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STRUWE’S DECOMPOSITION FOR A POLYHARMONIC
OPERATOR ON A COMPACT RIEMANNIAN MANIFOLD WITH
OR WITHOUT BOUNDARY

SAIKAT MAZUMDAR

ABSTRACT. Given a high-order elliptic operator on a compact manifold with
or without boundary, we perform the decomposition of Palais-Smale sequences
for a nonlinear problem as a sum of bubbles. This is a generalization of the
celebrated 1984 result of Struwe [16]. Unlike the case of second-order operators,
bubbles close to the boundary might appear. Our result includes the case of
a smooth bounded domain of R™.

1. INTRODUCTION

Let (M, g) be a smooth, compact Riemannian manifold of dimension n with
or without boundary. In the latter case we understand that M is a compact,
oriented submanifold of (M, g) which is itself a smooth, compact Riemannian man-
ifold without boundary and with the same metric g. As one checks, this includes
smooth bounded domains of R™. When the boundary OM # (), we let v be
its outward oriented normal vector in M. Let k be a positive integer such that
2k < n. We define the Sobolev space H} (M) as the completion of C°(M) for

the norm u +— Zf:o [Viu|l2. This norm is equivalent (see Robert [14]) to the
1/2
Hilbert norm |[uf| g2 = (Zl oSy (A 2 dv ) where A, 1= fdivg(V) is the

Laplace-Beltrami operator and, for a odd, AfuAfv := (VA u, VA v)4 for
all u,v € H?(M). For details we refer to Aubm [3] and Hebey [9].

We consider the functional

I(u) = /(M/2 dvg + = Z/ AV uVu)dvg——/ uf2 du,

where for all [ € {0,...,k — 1}, A; is a smooth T§-tensor field on M and A4; is
symmetric (that is 4;(X,Y) = A;(Y,X) for all T¢-tensors X,Y on M). Here,
ot = 2 is the critical Sobolev exponent such that HZ (M) — L% (M) is
continuous, which makes the definition of I consistent for all u € Hy ;(M). Critical
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points u € Hf o(M) for I are weak solutions to the pde
(1) Pu= |u|2nk72u in M
oou=0 on OM for |of <k-—1

where for any u € C?¥(M), we define

Pu = Aku + Z ij g1 ((Al)il...il,jl...jlVil"'iLU)
=0

and where we say that u € H (M) is a weak solution to (1) if

/ AE/2 AR dvngZ/ A (V'uV'p) dvg:/ [0 ug dv,
M 1=0 /M M

for all p € H,io (M). As shown by the regularity theorem in Mazumdar [13], a weak
solution u to (1) is indeed a strong solution, u € C?*(M).

Definition 1.1. Let (X,]-||) be a Banach space and F € C*(X). A sequence (ug)
in X is said to be a Palais-Smale sequence for F if (F(uq))a has a limit in R when
a — +00, while DF (us) — 0 strongly in X' as @ — +00.

In this paper, we describe the lack of relative compactness of Palais-Smale sequences
for I, which is due to the noncompact embedding Hf ,(M) < L% (M). For Q
any open domain of R™, we let D7(£2) be the completion of C2°(2) for the norm
u > ||A*/2y]|y. The limiting equations of (1) are

:
(2) APy = |ul*?u in R", u € D(R™)
k.. 24 9 . n
3) Ay = |u|* "y in R” , ue D2(R")
05u =0 on OR™

where A := Ap,,] is the Laplacian on R™ endowed with the Euclidean metric Eucl.
Associated to the functional I is the limiting functional

1 1
BE(u) = —/ (Au)?dz — = [ |ul? dx for all u € D2(R™).

2 Qﬁk Rn

Our main theorem below shows that the lack of convergence to a solution of equation
(1) is described by a sum of Bubbles:

Theorem 1.1. Let (u,) be a Palais-Smale sequence for the functional I on the
space H o(M). Then there exists d € N bubbles [(z((l])), (rg)),u(j)], j=1,..d,
(see Definition 2.1 below) there exists uo € Hf o(M) a solution to (1) such that,
up to a subsequence,

d
Uy = Uso + ZBI(]‘) G) (u9) + o(1) where lim o(1) =0 in HE (M)

- a— 400
Jj=1

and

d
Iun) = I(uco) JrZE WY +0(1) as a — +oo.
j=1
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In Section 2, Bubbles are defined up to a term going to 0 strongly, which is relevent
here. As one checks, given u € D#(R") a nontrivial weak solution to (2) or (3),
then multiplying the equation by u and integrating by parts yields

k
(4) E(u) > % := —Ko(n,k)~"/?"
n
where Ko(n, k) be the best constant of the embedding D7 (R") — L% (R™), that is

Ak/? 24
(5) Koln k)t = inf  Jm(87Wda
ueDLERMN0} (fR |u|2i dm) 2f

When the Palais-Smale sequence is nonnegative, the bubbles are positive and cor-
respond to positive solutions to (2). As shown in Lions [12], Swanson [17], Ge-Wei-
Zhou [7], these solutions are exactly the extremals for (5) and are of the form

A
1+ A% —al?
where o, 1 > 0 is explicit. We then get the following:

=
(6) u = Ua,)\ = Qg ( ) acR" A>0

Theorem 1.2. Let (uy) be a Palais-Smale sequence for the functional I on the
space H,fyO(M). We assume that uq > 0 for all « € N. Then there exists uoo €

H} (M) a solution to (1), there ewists d € N, there exist (z((ll)), e (z((ld)) e M,
(r&”), ce (T&d)> € (0,400) such that r$) = 0 and ) = o(d(xg),aM)) as a —
400 for all j =1,...,d, such that, up to a subsequence,

n—2k

(4)

d
. T‘a
Ug = Uso + n (fgc]))_lempil' () On,k - ; + 0(1)
> ( b O) e\ +dy ()

where limg_, 1 oo 0(1) = 0 in H}, (M), and 1 and (Fg))’s are as in (8). Moreover,

I(ug) = I(uso) + df* +0(1) as o — 400

where B* is as in (4).

