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WEAKLY-DISPERSIVE INTERNAL GRAVITY WAVES
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ABSTRACT. In this short communication we present the multi-symplectic structure for the
two-layer SERRE-GREEN-INAGHDI equations describing the evolution of large amplitude
internal gravity long waves. We consider only a two-layer stratification with rigid bottom
and lid for simplicity, generalisations to several layers being straightforward. This multi-
symplectic formulation allows the application of various multi-symplectic integrators (such
as EULER or PREISSMAN box schemes) that preserve exactly the multi-symplecticity at
the discrete level.
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1. Introduction

The density stratification in oceans appears naturally as the result of the existence of
a thermocline, differences in the salinity and other similar mechanisms [10]. The density
stratification supports the so-called ‘internal waves’. These are ubiquitous in the ocean
and, comparing to surface waves, internal waves may have a huge amplitude of the order
of hundreds of meters [9]. These waves play an important role in ocean dynamics and they
attract permanent attention of several scientific communities. Compared to surface gravity
waves, the physics of internal waves is richer and their modelling leads to more complicated
equations, in general.

Lagrangian and Hamiltonian formalisms are tools of choice in theoretical Physics, in
particular for studying nonlinear waves. Quite recently, the multi-symplectic formalism
have been proposed as an attractive alternative. This formulation generalises the clas-
sical Hamiltonian structure to partial differential equations by treating space and time
on the equal footing [4]. Multi-symplectic formulations are gaining popularity, both for
mathematical investigations and numerical modelling [5, 13].

Multi-symplectic formulations of various equations modelling surface waves can be found
in the literature. However, to our knowledge, no such formulations have been proposed
for internal waves. In this note, we show that the multi-symplectic structure of a homoge-
neous fluid can be easily extended to fluids stratified in several homogeneous layers. For
the sake of simplicity, we focus on two-dimensional irrotational motions of internal waves
propagating at the interface between two perfect fluids, bounded below by an impermeable
horizontal bottom and bounded above by an impermeable rigid lid.

The present article should be considered as a further step in understanding the un-
derlying mathematical structure of an important model of long internal waves — the
so-called two-layer SERRE equations [14]. SERRE’s equations are a shallow water (long
waves) approximation for large amplitude waves. This model is sometimes referred to as
weakly-dispersive fully-nonlinear and was first derived by SERRE for surface waves [14]. Tts
generalisation for two layers internal waves was apparently first obtained by BARTELEMY
[3], both with a rigid lid and with a free surface. This model was later re-derived using
different approaches [1, 2, 7].

The Hamiltonian formulation for the classical SERRE equations describing the surface
waves can be found in [11], for example. However, this structure is non-canonical and quite
non-trivial. The Hamiltonian formulation for travelling wave solutions for two-layer SERRE
equations can be found in [1]. In the present study, we propose a multi-symplectic formu-
lation of two-layer SERRE equations with the rigid lid. This work is a direct continuation
of [6] where the multi-symplectic structure was proposed for the original SERRE equations.

The results obtained in this study can be used to propose new structure-preserving
numerical schemes to simulate the dynamics of internal waves. Indeed, now it is straight-
forward to apply the EULER-box or the PREISSMAN-box schemes [13] to two-layers SERRE
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Figure 1. Sketch of the two-fluid domain.

equations. The advantage of this approach is that such schemes preserve exactly the multi-
symplectic form at the discrete level [4, 5|. To our knowledge, this direction is essentially
open. We are not aware of the existing structure-preserving numerical codes to simulate
internal waves. This situation may be explained by higher complexity of these models
compared to, e.g. surface waves.

The present manuscript is organised as follows. In Section 2, we present a simple varia-
tional derivation of the governing equations. Their multi-symplectic structure is provided
in Section 3 and the implied conservation laws are given in Section 4. The main conclusions
and perspectives of this study are outlined in Section 5.

