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SINGULARITIES OF VARIETIES ADMITTING AN
ENDOMORPHISM

AMAEL BROUSTET AND ANDREAS HORING

ABSTRACT. Let X be a normal variety such that Kx is Q-Cartier, and let
f: X — X be a finite surjective morphism of degree at least two. We establish
a close relation between the irreducible components of the locus of singularities
that are not log-canonical and the dynamics of the endomorphism f. As a
consequence we prove that if X is projective and f polarised, then X has at
most log-canonical singularities.

1. INTRODUCTION

1.A. Main result. Let X be a normal variety and let f: X — X be an endomor-
phism, i.e. a finite surjective morphism of degree deg(f) > 1. If X is projective, an
abundant literature [BeaOll [Ame03, [FN07, [Nak08, [AKP0S8, [NZ10, [Zhal(]
shows that the existence of an endomorphism imposes strong restrictions on the
global geometry of X. In this paper we address the question if the existence of an
endomorphism also imposes restrictions on the local geometry, i.e. restrictions on
the nature of the singularities. In a recent paper Boucksom, de Fernex and Favre
introduce the volume Vol(X, z) of an isolated singularity. Using this invariant they
give a precise answer to our question for isolated singularities.

1.1. Theorem. [BAEF12] Thm.B] Let X be a normal variety with isolated sin-
gularities, and let f: (X,2) — (X,x) be an endomorphism of degree deg(f) > 1.
Then we have Vol(X, z) = 0.

If Kx is Q-Cartier then X has log-canonical singularities, and it furthermore has
klt singularities if f is not étale in codimension one.

Fulger [Fulll] introduces a different invariant Volg (X, z) associated to an isolated
singularity and proves the analogue of Theorem [[T] for Volp(X,z). Let us note
that

Vol(X, z) > Volp(X, x)
and equality holds if Kx is Q-Cartier.

In this paper we will consider varieties such that Kx is Q-Cartier, but the singu-
larities are not isolated. In this case X is not necessarily log-canonical: if Y is any
normal variety such that Ky is Q-Cartier and E an elliptic curve, then X :=Y x FE
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admits the endomorphism f :=idy x g with g the multiplication by m € N. How-
ever we can establish a close relation between the irreducible components of the
non-lc locus and the dynamics of the endomorphism:

1.2. Theorem. Let X be a normal variety such that Kx is Q-Cartier, and let
f: X — X be an endomorphism of degree deg(f) > 1.

Let Z be an irreducible component of Nle(X). Then (up to replacing f by some
iterate) Z is totally invariant. In this case Z is not contained in the ramification
divisor R, and the induced endomorphism f|z: Z — Z satisfies

deg(f]z) = deg(f).

Since we suppose deg(f) > 1 the last part of this statement shows that Z cannot be
a point, so we recover the Q-Cartier case of Theorem [[.Il If X is projective we can
consider the particularly interesting class of polarised endomorphisms, i.e. those
endomorphisms such that there exists an ample divisor H satisfying f*H ~ mH.
In this case the statement becomes much stronger:

1.3. Corollary. Let X be a normal projective variety such that Kx is Q-Cartier,
and let f: X — X be a polarised endomorphism of degree deg(f) > 1.

Then X has at most log-canonical singularities. Moreover X is klt near the rami-
fication divisor R.

1.B. Technique and generalisations. The proof of our main result comes in
two steps. In the first step we use a classical computation describing the behaviour
of log-discrepancies under finite morphisms [KM98, Prop.5.20] to prove that all
the irreducible components of the non-lc locus are totally invariant. In the second
step we use an idea introduced by Nakayama in his inspiring preprint [NakO8| on
endomorphisms of normal surfaces: if p : Y — X is the log-canonical model (cf.
Definition [Z2]), the endomorphism f lifts to a (rational) endomorphism g of Y. We
can then study the geometry of the ramification divisors along certain p-exceptional
divisors to deduce our result.

Our proof actually works more generally for log pairs (X, A) such that Kx + A is
Q-Cartier and a logarithmic ramification formula holds. In this paper we focus on
the geometrically most interesting case where the boundary A is a totally invariant
WEeil divisor.

