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Abstract
It is well known that solutions of the Cauchy problem for general dispersive equations
we +iP(D)w =0, w(z,0)=gq(z), ze€R", teR,

enjoy the local smoothing property
m=1
(e R") = wel’(-T,TiHy 7 (RY),

where m is the order of the pseudo-differential operator P(D). This property, called local
Kato smoothing, was first discovered by Kato for the KdV equation and implicitly shown
later for linear Schrédinger equations. In this paper, we show that the local Kato smoothing
property possessed by solutions general dispersive equations in the 1D case is sharp, meaning
that there exist initial data ¢ € H® (R) such that the corresponding solution w does not

m=1_
belong to the space L2 ( - T, T, g (R)) for any € > 0.

loc

1 Introduction
Consider the Cauchy problems for the one-dimensional Korteweg-de Vries (KdV) equation
Ut + UUy + Ugzr = 0, u(z,0) =¢(z), zeR, teR,
and for the one-dimensional linear Schrédinger equation
it 4+ vz =0, v(x,0) =¢(x), xR, teR. (1.1)
While their solutions are known to be as smooth as their initial values in the sense that
u(-,t) € H*(R) if and only if ¢ € H*(R) for any t € R,

and
v(-,t) € H*(R) if and only if ¢ € H*(R) for any ¢ € R,

they possess a local smoothing property:

¢ € H*(R) = ue L*(=T,T; Hj;  (R)) for any T > 0,

loc

and
¢ € H¥(R) = v e L2(—T,T; H:T?(R)) for any T > 0.

loc

This local smoothing property was first discovered by Kato [14] for the KdV equation and
implicitly shown later by Sjolin [22] for the linear Schrédinger equation. It is now referred to
as the local Kato-smoothing property and has been proved by Constantin and Saut [9] to be a
common feature of dispersive-wave systems. Indeed, Constantin and Saut studied the following

general dispersive-wave equation

wy +iP(D)w =0, w(z,0)=gq(z), zeR" teR, (1.2)



where D = 1(8/9xy,- -+ ,08/9x,), P(D)w is the pseudo-differential operator

P(D)w = / e Ep(Ein()de

defined with a real symbol p(€), and  is the Fourier transformation of w with respect the spatial

variable z. The symbol p(§) is assumed to satisfy

(i) p € LS (R™, R) and is continuously differentiable for |{| > R with some R > 0,

loc

(ii) there exist m > 1,Cq > 0,Cs > 0 such that
Ip( < Ci(1+[g)™  forall £eR",

and

|0p(€)/0¢51 > Co(1 + €)™ g /1€,
forall ¢ e R" and || > R, j=0,1,2,...,n.

Theorem A (Constantin and Saut [9]) Let s > —™=1 be given. Then for any q € H*(R"), the

sty

e > (R™)) and moreover, for any

corresponding solution w of (1.2) belongs to the space C(R; H
giwen T >0 and R > 0, there exists a constant C' depending only on s, T and R such that

T 2
/T/<JUMW1HW%@ﬁ dadt < C|lql| 3 gn)- (1.3)

This local smoothing effect, as pointed out by Constantin and Saut in [9], is due to the
dispersive nature of the linear part of the equation and the gain of the regularity, (m — 1)/2,
depends only on the order m of the equation and has nothing to do, in particular, with the di-
mension of the spatial domain R™. The discovery of the local Kato-smoothing property has stim-
ulated enthusiasm in seeking various smoothing properties of dispersive-wave equations which,
in turn, has greatly enhanced the study of mathematical theory of nonlinear dispersive-wave
equations, in particular, the well-posedness of their Cauchy problems in low regularity spaces
(see [4, 5, 7, 15, 16, 17, 18, 19] and see the references therein).