2. Model derivation

We consider a two-dimensional irrotational flow of an incompressible fluid stratified in
two homogeneous layers of densities p;, subscripts j = 1 and j = 2 denoting the lower and
upper layers, respectively. The fluid is bounded below by a horizontal impermeable bottom
at y = —d; and above by a rigid lib at y = ds, y being the upward vertical coordinate
such that y = 0 and y = n(x,t) are, respectively, the equations of the still interface and
of the wavy interface (see Figure 1). Here, = denotes the horizontal coordinate, t is the
time, ¢ is the downward (constant) acceleration due to gravity and surface tensions are
neglected. The lower and upper thicknesses are, respectively, hy = d; +n and hy = dy — 1,

such that hy +hy = d1+d> ' D is a constant. Finally, we denote u; = (u;, v;) the velocity
fields in the j-th layer (u; the horizontal velocities, v; the vertical ones). We shall now
derive the fully-nonlinear weakly-dispersive long wave approximation SERRE-like equations
[3, 7] following a variational approach initiated in [15] for the (one-layer) classical SERRE
equations. Further relations are given in the Appendix.
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2.1. Ansatz

In order to model long waves in shallow water with rigid horizontal bottom and lid, the
velocity fields in each layer is approximate as

wi(z,y,t) ~ uj(z,t), vi(z,y,t) ~ ((—1)jdj—y) Ui (2.1)

. . . . . _def | _
where @; is the horizontal velocity averaged over the j-th layer, i.e., 4; = hit fjdl urdy ,

Us o hyt fndQ uady. The horizontal velocities u; are thus (approximately) uniform along

the layer column and the vertical velocities v; are chosen so that the fluid incompressibility
are fulfilled together with the bottom and the lid impermeabilities.
With the ansétze (2.1), the vertical accelerations are

def — j
Dt’l}j = Uyt + Uj Vjg -+ V5 Vjy ~ Vi hj 1{dj - (_1)Jy}7

where Dy is the temporal derivative following the motion and «y; are the vertical accelera-
tions at the interface, i.e.
def ; _ _ _
v = Dywjl,_, = (=1)7h; { ot + U Ujw — ujzx : (2.2)
The kinetic and potential energies of the liquid column are, respectively,

dt [T uf+vf = ud o] 2 72 352
H = /d e dy + P25 dy =~ Zjapj(%hjuj + %hj ujx)’
_d 7

def [ >
Vo= / prg(y+di) dy + / p2g(y+di) dy = 5(p1 = p2) ghi + 5p29D"
—d1 n

The incompressibility of the fluids and the impermeabilities of the lower and upper
boundaries being fulfilled, a Lagrangian density .Z is then obtained from the Hamilton
principle: the Lagrangian is the kinetic minus potential energies plus constraints for the
mass conservation of each layer, i.e.

def

L = —V 4+ pr{hu+ [, }or + pa{hay + [hotz], } @2,

where ¢; are LAGRANGE multipliers.

2.2. Equations of motion

The EULER-LAGRANGE equations for the functional [[ .2 dxzdt yield (together with
ho = D — hy and for j = 1,2)

00;: 0 = hj + [hyu;],,
0t : 0 = @jhje — [hidile — 3[h] Ul + by, (2:4)
6hi:0 = 5 (pray = paig) — (p1—p2)ght + 5 (prhiald, — pahsas,)

— p1ou + p2du — p1U1 Qe + p2Uz P2 (2.5)
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Adding the two equations (2.3) and integrating the result, one obtains
hituy + hpty = Q(t),
(/D is often called miz velocity in the theory of

@ being an integration ‘constant’ (

multiphase flows). The relation (2.4) can be rewritten
hj iy U (1 =1,2), (2.6)

= 0,

G = U5 — shi (B U]e = @ — 507 Ujee —
thence
hidre + hator = Q — 3[R} tae + D3 ling o, (2.7)
P11z — Pador = prln — P2z
— —plh Y h ], + 3p2h Y hS gy s, (2.8)
PLUt Gre — Palador = pridp — palis
— spuh B le + gpaushy R g, ). (29)
The equation (2.5) then gives
prow — prou = 5 (phitg, — phyuy) — 5 (praf — pais) — (pr—p2)gh
+ oot by [P ]e — o2tz hy By ey s, (2.10)
and eliminating ¢; between (2.8) and (2.10), one obtains
8t{P1U1—,02U2—§P1h [h u1$]$+3p2 h Uog | }+
P2y + (p1—p2)ght — 2P1h2u1x L pahs Uy,
(2.11)