When k£ =1 and M is a smooth bounded domain of R™, Theorem 1.1 is the pio-
neering result of Struwe [16]. There have been several extensions. Without being
exhaustive, we refer to Hebey-Robert [11] for k = 2 and manifolds without bound-
ary, Saintier [15] for the p—Laplace operator, El-Hamidi-Vétois [5] for anisotropic
operators and Almaraz [1] for nonlinear boundary conditions. A general reference
for description as bubbles is the monograph by Fieseler-Tintarev [18]. Another
possible description is in the sense of measures as in Lions [12]: a general result of
this flavour for high order elliptic operators on manifolds is in Mazumdar [13].

Palais-Smale sequence are produced via critical point techniques, like the Mountain-
Pass Lemma of Ambrosetti-Rabinowitz [2] or other topological methods (see for
instance the monograph Ghoussoub [8] and the references therein). Concern-
ing higher-order problems, we refer to Bartsch-Weth-Willem [4], Ge-Wei-Zhou [7],
Mazumdar [13], the general monograph Gazzola-Grunau-Sweers [6] and the refer-
ences therein. Theorem 1.1 is used by the author in [13] to get Coron-type solutions
to equation (1).
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2. DEFINITION OF BUBBLES

In the spirit of the exponential map, we first cook up a chart around any boundary
point. We fix zop € M. Since M is a smooth submanifold of M, there exist £ an
open subset of M with zo € Q, there exists U C R™ open with 0 € U, such that for
any = € QN M there exists T, € C*(U, M) having the following properties.

7:(0) ==

T is a smooth diffeomorphism onto its image 7. (U).
T Un{z1 <0}) =T, (U)NM

Te (UN{z1 =0}) =T (U)NOM

(z,2) — Ta(z) is smooth from Q x U to M

dT:(0) : R" — T, M is an isometry

T.(0)[e1] = v, where v, is the outer unit normal vector to OM
at the point z.

SY

This map is defined uniformly with respect to  in a neighborhood €2 of a fixed point
xo € OM. By a standard abuse of notation, we will always consider x — T, without
any reference to €2 or xg: this will make sense in the sequel since the relevant points
will always be in the neighborhood of a fixed point.

Definition 2.1. A “Bubble” is a triplet [(x4,), (ro), u] where xo € M is a convergent
sequence, 1o, > 0 for all m € N with limy—, 400 7o = 0 and

either {:ca € M, lim M

a—>—+00 Ta

= 400 and u € Di(R") satisfies (2)}
or {xo € OM and u € Dj(R") satisfies (3)}

If v, € M, we let 7o, > 0 be such that

(8) hm 7:& - 7:00 € [0, 7“9(—M)> y hm 7:_& = 0 and 7:& < dg(za,aM)

a—r+00 a—r+00 Ta 2

and we define

Brpr () =1 (M) T (LU)

where 1 € C°(By(iy(M))) is identically 1 in a neighborhood of 0. Here, the expo-
nential map is taken on the ambient manifold (M, g).

If xo € OM, we let x¢ := limg—s 400 T, and we define
_n—2k Tfl x
B = (7)) i = (T2

where Ty is as in (7), Q is a neighborhood of xy € OM andn € C°(U) is identically
1 in a neighborhood of 0.
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Beside [(zq), (7o), u], the definition of a bubble depends on the choice of the cut-off
function 7, the radius 7, and the chart 7,. However, as shown in the proposition
below, after quotienting by sequences going to 0, the class of a Bubble is independent
of these later parameters.

Proposition 2.1. The definition of Bubbles depend only on [(z4), (1a),u], up to a
sequence going to 0 strongly in H,iO(M).

Proof of Proposition 2.1. We first assume that u € D (R™) satisfies (2) and that

9) lim dy(Ta, OM) = 400

a—r 400 To
For i = 1,2, we set the bubbles B, :=n’ ((7,) 'exp; (")) r;nTku (ratexprl(4)),
where 7' € C°(By(2a;)), 7° = 1 in By(a;) with 0 < 2a; < 1,(M); 7, > 0 are
as in (8). We let v = max{a17},as72} and 77" = min{a;7., az7}, and let
€MAT =y, /1M and €M = 1, /r™i". Then lim, 0 €7%% = 0 and lim, 0 €7 = 0.
The comparison lemma 9.1 of [13] yields C' > 0 such that for any R > 0 and « large

k
Slay (e )1 < Y
=0

BQT‘HLIJI To) rm‘in (za)

Z /M Al/2 (B;mm (u)))2 dvg.

i=1,2 1=0 Y M\Brro (za)

(a2 (B~ B2) do,

Therefore, using (33), we get that Bl — B2 = o(1) in H?(M) as o — +oo.

Now we consider the case of a boundary bubble, that is x, € M and and u €
. . — _n—2k -

Di(R™) satisfies (3). Fori = 1,2, we set BY, := n’ (7-1%1()) Ta 2 U (r;szxal(-))

where T, i = 1,2, are as in (7), U is a neighborhood of 2y € OM and n',n? €

C°(U) are identically 1 in a neighborhood of 0. One has

k
S [ (a7 mr-82) oy <
=0
k 2
O R C A ) R > o (30 B 5)

M\D,(

where Do (R) := T (Bo(raR)) U T2 (Bo(raR)) It follows as in the comparison
Lemma 9.1 of [13] that there exists C' > 0 such that for « large

k

> / (ay2 (B! 132))2 d
- <
—~ Jp.mpm N 7T " Yo =
- 2
C / (AZ/Q ((Bio’]'zla),(Bioﬁla))) da <
=0 7 (Bo(ra R)U®S " (Bo(ra R))) MR

k

/2 a7’~u—l/2 b N (7=t . 21':0
Cg/&(mﬂw [A (*(ra-)u) — A2 (n° (P (ra-)) (a%(a)))} dz = o(1)
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where &, := T2 1o 7;1a and d(®,)o = Id. Similarly to the case (9), we get that

T o

k
2
lim  lim / (AUZ Bl - B2 ) dv, = 0.
R%+ooa~>+oo; M\Du(R) 9 ( ) 9

This completes the proof of Proposition 2.1. O

3. PRELIMINARY ANALYSIS

The proof of Theorem 1.1 goes through four steps. All results are up to a
subsequence. We let (uq)a € HIS’O(M) be a Palais-Smale sequence for I.