A question arises naturally: Does the solution w of (1.2) gain more regularity than m74 by

comparing it to its initial value q? More precisely, one may wonder if the estimate (1.3) is sharp
in the following sense:

Is it possible to find € > 0 such that, for any given T > 0 and R > 0, there exists a constant
C depending only on s, T and R such that

’ 2
/T/I |<R}(I— A)n=142510 /4y, (0 1) dadt < CHqH%iS(]Rn)? (1.4)



In particular, applying Theorem A to the linear KAV equation (Airy equation)
Ut + Ugge = 0, u(z,0) =¢(z), ze€R, teR, (1.5)

and to the linear Schrédinger equation (1.1) leads to the following estimates for their solutions:
given s € R and R, T > 0, there exists a constant C' > 0 such that for any ¢, ¥ € H*(R), the

corresponding solutions u of (1.5) and v of (1.1) satisfy

T
/ / AL, 1) 2 dudt < Cl6l2 - (1.6)
—-T J|z|<R

and

T 2
/ / A1 720 e, 1) dedt < Ol ay (1.7)
-T J|z|<R

respectively, where A = (I — 92)=.
Is it possible to find an € > 0 such that

we L3(=T,T; HSP'W(R)), v € L2(—T,T; HE/ 2 T4(R))

loc loc

and moreover, for any given 7' > 0 and R > 0,

T
// A u (e, 1) dudt < C6)% g, (1.8)
—T J|z|<R

and -
2
/ / ‘As+1/2+€v(x,t)‘ drdt < C|[v]| 3. g)? (1.9)
-T J|z|<R

Here the constant C' is assumed to depend only on s, R, and T.

As far as we know, this question has not been addressed in the literature. On the other hand,
it has been proved by Kenig, Ponce and Vega [16, 17] that solutions of (1.5) and (1.1) possess
the following smoothing property.

Theorem B (Kenig, Ponce and Vega [16, 17]) For any s € R, there exists a constant Cs > 0
depending only on s such that for any ¢, ¥ € H*(R), the corresponding solutions u of (1.5) and
the solution v of (1.1) satisfy

sup 105" u(@, )l 2wy < Cslldllme ), (1.10)
re
and
Sugllai“/%(w, Nrezwy < Csll¥ll = ®)- (1.11)
S

This property is referred to as sharp Kato-smoothing. It has become an important tool in
studying the non-homogeneous boundary value problems [1, 2, 10, 11] and control theory of the

KdV equation and the Schrodinger equation (see [6, 12, 20, 21] and see the references therein).



Since the estimates (1.6) and (1.7) follow easily from (1.10) and (1.11), it remains a doubt if
estimates (1.6) and (1.7) are sharp: Does there exist € > 0 such that (1.8) and (1.9) hold for all
solutions of (1.5) and (1.1), respectively?

In this paper, we will first consider the Cauchy problem for general one-dimensional evolu-

tionary partial differential equations
ur = Q(0z)u, u(z,0) = ¢(z), xeR, t>0 (1.12)

where
Q(D) = Q1(9:) + Q2(0z)

is a (2N + 1)-order differential operator, with

N N
Q1(0:) =Y a;07%, and  Qa(0.) =D brd2F,
7=0 k=1

where a;,7 =0,1,---, N are real constants and
b, =ar+16k, k=1,2,---,N,
are complex constants. Assume that there exists an integer 0 < v < N such that either
(—=1)Nax >0, ar=0k=v+1,--- N, (=1)’a, <0, (1.13)

or
an =0, (=1)Nay <0. (1.14)

Note that, if (—=1)¥ax < 0, then we can make a change of variable # — —x to change the

N

equation so that (—1)"ax > 0. Then it can be verified that the solution u of (1.12) possesses

the local Kato-smoothing property:

Given s € R and R, T > 0, there exists C' > 0 such that for any ¢ € H*(R), the corresponding
solution u of (1.12) satisfies

T
/ / AN, )] dadt < Cll¢]1%. z)- (1.15)
0 |lz|<R

We show that the local Kato smoothing property for (1.12) given by the estimate (1.15) is
sharp.

Theorem 1.1. For any € > 0, the estimate

T
// ANy, )2 dudt < Cl6)% g (1.16)
0 |z|<R

fails to be true for all solutions of the Cauchy problem (1.12).