896{5101“1 -
Sp1unhy B G le + 5 paizhy RS g ] }

that, physically, is an equation for the conservation of the difference between the tangential
momenta at the interface. One can also easily derive a non-conservative equation for the

horizontal momentum
p1 (U + U t,) — p2 (e + U toy) + (p1 — p2) ghis
(2.12)

+ goihi A le + §oahy (B 1) = 0.
On the other hand, equations for the momentum and energy fluxes are not easily derived

from these equations. This is where a multi-symplectic formulation comes to help

3. Multi-symplectic structure

A system of partial differential equations has a multi-symplectic structure if it can written

as a system of first-order equations [4, 12|
(3.1)

M-z, + K-z, = V,5(z),

where a dot denotes the contracted (inner) product, z € R™ is a rank-one tensor (vector) of
state variables, Ml € R™" and K € R™™ are skew-symmetric rank-two tensors (matrices)
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and S is a smooth rank-zero tensor (scalar) function depending on z. S is sometimes called
the ‘Hamiltonian’, though it is generally not a classical Hamiltonian.

The multi-symplectic structure for the one-layer SERRE equations is already known [6].
This structure can be easily extended to two (and more) layers. The multi-symplectic
formulation for one layer involves 8-by-8 matrices. For two layers, we then expect a priori
a multi-symplectic formulation with 16-by-16 matrices. However, since we consider a rigid
lid for simplicity, one variable can be eliminated, thus reducing the formulation to 15-by-
15. Thus, introducing h; = h and hy = D — h for brevity, we seek for a multi-symplectic
structure with

z = he; + piey + Ujes + U1ey + pres + qres + rie; + sjeg

+ poe9 + Ugejg + Ve + pren + e + rpeyy + syers, (3.2)

(e; unitary standard basis vectors) and

M=plet®e;—er®e;) + %01(61@)65—65@61)

— me1Rey—eygRer) — %pz (e1® e —epn®er), (3.3)
K = %P1(61®€7—67®61) — p(ea®es—es®ey)

- %P (e1®@ey—eu®er) + p(eg®@e3 —e3®ey), (3.4)
S = p (307 = 2uf — $s1wtn) b + p2 (305 — 303 — 252Us02) (D — h)

— % (p1 — p2) gh* + %/)1]71 (ts1 — 1) — —/)2]72 (tas2 — V)

+ m (J1(U1+%811~11) — P2 (J2(’L_42+§82172) - 51)1 ris1 + 5/127’2 52. (3.5)

These two-layer expressions for z, M, K and S are simple duplication of the corresponding
expression for one layer [6]. We now show that they indeed lead to the two-layer SERRE-like
equations derived in the previous Section.
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The substitution of (3.2)—(3.5) into (3.1) yields the fifteen equations

pl{%t + %pu + %7’11«} - /)2{<P2t + %pzt + %7’23:} = —(p—p2)gh
+ {500 — 30U — g1} — pa{§05 — 3U — 3UsTas2 )}, (3.6)
—pi{h + @z} =0, (3.7)
0:01{91—h(ﬂ1+%@181)+%p181}, (3.8)
0 = —gp{p — h(¥1 —s1) —qusi}, (3.9)
—%plht = —%pl{ﬁl — S1Uy }, (3.10)
Lo = p{u + 55101}, (3.11)
—3mhe = —5p151, (3.12)
0 = _%pl{rl + htiy 0 — prn — 101}, (3.13)
p2{ht + @} = 0, (3.14)
0= —pa{@+ (D—h)(us+ $0282) + 5pas2}, (3.15)
0= g5p{p2+ (D—=h) (0 — U282) — @232}, (3.16)
sp2he = 5pa{02 — 2z}, (3.17)
—papar = —p2{ iz + 35272}, (3.18)
sP2he = %P2, (3.19)
0 = %,02{7“2 — (D —=h) g0y — palis — q202 }. (3.20)