1.4. Theorem. Let X be a normal variety, and let f: X — X be an endomorphism
of degree deg(f) > 1. Let A be a reduced effective totally invariant Weil divisor
such that Kx + A is Q-Cartier.

Let Z be an irreducible component of Nlc(X, A). Then (up to replacing [ by some
iterate) Z is totally invariant. In this case we have Z ¢ Ra where Ra is the loga-
rithmic ramification divisor, and the induced endomorphism f|z: Z — Z satisfies

deg(f]z) = deg(f).

Theorem [I.4]is simply the case A = () in the preceding statement.

Let us note that the existence of log-canonical models has been proven recently
by Odaka and Xu [OX12] for pairs (X,A) such that Kx + A is Q-Cartier. If
2



log-canonical models exist in generaﬂ, it seems plausible that our results can be
generalised to arbitrary normal varieties.

1.5. Conjecture. Let X be a normal variety, and let f: X — X be an endo-
morphism of degree deg(f) > 1. Suppose that X admits a log-canonical model
w:Y = X. Let Z be an irreducible component of ILL(ELC), where ELC is the sum of
all the p-exceptional prime divisors taken with coefficient one.

Then (up to replacing f by some iterate) Z is totally invariant. In this case Z is not
contained in the ramification divisor R, and the induced endomorphism f|z: Z — Z
satisfies

deg(fl|z) = deg(f).

If moreover X 1is projective and [ is polarised, then u is an isomorphism in codi-
mension one.

This statement would also generalise Theorem [[T] since we can prove that an iso-
lated singularity has volume zero if and only if the log-canonical model (if it exists)
is an isomorphism in codimension one, cf. Proposition [2.4]

Acknowledgements. We thank S. Druel and Y. Gongyo for pointing out some
crucial references. The authors are partially supported by the ANR project
CLASg% A B is partially supported by the ANR project MACKH and the Labex
CEMPII.

2. NOTATION AND BASIC RESULTS

We work over the complex field C, topological notions always refer to the Zariski
topology. For general definitions we refer to Hartshorne’s book [Har77]. We will
use standard terminology and results of the minimal model program (MMP) as
explained in [KM98] or [HKI0]. A variety is an integral scheme of finite type over
C. For D a Q-Weil divisor on a normal variety X, we denote by supp(D) its
support.

2.A. Singularities of pairs. Let X be a normal variety, and let u: X’ — X be
a proper birational morphism from a normal variety X’'. If A C X is a Q-Weil
divisor, we denote by u; *(A) its strict transform.

A log-pair is a tuple (X,A) where X is a normal variety and A = 3. d;A; is a
Q-Weil divisor on X with d; <1 for all i. We say that the pair (X, A) is lc (resp.
klt)ﬁ if Kx + A is Q-Cartier and for every proper birational morphism p: X' — X
from a normal variety X’ we can write

Kxr+p, (A) = p*(Kx + A) + > a(E;, X, A)E;,

J

IThe existence of log-canonical models would be a consequence of the MMP, including the
abundance conjecture.

2ANR—lO—JCJC—Olll

3 ANR-10-BLAN-0104

4 ANR-11-LABX-0007-01

5Note that we do not assume that the boundary divisor A is effective, so some authors would
say that such a pair is sub-lc (resp. sub-klt). We follow the notation of [KMO98|.
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where the divisor E; are p-exceptional and a(E;, X, A) > —1 (resp. a(E;, X,A) >
—1) for all j. If the pair (X, A) is log-canonical, we say that a subvariety Z C X
is an lc centre if there exists a morphism p: X’ — X as above and a u-exceptional
divisor E such that F — Z and a(E, X,A) = —1.

2.1. Definition. Let (X,A) be a log-pair such that Kx + A is Q-Cartier. The
non-lc locus Nlc(X, A) is the smallest closed set W C X such that (X \ W, A|x\w)
is lc.