This result applies not only to the Airy equation, but also to the linear KdV-Burgers equation
Ut + Uz + Ugge — Ugz = 0.

which is not cannot be written in the form of the dispersive equation (1.2). Moreover, the

parabolic equation
ug = (—1)"H 92y, u(z,0) = ¢(x), zeR, t>0,
and the (linear) Ginzburg-Landau type equation
uy = (a4 B)(—=1)" 192y, u(z,0) = ¢(z), zeR, t>0,

with @ > 0 are special cases of (1.12). Their solutions possess the following global dissipative

smoothing property:
¢ € H'(R) = we C([0,T]; H*(R)) N L*(0,T; H**™(R))
and there exists a constant C' depending only on 7" and s such that

lull 20,7 1o+ m )y < C|l Dl Hs (R)- (1.17)
Similarly, one may wonder if this type of dissipative smoothing property is sharp: does the

solution u belong to L2(0,T; HZT™T¢(R)) for some ¢ > 0 in general when ¢ € H*(R), in general?

loc
Theorem 1.1 provides a negative answer to this question and shows that the dissipative smoothing

property (1.17) is sharp.
We next consider the Cauchy problem (1.2) in the 1D case
wy +iP(D)w =0, w(z,0)=q(z), z€R, teR, (1.18)
and we show that the estimate (1.3) is sharp.

Theorem 1.2. The local Kato-smoothing property of the Cauchy problem (1.2) posed in R as
described by (1.8) is sharp in the sense that, for any € > 0, the estimate

T 2
/ / ’As+(m_1)/2+€w($, t)| dadt < Cllqll3em (1.19)
0o Jiz|<R

fails to be true for all solutions of (1.2).

To prove Theorems 1.1 and 1.2, given s and € > 0, we will construct bounded sequences {¢,,}
and {¢n} in H*(R) such that the corresponding solutions u, of (1.5), and v, of (1.1), satisfy

respectively

T
lim / / |AS+1+€un(:c, t)|2 dxdt = 400,
-T J|z|<R

n—-+oo

T 2
hm / / ’AS+1/2+Evn($7 t)’ d.det = +OO¢
—-T J|z|<R

n—-+oo

for some T"> 0 and R > 0.



2 Proof of Theorem 1.1

By contradiction, assume that the estimate (1.16) holds true for some € > 0. Without loss of
generality, we assume that s = 0 and 0 < € < % Let p be a given C*° smooth function with

compact support, such that 0 < p(z) <1 for any = € R, and

(z) = 1 for any z € [-99,-5],
PREI=0 for any x ¢ [~110,—1].

Applying A€ to the equation in (1.5) yields

(Au)t + Q(0:)[(Au)] = 0, (Au)(z,0) = (A9)(z), z€eR, teR. (2.1)

Multiplying the equation in (2.1) by p(z)Au and integrating the resulting equation over R with

respect to x gives

(/OO p(x) (A;U)de)t = zN:(_1)j+1aj (j + %) /OO P (2)(89 (Au)2dar

) > / pW ()03 (Au) DI (Au)dx

+
WE
M:
N
.

—‘,— o~

—1)kby, / Ok (p(z) A“u)dF (A°u)dx
Integrating both sides of the above equation with respect to t over (0,7T) leads to

| v@acora— [~ o) (wute )R s

h ; g (152 [ [ peroncwrina

+J2N30§( i+l )/ / P @)OF ! (A w) O (Afu) dadlt
+k:1 bk/ / % (p(2) A“u) 3y (Au)ddt (2.2)

Since p has a compact support, and since (1.16) holds true, it follows that the right-hand side of
(2.2) estimated by CTH¢||L2(]R)7 and thus

/_ O; p(x)(A°¢)*da— ‘ /_ O; p(z) (Au(z, T))? dz

Let us prove that (2.3) cannot hold true, by constructing a sequence {¢, }5°; in L?(R) such that

< Crll¢ll7zm) (2.3)

sup || ¢nllL2(m) < oo, (2.4)
0<n<+oc0



oo

. € 2 _
Jim [ )6, () = . (2.5)
and ~
sup / p(x) (Aup(z,T))* dz| < 400, (2.6)
0<n<+4o0 — o0

where u,, is the corresponding solution of (1.12) with u,(x,0) = ¢ (z).