Twelve of these equations are trivial and can be simplified as (with j = 1, 2)

g = (17" hiu;,  opy= (=07 Ry, s; = (=1) 7 hya,

v =, U= (ST (hp + Whye) s e = U+ 5850,
the remaining three giving the mass conservation equations (together with hy + hy = D)
hflt + [hl ﬂl]x - 0, hgt -+ [hg 712]33 - O, (321)

and, exploiting the relations (3.21), the equation for the tangential momenta at the interface
pLgie — papar = 3 (p1h12ﬂ‘12$ - P2h227122m) -1 (/)17112 - /)27122)
+ sprunhy (B G le — 3 patinhy ! [h tisg o
+ gp it — gpa[hdus]s — (01— p2)gh. (3.22)
One can verify that these equations are equivalent to the ones obtained above.
The multi-symplectic structure described above involves the potentials ¢; that are dif-
ferent from the potentials ¢; used to derive SERRE-like equations of the section 2. After

elimination of ¢; and ¢;, the two systems of equations are identical. Indeed, the differences
between these two velocity potentials are — from (2.6), (3.17) and (3.21) — given by

Pjie — Gjo = 3hja(hje + uihje) + 507 Ujea + Dy hjs Uje
= %hf’l_ﬁj;m; + %h] hj:vﬂjm == %[hfﬂjx]m, (323)



D. Clamond & D. Dutykh 10 / 14

thence with ¢; = ¢; + $h ;. substituted into (3.22), the equation (2.10) is recovered.

Physically, ¢; are the velocity potentials written at the interface, while ¢; are related
to the velocity potentials integrated over the fluid layers. Using the velocity potentials
at the interface, we obtained rather easily the multi-symplectic structure of the SERRE-
like equations. Conversely, with the equivalent formulation involving ¢; it is difficult,
and perhaps even impossible, to obtain a multi-symplectic structure of the SERRE-like
equations.

4. Conservation laws

From the multi-symplectic structure, one obtains local conservation laws for the energy
and the momentum

E, + F, =0, I, + G, =0, (4.1)
where E(z) = S(z) + 12, - K-z, F(z) = =3z, - K-z, G(z) = S(z) + 3z, - M - z and

I(z) = —%zx - M - z. For the SERRE-like equations, exploiting the results of the previous
section and after some algebra, one obtains

E = pl[%golhlﬂl -+ %hf”alﬁlm]m — %plhlﬂf — 6p1h3ulm

-+ pg[%()OQhQﬂQ + %h;TTLQan}x - %pghg’l_ﬁg - Gpgh?’uh
— gD [husus, ], — 5 (01— p2) ght, (4.2)
F :—,01[§S01h1ﬂ1+%hfﬂ1ﬂ1xh - plhlal(% hz*z + 3 h171)

— P2 [%SOQhQﬂQ + %hg?’%%x] - p2h2u2(1 iy hzugx -3 hz%)

+ tpa D[R] usting ], — (pr—p2)ghitn + P2Q¢2t + 1pQuj

- /72@[%%2712@23;]1 + %p2@h22712712m, (4.3)
G = prhiai + (o —p2)ghi + §phiv + pr500h + %hfﬂu}t

— g (i —ho)us — §pahive + pa[592he + §h3us, ],

- %p2D¢2t + %pzD[hgﬂzﬂzxL - %p2Dh22ﬂ2712m7 (4.4)

I = pihyu — P1[%<P1h1 + %hf’ﬂlmh - %P2D¢2x
+ pghgfbg — pz[%(pghg + %h;’agx]x (45)

Note that these relations involve both ¢; and ¢; in order to handle more compact expres-
sions.
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4.1. Momentum flux

From the relations (4.4) and (4.5), after simplifications and some elementary algebra,
one obtains the equation for the conservation of the momentum flux
2

D Odpihiug) + Olpihy {af = (1) 3ghy — (=1 3 }] =
Dp2az[¢2t + %%2 — g hoy g Uy — %hfﬂfx — %%271271211 — gh2] ; (4.6)
and comparison with the equation (A.2) gives an expression for the pressure at the interface
p/pg = Kg(t) — ¢2t — U2 + hg hle@u%; %h;ﬂgx + %h;fbg’agxx + ghg, (47)

where K(t) is an arbitrary function (integration ‘constant’). The horizontal derivative of
this relation, with (2.3) and (2.6), yields after some algebra

Po/pr = ghay — fy — Uplin, + %hz_l [h2272h,
that is the upper-layer averaged horizontal momentum equation (A.3), as it should be. We
have obtained the CAUCHY-LAGRANGE equation (4.7) because we used h = h; as main
variable for the interface in the multi-symplectic formalism and because we eliminated ¢,
from the equations. Had we instead used h, and eliminated ¢,, we would have obtained a