2.2. Definition. Let (X, A) be a log-pair such that A > 0. A log-canonical model
of the pair (X, A) is a proper birational morphism

wyYy - X

such that if we set
Ay = (D) + By,

where Eff s the sum of all the p-exceptional prime divisors taken with coefficient
one, the pair (Y, Ay) is log-canonical and Ky + Ay is p-ample.

2.3. Remark.

a) If a pair (X, A) admits a log-canonical model, it is unique up to isomorphism
[OX12] Prop.2.3].

b) Suppose now that A > 0 and Kx + A is Q-Cartier. Then (X, A) admits
a log-canonical model [OX12, Thm.1.1]. Moreover the u-exceptional locus
has pure codimension one [OX12, Lemma 2.4]. If we write

(1) Ky + Ay = p*(Kx + A) + AYY,

then AJ! is antieffective and supp Ay' = Exc(p) (ibid). By the definition
of Ay we have supp A;l C Ay. Note also that since Kx +A and Ky + Ay
are Q-Cartier, the divisor Ay is Q-Cartier.

The following proposition establishes the link between Conjecture and Theo-
rem [1]

2.4. Proposition. Let X be a normal variety with singular locus a point x. As-
sume that X has a log-canonical model p : (Y,Ay) — X.

Then Vol(X,z) = 0 if and only if p is an isomorphism in codimension 1.

For the proof of this statement we will use the tools and terminology of [BAFF12):
given a canonical divisor Kx on X, there is a unique canonical divisor Kx_, for
each birational model 7: X — X, with the property that 7. Kx_ = Kx. Thus we
obtain a canonical b-divisor K5 over X. Boucksom, de Fernex and Favre define the
nef envelope Envy (—Kx) of the Weil divisor —K x as the largest nef Weil b-divisor
Z that is both relatively nef over X and satisfies Zx < —Kx. The log-discrepancy
b-divisor Ay, x is then defined by

(2) Ax/X:Kx—le/X—FEHVX(—KX),

where the trace of 1x,x in any model is equal to the reduced exceptional divisor
over X.
4



Proof of Proposition [2-4 Suppose that Vol(X,z) = 0. We will argue by contradic-
tion and suppose that the divisor Ay is not zero. Let v: Z — Y be a dlt-model of
the log-canonical pair (Y, Ay) [Fujll, Thm.10.4], i.e. v is a birational morphism
from a normal Q-factorial variety Z such that if we denote by B the v-exceptional
divisors taken with coefficient one and set

Ay = I/*_I(Ay) + B,
then the pair (Z, Az) is dlt and we have
Kyz;+Az = I/*(Ky-i-Ay).

Set ¢ := powv. Then the divisor Kz + Az is ¢-nef and its restriction to any
irreducible component of v, 1(Ay) is nef and big.

The trace of the equation @) on Z is
v, "((Ax/x)y) = Kz + Az + (Envx (—Kx))z.

Indeed Az is the union of all the ¢-exceptional divisors taken with multiplicity one,
so (1x/x)z = Az. Moreover all the v-exceptional divisors have log-discrepancy 0,
so (Ax/x)z is just equal to the strict transform of (Ax,x )y

By [BdEF12, Lemma 2.10] the restriction of (Envx (—Kx))z to any y-exceptional
divisor is pseudoeffective, so the restriction of v 1(Ax /x )y to any irreducible com-
ponent of v, '(Ay) is big. Since Ay is not zero, this implies that v; ! (Ax/x)y is
not the zero divisor. Since we have

suppv; ' (Ax/x)y Csuppv, '(Ay),

we see that the restriction of v (Ax /x)y to any irreducible component of its
support is big. By the negativity lemma (in its big version [Gral2, Prop.4.1]) this
implies that v_ 1 (Ax /x )y is not effective. Thus the log-discrepancy b-divisor Ay, x
is not effective, a contradiction to [BAFEF12l Prop.4.19].