Step 1: We claim that (ua)a is bounded in Hy o(M).

Proof of the claim: Since (u,) is a Palais-Smale sequence, we have that
k—1
(DI(ua), ta) = / (AR 20,)? dvg + Z/ A(V'ug, Viug) du,
M oM

#
— [t vy = o (el

Therefore
: n
(10) el dvy = 21(wa) + 0 (luallzz ) < €+ 0 (Iluallz)
M k k k
Since (I(uq))a is bounded, then putting together these equalities yields
2 2 :
lualle < €+ Clluallyy_, +C [ fuaPt v,

Now since the embedding of Hf o(M) in Hg ,_, (M) is compact, then for any & > 0

there exists a B. > 0 such that Hu||§1£  <e ||u|\§1£ + B. Hu||§u for all u € HZ(M).
- k

Therefore, taking ¢ > 0 small enough, we get that

#
a7 < C+C/M ol % dug

Then using (10) we get that ||ua||§1£ <C+C ||ua||Hg for all «, and therefore the
sequence (ugq) is bounded in Hf ;(M). This proves the claim. O

Since (uq) is bounded in H,iO(M), there exists uo, € H,io (M) such that

Ua = s weakly in HZ (M) and L% (M),
(11) § waq — use  strongly in H} (M) and in LY(M) for I <k, q < 2,'1,
Ua(X) = uso () a.ein M

We define v, := g — Uso-

Step 2: We claim that

(1) DI(uo) =0
(2) (va) is a Palais-Smale sequence for the functional .J on the space Hf, ,(M),
(3) J(va) =I(ug) — I(us) + 0o(1) as a = +o0.
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where
1 1
J(u) = 5/ (A’;/QU)Q dvg — _1:1/ |u|2§v dvg for u € H o(M)
M 2, Jm
Proof of the claim: We fix ¢ € H,f,o(M). We have that
k—1
(DI(ua) ) = | A 2ua A2 duy + 3 / A(g)(Vhia, Vi)
M o/ M
(12) ~ [ el i dv, = o)
M

The following classical integration Lemma will be often used in the sequel (see
Lemma 6.2.7 in Hebey [10] for a proof):

Lemma 3.1. Let (M, g) be a Riemannian manifold. If (f,) is a bounded sequence
in LP(M), 1 < p < 400, such that fo — f a.e in M, then f € LP(M) and fo, — f
weakly in LP(M).

:
# 2k
Since (Jta]** > ta)a is bounded in L%~" and converges a.c., Lemma 3.1 yields
o f_
(13) / o 72 U du, :/ oo | 72 Unotp dvg + 0(1)
M M

Therefore, the weak convergence of (ug) t0 us, (12) and (13) yield that us is a
weak solution to (1). This proves point (1) of Step 2.

We now estimate I(u,). From (11) we have

M M M

k—1 k—1
Z/ A{(V'q, Viug) do, :Z/ Al (V' %oo, Vus,) dvg + o(1)
1=0 /M 1=0 /M

The following two inequalities will be of constant use in the sequel: for any 1 < p <
400, there exists C' > 0 such that

(14) | la+0" —a” — [o" | < C (lalP~"[o] + [b]"~"|al)
(15) | la+0b["(a+b) —la[’a —[b"b | < C (|af?[b] + [b]"[al)
for all a,b € R. It then follows from (14) that

i _ t_
< € (IoalE e + el o).

# b #
2 = e 2 — o

and then using Lemma 3.1, we get that

# # #
[ ol dvy — [l v, = [ JoaP do, + o)
M M M

Hence I(uq) — I(uoo) = J(vo)+0(1) as a — 400, which proves point (3) of Step 2.

Next we show the sequence (v,) is a Palais-Smale sequence for the functional J on
HI%,O(M)~ Let p € H;iO(M), we have

(16)  (DJ(va), ) = (DI(ua), ) = (DI(us), ¢) + /M Pap dvg + o([|¢ll y2)
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where . . u
Do = |V + uoo|2’v_2 (Vo + Uoo) — ool P2 Uy — |1)O¢|2’€_2 Ve
Inequality (15) and Holder’s inequality yield
i i
a0 [ Gag vy <€ { [loaPi s g+ [luePE 2] ) el
M 2”71 ‘2]{71 ‘

Since vy — 0 in L2k (M), Lemma 3.1 yields

#_
i+ [luselP ]| =)

2k71 Zk_fl

i

24

Since (uq) is a Palais-Smale for I, then (16), (17) and the continuous embedding
H (M) — L% (M) yields (DJ(vqa), @) = 0(||g0||H§) as a@ — +oo uniformly wrt
pE H,io (M). This proves the claim and ends Step 2. O

The next lemma adresses the compactness of a Palais-Smale sequence for small
energy. It will be generalized to the case of small local energy in Proposition 4.1.

Step 3: Let (vy) be a Palais-Smale sequence for J on H}, o(M). We assume that
v — 0 weakly in H,iO(M), and that J(v,) — B with 8 < 8%, where 8% is as in (4).
We claim that v, — 0 strongly in Hf ;(M).