Let n be the function whose Fourier transform is

1
(14841 +In(1+¢€2))>

(&) =
The function 1 belongs to the space L?(R) and has the following properties:
(i) A°n & L%(c,d) for any (c,d) with 0 € (¢, d),
(ii) A¢n is well-defined for any = # 0,
(iii) both n(x) and (A°n)(x) decay faster than any algebraic order when |z| — 4o0.

Let xn(€) be an even C'* cut-off function satisfying x,,(£) = 1 for € € [0,n] and x,,(£) = 0 for
€ €[n+1,400). Note that x,,(£) is a monotone decreasing function and keeps the same shape
for € € [n,n + 1] as n changes. For any n > 1, let ¢, € L?(R) be the function whose Fourier

transform is i50€ &)
. B e’ Xn
Pn(§) = (1+&2)1/4(1 + In(1 + £2))2

= %X (©)(6).

Then we have

lénllL2®) = ”g)n”L?(]R) < Onllp2wy < +o0
for any n > 1. Since A°n(x + 50) &€ L?(c,d) for any (c,d) with —50 € (c,d) and

€ < -2 -
x| (16,(@)] + NG (@)) < O +[a) 2 forn = 1.2,

where C' is independent of n, we have that for any n > 1,

/00 (1 —p(x))(App)?dr < Cy < 400,

— 00

and, henceforth, as n — +o0,

[ o= [ (onpas= [ o= senwenra
— [ (047 ©009) de - [0 p)aconds oo

— 00



It remains to prove (2.6). To this end, note that if oy, =0, k=v+1,--- | N
some 1 <v < N, then for any x € R,

,  (—1)’a, <0 for

1

[ACun (2, T)| < 5- ‘ QUOT=IE (1 4 )2, (E)\dﬁ
< 2i/ QOO (14 )72 ()| e
1 3
<o ([ ewtomareyie) ol
Then
—1 [e’e)
‘ / Nun(e, T2 do| < = [ pa) / 22097 (1 4 €2)°de]| g2 s da
27 J_110 —oo
1 [ !
< o £2Q2(:6)T (14 €2) de(bn”LQ(R)/ p(z)dr < C < +o0
_ 110

for any n. On the other hand, If o, =0, k=1,2,--- , N, then
Q(i€) = iQ(&)

where @ (€) is a real valued polynomial of order 2N + 1 with the coefficient of highest order term
satisfying (—1)Vay > 0. If T > 0 is given, by our assumption, there exist M > 0 and C; > 0
such that @’(S)T > C1€2N whenever |¢| > M. Then, for x < —1 and T > 0,

Aup(z,T) = % / e QEOT=iE(1 4 €2)/23, (¢)de

_L iQEOT—ive (] 1 ¢2Y6/20, (£)de + - iQEOT—ive (] 1 ¢2Y6/2, (£)d
o (&)o@ o [ e (148728, (€)de

2
where
i/ GAOTE(1 )72, (€)de| < - (M) (14 M) 6l ey
21 | Jjgl<m
1 QT —ix€ (1 4 ¢2)¢/2) de = 1 w {(QE)T—z8) g
2 Jont© (e 27r/||>M i(Q'(OT — =) se 6

_ i _ (1+§2)6/2€i506Xn(§> e*i@(f)T*If)dg
27 Jigl>a \i(Q'(T — ) (1 +€)V4(1 +In(1 +62))% ),

For |¢] > M, we have

lwn(E)] = || —= (L4 €20 €) o —iQEOT—x8)
(QET —2)(1+ VAL +In(1 +€2))2 ),
¢ c

: (C1&2mT + |x])(1 4 €2)5 72 (1 4+ In(1 + €2))? S@n
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where i — 5 2> 0and C > 0 is independent of n. Hence,

/ @) (M (2, 7)) de

— 00

! 2M)/? ’
<c[ ) ( [ e+ B M2>6/2|¢n||m>> da

—110

-1
< C/ p(z)dx < 400
~110

Therefore, (2.3)-(2.6) yield a contradiction, which implies that there does not exist any ¢ > 0
such that (1.16) holds true. The theorem is proved. OJ

3 Proof of Theorem 1.2

By assumption, there exists a N > 0 such 7 = p(§) is invertible on (N, +00) and
w(&) ~ &M, E=v(T) ~ Tl/m, p'(€) ~ ™ as 1 — 4o00.

