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Abstract

Given a convex polytope, we define its geometric spectrum, a stacky version of Batyrev’s
stringy E-functions, and we prove a stacky version of a formula of Libgober and Wood about
the E-polynomial of a smooth projective variety. As an application, we get a closed formula for
the variance of the geometric spectrum and, as a consequence, for the variance of the spectrum
at infinity of tame Laurent polynomials. This gives an explanation and positive answers to
Hertling’s conjecture about the variance of the spectrum of tame regular functions, but also a
Noether’s formula for two dimensional Fano polytopes (polytopes whose vertices are primitive
lattice points).

1 Introduction

Let X be a smooth projective variety of dimension n with Hodge numbers h?9(X). It follows from
Hirzebruch-Riemann-Roch theorem that

d? n(3n —5 1

B e = " () 4 e (X (X) (1)
where E(X;u,v) = 3, (=1)PT4hP9(X)uPvi, see Libgober and Wood [18] and also Borisov |5,
Proposition 2.2]. By duality, we get
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More generally, if X is a n-dimensional projective variety with at most log-terminal singularities
(we will focuse on the toric case), Batyrev [2] has proved a stringy version of formula (1)

d? n(3n —5)

1
WESt(X;u,l)m:l: 5 est(X) + =c5"(X)
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where E; is the stringy E-function of X, ey is the stringy Euler number and ci;n(X ) is a stringy
version of ¢1(X)e,—1(X).
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On the singularity theory side, the expected mirror partners of toric varieties are the Givental-
Hori-Vafa models [13], [16], a class of Laurent polynomial. One associates to such functions their
spectrum at infinity, a sequence o, - - - , oy, of rational numbers, suitable logarithms of the eigenval-
ues of the monodromy at infinity of the function involved (see [22]; the main features are recalled in
section 5). A specification of mirror symmetry is that the spectrum at infinity of a given Givental-
Hori-Vafa model is related to the degrees of the (orbifold in the singular case) cohomology groups
of its mirror variety X. So one can expect a formula similar to (2) involving the spectrum at
infinity of any regular tame function: the aim of this text is to look for such a counterpart. The
key observation is that the spectrum at infinity of a Laurent polynomial can be described (under a
tameness condition due to Kouchnirenko [17], see section 5) with the help of the Newton filtration
of its Newton polytope. Since a polytope determines a stacky fan [3], one is lead to define a stacky
version of the E-polynomial. Given a Laurent polynomial f with Newton polytope P, global Milnor
number p and spectrum at infinity o, - , o, the program is thus as follows:

e to construct a stacky version of the E-polynomial, a geometric spectrum Spec’?(z): we define
Spech®(2) == (z = )" 3, ey 277 where v is the Newton function of the polytope P, see
section 4. This geometric spectrum is closely related to the Ehrhart series and d-vector of
the polytope P, more precisely to their twisted versions studied by Stapledon [23] after the
work of Mustata-Payne [19]; this function is also an orbifold Poincaré series, thanks to the
description of orbifold cohomology given by Borisov, Chen and Smith [3, Proposition 4.7],

e to show that this geometric spectrum is equal to the (generating function of the) spectrum
at infinity of f: this would give a close formula for the latter and the expected identification
between the spectrum at infinity and orbifold degrees, see section 6 and corollary 4.2.6,

e to show a formula ) ( )
d n(3n—>5 1
geo o ~
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where /1 is a linear combination of intersection numbers (see theorem 7.1.5).

At the end one would get a version of (2) for the spectrum at infinity of Laurent polynomials:
a n n 1
E (@i = 5)" = out gl 3)

This is achieved in section 7.
In order to enlighten this formula, assume that N = Z? and that P is a full dimensional reflexive
lattice polytope in Ng. Then we have the following well-known Noether’s formula

12 = pp + ppo (4)

where P° is the polar polytope of P and pup (resp. ppo) is the normalized volume of P (resp. P°),
see equation (10) (by Pick’s formula, up = |0P N N| if P is reflexive). We show in section 8 that if
P is a Fano lattice polytope (a polytope is Fano if its vertices are primitive lattice points) we have
fp = ppo. From formula (3), we then get

Hp

1 1
Z(Oéi —1)% = GhP T ghPe (5)
i=1



which is a generalization of formula (4): a reflexive polytope P in Ng is Fano and its (algebraic
and/or geometric) spectrum satisfies Y 17, (a; — 1)? = 2.
Last, if g > 0, it follows from (3) that, with obvious notations,

1 & — Qi
_ Z(O‘z _ E)Q Z amax12 Amin (6)

because Qpmar — Qmin = n for Laurent polynomials and this inequality is expected to be true for
any tame regular function: this is the global version of Hertling’s conjecture about the variance
of the spectrum, see section 9. For instance, formula (5) show that this will be the case in the
two dimensional case if the Newton polytope of f is Fano. We also give positive answers to this
conjecture in the two dimensional case in theorem 7.2.2. We test these results on (fake) weighted
projective spaces.

This paper is organized as follows: in section 2 we recall the basic facts on polytopes and toric
varieties that we will use. In section 3, we discuss of what should be the spectrum of a polytope.
The geometric spectrum is defined in section 4 and the algebraic spectrum is defined in section 5:
both are compared in section 6. The previous results are used in section 7 in order to get formula
(3). We show Noether’s formula for Fano polytopes in section 8. Last, we use our results in order to
motivate (and partly show) the conjecture about the variance of the algebraic spectrum in section
9.

This text owes much to Batyrev’s work [1], [2]. The starting point was [1, Remark 3.13] and
its close resemblance with Hertling’s conjecture about the variance of the spectrum of an isolated
singularity [14]: this link is previously alluded to in [15]. Last, formula (3) is in essence produced
by Hirzebruch-Riemann-Roch theorem and the contribution of this theorem to singularity theory
has to be probably (?) further explored.

2 Polytopes and toric varieties (framework)

We give in this section an overview of the results that we will use and we set the notations.

2.1 Polytopes and reflexive polytopes

Let N be the lattice Z™, M its dual lattice, (, ) the pairing between Ng = N®zR and Mr = M ®zR.
A full dimensional lattice polytope P C Ng is the convex hull of a finite set of N such that
dim P = n. If P is a full dimensional lattice polytope containing the origin in its interior, there
exists, for each facet (face of dimension n — 1) F' of P, up € Mg such that

Pc{ne Ng, (up,n) <1} and F = PN{n € Ng, (up,n) =1} (7)
This gives the hyperplane presentation
P = ﬂF{TL € Ng, <U,F,7”L> < 1} (8)

We define, for v € Ny, vp(v) := (up,v) and v(v) := maxp vp(v) where the maximum is taken over
the facets of P.

Definition 2.1.1 The function v : Ng — R is the Newton function of P.