Proof of the claim: Since (vq) is bounded and (DJ(va),va) = o([|va | m2), we get
that

(18) J(oa) =& /M(A’;/%a)? dvy + o(1) = %/M a2 dvy + 0(1) = B + o(1).

n
As a consequence, S > 0. It follows from Mazumdar [13] that for any & > 0 there
exists B. > 0 such that

(19) lul3s < (Ko(n, k) +5)/ (A52u)? dvg + Be |lullzye

M

for all u € H? (M). Applying this inequality to v, the strong convergence to 0 in
H? | and (18) yield

n _\2/2k n
(£8) " < (Koln, k) +2) 28
Letting ¢ — 0 and using 0 < 8 < B*, we get that 3 = 0, and then (18) yields
Vo — 0 strongly in H,?ﬁO(M). This proves the claim and ends Step 3. (I

Step 4: Proof of Theorem 1.1. Let (u,) be a Palais-Smale sequence for the
functional I on the space H,fyo(M ). By substracting the weak limit uo., we get
a Palais-Smale sequence (vo) for the functional J with energy J(vy) = I(uq) —
I(uoo) +0(1) as a — +00. If v, — 0 strongly in Hf (M), then we end the process.
If not, we apply Lemma 4.1 to substract a bubble modeled on v € D (R™)\ {0} and
we get a new Palais-Smale sequence for J, but with the energy decreased by E(v).
If the resulting sequence goes strongly to 0, we stop the process, if not, we iterate it
again. This process must stop since the energy F(v) > % and after finitely many
steps, the energy goes below the critical threshold 3* and then the convergence is
strong by Step 3. This proves Theorem 1.1. O
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The rest of the paper is devoted to the proof of Lemma 4.1.

4. EXTRACTION OF A BUBBLE
In the sequel, for any (M, g) as in the introduction, we let H2?(M) be the com-
pletion of {u € C*°(M) : ||ul gz < 400} for the norm || - || 2. The space H} o (M)
is then a closed subspace of HZ(M). The following lemma is the main ingredient
in the proof of Theorem 1.1

Lemma 4.1. Let (vy) be a Palais-Smale sequence for the functional J on H,fﬁO(M)
such that v, — 0 weakly in H,iO(M) but not strongly. Then there exists a bubble
(By,, r. (V) such that upto a subsequence, the following holds:

® Wy =V — By, . (v) is a Palais-Smale sequence for J,
o J(wy) = J(va) — E(v) +0(1) as a — +o0.
The proof of this lemma goes through 10 steps.
Step 1: We prove a strong convergence Lemma for small energies. This is a
localized version of Step 3 of Section 3.
Proposition 4.1. Let (N, g) be a Riemannian manifold with positive injectivity
radius.
e Let (gi); be metrics on N such that g; — goo in C} . as i — +oo for all p.
o Let (P); be a family of operators on C°°(N) such that

k—1
Pyi= Ay + Y (1) (A g V)
=0

with families of symmetric tensors (A}) — A, in CL  as i — +oo for all p.

loc

e We fix Q C N an open smooth domain, and we define
1 1

(20) Ji(u) == | wPudv,, — — |u|23i dvg, for u € HE(Q),
2 O 9i 2’; Q 9i

such that J; is C'. Here, the background metric is goo.
o Welet (u;) € Hy o(Q) and use € HE 4(Q) be such that u; — uoe weakly in Hf, ;(€2)
as i — +0o.

o We assume that there exist a compact K C N such that
DJ;(u;
) hm sup M — 0
e uweH} (), Supp ¢CK H@HH@(Q)

o We assume that there exists Koo > 0 and C' > 0 such that

lﬁ
(21) (/ |u|2i dvgw) < KOO/ (ASQU)Q dvgx—l—CHuH?qz for all w € CZ(N).
N N -t
We fiz xo € Q and § € (0,14 (N)/2). We assume that
By, (20) C K (the ball is wrt goo ),

2

2 1 \73
/B (26)NQ |ui|2nk dvg: < (W) o for all i € N.
o N

Then u; — us strongly in HE (B, (8) N Q).
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Proof of Proposition 4.1: Up to extracting a subsequence, we assume that u; — e
strongly in H? |(w) as i — +oo for w C 2 relatively compact and u;(x) — e ()
as i — +oo for a.e. x € Q. Let n € C®°(N) such that n(x) = 1 for x € By, (9)
and n(z) = 0 for x € N\ B,,(26). Since n has compact support, we get that
n?(u; — Uso) € H,io(ﬂ) is uniformly bounded in H,?ﬁo(Q). Since B,,(20) C K, it
then follows from hypothesis (20) that

(DJ;(u;),n* (ui — o)) = o(1) as i — +oo.

Since 7% (u; — uso) — 0 strongly in HZ_; (), we then get that

23) [ APwAR0 (s~ we)) vy, = [ PP (s = ) g, + o)
Q Q

as i — +o0o. The weak convergence of u; to us, and the strong convergence of g;
t0 goo ON compact sets yields
(24)

/QA’gci/QuiAlgci/Q(f(ui—uoo))dvgi :AAS{Q(ui—um)AS{Q(HQ(ui—uoo))dvgi—|—0(1)

as i — +o00. As one checks, for any ¢ € HZ(2), we have that AS{Q@AI;{Q@Q@) =

2
(A];{Q(ngo)) + Zp<k,l§k VP x Vi, where A+ B denotes a linear combination

of bilinear forms in A and B. Therefore, using again the strong convergence of
n*(u; — uso) to 0in H? |, we get that

(25) /QAl;i/QuiAlgi/Q(TIQ(ui — Usg)) dvg, = / (A];{Q(n(ui - Uoo)))2 dvg, +o(1)