By contradiction, assume that (1.19) holds true for some ¢ > 0. Without loss of generality, we
assume that s = 0 and that 0 < e < % Let 1 be the function as defined in the proof of Theorem
1.1. For any integer n > 1, let ., () be a C° cut-off function such that

1 ¢&€[N,n+N]
””(5){ 0 foré<Nandé>n+N+1

and 1, € L?(R) be the function whose Fourier transform is

. fin () -
"/’n(&) - (1 + 52)1/4(1 —+ 111(1 +§2))2 —

©)n(g)-
Then, for any n > 1,
(i) AE’L/Jn S L2(R) and hmn—H—oo HAewnHL?(R) = 0Q,

(ii) there exists Cy > 0 such that

| ln@Pis <o max (@) + A @) £ O +[a])

- x|

Let v, be the solution of (1.18) with v replaced by ,,. Since (1.19) holds true, we must have
T 2
m—1)/2+e€ 2
/ / }A( )/2+ Un(x,t)‘ dadt < Cl[pnl|72@) < 400 (3.1)
—-T J|z|<R
The left-hand side of (3.1) can be written as

T 2
/ / }AW—U/Q“U”(:C, t)} dedt = I, — J,,,
-T J|z|<R



with
R (oo - 2 R > -T m—1
I, = / / AT v, (z,t)| dtda, Jn = / / -|-/ ‘AeJr T vy, (3, t)
—RJ—o0 —R T —00
Let us prove that (3.1) cannot be true by showing that
lim I, = 4+o00 and sup J, < 4o0.
n—+o0 1<n<+oo
We first prove that, for any n > 1,
0o 1 2
[m A v (@, )| dt = CIAYn]Fagqy for any o € R.
Since
/ ’AE+ 2 vy (z,t) t dt ‘— 1+§2)%+mzle b (€)
- C/ /N (1435 e PO, ()i ()
%) %) . ) 2
- C/ / L+ 02 (n)F 5 e T )y, (u ()i (v (7)) (r)dr | dt
— o0 M
%) o) . 2
= C/ / e Twy, (x, T)dT| dt
where
wn(2,7) = (L + () F5 O, ((m)aw(n)y' (1) for 7> M
and wy, (1) = 0 for 7 < M, by the Plancherel theorem, we have, for any « € R,
o m—1 2 o0 2
/ A€+Tvn($,t)’ dt = C/ |wy, (2, 7)|” dr
00 —— 2
- c/ (14220 3T ) ()] dr
1

WOV de

:C/lm\<1+52)2+ v

= ClIAYnll7 2wy

and therefore,
I, = 2RC||A€wn||%2(R) — 400 as n — +oo.

It remains to show that sup; <, o Jn < +00. We only consider the term

R o0
Jn7T = / /
—RJT

. 2
A€+Tlvn(z, t)| dtdz,

11

2
dt dz.
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the discussion for the other term
R -T m—1 2
Jn,—T = / / ‘Aﬁ"’Tvn(x,t) dt dx
—RJ—o0
being similar. Using integration by parts, we get that, for x| < Rand T > R+1

oo L 9 oo oo o . R 2
| atoenf a= [ ‘ S eyt O, €dg)
T T 2T o

00 00 )
:C/T ’/N (1+€) e O =20, (©)(e)de| dt

2

o [T (AT @A)\ i)
C/T /N< o ! )E de| dt (3.3)

where
[t (&) — x| > [tlp' ()| —R> |t/ + T —R>t|+1 or [tp/(§) —af >,

for &€ > N. Therefore, by performing integrations by parts in (3.3) and noticing that each of
them produces at least one factor of the order of [¢|~1, we see that the integral in (3.3) with
respect to ¢ is finite and still has a term tp’(§) — « in the denominator such that

oo 1 2 o0 1
/ ’AE"'Evn(x,t)’ dtgc/ —

2
dt < +00,

or
R o] ) 2
/ / ’AE"'Evn(x,t)’ dtdr < C < o0,
-RJT

where C' > 0 is independent of n, but may depend on 7" and R. The theorem is proved. [J
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