Suppose that p is an isomorphism in codimension 1. The variety Y has log-
canonical singularities, so all the log-discrepancies are non-negative. Since p is an
isomorphism in codimension one we see that Ay, x is effective, hence Vol(X, x)=0
by [BAFF12, Prop.4.19]. O

2.B. Logarithmic ramification formula. Let f: X; — X5 be a finite surjective
morphism between normal varieties. For every Weil divisor D C X5 we define the
pull-back f*D as the unique Weil divisor obtained by completing f*D|x, ,.,. If D is
Q-Cartier of Cartier index m, then f*D is Q-Cartier of index m. The ramification
divisor is defined by

(3) R:= Y f*D—supp(f*D),
DCXo

where the sum runs over all prime divisors in X5. By generic smoothness the sum
is finite, so R is an effective Weil divisor. Its image B := f(R) is the branch divisor
of f. By the ramification formula we have

I(X1 :f*KX2+R.
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2.5. Lemma. Let f: X1 — X2 be a finite surjective morphism between normal
varieties. Let Ag be a reduced effective Weil divisor, and set Ay := supp f*As,.
Then we have the logarithmic ramification formula

(4) KXI + Al = f*(sz + AQ) + RA)

where Ra is an effective divisor. Moreover A1 and Ra do not have any common
component. We call Ra the logarithmic ramification divisor.

Proof. Adding Ay = f*Ay — (f*As — Aq) to the ramification formula we obtain
KVX1 + A = f*(KvX2 + Az) +R— (f*AQ — Al).

We claim that Ra := R — (f*As — Ay) is an effective divisor such that A; and
Ra do not have any irreducible components in common. Indeed if W C Ay is an
irreducible component, we have

with W; the irreducible components of f*W and m; the ramification index along
W;. In particular if W is not in the branch divisor B, then f*W =" W; so
mult f*As = mult Ay =1,
Wi Wi

and obviously no W is contained in R. If W C B, then by (B) we have
mult R = mult f*W — 1 = mult f*As — mult A;.

Thus we have multy, Ra = 0. O

2.6. Remark. If Kx, + A; and Kx, + Ag are Q-Cartier, then Ra is Q-Cartier.

We will also use a weak generalisation of the logarithmic ramification formula ()
to morphisms which are only generically finite.

2.7. Lemma. Letg: V =Y be a generically finite, projective, surjective morphism
between normal varieties. Let Ay be a reduced effective Weil divisor on'Y such that
Ky + Ay is Q-Cartier. Let n: V — Vs; and h: Vs — Y be the Stein factorisation
of g. Set
Ay =1, (supp h*Ay).

Then we have

Ky + Ay = g*(Ky +Ay) + R,
where Ry is a Q-Weil divisor. Moreover Ay and Ry do not have any common
component.

Proof. The morphism h is finite, so by (@) we have
Ky, + supp h*Ay = h*(Ky + Ay) + Rag,s

where Rag, is an effective Weil divisor that has no common component with
supp h*Ay. The divisor Kv,, + supp h*Ay — Rag, is Q-Cartier, so we can write

Ky+n.(supp h* Ay —Rag,) = 0" (Kvg, +supp h* Ay —Ra, )+E = f*(Ky +Ay)+E
where E is an n-exceptional divisor. Set now

RQ =E+ WJI(RASt)'
6



Since every irreducible component of E is n-exceptional and Ra,, has no com-
mon component with supp h*Ay, it is clear that 7, (supp h*Ay) has no common
component with R,. O

2.C. Endomorphisms and Nlc-locus.

2.8. Definition. Let X be a normal variety, and let f: X — X be an endomor-
phism of degree deg(f) > 1. We say that a closed subset Z C X is totally invariant
if we have a set-theoretical equality f~*(Z) = Z.

2.9. Remark. Let f: X; — X5 be a finite surjective morphism between normal
varieties. By [Gro66, Cor.14.4.] the morphism f is universally open. In particular
if Z C X3z is any subvariety, the induced morphism X; xx, Z — Z is open. Hence
every irreducible component of X; X x, Z dominates Z.

2.10. Lemma. Let X be a normal variety, and let f: X — X be an endomorphism
of degree deg(f) > 1. Let A be a reduced effective totally invariant Weil divisor such
that Kx + A is Q-Cartier. Let Z C X be an irreducible component of Nlc(X, A).
Then (up to replacing f by some power) we have

;\2) =z
If (X,A) has at most log-canonical singularities, let Z be an lc centre. Then (up
to replacing f by some power) we have

7 (2)=2z.