Q

. . ¢ . . ¢ ot
as i — +00. Moreover, since |u;|? =212 (1; — oo ) is uniformly bounded in L2/(2k—1)

and goes to 0 almost everywhere as i — +oo, then it goes weakly to 0 in L2/ -1,
and then [, | 2202 (U5 — oo Ui dvg, — 0 as i — +oo. Therefore, plugging (24)

and (25) into (23), we get that

/Q (ASZQ(U(W - UOO)))2 dvg, = /Q |Ui|2n’“72(7](ui — uoo))Q dvg, + o(1)

asi — +00. Since g; = goo as i — +o00 in CP locally on compact sets and 7(u; — o)
is uniformly bounded in H?(f2), we get that

/Q (A];g(n(ui — uoo)))Q dvg, . = /(2 |ui|2nk*2(7](ui — uoo))Q dvg.. +o(1)
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as i — —+oo. Holder’s inequality, the Sobolev inequality (21), the convergence of
(i), the strong convergence in H? | and (22) then yields

[ (852000 = )

#
2, -2

2! % of i
< |ui |k dug., (i = uoo) | dug., | ™ +o(1)
Ba, (26)N9Q N

i (KOO /N (AZZE(U(W - Uoo)))2 dvg., + C|In(u; — uoo)||§qzl) +o(1)

2ﬁ2

T; 2
(/ g % d/Ugi) ' Koo/ (Algf(n(uz-—uoo))) dvg,, +o(1)
Bay (26)NQ2 Q

as ¢ — +oo. Therefore, we get that ||A]g€f(n(ui — Us))|]2 = 0 as i — +oo.

Since n(u; — uss) — 0 strongly in HZ ; and 7 has compact support, we get that
n(u; —uoo) — 0 strongly in HZ(9), and therefore u; — us in H7 (By, (6)NS2). Note
that this is up to a subsequence. Indeed, by uniqueness, the convergence holds for
the initial sequence (u;). This proves Proposition 4.1. O

Step 2: Since (DJ(vq),vq) = o(1), one has

A

IN

IN

k
J(vg) = " /M |v0¢|2§i dvg+o(1) =8 +0(1) as o — +0

where 8 := limy— 100 J (Vo). By Step 3 of S_ection 3, B > . Therefore, since M is
compact, for any ro > 0, there exists yg € M and g > 0 such that

¢
/ |va|2k dvg > Ao
By (10)NM

For any r > 0, we set

(26) palr) = max [ o do,
€M J B, (r)nM

the Levy concentration function. In particular, s (ro) > Ao for all a. We fix

1
0<>\<60:min{)\0, }

(2Ko(n, k))%/ (22

where Ko(n, k) is the best constant in the Euclidean Sobolev inequality (5). Since
ta(0) = 0, there exists (1a)a € (0,79) and (za)a € M such that:

(27) A= fia(re) = / a2 do,
Bay (ra)NM

Step 3: We claim that limg— 400 7o = 0.

Proof of the claim. We argue by contradiction. If (rq) does not go to 0 up to a
subsequence, we get that there exists § € (0,i,(M)/2) such that for all x € M,
we have that me(%)ﬂM |va|2nk dvg < X for all . We apply Proposition 4.1 with

(N, go0) = (M,g), Q=M, P,=P, go. =9, Jo = J, and the Sobolev inequality
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(19) of [13], and we get vy, — 0 as @ — +oo in HE(MNB,(d)) for all z € M. With a
finite covering, we get that v, — 0 as a — 400 strongly in H, ,370(M ), contradicting
our initial hypothesis. This proves the claim and ends Step 3. 0

First assume that

(28) lim Uza, OM) _ +00.

a—+0o0 Ta
We define
(M)

) d(ze, OM
o (expy, (Tox)) for |z] < t\7) M
T

(03

and |z| <

Step 4: Suppose that (28) holds. We claim that there exists v € D7 (R") such that
for any n € C°(R™), we have that

Ne — nu weakly in D (R") as k — 4-00.

Proof of the claim. Fixn € C2°(R™), and let Ry > 0 be such that Supp n C Bo(Ro).
We define

Na(2) = n(

Up to a subsequence, there exists zyp € M and 7 > 0 such that B, (Rora) C
By, (1) € M. It then follows from the comparison Lemma 9.1 of Mazumdar [13]
that there exists C' > 0 such that

2 2
/ (A*2[(0va) 0 exp,, ] dmgc/ (A%2(1ava)) dv,
BU(R()T&) BIQ(RO""a)

for all a. With a change of variable, rough estimates of the differential terms and
Hoélder’s inequality, we then get

2 k
/ (A2 (pa)) " dar < cz/ IV 2[5 2
Bo(R[)) l:O BIQ (Ro’r’a)

k k
@ <o) [ PGl 2 du, < C3 [VHoa s,
1=0 / Bra(

Rore) P n—2(k—1)

exp,, (x)

) for x € By, (Rorqa), and nq(x) := 0 outside.
Ta

It follows from Sobolev’s embedding theorem that HZ ;(M) C Lnatn (M) for all
1 =0,...,k and that this embedding is continuous. Since (vq)q is bounded in H,f,
then (V'va)q is uniformly bounded in H?_, (with tensorial values), and then there
exists C' > 0 such that

(30) IV 0all —za < Cllvallgz < C

n—2(k—1)

for all &« > 0 and [ = 0,...,k. It then follows from (29) that (n04)s is bounded
in Di(R™). Therefore, up to a subsequence, there exists v, € D7(R") such that
Nie — v, weakly in D (R™) as @ — +00. A classical diagonal argument then yields
the existence v € Hf ,.(R") such that 7o, — nv weakly in DF(R") as a — +o0.
We fix R > 0. For any R’ > R, a change of variables and (30) yields

—2n _2n
/ Vi Bal 2 dug, < / Ve 720 dy, < ©
Bo(R) By, (Rora)



STRUWE’S DECOMPOSITION FOR A POLYHARMONIC OPERATOR 13

where g, := exp}_g(ra-). Using weak convergence and convexity, letting a@ — 400

2n

and then R — +oo yields |V'v| € L7»=#=0(R"). As one checks, we then have
that the sequence (ngv)g is a Cauchy sequence in Di(R™), and then we get that
v € DZ(R™). This ends the proof of the claim, and ends Step 4. O

Step 5: We assume that (28) holds. We let v € D?(R") as in Claim 3. We claim
that v # 0 is a weak solution to A*v = |v|2%~2p in D2(R™).

