!
ZZEZ ’71 l2m (@) = ;an 12 (27;”—_12)

ZlEZ’Z 12m (@)] = 3m sml2

Proof. Let us notice that for odd k , [i*Byam—1(¢)| = ©"Byam-1(i), hence >, , |iBion-1(1)] = 1
and Ziez ‘iSBl,2m—l<i>’ = 3m2__1p2'

Now for even k, we have
. . k—1 j=— m m
i I B® ()] = gie Y 4 () = Co)))
1 k—1 m m m
Zz<0 |ZkB( )( )| = 2l2m—1 Z; 1 ]k ((ni 1+1_7 - 2m+]1 )
(1 k-1 m m— m
Sl BRG] = £ ST () - ()
hence Y., [i*B, 1)( )| = Sy ST ((27” 1) (
1Y/ 22m—2 j=1

For =0, we have 3, [I*Bp, (0)] = s (5):

m—1

2m— 1)
m—1—j :

For k > 2, we have
R (Cr) = () = SR ) = S ()
and
) =G - DR,
hence Y, [*Bi,) (1)] = sz Y027 (5 — (G — D) (272))
For k = 2, we have
S B0 = g S0 (25— 1) (1)) = e 2m — 1) (077) O

A.5 Second Order Derivatives
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m 3 4 3 6 7 8 9

S TIBE) () | 0.63]0.44| 038 | 0.33 | 0.28 | 0.0.25 | 0.22

1€EZ

S TIPBE (i) | 2.32 | 2.22| 229 | 230 | 2.28 | 2.27 | 2.25

1€EZL

> I°BS) 1 (i)| | 6.57 | 7.33 | 8.25 | 9.00 | 9.64 | 10.23 | 10.77

1€Z

Table 7: >, \z’“Béf,l_l(@)l
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