If P is a full dimensional lattice polytope in Nr containing the origin, the polytope
P° ={m € Mg, (m,n) <1 for all n € P}

is the polar polytope of P. A lattice polytope P is reflerive if it contains the origin and if P° is a
lattice polytope. The vertices of P° are in correspondence with the facets of P via

up vertice of P° <» F = PnN{z € Ny, (up,z) =1} 9)

The polytopes considered in this paper are full dimensional lattice polytopes containing the
origin in their interior. We will write

wup :=n!Vol(P) (10)

where the volume Vol(P) is normalized such that the volume of the unit cube is equal to 1.

2.2 Ehrhart polynomial and Ehrhart series

Let @ be a full dimensional lattice polytope. The function ¢ — Ehrg(¢) := Card(((Q) N M) is a
polynomial of degree n, the Ehrhart polynomial. We have

m 0o+ 01244 0,2"
Fo(2) i= 3 Ehrg(m)2" = =— o (11)

m>0

where the d;’s are positive integers [4, Theorem 3.12]: Fy is the Ehrhart series and the vector
§= (60, ,06,) € N1 (12)
is the d-vector of the polytope Q). We have
do=1, 6y =Card(QN M) — (n+1), 6, = Card(Int(Q) N M) (13)
and
do + -+ + 0, = n! Vol(Q) (14)
see [4, Chapter 3|. The d-vector gives a characterization of reflexive polytopes, see for instance [4,

Theorem 4.6]:

Proposition 2.2.1 The polytope Q is reflexive if and only if 6; = 0p—; fori =0,--- n.

2.3 Toric varieties

Let A be a fan in Ng and denote by A(i) the set of its cones of dimension i. The rays of A are
its one-dimensional cones. Let X := X be the toric variety of the fan A: X is simplicial if each
cone A is generated by independent vectors of Ny, complete if the support of its fan (the union of
its cones) is Ng. The variety X is smooth if each cone is generated by a part of a basis of N. In
general the Euler characteristic of a complete toric variety Xa is the number of maximal cones in
the fan. If moreover Xa is simplicial, its cohomology groups vanish in odd degrees [6, Theorem
12.3.11] and ba(Xa) = |A(1)| — n [6, Theorem 12.3.12]. Otherwise stated, all toric varieties that
we will consider are complete and simplicial.

One can get toric varieties from polytopes in the following ways:



e The toric variety of a polytope in Mg: a full dimensional lattice polytope @ in Mg yields a
toric variety X, associated with the normal fan X¢g of @), which is a fan in N.

e The toric variety of a polytope in Ngr: let P C Nr be a full dimensional lattice polytope
containing the origin in its interior; we get a complete fan Ap in Ny by taking the cones over
the proper faces of P. We get in this way a toric variety Xa,.

Both constructions are dual, see for instance [6, Exercise 2.3.4]: if P° is the polar polytope of the
polytope P in Ny then Ap is the normal fan of /P° where £ is an integer such tha £P° is a lattice
polytope and Xa, = X/po. In particular, XA, = Xpo if P is reflexive.

Recall that a projective normal toric variety X is (Gorenstein if not smooth) Fano (resp. weak
Fano) if the anticanonical divisor —Kx is Cartier and ample (resp. nef and big). (Weak) Fano
toric varieties play an important role in our vision of mirror symmetry, see section 5.2. We will say
that a full dimensional lattice polytope P containing the origin in its interior is

e Fuano if the origin is contained in the strict interior of P and if each of its vertex is a primitive
lattice point of IV,

e smooth Fano if the origin is contained in the strict interior of P and if each of its facets has
exactly n vertices forming a basis of the lattice V.

2.4 Stacky fans and orbifold cohomology

Let A be a complete simplicial fan, py,--- , p, be its rays generated respectively by the primitive
vectors vy, -+ ,v, of N. Choose by,---,b. € N whose images in Ng generate pq,--- ,p,: the data
A = (N,A,{b;}) is a stacky fan, see [3]. One associates to a stacky fan a Deligne-Mumford stack
X(A) and its orbifold cohomology H3 (X (A),Q): by [3, Proposition 4.7] we have

Hgvz"b(X(A)a @) - 69GEA(n) €9UED(J)ﬁN HZ(Z'_SO(U)) (XStar(U)7Q)

where O(0) = {>_, -, Aibi; A; € [0,1[} and ¢ : Ng — R is the linear function on each cone of
A such that ¢(b;) =1 fori=1,--- ,r. If P is a lattice polytope containing the origin, there are
integers a; such that b; := a;v; € 9P N N: the polytope P defines a stacky fan A = (N, Ap,{b;}),
where the toric variety Ap is assumed to be simplicial: this is the stacky fan of P.

2.5 Batyrev’s stringy functions

Let Xa be a normal Q-Gorenstein toric variety and p: Y — Xa be a toric (log-)resolution defined
by a refinement A’ of A, see [6, Proposition11.2.4]. The irreducible components of the exceptional
divisor of p are in one-to-one correspondence with the primitive generators vf,- - - ,v; of the rays
of A’(1) of Y that do not belong to A(1) and in the formula

q
Ky =p*Ex, + @D (15)
=1

we have a; = ¢(v;) — 1 where ¢ is the support function of the divisor Kx,, see for instance [6,
Lemma 11.4.10]. In our toric situation we have a; > —1 because ¢(v}) > 0.



Recall the E-polynomial of a smooth variety X defined by

n
BE(X,u,v) =Y (—=1)PFhPI(X)uPvl (16)

P.q
where the hP4(X)’s are the Hodge numbers of X. Notice that E(X,1,1) = x(X), the Euler
characteristic of X. It is possible to extend this definition to singular spaces having log-terminal
singularities and to get stringy invariants that extend topological invariants of smooth varieties.

Here is the construction: let p : ¥ — X be a resolution of X := Xa as above, I = {1,--- ,¢} and
put, for any subset J C I,

Dy:=nNjesDjif J#0, Dy:=Y if J=0and Dj =D, — U D;
jeI—J

The following definition is due to Batyrev [1] (we assume that the product over () is 1; recall that
a; > —1):

Definition 2.5.1 Let X be a toric variety. The function

uv — 1

Est(X,u,’U) = ZE(D?],U,U) HW (17)
Jci jeJ
is the stringy E-function of X. The number
est(X) == lim Egu(X,u,v) (18)

u,v—1

1s the stringy Fuler number.

The stringy E-function can be defined using motivic integrals, see [1] and [24]. By [1, Theorem
3.4], Es(X,u,v) do not depend on the resolution.

In our setting, Fg depends on the variable z := wwv, and we will write Fg (X, 2) instead of
Eu (X, u,v).

3 The spectrum of a polytope

Let P be a full dimensional lattice polytope in Ng. In this text, a spectrum Specp of P is a priori
an ordered sequence of rational numbers
ap << ay

that we will identify with the generating function Specp(z) := Y i | 2*. The specifications are the
following (d(c;) denotes the multiplicity of «; in the Specp):

e Rationality : the a;’s are rational numbers,
e Positivity : the «;’s are positive numbers,

e Poincaré duality : Specp(z) = z"Specp(z71),



o Volume : lim, 1 Specp(z) = n!' Vol(P) := up
e Normalisation : d(ay) =1

e Modality (Lefschetz) : d(a1) < d(ag) < --- < d(ay) if ap < [5]

In particular Specp is contained in [0,n] and i, o = Fup.