In this case we have Z ¢ Ra where R is the logarithmic ramification divisor.

Proof. By @) and Remark we have
Kx—FA:f*(Kx—I—A)—FRA,
with Ra an effective Weil divisor that is Q-Cartier.

Let us recall a computation from [KM98, Prop.5.20]: let W C X be any subvariety,
and let p: X’ — X be a proper birational morphism from a normal variety X’ such
that

Kx/ +p Y (A) = " (Kx + A) + R+a(E, X,A)E
with R a pu-exceptional divisor and E a p-exceptional prime divisor such that

w(E) = W. Let X” be the normalisation of the fibre product X xx X’ and
consider the following commutative diagram

X f_l> X’
b
x T .ox
Let W1,..., W, be the irreducible components of f~*(W). By Remark every
W; dominates W via f. Thus for every i € {1,...,r} the fibre product

WiXWECXXXXI
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contains an irreducible divisorial component that surjects onto W;. Let E] C X"
be a prime divisor that maps onto this divisor, then we have f/(E!) = E. Denote
by r; the ramification index of f’ along E!. By [KMO98| p.160, last line] we have

a(El, X, A—Ra)+1=r(a(E,X,A)+1).
Since R is effective and QQ-Cartier, we have
a(El, X,A) <a(E,,X,A — Ra)
with equality holding if and only if W; ¢ Ra. Thus we see that if a(E, X, A) < 1

(resp. a(F,X,A) < 1) then we have a(E!,X,A) < 1 (resp. a(E!,X,A) < 1).
Moreover we have the following implication:

(5) If a(E,X,A) =1 and a(E, X,A) = 1,then W; ¢ Ra.

Proof of the first statement. We will argue by descending induction on the dimension
of the irreducible components of Nlc(X,A). The start of the induction is trivial
since there is no irreducible component of Nle(X, A) of dimension dim X. Suppose
now that every irreducible component of Nlc(X, A) of dimension at least m + 1 is
totally invariant, and let Z1, ..., Zx be the irreducible components of Nlc(X, A) of
dimension m.

Fix a j € {1,...,k}, and let Z} be an irreducible component of f~'(Z;). By what
precedes we have Z; C Nlc(X,A). We claim that Z7 is actually an irreducible
component of Nlc(X,A): if this was not the case there would be an irreducible
component W of Nlc(X, A) such that Z; C W and dimW > m + 1. Yet by our
induction hypothesis W is totally invariant, so Z ]’ C W implies that Z; C W. Thus
Z; is not an irreducible component of Nlc(X, A), a contradiction.

Hence every irreducible component of f~1(Z;) is an irreducible component of di-
mension m of Nle(X,A). Since there are only finitely many such components,
namely Z1,...,Zy, we see that f~! induces a bijection on the irreducible compo-
nents of dimension m of Nlc(X, A). Thus some power of f induces the identity.

Proof of the second statement. Since X is log-canonical there exist only finitely
many lc centres. We can now repeat the proof of the first statement to see that
f~! acts by permutation on the lc centres, so some power induces the identity. An
lc centre Z that is totally invariant and contained in Ra contradicts the statement
@), so it does not exist. O

2.11. Lemma. Let X1 and X5 be normal varieties, and let f: X1 — X be a finite
morphism. Let A1 and Ag be reduced effective Weil divisors on X1 and Xo such
that Ay = supp f*As and we have

I(X1 + Al = f*(KX2 + Ag)
Suppose that the pair (Xa, Ag) has a log-canonical model pa: (Ya, Ay2) = (X2, Ag).

Then the pair (X1, A1) has a log-canonical model 1 : (Y1, Ay1) — (X1, A1), more-
over f lifts to a finite morphism g: Y1 — Yo such that

Ky, + Ay = 9" (Ky, + Ay,2)
and o o g = fo .