Proof of the claim. We fix R > 0 and we apply Proposition 4.1 with (N, g) =
(R™,Eucl) and Q := R™. As above, we define a family of smooth metrics (ga)a
such that g, (z) := exp}_g(raz) for x € Bo(3R), go(z) = Eucl for z € R™\ Bo(4R),
and g, — Eucl in C} (R™) as o — +oo for all p. Let ¢ € C°(R™) be such that
Supp ¢ C Bo(R). We define

pal®) =1a * o (M)

Ta

for all z € M. As one checks, ¢, is well-defined and has support in B, _(Rrs).
Moreover, using the comparison Lemma 9.1 in Mazumdar [13] and arguing as in
Step 4, we get that H‘PaHH,jO(M) < C(R)HQOHH;O(R") for all @ > 0. Since (uq) is a
Palais-Smale sequence, we have that

(DI(va). ¢a) = olllealliz ) = ol , o)
as @ — oo uniformly for all ¢ € C°(R™) such that Supp ¢ C Bo(R). With a
change of variable, we get (DJ(vq), ¢a) = (DJo(NRVa), @) where
1 k 1 :

Talw) =5 [ (@, - T [ 1uf d,
for all u € HE(R"). Therefore, (DJa(nria), ) = o([l¢lluz &n)) as o — +oo
uniformly for all ¢ € C°(R™) such that Supp ¢ C Br(0).
We fix 29 € R™ such that B,,(1/2) C Bo(R). A change of variable yields
|77R170¢|2111 dvg, = / |ua|2i dvy.

€Xp, (raBag(1/2))
For a > 0 large enough, we have that exp,,  (raBz,(1/2)) C Bexp, (z0)(Ta). There-
fore, it follows from the definition of y, that

/Bmo (1/2)NBo(2R)

/ |77R770¢|2gic dvga < /j/oz(ra) =A<e¢
Bay (1/2)NBo(2R)

for all « large enough and zp € R™ such that 1/2 + |z¢| < R. With the Sobolev
inequality (5) on R™, we apply Proposition 4.1 to (nr¥a)a, and we get that

lim 7r0a = nrv strongly in HZ (B, (1/4)).

a——+00
Using a finite covering, we then have 0, — v strongly in HZ(Bo(R/2)) as a — +00.
Sobolev’s embedding theorem yield the convergence in L% (Bo(1)). Since

/ |’l~}0t|2’11 d’()ga = / |’Ua|2’u€ d’Ug = /j/oz(ra) =\> 0’
Bo(1) Bag (1)

passing to the limit o — +o0 yields fBo(l) |U|2i dr = XA # 0, and therefore v # 0.
This proves the claim and ends Step 5. ]



14 SAIKAT MAZUMDAR

Note that indeed, we have proved that
(31) lim @, = v strongly in H7(By(R)) for all R > 0.

a—+00

We choose a sequence (7 ) of positive real numbers as in (8) with n € C2°(By(0))

(with ¢ € (0,i4(M))) identically 1 around 0. As in Definition 2.1, we set

Va(@) = Bawra(0) i= 1 <M) 2 (M)

Ta Ta
We have that V,, € Hf ,(M).
Step 6: We claim that
(32) Vo =0 in H{ (M) as oo — +00.

Proof of the claim. We argue essentially as in [13]. We fix 0 <1 < k and we define
€a i= To/Ta such that lim,— 100 € = 0. We fix R > 0 (potentially 0). It follows
from the comparison Lemma 9.1 of [13] that there exists C' > 0 such that

/ (Alg/QVGt)2 dvg < C/ (AZ/Q(Vaoexp%))2 dx
M\ B, (Rra) Bo(670)\Bo(Rra)
2
< Cri(k_l)/ (Al/Q(n(ea-)v)) dx
Bo (55 )\Bo(R)
< o [ V0 ea) 0 da
Bo(8ea*)\Bo(R)
l
< ety [ ) [V ds
i=0 YR™\Bo(R)
l
< Cri(k_l) / ei(l_i)|viv|2 dx
; ™\ Bo(R)

. , !
Since v € DZ(R™), we have that Viv € D2_,(R"), and therefore |Viv| € L*¢- (R™)

where 2’2,671.) = n722(7llcfi)' Therefore, Hélder’s inequality yields

2
l 2”-71'
(3?7( A2V )2 d, < D3 / Vi dg | 7
M\ By, (Rra) R™\ By (R)

i=0

Taking R =0 and [ = 0, ..., k yields the boundedness of (Vo)o in Hf ;(M).
Arguing as in above, we get that for any R > 0 and any [ = 0, ..., k, we have that
1
(34) / (AY2V,)? dvog < Cr2=D 3 / 2l=01Viy|? da
Ba., (Rre) 5 /Bo(R)

Since Viv € L2 _(R") for all i = 0, ..., k, then taking [ = 0 in (33) and (34), letting

loc

a — 400 and then R — 400 yields V,, — 0 in L?(M). Then the weak compactness
of bounded sequences yields (32). This proves the claim and ends Step 6. O

Step 7: We claim that
(35) DJ(V,) — 0 strongly as a@ — +00
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Proof of the claim. We set ¢ € C°(M). We have that
28 2