4 Geometric spectrum of a polytope

We define here the geometric spectrum of a polytope and we give several methods in order to
compute it. Recall that the toric varieties considered here (and in the sequel) are assumed to be
simplicial.

4.1 The geometric spectrum

Let P be a full dimensional lattice polytope in Ng, containing the origin in its interior. Recall the
Newton function v of P of definition 2.1.1.

Definition 4.1.1 The function

Spech®(z) == (2 —1)" Z 27
veEN

is the geometric spectrum of the polytope P. The number ep := lim,_,1 Spec’°(z) is the geometric
Euler number of P.

We shall see (corollary 4.2.2) that Spec},’(z) = Y, d(c¢;)z% where the ¢;’s are non-negative rational
numbers and the d(c;)’s are non-negative integers such that ) . d(c;) = ep. Let 81,82, -+, Bep be
the sequence (arranged by increasing order)

Cly €1, 0o,y Co,y e Coye e 4 Cy
each ¢; being counted d(c¢;)-times so that

Spect’(z) = P P g SBep
We shall also say that the sequence (31, B2, - - , Bep is the geometric spectrum of the polytope P.

Remark 4.1.2 Let X be a toric variety, vy,--- ,vr be the the primitive generators of the rays of
its fan. Assume that the v;’s are the vertices of a convex polytope P. Then Spec},’(z) = Eq(X, z)
(this follows from the definition of v and [1, Theorem 4.3]).

4.2 Various interpretations

We give three methods to compute Spec”, showing that it yields finally a spectrum of P in the
sense of section 3. The first one and the third one are inspired by the works of Mustata-Payne [19]
and Stapledon [23]. The second one is inspired by Batyrev’s stringy E-functions.



4.2.1 First interpretation: fundamental domains

Let P be a full dimensional lattice polytope in Nk, containing the origin in its interior, A := Ap be
the complete fan whose maximal cones are built on the facets of P. As in section 2.4, we identify
each vertice of P with an element b; € N. If 0 € A(r) is generated by by, - - , b, set

U) = {qubla q; S [071[7 1= 17 7T}7
i=1

and

Bozx(o) = {Z ¢ibi, ¢; €]0,1], i -1}

Proposition 4.2.1 We have
Spech’(z) = Z (z—1)" Z Z 2 (19)
r=0 oc€A(r) veO(o)NN

and ep = n! Vol(P).

Proof. Let o € A(r). A lattice element v €0 has one of the following decomposition:
e v=w+ Y \b; with w € Box(o) NN and A; > 0 for all 4,
e v=w+y . 4 \b; withw e Box®(c) NN — {0}, \; >0 for all ¢ > 2 and A\; > 0,
e v =737 A\b; where \; > 0 for all ¢

where Boz¢(o) is the complement of Box(o) in O(c). We get

Z—l Z p —v(v) _ Z zrfl/(v)_i_ Z zrflfl/(v) +1 (20)

vESAN v€Box(o)NN v€Boxc(c)NN—{0}

because

® D A0 z7VW) = A (;_—”(;UT) if w € Box(o) NN,

. ZA1>0,A2,---,AT>O 2V W) p= AL A = 7”(;:”)(:0) if w € Box(c) NN — {0},

—A1 L A 1
® D 07 z = o

(and we use the fact that v(b;) = 1). Moreover,
o a € v(Box(o)) :=={v(v),v € Box(o)} if and only if r — a € v(Boz(0)),

o a € v(Bozt(o)) :={v(v),v € Bozx‘(o)} if and only if r — 1 — o € v(Boz“(0)).



because ¢; €]0, 1] if and only if 1 — ¢; €]0,1]. We then deduce from (20) that

(=" > W =-pr Y 20 (21)

veEGNN veB()NN

for any o € A(r). The expected equality follows because the relative interiors of the cones of the
complete fan A give a partition of its support. For the assertion about the Euler number, notice

that
hm Spech’(z) = Z Z 1 =n!Vol(P)
oceA(n) ved(o)NN

because the volume of o N{v € Ny, v(v) < 1} is equal to the number of lattice points in O(c). O

Corollary 4.2.2 We have

Spect’(z) = Z Z h(,(z)z”(”)

o€A veBox(oc)NN

where hy(2) =Y . (z = )"~ T In particular, Spech?(z) = 3, d(c;)z% where the c;’s are non-
negative rational numbers and the d(c;)’s are non-negative natural numbers such that )", d(c;) = ep.

Proof. The expected equality follows from (19). For the remaining assertions, notice that h, is
the E-polynomial of the orbit closure V(o) (as defined for instance in [6, page 121]), hence the
E-polynomial of a toric variety: it follows that its coefficients are non-negative natural numbers.
a

4.2.2 Second interpretation: resolution of singularities

Let P be a full dimensional lattice polytope in N, containing the origin in its interior. Let
p Y — X be a resolution of X := Xa, as in section 2.5, p1,---,p, be the rays of ¥ with
primitive generators vi,---,v, and associated divisors D1, -+, D, and I. Put, for any subset
JcI:={1,---,r}

Dy ::ﬂjeJDj ifJ?é@, Dy=YifJ=0

Fap(2) = 3 B(Ds ) [] 552 (22)

JcI jed

and define

where v; = v(v;) and v is the Newton function of P, see definition 2.1.1.

Proposition 4.2.3 We have Spech®(z) = Eg p(2). In particular, Eq p(z) does not depend on
the resolution p.

Proof. Using the notations of section 2.5 we have E(D9,z) = ZJ,CJ(—l)‘JH”E(DJ/, z) and

st P Z E DJ? H ,Z/]__ll

JcI jeJ




as in [1, Proof of theorem 3.7]. Let o be a smooth cone of A’] the fan of Y, generated by v, -+ ,v;

T

and v €0: we have v = a1vi, + -+ + apv;, for ag, - ya, > 0 and v(v) = av(viy) + -+ - + apv(v;,).
Thus
T = 11
- i) 1 (i) — 1
veETNN

With these two observations in mind, the proof of the proposition is similar to the one of [1,
Theorem 4.3]. O

Corollary 4.2.4 We have z"Spech°(271) = Spech’(z).

Proof. Applying Poincaré duality to the smooth subvarieties Dy, we get

1 s

_ z —z z— 2"

By ===y =202 Sy
JjeJ JjeJ

and the assertion follows. O

4.2.3 Third interpretation: twisted J-vector
Let P be a full dimensional lattice polytope in Ng, containing the origin in its interior. Following

[23], we define
Z Z u(v) (v)]+m

m>0veEmPNN

which is a twisted version of the Ehrhart series Fp(z) defined in section 2.2.
Proposition 4.2.5 We have Spech°(z) = (1 — 2)" T FR(z).