Our proof follows Nakayama’s argument in the surface case [Nak08 Lemma 2.7.6].
8



Proof. Let Y7 the normalization of the fiber product X; xx, Y2. Then we have a
commutative diagram

y, 2y,

lpl luz
Xy LN Xo

where the morphisms p; are induced by the projections from the fibre product.
Recall that by Definition one has

Ay = (p2); ' (A2) + EIS

p2?
where Efg is the sum of all the ps-exceptional prime divisors taken with coefficient
one. Since f and py are finite we see that

supp(p3 El7,)
is the sum of all the p;-exceptional prime divisors taken with coefficient one. We
set
Ay = (py A1+ Supp(pSEch)
and claim that the ramification formula

Ky, + Ay 1 = p5(Ky, + Ay2)

holds. Assuming this for the time being, let us see how to conclude: by [KM98|
Prop.5.20] the pair (Y1, Ay,1) is log-canonical. Since the morphism p; is obtained by
base-changing s and normalising, the pull-back of the jio-ample divisor Ky, +Ay2
is p;-ample. By uniqueness of the log-canonical model (cf. Remark 23)) we see that
(Y1,Ay1) is the log-canonical model of (X3,A;). The finite morphism g := po
gives the lifting of f.

Proof of the claim. We have supp f*Ay = Aj, hence by our definition of Ay ;
suppp5Ay,2 = Ay,
Thus by the logarithmic ramification formula (@) we have
Ky, + Ay,1 = p5(Ky, + Ay,2) + Ra

with Ra an effective divisor that has no common component with Ay,;. Since by
hypothesis Kx, + Ay = f*(Kx, + Ag) it is clear that Ra is pi-exceptional. Since
Ay, contains every pj-exceptional prime divisors with coefficient one, the divisor
R is zero. [l

3. PROOFS OF THE MAIN RESULTS

3.1. Proposition. Let X be a normal variety, and let f: X — X be an endo-
morphism of degree deg(f) > 1. Let A be a reduced effective totally invariant Weil
divisor such that Kx + A is Q-Cartier.

Let Z be an irreducible component of Nlc(X,A) that is totally invariant. Then
Z ¢ RA where Ra is the logarithmic branch divisor.

3.2. Remark. If A =0 and X is a surface this follows from a theorem of Wahl
[Wah90], cf. also Favre [Favl0]. More generally if A = 0 and X has at most
isolated singularities, we can apply [BAFF12, Thm.B] or [Fullll Cor.]. Our strategy
is inspired by Nakayama’s proof of the surface case [Nak08, Lemma 2.7.9].

9



Proof. Let pi: (Y, Ay) — (X, A) be the log-canonical model of (X, A). By Remark
23 we have

(6) Ky + Ay = p*(Kx + A) + AYY,

where Ay! is an antieffective divisor such that supp Ay' = Exc(u). Since Z is
an irreducible component of Nlc(X, A) there exists at least one prime divisor E;
in Y that surjects onto Z. Denote by Fji,..., Ey the irreducible components of
supp(Ay!) that surject onto Z. Then we can write

k
(7) A;l = Z a;E; + E',

i=1
where the a; are the log-discrepancies with respect to (X, A). Since Z is an ir-
reducible component of Nlc(X,A) the antieffective divisor E’ has the property

Z ¢ p(supp(E")).
We will argue by contradiction and suppose that Z C Ra.
Step 1. An estimate of the discrepancies. Let

Kx +A=f"(Kx +A)+ Ra

be the logarithmic ramification formula. By Remark 2.6 the divisor Ra is Q-Cartier
and we denote by m its Cartier index. Thus the pull-back p* Ra is well-defined and
since Z C Ra we have
y 1

m&lt(u Ra) = ooy
for every i = 1,..., k. Note moreover that for all [ € N the logarithmic ramification
divisor Ra; of the [-th iterate f! satisfies

-1
Rai=Y ()" (Ra).
=0
Since Z C Ra and f~1(Z) = Z we see that Z C (f7)*(Ra), hence
; 1
mjgilt(u (f')"Ra) 2 —

for all 4 and j. Thus for [ sufficiently high we have multg, (1#*Ra ;) + a; > 0. Since
our statement does not depend on the iterate of f we can suppose without loss of
generality that these inequalities holds for [ = 1. Thus we have

(8) mél_lt(u*RA) +a; >0

forallie {1,...,k}.