(DI ) = [ AbPVLaLe vy~ [ Va Vi

We fix R > 0 and we define
£
(o) = [ APV, - [ P
Ba,, (Rra) By, (Rra)

and

#
g o(p) = / ARV ARG du, — / Va2 Voo d,.
M\ B, (Rra) M\By,, (Rra)

Step 7.1: we estimate IIg o(¢p). Via Holder’s and Sobolev inequality, we have that
1
3

(36) |HR,a<so>|s</D (R)<A’;/2va>2dvg> x | AF 2ol

#
2 —1

Y
+</ |va|2idvg> " %l
Do (R) *
. Ll
2 . oF
<[ @ymviran) ([ i Nl
D (R) Dq(R)

with Dy (R) :== M \ By, (Rry). Lemma 9.1 in [13] and v € Lan(R”) yield
(37)

Va2 dvg < c/

|V 0exp, |23i dx < C’/ |v|23i dx
R"\Bo(Rra)

M\ B, (Rra) R™\ Bo(R)

Plugging (33) with [ = k and (37) into (36), letting R — +o00 and a — 400 yields

I
(38) lm  lim R

= 0 uniformly wrt ¢ € Hj (M) \ {0
R—+400 a—+00 H(pHHg umormiy wit @ k70( )\{}

Step 7.2: We now estimate Ig o(p). We define

Bul@) = n(€at)ra® @ (eaps, (raz))

where €, := 7o /Ta. As one checks, 7, € C°(R"™). Using the comparison Lemma
9.1 in [13] and arguing as in (33)-(34), we get that

[Pallp2@ny < Cllell a2
where C' > 0 is independent of ¢. As one checks,
IR,Ot((lD) = / A]‘;(éQUA];éQ@a dvga _/ |U|2?€_2U¢a dvga
Bo(R) Bo(R)

Since go — Eucl as @ — 400 in C}_(R™) for all p > 1, we get

_ E_o —
(69 Inae) = [ A0aMg e [ juPip, doto(Ipalogen)
Bo(R) Bo(R)
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where the convergence is uniform wrt @,,. Since v is a weak solution to (1), then
(39) yields

. . ) :
(40) Rgrfoo agr}rloo ol = 0 uniformly wrt ¢ € Hj (M) \ {0}

The limits (38) and (40) yield (DJ(Va),¢) = o([¢llnz) as a — +oo uniformly
wrt ¢ € C2°(M). The boundedness of (V,) in H{ (M) then yields D.J(V,) — 0
strongly in (Hj, ;(M))" as o — +o00. This proves (35) and ends Step 7. O

We define wg, := vq — V,. It follows from (32) that w, — 0 weakly in H,fﬁO(M).
Step 8: We claim that
(41) DJ(wq) — 0 strongly

Proof of the claim. For ¢ € H,f,O(M)7 we write

(42) (DJ(wa), ¢) = (DJ(va),¢) — (DI (Va), p) — /M Do dvg
: : .
where @, := |w0¢|2’€_2 We — |v0¢|2’“_2 Vo + |VO¢|2’€_2 V.. Then by applying the Holder

and Sobolev inequalities we get

‘/ Do dug
M

Step 8.1: We fix R > 0. Inequality (15) and Holder’s inequality yield

M\Bg, (Rra)

f f
<c (1oalE =21V + VP2
M\Bg, (Rra)

< Cllgllz 1@allys ot

Vg

)21/(29;1)

2jj -2

e o
[ 2% 1
< ([ tofan) o)
M M\Bg, (Rra)

21{72
— F
+C (/ |va|2idug)2k ' / AR
M M\Bg, (Rra)

Since (v,) is uniformly bounded in H? (M), then (37) yields

(43) lim  lim (B 24/ @D dy, = 0.
R—+4ooa=+o0 JanB, (Rry)

This ends Step 8.1.
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Step 8.2: We fix R > 0. A change of variable and inequality (15) yield

/ @ 2/ D) du,
By, (Rra)

# £ £ 28 /(25 -1)
I G R e A e
Bo(R)
CET R R S 4
<C [Oo — 0| 271 |7t 4 o] R |Dg — 0] ] da
Bo(R)

For any n € C2°(R™), we have that no, — nv weakly in D7(R"). Therefore, up to

extracting a subsequence, (0, )q is uniformly bounded in L% (Bo(R)) and goes to v
almost everywhere as a — +00. Therefore Lemma 3.1 yields that for any R > 0,

(44) lim By |2/ D) dy, = 0.
a——+00 B:ca (RTQ)

The limits (43)-(44) yield [|@a|ly: ;02 ;) — 0 as & — +00. Then by (42) we get
k k

DJ(wq) — 0 in (Hy o(M))" as a — +00. This proves (41) and ends Step 8. O

Step 9: We claim that we have the following decomposition of energy.

(45) J(we) = J(va) — E(v) + o(1) where o(1) — 0 as o — +00.

Proof of the claim. As one checks,
J(va) — J(wa) — J(Va) = (DJ(wa), Va)

# # g _ g
~oF (1w + Val = el = 2] jwal? 2w, Vi = [Val?) doy
k M

We fix R > 0. Arguing as in the proof of (44), we get that

lim (lwa + Va2 = Jwa % = 2 fwal%2waVa = Vaf2t) dv, = 0.
a—r+00 Ba:a (RTQ)

As one checks, there exists C' > 0 such that

[la+ 0% = Jaf? — 2 a|~2ab — b/

< C (| =2pbf2 + |a - o/ )
for all a,b € R. As in the proof of (43), we get that

. . # # t_ #
i [ (o P ) a0
(3

where Dy (R) := M \ By, (Rry). These yield J(vy) = J(wy) + J (Vo) + o(1).
We now estimate J(V,,). The estimates (33) and (37) yield

lim lim ((A’;/2Va)2 + |Va|21) dvy =0
R—+o00 aa—+00 M\BIQ (RTQ)