Proof. Notice first that v € mP if and only if v(v) < m: this follows from the presentation (8)
and the definition of the Newton function v. We thus have

—v(v l/ v\v m 1 —v(v
=3 Y =3 Y el :1_2_122 ()

m2>0v(v)<m veEN [v(v)]<m veEN

It follows that
(z—=1)"(1—2z"")Fp(z~") = Spec}’(z)

and
(1 —2)""FR(2) = 2" Spech(271) = Spech?(z)

by corollary 4.2.4. O

Corollary 4.2.6 Assume that X is simplicial. The coefficient of z* in Spech’(z) is equal to
dime H* (X (A),C) where X(A) is the stack defined by P (see section 2.4).

orb

10



Proof. Follows from proposition 4.2.5 and [23, Theorem 4.3]. O

Corollary 4.2.7 We have
Spect’ N [0,1[= {v(v), v € Imt PN N}

where v is the Newton function of P, the left hand side denoting the part of the spectrum contained
in [0,1[. Moreover the multiplicity of 1 in Spech? is equal to |9P N N| —n.

Proof. Scrutinization of the coefficients of 2%, a < 1, in Spec%°(z) and proposition 4.2.5. See also
[23, Lemma 3.13]. ]

If P is reflexive, we have the following link between the d§-vector of P from section 2.2 and its
geometric spectrum (see also [19]):

Corollary 4.2.8 Let P be a reflexive full dimensional lattice polytope containing the origin in its
interior. Then
Spech®(z) = 0o + 612+ - + 62" (23)

where § = (0g, - -+ ,dy,) is the §-vector of P.

Proof. By (9) we have v(v) € N for all v € N because P is reflexive. We thus get FP(z) = Fp(z)
where Fp(z) is the Ehrhart series of P of section 2.2 because

Fp(z) = Z |mP N N|z™ = Z Z 2™

m>0 m>0vemPNN

By proposition 4.2.5 we have Spech°(z) = (1 — 2)""'Fp(z) and we use formula (11). O

4.2.4 Résumé

The geometric spectrum is thus a spectrum in the sense of section 3. Rationality, positivity and
the volume property are given by proposition 4.2.1, symmetry (Poincaré duality) by corollary 4.2.4
and modality by corollary 4.2.6.

5 Algebraic spectrum of a polytope

Singularity theory associates to a (tame) Laurent polynomial function a spectrum at infinity, see
[22]. We recall its definition and its main properties in section 5.3. We can shift this notion to
the Newton polytope P of f and get in this way the algebraic spectrum of P. In order to motivate
the next sections, we describe the Givental-Hori-Vafa models [13], [16] which are the expected
mirror partners of toric varieties. This will also emphasizes the link between regular functions and
polytopes and we will test our results on this class of examples. In order to make the text as
self-contained as possible, we first recall Kouchnirenko’s results.

11



5.1 Preliminaries: Kouchnirenko’s framework

We briefly recall the setting of [17]. Let f : (C*)" — C be a Laurent polynomial, f(u) = >_,c7n cau®
where u® := u{* - - - uZ". The Newton polytope P of f is the convex hull of the multi-indices a such
that ¢, # 0. We say that f is convenient if P contains the origin in its interior, nondegenerate if,
for any face F' of P, the system

ofr _ . _

(75} =
aul

ofr _,

= —
" Ouy,

has no solution on (C*)" where fr(u) =, cpnp Cau® and the sum is taken over the multi-indices
a such that ¢, # 0. A convenient and nondegenerate Laurent polynomial f has only isolated
critical points and its global Milnor number z1f (the number of critical points with multiplicities)
is up := n!'Vol(P). Moreover, f is tame in the sense that the set outside which f is a locally trivial
fibration is made from critical values of f, and these critical values belong to this set only because
of the critical points at finite distance.

5.2 Givental-Hori-Vafa models and mirror symmetry

Let N = Z", M be the dual lattice, A be a complete and simplicial fan and vy, -- ,v, be the
primitive generators of its rays. Consider the exact sequence

00—z Lzr Lm0

where ¢(e;) = v; for i = 1,--- ;7 ((e;) denotes the canonical basis of Z") and v describes the
relations between the v;’s. Applying Homyz(——,C*) to this exact sequence, we get

1 — (CH)" — (C*)" S (CH™" — 1

where
W(u1’ e ’ur) — (q17 e ’qr_n) — (u?l’l e ugr’17 e 7u‘;/1,'r7n e ugr,'rfn) (24)
and the integers a; ; satisfy 25:1 a;jvj =0for i =1,--- ,r —n. The Givental-Hori-Vafa model of

XA is the function
u1 + - - - + u, restricted to U := Wﬁl(ql, o Qren)

We will denote it by fa. The stacky version of this construction is straightforward (replace the v;’s
by the b;’s).

Proposition 5.2.1 Assume that (vyi,--- ,vy,) is the canonical basis of N. Then fa is the Laurent
polynomial defined on (C*)"™ by

T .
Z v} i
i=n+1

ifUiZ(Uli,---,Ufl)GZ"fori:n%—l,---,r,
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Proof. We have v; = > % v

jvj for i =n+1,--- ,r and we use presentation (24). O

Above f we make grow a differential system and we say that f is a mirror partner of a variety X
if this differential system is isomorphic to the one associated with the (small quantum) cohomology
of X, see for instance [8], [9], [21]. If f is the mirror partner of a smooth variety X the following
properties are in particular expected (non-exhaustive list):

e the Milnor number of f is equal to the rank of the cohomology of X,

e the spectrum at infinity of f (see section 5.3 below) is equal to half of the degrees of the
cohomology groups of X,

e multiplication by f on its Jacobi ring yields the cup-product by ¢;(X) on the cohomology
algebra of X.

(the ulterior motive of this text was to discuss the singular case, where cohomology should be
replaced by orbifold cohomology). The first thing to do is to compare the dimension of the Jacobi
ring of fa, hence its Milnor number py,, and the rank of the cohomology algebra of Xa. In the
smooth case, we have equality if (and only if) XA is weak Fano. Indeed, let P be the convex hull
the primitive generators of the rays of A:

e If XA is Fano (P is a smooth Fano polytope, see section 2.3), the Givental-Hori-Vafa model of
Xa on the fiber a7 (1, -+ ;1) is fa(u) = Y cprzn u% fa is convenient and nondegenerate,
thanks to the smooth Fano condition, and its Milnor number is uf, = n!Vol(P) = x(Xa).

o If XA is weak Fano (P is reflexive), we can argue as above, decomposing P into simplices:
fa is convenient and (generically with respect to the parameter ¢) nondegenerate.

If XA is smooth, complete, but not weak Fano we have p1r, > x(Xa): see section 5.5 for a picture
of this phenomenon.