Step 2. Comparing the discrepancies. The endomorphism f induces a rational map
Y --» Y, we choose a resolution of the indeterminacies of v: V' — Y such that
V' is smooth. Then we obtain a generically finite, projective, surjective morphism
g: V — Y such that we have a commutative diagram

Vv Yoy _tox



Using the notation of Lemma 2.7 we have
9) Ky + Ay =g"(Ky + Ay) + R,.
Note that by the definition of Ay we have Ay = g(Ay).
The pair (Y, Ay) is log-canonical, so we can write

Ky =v*(Ky + Ay) + N’

where N’ is a divisor such that all coefficients are at least —1. Thus if we set
N := N’ + Ay, then

(10) Ky + Ay :I/*(Ky—I—Ay)—I—N
and for every irreducible component D C Ay we have
(11) mbﬂt N >0.

By @) and (I0) we have
V*(Ky + Ay) + N = g*(Ky + Ay) + Ry.
Plugging in (@) on both sides we get
V(W (Kx +A)+ A7) + N =g" (0" (Kx + A) + AFY) + Ry

By the logarithmic ramification formula Kx + A = f*(Kx + A) + Ran we can
simplify to
(12) V(W Ra+ A7) + N =g" A7 + R,
Since g(Ay) = Ay and supp Ayt C Ay (cf. Remark 23) there exists a prime
divisor D C Ay such that g(D) = E;. Let us first observe that
(13) u((D)) = 7.
Indeed by our commutative diagram

fpw(D))) = wg(D)) = w(Er) = Z,
hence pu(v(D)) is contained in f~*(Z) which by hypothesis is Z. Since Z is irre-
ducible and p(v(D)) has dimension at least dim Z (it surjects via f on Z), we get
the equality (I3).

By Lemma 27 we know that Ay and R, do not have common components, so
multp R, = 0. Since A;l is antieffective and its support contains F4, we obtain

(14) mbllt(g*A?,l + Ry) < 0.
Consider now the decomposition A! = Zle a;FE; + E' introduced in ([@). We
have Z ¢ p(supp(E’)) and p(v(D)) = Z by ([I3), so we see that v(D) ¢ supp(E’).
Since pu*Ra + A;l is Q-Cartier this implies that pu*Ra + > a;F; is Q-Cartier in
the generic point of v(D). By the inequalities (8]) we know that

/L*RA + Z CliEi
is an effective divisor, so we obtain

* (% >1\ * - F.
Hl[l)lltl/ (W"Ra + A7) = VI(I[l)l)llt (W*Ra + ZazEz) > 0.

gen

Yet by () this implies that
mbllt(u*(u*RA + AP+ N) >0,

11



so by (I2) we have a contradiction to (I4)). O

Proof of Theorem[I4} By Lemma 210 we can suppose (up to replacing f by some
iterate) that all the irreducible components of Nlc¢(X, A) are totally invariant. Let
Z be such an irreducible component, then by Proposition [31] we have Z ¢ Ra,
where Ra is the logarithmic branch divisor. We will now argue by contradiction
and suppose that there exists an irreducible component Z C Nl¢(X, A) such that
the induced endomorphism f|z: Z — Z satisfies

(15) deg(f|z) < deg(f).

Let (X' , Zgen) be the germ of the normal variety X in the generic point Zgen C X,
and denote by

Fi (X, Zgen) = (X, Zgen)
the induced endomorphism. Set A := Al g, then the finite morphism f étale in
codimension one, i.e. we have

(16) Kg+A=(f)"(Kg+A).

Let ji: (Y,Ay) — (X,A) be the log-canonical model. By Lemma ZIT] the finite
morphism f lifts to a finite morphism ¢g: ¥ — Y such that

(17) Ky + Ay =g*(K§/+A)~/)

and pog=fop.