CAUCHY-LAGRANGE equation for the lower layer. The latter can be easily derived in the
form

]5//)1 = Kl(t) — Cblt - %ﬂf + hlhlzﬂl’alx h2u1x + %hfﬁlﬂlm — ghl
4.2. Energy flux

From the relations (4.2) and (4.3), after simplifications and some elementary algebra,
one obtains the equation for the conservation of the energy flux

S o tehdul + dntal - (<17gn}] +
8:v|:pj h]”l_ﬁj{%ﬂf + %h]2a]2az - <_1)th’]71 - (_1>Jgh’]}:| =
Qp2az[¢2t + %7122 — ho hoy Up Uy — thUQI — %h22'a2'a2:m: - ghz}- (4.8)

The right-hand sides of equations (4.6) and (4.8) both involve ¢5. The latter can be
eliminated computing D x (4.8) — @ x (4.6), yielding after one integration by parts

2 N
Zj:l 8t[%Dpjhj{ﬂJ2 + %hfﬂfx - (_1)Jghj} - ijhjﬂj}

o [Dphyny {3a2 + Bh2ak — (<1 by — (-1 gl }
— Qpihy {u} — (~1) Lgh; — (=1 1h;; } ]
dQ _ _ dQ  d@

= —E{plhlul —l—pzhzuz}: — P2 E - E(pl P2)h1711- (49)
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5. Conclusions and perspectives

We have derived the fully-nonlinear and weakly-dispersive SERRE-type equations from
a variational framework. The main contribution of this study is that we present their
multi-symplectic structure. The rather complicated nonlinear dispersion of the SERRE-like
equations makes non-trivial the derivation of the multi-symplectic structure, a priori. How-
ever, we have shown here that this structure for fluids stratified in several homogeneous
layers can be easily obtained from the one layer case [6]. For the sake of simplicity, we fo-
cused here on two layers in two dimensions with horizontal bottom and lid. Generalisations
in three dimension and several layers are straightforward.

The size of the multi-symplectic structure increases rapidly with the number of layers
and the number of spatial dimensions. However, the matrices involved are sparse and most
of the equations are algebraically elementary. Thus, the calculus can be achieved easily
and straightforwardly with any Computer Algebra System capable of performing symbolic
computations.

Finding a multi-symplectic structure opens up new directions in the analysis and nu-
merics of equations. In this paper, we illustrate another advantage of the multi-symplectic
formalism: it also provides an efficient tool of calculus. Thanks to the multi-symplectic
formalism, the conservation laws are obtained automatically, and thus the conserved quan-
tities and their fluxes are obtained as well. The ‘automatic’ derivation of these conservation
laws is an advantage of the multi-symplectic structure.

As the main perspective, we would like to mention the structure-preserving numerical
simulations of nonlinear internal waves. The proposed multi-symplectic structure can be
transposed to the discrete level if one employs a multi-symplectic integrator [5, 13]. These
schemes were already rested in complex KdV simulations [8], but this direction seems to
be essentially open for internal wave models.

A. Complementary equations

Multiplying by (y + di) and (d2 — y) the vertical momentum (full EULER) equation
for the lower and upper layers, respectively, and integrating over the layer thicknesses, we

have
K D'Ul K 8P1 — ~
dy) | =2 dy = — d)=Ltdy = h, (P, — P
[ o[ T ra|a = - [ wraa - wn(n - ).
dz D vy & 0P, 5 5
—y) | =2 = — )22 dy = P _— P
/77 p2 (do y)l D +g}dy /n (dy —y) o dy h2< 2),

where P is the (unknown) pressure at the interface and P; is the layer-averaged pressure.
With the ansétze (2.1) one obtains

Pp= P+ (=)' 5pighy + (1) gk (6= 1,2).
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Integrating over the layer thicknesses the horizontal momenta, one obtains

[ - ’; o2 - [ p- )], -
thence with the ansétze (2.1) (with j = 1,2)
[hit;), + [hju] — (=1 59h} — (=1 $h}y] = —p; " b Pe.
From these relations, we obtain at once (with Q = dQ/dt)
Q + [huf + hotiy + gDhy + thim — $hine] = —(hipr' + hapy ') Py,
(A1)
S ei{lhal + [hat = (0 kgt — (<17 4R30], } = —DR, (A2)
Ujy + Uty — (1) ghj, — (— )J 1hit (Bl ] = —pjt P (A.3)
The elimination of P, between the two equations (A.3) yields (2.12).