5.3 The spectrum at infinity of a tame Laurent polynomial

We assume in this section that f is a convenient and nondegenerate Laurent polynomial, defined
on U := (C*)", with global Milnor number p. For the (very small) D-module part, we use the
notations of [10, 2.c]. Let G be the Fourier-Laplace transform of the Gauss-Manin system of f, Gy
be its Brieskorn lattice (Gy is indeed a free C[#]-module because f is convenient and nondegenerate
and G = C[f,07] ® G, see [10, Remark 4.8]) and V, be the V-filtration of G at infinity, that is
along 6! = 0. From these data we get by projection a V-filtration on the p-dimensional vector

space Q1= Q"(U)/df N Q"1 (U) = Go/0Gy, see [10, Section 2.e].

Definition 5.3.1 The spectrum at infinity Specy of f is the spectrum of the V-filtration defined
on Q.

Thus, the spectrum at infinity of f is the (ordered) sequence o, s, - ,«a, of rational numbers
with the following property: the frequency of « in the spectrum is equal to dimc gr{;Q2y. We will
write Specy(z) = Y i, z*. Recall the following facts, see for instance [10]:

e Specy is positive : a; > 0 for all ¢,

13



e Specy(z) = 2"Specy(z71)

In particular, Specy C [0,n].
In the convenient and nondegenerate case, the spectrum at infinity of f can be computed using
the Newton function of the Newton polytope of f: let us define the Newton filtration v on Q™(U)
by
v, Q"(U) == {we Q"(U), v(w) < a}
where
v, dur A N duy

vw):=v)ifw=u* - u and v = (vi, -+ ,v,) €N

ul...un

(notice the normalization I/(W) = 0). This filtration induces a filtration on €24 by projection

and the spectrum at infinity of f is equal to the spectrum of this filtration, see [10, Corollary 4.13].

Proposition 5.3.2 Let f be a convenient and nondegenerate Laurent polynomial. Then Specy
depends only on the Newton polytope P of f and

Specy N[0,1[= {r(v), veInt PN N}

where v is the Newton function of P and Specy N[a,b[ denotes the part of Specy contained in [a, b|.
In particular, the multiplicity of 0 in Specy is equal to one.

Proof. Let f and g be two convenient and nondegenerate Laurent polynomials having the same
Newton polytope P. By [17] we have uy = ug and it follows from [20] that Specs(z) = Specy(2).
This gives the first assertion. The second then follows from [10, Lemma 4.6], as in [10, Example
4.17]. O

5.4 The algebraic spectrum of a polytope

We define the algebraic spectrum Spec;l;{g of a full dimensional lattice polytope P containing the

origin in its interior to be the spectrum at infinity of the convenient and nondegenerate Laurent
polynomial f(u) = 3 ey (p) u® where V(P) denotes the set of the vertices of P. As usual, we will

identify it with its generating function Spec'}lg (2) =D 5 2™,
In the two dimensional case, this algebraic spectrum of is easily described:
Proposition 5.4.1 Let P be a full dimensional lattice polytope in Ng = R%. Then
Speci-,lg(z) = (Card(OPNN) —2)z + Z (27 4 22
velnt PNN
where v is the Newton function of P.

Proof. Let f be a convenient and nondegenerate Laurent polynomial whose Newton polytope is
P. From proposition 5.3.2 and the symmetry of the spectrum we get

Speci-,lg(z) = Specy(z) = (Card(OPNN) — 2)z + Z (27 4 22
velnt PNN

The coefficient of z is computed using Pick’s formula because ps = 2! Vol(P). o

We also have the following description for reflexive polytopes:

14



Proposition 5.4.2 Let P be a full dimensional reflexive polytope in Ng = R™. Then:
o Spect9(z) = 3", d(i)z* where d(i) € N,
e d(i) =d(n—1) fori=0,--- ,n with d(0) = d(n) =1,
o > ' yd(i) = pp :=n!Vol(P)

Proof. Because P is reflexive, the Newton function takes integer values at the lattice points, see
(9). This gives the first point because Spec'gg C [0,n]. For the second one, use the symmetry and
the fact that 0 is in the spectrum with multiplicity one because the origin is in the interior of P.

The third assertion follows from [17]. O

5.5 Example: Hirzebruch surfaces and their Givental-Hori-Vafa models

Let m be a positive integer. The fan Ap, of the Hirzebruch surface F,, is the one whose rays are

generated by the vectors v; = (1,0), v2 = (0,1), v3 = (—1,m), v4 = (0,—1), see for instance [12].

The surface F,, is Fano if m = 1, weak Fano if m = 2. Its Givental-Hori-Vafa model is the Laurent
polynomial

Q1 uy'

fm(u1,u2) = up +ug + — + @a—

u9 (75}

defined on (C*)2, where ¢; and gy are two non zero parameters. We have
1. pp =4 and Specy, (2) = 14 22 + 22,
2. pp, =4if g2 # i and Specy,(2) =1+ 22z + 22,
3. pyp, =m+2if m >3 and

Sp@cfm(z)=1+2z+22+z%+z%+---+27 T
if m=2pand p > 2,

94 9_2p

Specs, (2) =1+ 2+ 22+ zm + 2 + oz 4 22 4 22w 22

ifm=2p+1andp>1.

Indeed, for m # 2 we have puy,, = 2! Vol(P), where P is the Newton polytope of f,, because fy, is
convenient and nondegenerate for all non zero value of the parameters, see section 5.1. For m = 2,
f2 is nondegenerate if and only if ¢, # % and the previous argument applies in this case (if g = 1/4
the Milnor number is 2). The spectrum is given by proposition 5.4.1.

The function fs is a guenine mirror partner of the surface Fo, see [8], [21]. If m > 3, we have
ff,, > 4 and the model f,,, has too many critical points: because F,, is not weak Fano in this case,
this is consistent with the results of section 5.2.

6 Geometric spectrum wvs algebraic spectrum

We show the equality Specaplg (z) = Spec°(z) in some cases. We expect it to be true for any full

dimensional lattice polytope P containing the origin in its interior.
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6.1 First cases of equality

A first step towards equality:

Proposition 6.1.1 Let P be a full dimensional lattice polytope containing the origin in its interior.
Then
Spect N[0, 1[= Specs® N [0,1[= {v(v), v € Int PN N}

where v is the Newton function of P.

Proof. Corollary 4.2.7 and proposition 5.3.2. |
In the two dimensional case we get:

Corollary 6.1.2 Let P be a full dimensional polytope in Ng = R?, containing the origin in its

interior. Then Spec?;{g(z) = Spec’(z).

alg geo

Proof. Use proposition 6.1.1, the symmetry and the fact that Specp?(1) = Specp, (1) = pp where
the last equality follows from proposition 4.2.1. O

Let now P be a full dimensional reflexive polytope in Nr containing the origin, and X := Xa,,
see section 2.3.

Proposition 6.1.3 Assume that X has a crepant resolution'. Then Spec%g(z) = Spect®(z). In
particular, the multiplicity of 1 in Spec?glg is equal to Card(OP N N) — n.