Since Zgen is an irreducible component of Nlc(X' , A) and the p-exceptional locus has
pure codimension one (cf. Remark[23), there exists at least one prime divisor E; in
Y that surjects onto Zgen. Let Fy, ..., Ey be the prime divisors in g™ (Zgen) that
surject onto Zgen, then g~ ! acts by permutation on the set of divisors {E1, ..., Ej}.
Thus (up to replacing f and hence g by some iterate) we can assume that g—*
as the identity. Let now

acts

g|E1 : E1 — E1
be the induced endomorphism. We claim that we have
deg(g|m,) = deg(fz)-

Assuming this for the time being, let us see how to conclude: since deg(f) = deg(g)
our claim and (3] implies that deg(g|g,) < deg(g). Thus E; is contained in the
branch divisor of g and we have

(18) g*El = ’I”El
with 7 > 1. By Remark we have
Ky + Ay = ,LL*(KX + A) +A§17
where A;l is an antieffective divisor such that supp A;l = Exc(u). Plugging this
into (IT7) we obtain
P Kz +A)+ A7 =gt (Kg + A)+ g*AZ"
Yet by (I6]) this simplifies to
>1 _  xA>1

AY =g A{, .

Since supp A;l = Exc(u) it contains the divisor F;. Thus by restricting the equa-

tion above to E; we obtain ¢g*E; = Ei, a contradiction to (I8]).
12



Proof of the claim. We have a commutative diagram

9leq
i —F,

:U"El :“"El

f‘den
gen > den

Let Fy be a general fibre of u|g, and set Fy := g|g,(F1). Then F» is a general
u| g, -fibre, in particular F; and F» are homologous. Set g: Fi — F». By ([I1) we
have

(Ky + Ag) - Fy = (9" (Kg + Ap)) "™ - Fy = deg(9)(Ky + Ap)t™ - B,
Since F; and F5 are homologous we have
(K{/ + A?)dimFl By = (K{/ + A?)dimFl - .

Moreover Ky + Ay is ample on Fi, so these intersection numbers are not zero.
Thus we obtain that
degg =1.

By the commutative diagram above this implies the claim. 0

3.3. Corollary. Let X be a normal projective variety, and let f: X — X be a
polarised endomorphism of degree deg(f) > 1. Let A be a reduced effective totally
imwvariant Weil divisor such that Kx + A is Q-Cartier.

Then the pair (X, A) is log-canonical. Moreover if Z is an lc centre of (X, A), then
(up to replacing f by some iterate) Z is totally invariant. In this case we have
Z ¢ Ra where Ra is the logarithmic ramification divisor.

Note that the case A = 0 of this statement corresponds to Corollary .3

Proof. The endomorphism f is polarised, so there exists an ample divisor H such
that f*H ~mH with m > 1. Thus if Z C X is a totally invariant subvariety, the
endomorphism f|z: Z — Z is polarised by H|z. In particular we have

deg(flz) = m®™™ % <mT™ ¥ = deg(f).

By Theorem [[4] this implies that Nle(X,A) is empty. The second part of the
statement follows from Lemma 210 O

For inductive purposes the following non-normal version should be useful.

3.4. Corollary. Let X be a projective variety that is Sa and whose codimension one
points are either regular points or ordinary nodedd. Let f: X = X be a polarised
endomorphism of degree deg(f) > 1. Let A be a reduced effective totally invariant
Weil divisor such that Kx + A is Q-Cartier and no irreducible component of A is
contained in the non-normal locus.

Then the pair (X, A) is semi-log-canonical.

6X is demi-normal in the sense of Koll4r.
13



Proof. Let v: X — X be the normalisation. Let D C X be the divisor defined
by the conductor of the normalisation, and let A be the divisorial part of v~ 1(A).
Then we have

Ky +A+D=v"(Kx +A),

so K¢ + A + D is Q-Cartier. Note that D is reduced since X has ordinary nodes
in codimension one.

By the universal property of the normalisation, the endomorphism f lifts to an
endomorphism f : X — X. Moreover the divisor D is totally invariant (cf. Prop.5.4.
in the arXiv version of [NZI0]). By Corollary B3l the pair (X,A 4 D) is log-
canonical. Thus (X, A) is semi-log-canonical. |
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