Acknowledgments

The authors would like to acknowledge the support from CNRS under the PEPS 2015
Inphyniti programme and exploratory project FARA.

References

[1] R. Barros and S. Gavrilyuk. Dispersive Nonlinear Waves in Two-Layer Flows with Free
Surface Part II. Large Amplitude Solitary Waves Embedded into the Continuous Spectrum.
Stud. Appl. Math., 119(3):213-251, oct 2007. 4

[2] R. Barros, S. L. Gavrilyuk, and V. M. Teshukov. Dispersive Nonlinear Waves in Two-Layer
Flows with Free Surface. I. Model Derivation and General Properties. Stud. Appl. Math.,
119(3):191-211, oct 2007. 4

[3] E. Barthélémy. Etude des ondes longues internes et de leur dynamique dans les zones cotiéres.
Phd thesis, University Joseph Fourier, 1989. 4, 5

[4] T. J. Bridges. Multi-symplectic structures and wave propagation. Math. Proc. Camb. Phil.
Soc., 121(1):147-190, jan 1997. 4, 5, 7

[5] T.J. Bridges and S. Reich. Multi-symplectic integrators: numerical schemes for Hamiltonian
PDEs that conserve symplecticity. Phys. Lett. A, 284(4-5):184-193, 2001. 4, 5, 12

[6] M. Chhay, D. Dutykh, and D. Clamond. On the multi-symplectic structure of the Serre-
Green-Naghdi equations. J. Phys. A: Math. Gen, 49(3):03LT01, jan 2016. 4, 8, 12

[7] W. Choi and R. Camassa. Fully nonlinear internal waves in a two-fluid system. J. Fluid
Mech., 396:1-36, oct 1999. 4, 5



D. Clamond & D. Dutykh 14 /14

[8] D. Dutykh, M. Chhay, and F. Fedele. Geometric numerical schemes for the KdV equation.
Comp. Math. Math. Phys., 53(2):221-236, 2013. 12

[9] C. Garrett and W. Munk. Space-time scales of internal waves: A progress report. J. Geophys.
Res., 80(3):291-297, jan 1975. 4

[10] C. Garrett and W. Munk. Internal Waves in the Ocean. Ann. Rev. Fluid Mech., 11(1):339—
369, jan 1979. 4

[11] R. S. Johnson. Camassa-Holm, Korteweg-de Vries and related models for water waves. J.
Fluid Mech., 455:63-82, 2002. 4

[12] J. E. Marsden, G. W. Patrick, and S. Shkoller. Multisymplectic geometry, variational inte-
grators, and nonlinear PDEs. Comm. Math. Phys., 199(2):52, 1998. 7

[13] B. Moore and S. Reich. Multi-symplectic integration methods for Hamiltonian PDEs. Future
Generation Computer Systems, 19(3):395-402, 2003. 4, 12

[14] F. Serre. Contribution a I’étude des écoulements permanents et variables dans les canaux.
La Housille blanche, 8:374-388, 1953. 4

[15] R. Staub. Contribution & ’étude des ondes de gravité en eau peu profonde. Phd thesis,
University of Grenoble, 1972. 5

LABORATOIRE J. A. DIEUDONNE, UNIVERSITE DE NICE — SOPHIA ANTIPOLIS, PARC VALROSE, 06108
NICE CEDEX 2, FRANCE

E-mail address: diderc@unice.fr

URL: http://math.unice.fr/~didierc/

LAMA, UMR 5127 CNRS, UNIVERSITE SAVOIE MONT BLANC, CAMPUS SCIENTIFIQUE, 73376 LE
BOURGET-DU-LAC CEDEX, FRANCE

E-mail address: Denys.Dutykh@univ-savoie.fr

URL: http://wuw.denys-dutykh.com/



	Introduction
	Model derivation
	Ansatz
	Equations of motion

	Multi-symplectic structure
	Conservation laws
	Momentum flux
	Energy flux

	Conclusions and perspectives
	Complementary equations
	Acknowledgments

	References