Proof. Let us denote by p: Y — X the crepant resolution alluded to. Because P is reflexive, Y

is smooth and weak Fano and thus has a mirror partner fy, see for instance [21, Proposition 3.9].
We have
Specyy (2) = hO(Y) 4+ B2"(Y)2" = h3(Y) + -+ + h3 (Y)2"

- hgt(X) I h??(X)z" = Eq(z) = Spect°(2)

The first equality follows from the fact that fy is the mirror partner of Y, the second one follows
from [1, corollary 3.6] because Y is smooth, the third one by [1, Theorem 3.12] because p is crepant,
the fourth one by [1, Proposition 4.4] because P is reflexive and the last one by remark 4.1.2. We
also have Specy, = Specgg by proposition 5.3.2 and the result follows. For the assertion about the
multiplicity of 1, use corollary 4.2.8 and equations (13). O

!This will always be the case if n = 2.
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6.2 A significant class of examples: weighted projective spaces

Let (Ao, -+, An) € (N*)"*1 such that ged(Ag, - ,A\n) = 1 and X be the weighted projective space
P(Xog, -+ ,An). The (stacky) fan of X is the simplicial complete fan whose rays are generated by
vectors eg, -+ ,e, in N such that

1. Meg+ -+ e, =0

2. the e;’s generate N

Such a family is unique, up to isomorphism. We have \g = 1 if and only if (e, - ,e,) is a basis
of N and this will be our favorite situation: we assume from now on that Ay = 1.

Definition 6.2.1 The polytope of P(1, A1, -+, \,) is the convex hull P of eg,--- ,ey.

Notice that up =1+ A +---+ A, and ppo = W (recall that pug :=n!Vol(Q) if Q is a
polytope in N, see equation (10)). Moreover, P is reflexive if and only if \; divides pp for all 4.

The Givental-Hori-Vafa model of P(1,A1,---,A,) (a mirror theorem is shown in [9]) is the
Laurent polynomial defined on (C*)" by

fluy, - aun)zul‘i‘""i‘un‘f‘ﬁ

ul ...un

where ¢ € C*, see proposition 5.2.1 and its Milnor number is pf =1+ Xy +--- + A\, = pp. Let
l .
F .= )\—]O§€§)\,~—1, 0<i<n,.
i
and f1,---, fr the elements of F' arranged by increasing order. We then define
Sg={jl Njfie Z} C{0,--- ,n} and d; := Card Sy,

Let cg,c1,- -+ ,c,—1 be the sequence

fla"' 7fL7f27"' 7f%7"' 7fk7"' 7f]3

N~

dy da d

arranged by increasing order. The following result can be found in [11, Theorem 1]:

Lemma 6.2.2 The spectrum of f is the sequence ag,aq,- -+ , 01 where ay, := k — pcy, for k =
0,--,pu—1.

Notice that the spectrum of f is integral if and only if the polytope of P(1, A1, -, A,) is reflexive.

Proposition 6.2.3 Let P be the polytope of the weighted projective space P(1, A1, ,A). Then

Spectd(z) = Specis’(z).

Proof. Use corollary 4.2.6 and [9, Lemma 3.4.2]. O
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Example 6.2.4 We test proposition 6.2.3 (the computation of the geometric spectrum is done
using proposition 4.2.3).

1. Let a be a positive integer, A be the fan whose rays are (1,0), (=1, —a) and (0,1) and P their
convex hull: P is the polytope of P(1,1,a). Using the fan A’ whose rays are (1,0), (0,—1),
(—1,—a) and (0,1) we get

2 — 2/ z—1

geo _ 1 FTET 2 - -
SpecP (z) —E(F(MZ) —|—E(]P 72’)2:2/& ) 1+22+Z +(1+Z)(Z2/a 1 1)

= 1 + z +Z2 + ZQ/G + Z4/a + . + Z2(a71)/a — SpecaP}g(Z)
where Fy is the Hirzebruch surface. We have ep =a+ 2 = up.

2. Let A be the fan whose rays are (1,0), (—¢,—¢) for £ € N* and (0,1) and P their convex
hull: P is the polyope of P(1,£,£). The variety X = Xa, is P?, generated by the rays
v1 = (—1,-1), v2 = (0,1) and v3 = (1,0), with v(v1) = § and we get

1/¢ 1/¢

Z—z

geo _ 2 1 c 7
SpecP (Z)—E(P 7Z)+E(P 72) 21/ 1

AR 2.1
Y] +z+22+(1+2)

=2 T g D I D/ - Ghect(2)
We also have ep =14 20 = up.

3. Let A be the fan whose rays are (1,0), (—=2,—5) and (0,1) and P their convex hull: P is the
polytope of P(1,2,5). Using the fan A’ whose rays are (1,0), (0,—1), (—1,-3), (=2,-5),
(—1,-2) and (0,1) we get

3/5 4/5 3/5 4/5

z2—z
23/5 — 1

Ik SO St N
A5 —1 0 23/5 —1724/5 -1

Spech®(z) =22 +4z+ 1+ (2 +1) +(z+1)

Gathering the different terms we also get
Spech®(z) = 2>+ 22+ 1+ 235 4 45 4 815 4 ST/ = Speci-,lg(z)

We have ep =8 = up.

7 Libgober-Wood’s formula for the spectra

We are now ready to prove formula (3) of the introduction. We first show it for the geometric
spectrum.

7.1 Spectra and Hirzebruch-Riemann-Roch

In order to get first a stacky version of the Libgober-Wood formula (1), we give the following
definition, inspired by Batyrev’s stringy number 5" ! (X), see [2, Definition 3.1]:
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Definition 7.1.1 Let P be a full dimensional lattice polyope in N containing the origin in its
interior and let p: Y — X be a resolution of X := Xa,. We define

1—Vj

ipi=aea(V)+ Y alDp)e-0n)]] - (25)
JcI, J£0 jeJ Y
1—v;
= > Qo wea @) [[ =
JcI, J#0 jeJ jeg

where the notations in the right hand term are the ones of section 4.2.2 (convention: ¢,(Dj) =0
if r<0).

The number jip is a rational number and we shall see in corollary 7.1.4 that it does not depend on
the resolution p.

Remark 7.1.2 We have fip = ¢1(Y)cn—1(Y) if v; = 1 for all i (crepant resolutions) and fip =
c1(X)en—1(X) if X is smooth.

Theorem 7.1.3 Let P be a full dimensional lattice polyope in N containing the origin in its interior
and Spech?(z) = 358, 2% be its geometric spectrum. Then

ep 1.

M _ N
;(@ 2) = ghP T GMP (26)

where Lip is defined by formula (25) and pp = n! Vol(P).