For R > 0, we have that

(AYPV)? Vaf% (AS20)2 o)
- dvg = -3 dvg,
B, (Rra) 2 2; Bo(R) 2 2},

T o
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Since go — Eucl locally uniformly in C? for all p and v € D} (R™), we get that

k/2v, \2 2! k/2,\2 2
lim  lim (Bg" Va) — [V [ dvg :/ C ) — o™ dx
R—tooa=+c0 [ (Rp.) 2 2’; n 2 2’;

All these estimates yield (45). This ends Step 9. O

Step 10: Next we deal with the case
dg(Te,OM) = O(rq) as a — 400

Since r, — 0 as a — 400, then there exists zo, € OM such that x, — T, as
o — +oo. For any a € N, we let z, € M be such that

dg(Za, 2a) = dg(xa, OM)

In particular, limg— 400 2o = Too. We choose a family of charts z — T, for z €
QNOM asin (7). Since the d(72)o is an isometry, there exists C1,Co > 0, 71,72 > 0
such that for any z € QN OM, r <7 and y € R™ N By(72), one has

Br.gy(Cr)nM C T, (By(r) QRE) C By, (y)(Car) N M
For z € r'U N {z1 < 0}, we define

n—2k
2

Ua(Z) =10 2 v 0T, (reaz) and go(x) := T, *g (rax)

As one checks, for any 7 € C2°(R"), we have that nd, € Di(R™). Arguing as Step
4, we get that there exists v € D#(R™) such that
Ne — nu weakly in Di(R™) as a — +00.

Moreover, using Proposition 4.1 and arguing as in Step 5, we get that v # 0 is a
weak solution to (3) and 0, — v as a — +oo strongly in HZ(Bo(R) NR™) for all
R > 0. As in Definition 2.1, for & € N and z € M, we sct

_n—2k
Va(@) = Bz (v)(@) = 0 (T (@) ra * v (13 T2 " ()
We define wy, := vy — V. Arguing as in Steps 6 to 9, we get that
o wy, — 0 weakly in HE (M)
o DJ(wa) — 0 weakly in (Hf ,(M))’
o J(wy) =J(va) — E(v) 4+ 0(1)

as a — 4o00. This completes the proof of Lemma 4.1.

5. NONNEGATIVE PALAIS-SMALE SEQUENCES

To prove Theorem 1.2, we first set the following property:

Proposition 5.1. Let (u,) be a Palais-Smale sequence for the functional I on
the space Hj o(M). Let d € N and d bubbles [(zg)),(rg)),u(j)], j=1,..,d, be
as in Theorem 1.1. Then, for any N € {1,...,d}, there exists L > 0 sequences
(Y2)as0 € M and (M,)as0 € (0,+00), j =1,---, L, such that for any R > 0

. . i
R/hm aEIJIrloo _ [t — B a0 ()2 dv, =0
—too (By (RIYN\UL, B ; (RIAL))NM
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N

where for any j, j =1, ,L, dg(z),y2) = o(rY) and N, = o(rl) as a — +o0.

Moreover, we have that
- dg(wg, @) e T
lim . + %+ =

a—too il 7,

=+o0 foralli #j€{l,..,d}.

(03

We omit the proof that goes exactly as in Hebey-Robert [11], by using the
boundary chart (7) for bubbles accumulating on the boundary.

We now prove Theorem 1.2. We let (uq)a be as in the statement of the theorem,
and we let [(ng)), (rgf)),u(j)], j =1,...,d, be the associated bubbles. We fix N €

{1,...,d}. For simplicity, we define r, := r7) and T 1= 2. We assume that
rotd(xe,0M) — +00 as a — +00o. It then follows from Proposition 5.1 that there
2}

exists a finite set S C R™ such that lim,—, o0 U0 = uN strongly in L

S (R™\ S)
where 0o(2) := 7o > ua(exp, (rox)) for z € R™. Up to extracting, the convergence
holds a.e. Since u, > 0, we then get that v > 0. It then follows from Lemma 4
in Ge-Wei-Zhou [7] that there exists A > 0 and a € R" such that u™ = U, , is of
the form (6).

loc

We claim that u¥ = U, o, that is a = 0. We prove the claim. Indeed, rescaling
(26) and (27) yields

- # - b
/ 5l dvy, < / 1502 d,
ro 'exp;l (Bexp, (ra)) Bo(1)

o (raw)
for all z € R™ and « large enough. Since the exponential is a normal chart and
isometric at x,, we get that for all z € R™ and all € > 0

exp, (raB.(1—¢)) C BeXpM(raz)(ra)'

Plugging these two inequalities together, letting o — 400, using the strong con-
vergence (31), we get that [ (1—-¢) |uN|2111 dr < fBo(l) |uN|2i dx. Letting e — 0

yields
/ |uN|2§i dx < / |uN|2nk dx.
B.(1) Bo(1)

As one checks, since v = U \a 18 as in (6), the maximum of the left-hand-side is
achieved if and only if 2 = a. Therefore a = 0 and v = Ux,0. This proves the
claim.

As a consequence, as one checks, when r;ld(x,, M) — +00 as a — +oo, the
bubble rewrites

—1 n—2k
exp, (- ATq, E
Bzav""a (uN) = BID(7)\TC¥ (ULO) =1 ( . ( )) O[n7k ( > .

To A2r2 +dy (-, x0)?

We fix N € {1,...,d}. We claim that (rY)~td(z),0M) — +o0o as a — +oo. We
argue by contradiction and we assume that the limit is finite. We argue as in the
case above. Up to rescaling, and using the boundary chart (7), we get that u, goes

1

to u® strongly as o — +oo in L?;C(R” \'S), where S is finite. Therefore u'¥ is a
nonegative nonzero weak solution to (3), contradicting Lemma 3 in Ge-Wei-Zhou
[7]. Therefore the limit is infinite and we are back to the previous case.

All these steps prove Theorem 1.2.
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