Proof.  Recall the stacky E-fonction Eg p(2) := > ;1 E(Dy,2)[le) &7 Ji, see (22). Then we
have

n(3n —5) 1.
w.p(1) = — 13 P + G (27)

where ep is the geometric Euler number of P, see definition 4.1.1. The proof of this formula is a
straightforward computation and is similar to the one of [2, Theorem 3.8]: if V' is a smooth variety
of dimension n, we have the Libgober-Wood formula

nBr =5) W)+t (Ve (v) (28)

E"(V,1) =
(V;1) 1 6

where E is the F-polynomial of V', see [18, Proposition 2.3]; in order to get (27), apply this formula

to the components E(Dy, z) of Eg p(z) and use the equalities

n—|J|
2

E(Dj,1) = cp5(Dy), i(157(111,/’5))\2:1 =

7 n—1g/(Dy)

(the first one follows from the fact that the value at z = 1 of the Poincaré polynomial is the Euler
characteristic and we get the second one using Poincaré duality for D) and

i(z—z”) 1-v d_Q(z—z”) (v +1)
dz'zv — 1707 Top 0 g2ty — 1/l T 6v
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if v a positive rational number. By proposition 4.2.3, we have Spec}°(z) = Eg p(z). Finally, we
get

d? n(3n — 5) 1.
@(SPBC?DEO(Z))\zzl =——5 ert Ghr (29)
We have dilz(Specf'l'De O(z))|z:1 = gep, because the geometric spectrum is symmetric with respect to

n

5 (see corollary 4.2.4), and we deduce that

d? geo L n. n(n—2)
L (Spect (2o = S (6 — B2+ 1D (30)
dz P 2 4

Now, formulas (29) and (30) give equality (26) because ep = pup by proposition 4.2.1. O

Corollary 7.1.4 The number ip does not depend on the resolution p.

Proof. By proposition 4.2.1, the number ep doesn’t depend on p. The assertion then follows from
equation (26). O

The version for singularities is given by the following result:

Theorem 7.1.5 Let f be a convenient and nondegenerate Laurent polynomial with global Milnor
number p and spectrum at infinity Specg(z) = Y i, 2%. Let P be its Newton polytope and assume

that Speci-,lg(z) = Spect°(z). Then

n 1

I
n 9 ~
;1(% ) ghP t+ she (31)

where [ip is defined by formula (25) and pp := n!'Vol(P).

Proof. We have Spec'}lg(z) = Specs(z) and the assertion thus follows from theorem 7.1.3. 0

The smooth case is not surprising and is described by the following result (mirror symmetry is
discussed in section 5.2):

Corollary 7.1.6 Assume that f is the mirror partner of a projective, smooth, weak Fano toric
variety X of dimension n. Then

n 1

nw
> (e =50 = ugg + zer(X)enr (X) (32)
=1

In particular >4 (a; — )2 > p

cl=

Proof. Let P be the convex hull of the primitive generators of the rays of the fan of X. Then P is

reflexive because X is weak Fano. By proposition 6.1.3, Speciif(z) = Speci<®(z) and (32) follows
from theorem 7.1.5 and remark 7.1.2. Last, ¢1(X)c,—1(X) > 0 because X is weak Fano. O
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7.2 The two dimensional case

In this section, P denotes a full dimensional polytope in Ng = R?, containing the origin, and Ap
denotes the complete fan in Nr obtained by taking the cones over the proper faces of P. Let
p:Y — X be a resolution of X := Xa, as in section 4.2.2. We assume that the v;’s (primitive
generators of the rays of Y) are numbered clockwise. In what follows, indices are considered as
integers modulo 7 (r is the cardinality of A’(1)) so vy41 := vy (recall that v; := v(v;) where v is
the Newton function of P).

Proposition 7.2.1 We have

1. jip=c(Y) —2r + >0 (K + 4L,

Vit1 Vi
2. jip = (D iy ViDi)(Z§:1 V%-Dj)-

Proof. By definition, we have

1—Vj

ipi=aal)+ Y a@pea g0 ]] (33)

Jci, J#0 jeJ

- > (ZVJ)CQ—J|(DJ)H1;jVj

JCI, J£0 jeJ Jjed

Vj

and thus

fip = (V) +2 u S vi) (= vir1)

i Vit1

It follows that

and this gives the first point. For the second, notice that

T

T T
1 V; V;
E: D § —D,;) = § (D? ' D;D; “D;D;_
(z':1yl Z)(j:1 Vi ) i:l( Z+V@'+1 ' Z+1+Vz‘71 iDica)

T

v v v v .

:E(D?—i- - —i—il):c%(Y)—Qr—i—E(—z—i-il):,up
P Vit1 Vi ‘

where the last equality is given by the first point. O
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Theorem 7.2.2 Let f be a convenient and nondegenerate Laurent polynomial on (C*)2, with spec-
trum at infinity Y 5 2%, and P be its Newton polytope. Then

I ~

Z(ai_1)2 _ mp mp

2L e 34
; 6+6 (34)
=1

Moreover, 1ip > c3(Y) for any resolution p: Y — Xa,. In particular,
exists a resolution p such that c2(Y') > 0.

Mo (o —1)% > EE if there

geo

Proof. If n = 2, we have Spec'}fg(z) = Spec}, (z) by corollary 6.1.2 and the first equality follows
from theorem 7.1.5. By proposition 7.2.1 we have jip > c(Y) because V—F% > 2 for all real positive
number v. 0O

7.3 Examples

We test theorem 7.1.5 weighted projective spaces: given X = P(1,\, -+, \y,), f will denote its
Givental-Hori-Vafa model (see section 6.2), with spectrum at infinity Y /", 2% given by lemma
6.2.2, and P will denote the polytope of X, see definition 6.2.1. In what follows, we put V(«a) :=

?:1(0%' - %)2

e The polytope P is Fano (see section 2.3):

X [ p ] V(a) | /12 | pp |
P(1,1,0) | a+2 | (2a® +6a +4)/6a | (a+2)/6 | 222
P(1,2,5) | 8 12/5 473 | 32/5

For P(1,1,a), the polytope P is the convex hull of (1,0), (0,1) and (—1, —a) and we consider
the resolution obtained by adding the ray generated by (0,—1). Using the notations of
theorem 7.2.2 we have 11 =1, 1y = %, v3=1and vy = 1.

For IP(1,2,5), the polytope P is the convex hull of (1,0), (0,1) and (-2, —5) and we consider
the resolution obtained by adding the ray generated by (0,—1), (—1,—3) and (—1,—2): we

haveulzl,1/2:%,V3:%,V4:1,V5:1and1/6:1.
Notice that in these examples we have up = pupe where pupo is the volume of the polar

polyptope: this is not a coincidence, see section 8 below (this will be no longer true if P is
not Fano, see the example P(1,7, () below).

e The polytope P is not Fano:

| Example | p | V() | un/12 | wp ‘
P(1,0,0) | 1420] 2+ EDCEN [ (971 1)/6 | 94 2051
P(1,2,2,2) | 7 7 7/4 63/2
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For P(1,¢,¢), £ > 2, the polytope P is the convex hull of (1,0), (0,1) and (—¢,—¢) and we
have Spec’s®(z) = Spec?(z) by 6.2.4, example (2). Formula (25) gives

~ 1
fip = c1(P)er (P?) + e (BY)(€ - 1) — ch(Pl)(f -1)
For P(1,2,2,2), P is the convex hull of (-2,-2,-2), (1,0,0), (0,1,0) and (0,0,1). We have
X := Xa, = P3, generated by the rays v; = (—=1,—1,-1), vo = (1,0,0), v3 = (0,1,0) and
v4(0,0,1), with v(v1) = 3. Thus,
z—1 alg

Spechs(z) = E(P?,z) — BE(P?,2) + E(PQ,z)m = Specp?(2)

because Spec%g(z) =2+ 22 4241+ 22 232 4 25/2 by lemma 6.2.2. Formula (25) gives
~ 1
fip = c1(PP)es(P) + e1(P?)er (P?) — Sea(P?)

Let us consider now a more general situation:

e let P 2 be the polytope with vertices by = (1,0), by = (0,2) and b3 = (—2,—2). It gives the
stacky fan A = (N, A, {b1, ba,bs}) where A is the fan whose rays are v; = (1,0), vo = (0,1),
v3 = (—1, —1).

e Let Pygy be the polytope with vertices by = (¢,0), by = (0,¢) and b = (—¢,—{) where ¢ is
a positive integer. It gives the stacky fan A = (N, A, {b1, bs,b3}) where A is the fan whose
rays are v; = (1,0), ve = (0,1), vz = (-1, —1).

‘ Example ‘ L ‘ V() ‘ pun/12 ‘ ip ‘
Piao 8 3 4/3 | 10
Proe |32 (2+3)/2| /2 | 9

This agrees with formula (31)

8 A Noether’s formula for two dimensional Fano polytopes

In this section, we still focuse on the two dimensional case: P denotes a full dimensional polytope
in Ng = R?, containing the origin. Recall that a convex lattice polytope is Fano if the origin is
contained in the strict interior of P and if each of its vertex is a primitive lattice point of IV, see
section 2.3.

If P is a reflexive polytope, Xa, has a crepant resolution and jip = c2(Y') by remark 7.1.2.
The anticanonical divisor of Y is nef and ¢?(Y) = pupo by [6, Theorem 13.4.3]. Hence Jip = jipo.
On the other side, the geometric spectrum (which is equal to the algebraic spectrum by corollary
6.1.2) of P satisfies Y ‘., (3; — 1)*> = 2. Finally, we get from equation (34) the well-known formula

12 = pp + ppe

We have the following generalization for Fano polytopes (a reflexive polytope is Fano):
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Theorem 8.0.1 Assume that P is a Fano polytope in Ng with geometric spectrum Spech’(z) =
SHP 2P Then

rp
)2 Be pEe
;wz 1P =2+ (35)

where P° is the polar polytope of P.

Proof. Notice first that, because of the Fano assumption, the support function of the Q-Cartier
divisor Kx is equal to the Newton function of P and thus p*(—Kx) = >.._, v;D; since p*(—Kx)
and —K x have the same support function. We shall show that

pp = p*(—Kx)p"(—Kx) (36)

Because (p*(—Kx))? = (=Kx)? = ppo (for the first equality see [6, Lemma 13.4.2] and for the
second one see the Q-Cartier version of [6, Theorem 13.4.3]), equation (35) will follow from theorem
7.1.3. By proposition 7.2.1, we have

T

T T
. V; V; Vi_ v;
fip = Y (DF+ - U S pzy S
i=1 ¢

5 p ‘
i=1 o ’ i=1 i

and, as noticed at the beginning of this proof,

T

T T
p*(—Kx)p*(—Kx) = Z(VEDZ-Q + 2vVi41) = Z v D} + Z(VMH + vivi—1)
i=1 i=1 i=1

so (36) reads
D07 =)D =3 @ (-t - (37)

Now, observe the following:

e if v;,_1, v; and v;y1 are primitive generators of rays of Y inside a same cone of the fan of X,
we have

Vi1 4 Vi+1)

v; v; V(UZ‘)

v(vi—1 + vit1) = (

because v(v;—1) = vj—1, v(v;) = v; and v(vi+1) = v;4+1 and the Newton function is linear on
each cone of the fan of X. Because Y is smooth and complete, it follows that

Vi1 + Vi+1)

Vi1 + Vi1 = ( v, ” (]
and we get D? = —'/iy—*il — '/ly—tl
e otherwise, v; = 1 due to the Fano condition.
Equation (37), hence equation (36), follows from these two observations. O
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Corollary 8.0.2 Let f be a nondegenerate and convenient Laurent polynomial on (C*)?, ay, - - - , Oy
be its spectrum at infinity. Assume that the Newton polytope of f is Fano. Then

1 <& 1
POCEEY
'uizl 6

Proof. By corollary 6.1.2 both spectra, algebraic and geometric, coincide. The assertion thus
follows from theorem 8.0.1. O

Remark 8.0.3 Theorem 8.0.1 is not true if we forget the assumption Fano, see examples 7.5.
Moreover, it follows from proposition 7.2.1 that pyp = jpp if £ is an integer greater or equal than
one, and thus [ip can’t be seen as a volume in general.

Example 8.0.4 Let P be the polytope of P(1,A1,A2) (the convex hull of ( (1) >, < (1) > and

( _il >, see definition 6.2.1) where A1 and \2) are relatively prime. Then,
—A2

H 2
S 0= 12 = S((1 4 Ay 4 Ag) + LA )
6 A2

=1
9 Hertling’s conjecture for regular functions

Corollary 7.1.6, theorem 7.2.2, examples 7.3 and corollary 8.0.2 motivate, and partly show, the
following conjecture which has been already stated, without any further comments, in [10, Remark
4.15] as a global counterpart of C. Hertling’s conjecture for germs of holomorphic functions (see
[14], where the equality is inversed). The tameness assumption is discussed in section 5.1.

Conjecture on the variance of the spectrum (global version) Let f be a regular, tame
function on a smooth n-dimensional affine variety U. Then

1 & n
gl —a) < =) (@i~ 5)2 (38)
L
where (a1, -+ ,0y,) is the (ordered) spectrum of f at infinity. O

Some observations:

e If f is a Laurent polynomial equality (38) becomes 5 < %Zé;l(ai — 2)? because a; = 0
and oy, = n, see proposition 5.3.2. If true, this inequality for Laurent polynomials is the best
possible, see example 8.0.4.

e This is a different story, but, as suggested by corollary 7.1.6, one should expect > 4 (a; —

%)2 = ua“l_;l if f belongs to the ideal generated by its partial derivatives (recall that the mul-
tiplication by f on its Jacobi ring corresponds to the cup-product by ¢;(X) on the cohomology
algebra), see [7] and [14] for quasi-homogeneous polynomials. Example: f(z,y) = zy(z — 1)

for which we have =2 and a3 = ag = 1.
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